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Abstract: A Legendre-tau space-time spectral method is established for the 1-D Maxwell equation.
The polynomials of different degrees are used to approximate the electric and magnetic fields,
respectively, so that they can be decoupled in computation. Also, the time multi-interval Legendre-tau
space-time spectral method is considered to keep the long-time computation stable. Error estimates
for the method of single and multi-internal are given, respectively. Moreover, the space-time spectral
method is applied to the numerical solutions of the 1-D nonlinear Maxwell equation and describes its
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verifies the effectiveness of the methods for the 1-D Maxwell equation.
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1. Introduction

It is well known that the spectral method has high-order accuracy for smooth problems. The spectral
method together with the difference method and the finite element method has become an important
method for the numerical solution of partial differential equations (PDEs), and has been successfully
applied to solve many practical problems. In recent years, with regard to the differential equations
of time evolution, the high-order discrete scheme in time has received widespread attention and has
become one of the hot spots in the field of numerical computing. The discontinuous Galerkin method
in time is constantly developing, and a better higher-order discrete scheme in time is established [1-3].
The explicit, implicit and implicit-explicit Runge-Kutta methods have also made great progress: a
local discontinuous Galerkin method with implicit-explicit time-marching is used to solve the multi-
dimensional convection-diffusion problems and time-dependent incompressible fluid flow in [4-6].
In [7-9], the spectral method in time and the time multi-interval spectral method are also proposed. The
single interval and multi-interval Legendre spectral methods in time are established for the parabolic
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equations, in which the L*-optimal error estimate in space is obtained in [10].

The Maxwell equation is a set of important PDEs that describes electromagnetic field phenomena,
and some effective numerical methods have been established for the Maxwell equation by
scholars [11-13]. The finite-difference time-domain method (also called Yee’s scheme) for the
Maxwell equation is proposed in [14]. In [15, 16], an energy-conserved splitting spectral method for
solving the Maxwell equation is given. For the 2-D Maxwell equation, a Legendre-Galerkin method
in space and the energy-conserved splitting spectral method in time is constructed [17]. In previous
work, the different method is used in the time direction. For the 1-D Maxwell equation of
inhomogeneous media with discontinuous solutions, the multidomain Legendre-Galerkin and the
multidomain Legendre-tau method are established in [18, 19], and the optimal error estimates of the
semi-discrete schemes are given.

Consider the following 1-D Maxwell equation [20]

€0,E, = 0.H,, (x,1) € Q,
:uatHy = 8sz’ (x,1) € Q, (1.1)
E.(-1,nH=E,(1,t) =0, tel, ’

E.(x,0) = Eo(x), Hy(x,0) = Hy(x), x¢€l,,

where I, = (-1,1),1, = (0,T],and Q = I, X I,. E. and H, stand for the electric field and the magnetic
field, respectively. The positive constants € and u stand for the electric permeability and the magnetic
permeability, respectively.

In [21,22], an h-p version of the Petrov-Galerkin time stepping method is used to solve the nonlinear
initial value problems by transforming the second-order problem into a first-order system. For the
linear second-order wave equation, it is often transformed into the first-order system similar to equation
(1.1) by using the substitution v = ?9—”;, w= g—i [23]. It is interesting to note that some methods use the
derivative as the main unknown function, and u is expressed as the integral of w.

In this paper, a Legendre-tau space-time (LT-ST) spectral method is developed to solve the 1-D
Maxwell equation (1.1) and a time multi-interval Legendre-tau spectral method is considered. The
scheme is based on the Legendre-tau method, which uses polynomials of different degrees are used to
approximate the electric field E; and magnetic field H,, respectively, so that they can be decoupled in
computation. After decoupling, it is an equation only about E,, which can be solved by the method
in [10]. The method is also applied to the numerical solutions of the 1-D nonlinear Maxwell equation.

The paper is organized as follows. In Section 2, a Legendre-tau space-time spectral method for
(1.1) is presented, and stability analysis and error estimate are given. In Section 3, a time multi-interval
Legendre-tau spectral method is developed, and its error estimate is also obtained. Some numerical
results are given in Section 4. Finally, the method is applied to the numerical solution of the 1-D
nonlinear Maxwell equation in Section 5.

2. Legendre-tau space-time spectral method

In this section, a Legendre-tau space-time spectral method is presented for the problem (1.1).
Moreover, the stability and the error estimate of this method are given.
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2.1. Preliminaries

Let (-,+)p and || - | be the inner product and the norm of L*(Q), where Q stands for Q, I, and I,,
respectively. For a nonnegative integer m, let || - ||,,; and | - |,,; be the norm and the semi-norm of the
classical Sobolev space H"(I), where [ stands for I, or I;, respectively. Define

Hy(I) = {ve H'(I) : v(-1) = »(1) = 0}

For a pair of positive integers N and M, define L = (N, M). Let Py(I,) be the space of polynomials of
degree at most N on /.. Define the polynomial space

Vv ={v e Py},
and the approximation space in space
Vi = Hy(L) N Vy,  Vyoi={vePy () 2.1)
Let Py, (1;) be the space of polynomials of degree at most M on I,, we define the approximation space
in time
Vi ={vePull)}, Vu-1=1{vePy1(l)} (2.2)

Let xjc and wf(O < j < N) be the Chebyshev-Gauss-Lobatto (CGL) points and the corresponding
weights on I,. We define the CGL interpolation operator If,v € Vn:

Lv(x$) =v(x$), 0<j<N.

Similarly, let x]L. and a)JL.(O < j < N) be the Legendre-Gauss-Lobatto (LGL) points and the
corresponding weights on /.. I5v € Vy denotes the LGL interpolation operator, and

I,f,v(xf) = v(ij-), 0<j<N.

We denote by Py : L*(I,) — Vy the L*(I,)-Legendre projection operator and define Py, : H'(I,) —
VN by

Pru(x) = u(=1) + f Py_10,u(y)dy, x€l,. (2.3)
-1
It is easy to see that
Pyu(=1) = u(=1),  Pyu(l) = u(l), (2.4)
(0 Pyt — 01, v) = (Py_105u — Oy, v) = 0, Vv € Vy_,. (2.5)

Let C be a generic positive constant independent of N, and the following approximation results can be
found in [10, 24].

Lemma 2.1. Ifu € H'(1,), then

|Pyu —ull;, < CN”"[ul,,, r=0,
Wu—ull;, < CN""ul,;, r=1, [=0,1.
\PNu—uly; < CN"ul,y, r=1, 1=0,1.
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Let t}c and w]C(O < j £ M) be the CGL points and the corresponding weights on /;, and let th. and
wf(O < j < M) be the LGL points and the corresponding weights on I,. We denote by Py, : L*(I,) —
Vi the L*(I,)-Legendre projection operator and define lew :H'(I,) » V) as

!
Pv(t) = v(0) + f Py_10v(s)ds, tel,. (2.6)
0
It is easy to find that
Piu(-1) = u(-1),  Phu(l) = u(l), (2.7)
(0,Pyyu — O, v) = (Ppy_1 0t — Ou, v) = 0, Vv € V1. (2.8)

The following approximation result can be found in [10].

Lemma 2.2. Ifu € H(I;) and o > 1, then
|P[1Wv - vll,[, < CMI_O—lvl(J',I,’ l = 0’ 1’

where C is a positive constant independent of M.

The problem (1.1) is expressed in a weak form: Find E, € H,(I,) ® H'(1,) and H, € L*(I,) ® H'(I,)
such that
(€0,E,,v)q + (Hy, 0,v)q = 0, Vve H () ® LA1,),
(u0Hy,w)q — (0:E;,w)q = 0, Ywe L*(1,)® L* 1), (2.9)
E.(x,0) = Eo(x), Hy(x,0) = Hyo(x), Vxel..

The LT-ST scheme to the problem (1.1) is: Find E,; € VIQ, ® Vi and Hy; € Vy_; ® V) such that

(661E2L> V)Q + (HyLa axv)Q = Oa v VE V/(\)/ ® VM—I’
(W0 Hyr, w)q — (0:E.1,w)q =0, Ywe Vi ®Vy, (2.10)
E(x,0) = ILE(x), Hyu(x,0) = Py [5Ho(0),  Vxel,.

2.2. Stability analysis

In the following section, the stability analysis of (2.10) is considered. Suppose that there are
perturbations fii = 1,2) on the right-hand side. For simplicity, the original notations E,; and H,; are
used to represent the solutions to the perturbation problem, which satisfies the following perturbation
equation:

(€ Es, Vo + (Hyr, 00 = (A, Vo, YVEVR® Vi,
(WO Hyr, w)g — (O:E1, W)a = (fo,Wa, VY wWeE VN1 ®Vy_, (2.1
E,;(x,0)=0, Hy,(x,0)=0, Vxel,.

Theorem 2.1. Let E; and H,,; are the solutions to (2.11). Suppose that fii = 1,2) are perturbations
on the right-hand side, such that

IVEELIG + | VEH, G + T (I VEEL(DIF, + I VEH,(DIF ) < CT> (1Al + 1AIG) . (2.12)
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Proof. Takingv = E :=1"'E;; € Vi ® Vy_jandw = Hy := t'Hy;, € Viy_; ® Vy_y in (2.11), we get

{ (faz(fE:zL), EEL)Q + (nyLlaxEEL)Q = (];1: EEL)Qa 2.13)
(uo,(tH,r), Hy ) — (10 E 1, Hy)a = (f2, Hypa, '
which leads to
(e0,(tE;1), E.1)a + (O,(tH,1), Hyp)o = (f1, E:)a + (f2, Hyp)a- (2.14)
By integration by parts,
(Eat(thL)» EzL)Q = (szL, EZL)Q + (EtathL’ EzL)Q
- 1 ~ 1 - 1 _ _
= || VeE Il + §T|| VeE..(D}, - 5” VeE..lig = 3 (|| VeE Ll + Tl \/EEzL(T)”i)’
. o o (2.15)
(llat(tHzL)’ H)a = (HHZL’ H)a + (/JtatHzLa H )a
1 ~ -
= 5 (IVAALIG + TI VAT ).
and using the Cauchy-Schwarz inequality
(Fis Exa + (Br Hyal < 1 fillallEcLlla + I fllallHyllo
1 - ~ | R 1 - (2.16)
< 5 (IVeELllg + I VRHLIG) + Il + U
where E;(T)=E (x,T) and H,,(T)=H,;(x, T). Substituting (2.15)~(2.16) into (2.14),
1 ) AN = 2 3 2
7 (NVEELllG + I VEALG) + 5 (IVeEn (T, + 1| VAT,
(2.17)

1 . 1 -
< ;nflné + ;n;ané
and noting that ||[E,;[lo < TIlE..llo. 1Hyllo < TIIH,.ll, we get the result of (2.12). O

2.3. Error estimate

In the following section, the error estimate of (2.10) is given. In order to deal with the error of the
initial value, the following auxiliary problem is considered [25]

€0,F = 0. H, (x,1) € Q,
HOH = 0,E, (x,1) € Q,
E(-1,H=E1,t) =0, rel, (2.18)
E(x,0) = I[%IEZO(X)’ H(x,0) = PN—III%/HyO(x), xel.
Firstly, the estimate between the two solutions to (2.10) and (2.18) is considered. We define
E,= PyPyE, H,=Py.PyH. (2.19)

By (2.5) and (2.8), we have

(al‘P}WE’ v)l, = (atEa V)[[, v v E VM—17
(axP]l\/'E9 W)IX = (axE9 W)IX9 Ywe VN—l’
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and

{ (EatEaa V)Q + (Ha, axv)Q = (EP]l\IatE’ V)Q - (P[luaxH, V)Qa Yve V/(\)/ ® VM—la (2 20)

(/“latHa9 W)Q - (aana W)Q = (ﬂatHa W)Q - (P]It/laxE9 W)Q9 v we VN—l ® VM—I'

Lete, = E; — E,and e, = H,; — H,. By (2.10) and (2.20), the following error equation is obtained

(Eatez’ V)Q + (ey’ axV)Q = (fl7 V)Q’ v V€ V[?/ ® VM—19
(udiey, W) — (Oce,W)a = (f2,W)a, Y wWeEVy1®Vyy, (2.21)
e(x,0) =0, ey (x,0)=0, Vxel,.

Due to (2.18), we have €d,E = 0, H, uo,H = 0,E, and
fi = Py, — DO,E + (I — P\)OH, f,=pu(P;, —1)0,H.

Similar to the proof of Theorem 2.1, we obtain the following error estimate.

Theorem 2.2. Let E, and H, be the projections (2.19) of E and H (2.18), respectively. Let E,; and
H,;, be the solutions to (2.10), respectively. Assuming that o > 1, r > 2, E,H € C([0,T]; H'(I,)) N
L*(I; H° (1)), and then there exists a positive constant C such that

IVe(E., = E)lg + | VE(H,, = H)IIG + T (I Ve(E.. = E)(TI, + I VEH, — H)(DIF)

(2.22)
< CT* [M*0=0 (107 ENlg + 107 HIIR) + N*l10LHIG |
Proof. By (2.12) and (2.21), we have
1 Veeullf, + | Vizeylly + T (Il Vee(T)IE, + | Ve (DIR) < CT2 (£l + 1| £l13) (2.23)
According to Lemma 2.1 and 2.2, it follows that
Ifilley < € (MP=0107 Ellg, + N*=110HIIG,) (2.24)
IR < CM> =97 HIR, (2.25)

Substituting (2.24)—(2.25) into (2.23), the error estimate (2.22) is obtained. [I
Next, the error estimate between the solutions to (2.10) and (1.1) is considered.

Theorem 2.3. Let E;, H,, E;, and H,; be the solutions to (1.1) and (2.10), respectively. Assume that
o>1,r>2,E HeC(0,T]; H(,)) N L*(I; H°(I,)), and then there exists a positive constant C such
that
| Ve(E,, — E)ig, + || Vu(H,, — H)Ilg + T (II Ve(E.L — EX(DI;, + | Vu(H,y, — Hy)(T)IIi)
< CT* [ M2 (107 Ellgy + 107 HIIG) + N 110 HIlg | (2.26)

-2r 2 2
+CTN (”Ez”LM(o,T;Hr(Ix)) + ”Hy”Lw(o,T;Hr(Ix))) -
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Proof. Firstly, the error between the solutions to (2.18) and (1.1) is estimated. Let e, = E — E, and

e, = H— H,. By (1.1) and (2.18), we get the following error equation

€0ie, = 0,ey, (x,1) € Q,
uoey, = Oce,, (x,1) € Q.

Then, we consider the inner product on /,

{ (Eatez,ez)lx = _(ey’ axez)lx’
(I’[aley’ ey)lx = (axez, ey)lx’

which leads to
| Vee(Dll7, + 11 Ve, 0II7. = | Vee (07, + Il VizeyO)II7, Vi > 0.
Next, integrating over ¢
1Vee:llg + 11 Vieyllg = Tl Vee O, + Il Ve, OII7).
and taking t = T, we have
I Vee(TII7, + 11 Ve, (DII7, = Il Vee 07, + I vize, (O)II7 -
According to Lemma 2.1, it follows that

lle(O)llz, = lEx = INExollr, < CN'|Ecgl,1,
lley(O)llr, = 1Hyo = Py-1IyHyolly,

< |[Hyo = Py_1Hyolli, + IPy-1(Hyo — INHyo)ll, < CN7"|Hygl,,-

Substituting (2.32) into (2.30)—(2.31), we obtain

IVEE = E)lig + INa(H = H)IIG + T (I V(E = EXDI}, + | Vi(H — H)(DIIF)

<CTN % ('Ez()lilx + |Hy0|ilx)’

On the other hand, by Lemmas 2.1-2.2, we have

IVe(E, = E)lig + Il Vu(H, — H)lig, + T (II Ve(E, — EXDl;, + |l Vi(H, — H)(T)Ili)

<CTN?” (lEzolilx + |Hy0|ilx)-

From (2.22) and (2.33)—(2.34), the error estimate (2.26) is obtained. [

3. Time multi-interval Legendre-tau spectral method

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

In this section, a time multi-interval Legendre-tau spectral scheme is developed and its error

estimate is obtained.
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3.1. Preliminaries

Let K be a positive integer and a partition of the computational interval /; is given as

K
I, = U I, Iy = (a1, a), Te=ar— a1, 1 <k<K, (3.1)
=1

where
O=qgy<a1 < - <agq<---<ag=T.
Let M = (M,,---,Mg)and L = (N, M). We define the space of approximate functions in time as
Xp=WunH' 1), Wph={v:vl, €Pyl), 1 <k<K)}, (3.2)

where Py, (1) denotes the space of polynomials of degree at most M; on I;. We define the space of the
test functions in time as
WM_1 = {V . Vl[k € PMk—l(Ik), 1<k< K}, (33)

where M—1=(M;—-1,--- ,Mg —1).
Let I = (=1,1) be a reference interval, #* and (I)’J‘.(O < j < M,;) be the LGL points and the

%

J
corresponding weights on /. We denote by {f’J‘. } and {d)’}‘.} be the LGL points and the corresponding
weights on ;. Next, we define

Tkid/(- + a1 + ay

D=1t 5 ,0<j< M, 1<k<K},

where 7, = a; — ax_;.
Letting v* = v|;,, for any u,v € C(I) and a)’;. =1

2ch?)’]‘., we define

My K
Vg = ) EW W, wp =D v
Jj=0 k=1
Similarly, we denote f’;’c and &)’;’C be the CGL points and the corresponding weights on /. Let {f’;’c} and
{d)/]‘.’c} be the CGL points and the corresponding weights on /.

We define LGL interpolation operator I/L\4 : C(I) » Wy by
i) = u(t), 0< M, 1<k<K.
Similarly, for the CGL interpolation operator I/Lw : C(I) > Wy, which satisfies
Iu(9) = u(@9), 0<M,, 1<k<K

Define the following relation

1 .
V(t) = f’(i), t= E(Tkt + a1+ Clk), a1 <t < ay.
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Let PMk_l : LZ(IA) — Py, the LZ—Legendre projection operator by Py : L*(1,) — Wy, such that

PtV (®) = Py (V1) (D).

Let P, m, H (D - Py, be the Legendre projection operator, which satisfies
A f A
Py (@) = 9(=1) + f Py, 10:9(s)ds,
-1

and P; s be generated by P, y, : H'(I,) — Py, (1) such that

Pl (1) = Pragi (1) = Prag, (). (3.4)
The following approximation results can be found in [10].

Lemma 3.1. Ifve H°(I,) and o > 1, then

k !

1 -1 2(1— 2

P = Vi, < C| ) (' Mp™ ")IVIM] . 1=0,1,
k=1

where C is a generic positive constant independent of Ty, M.

The time multi-interval Legendre-tau spectral method for the problem (1.1) is : Find E;‘N e Vy®Wy
and HfV‘N € Vy_1 ® W), such that

(ealEZKL’ V)Q + (H}K s axV)Q = Oa v V€ V](\)/ ® WM—I,
(0 H, w)a = (0:ES, w)a = 0, Vwe Vi ® W, (3.5)
EX (x,0) = IJEo(x), HJ(x,0) = Py [yHy(x), Vxel.
We set
Vx,t) = v(x, t +ai_y), tel,=0,1), 1<k<K

Let Q; = I, x I, and (3.5) can be written as: For | < k < K, find EfY e Vy® Py, (I) and H;‘L €
Va1 ® PMk(fk) such that

(€0,EX . Vo, + (Hy, 00M)g, = 0, ¥ vk e Vi @ Py (),
(ud,HY , W), — (0:ES, g, =0, V wk € Vv @ Py 1 (), (3.6)
EY(x,0) = ES ' (x,1i0),  Hy(x,0) = Hij (x, 1), x €L,

where EY, (x,70) = I{E (%), HSL(x, 70) = Py-115Hy0(x) when k = 1.

3.2. Error estimate

In the following, we present the error estimate. In order to deal with the error of the initial value,
we consider the following auxiliary problems on Q;, 1 <k <K,

€0,E* = 0. H", (x,1) € O,
poH* = 3, E", (x,1) € O, (3.7
EX(x,0) = EfL(x, 0), H*x,0) = H;‘L(x, 0), =xel.
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Similar to the process of the single-interval, we define E} = P\ P}, E*, Hy = Py_, P}, H", and denote
f{ = &Py, —DIE"+ (- Py)o.H', fy=uPy, —DoH"
Let ¢! = EY, — Ej and e} = Hy, — H}, the following error equation is obtained

(€5t€§, Vk)Qk + (ef,, 5ka)gk = (flk, Vk)gk, Yk e Vz(\)/ ® Ppg—1,
(llate§9 W)Qk - (axe];’ Wk)Qk = (fzka Wk)Qka v Wk € VN—l ® IP)Mk—l’ (38)
ef(x,0) =0, e’y‘(x, 0)=0, Vxel,.

For each subinterval in the multi-interval, using Theorem 2.2 and Lemma 3.1, the error estimate
between the solution to (3.6) and the projection of the solution to (3.7) is obtained

| Ve(ES, = EDlig, + I Vu(Hy, — Hllg, + 7 (II Ve(EY, — EQ@llf, + | Vu(Hy, - Hﬁf)(Tk)Ili)

(3.9)
< Crp [ M 7 (167 EX g, + 167 HY I, ) + N2 HA R, |

Let ef = E — Ef and ¢} = H* — H}, the results are similar to (2.30)~(2.31) for the multi-interval case,
I Veeklig, + 1 viell, = 7 (Il VeekO)II7. + Il vizek 01 ). (3.10)
| Veel(xoll], + Il Vel @oll;, = 1| Veek(O)I7 + 1l Vel O)I[7 . (3.11)

Using the triangle inequality, we get
VIV O + Va2 = I VE(ES ~ B, +IIVEHS ~ HEY @l
< JINVEES = D@l + I VAHYS '~ Bl
+ JIVeek (w2, + Il yEe (n I
= JIVEES! = D@l + VA~ D@l
+ JIVeek 1O + [ yaes O

which leads to

k-1
VIV Q)R +I1VEOIZ < > IV — Em@lE + I VAH,, — B @)l
m=1

(3.12)
+ JIVeel O +1 x/ﬁel(O)ll?, Vk 2 2.
By the Cauchy-Schwarz inequality, Y%, 7,, = a_1, and (3.9), we derive
k—1 2
(Z JINVEED — ER @I}, + VA, - B,
m=1
k—1
<ar ) 7, (IVeEs = ENEI, + | VEH], - H @I} (3.13)
m=1
k-1
< Cajy ) (@) M) (107E™ I, + 107 H™ I3, ) + N 10H" R, |-
m=1
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According to (2.7) and Lemma 2.1, it follows that

2

k-1
(Z VINVEED ~ Em @)l + | VAH, - merm)ui]

m=1

k-1 2
- [Z JIVE®) = DEn@)I + | Va(Pyet - 1)Hm<rm>||i] (3.14)
m=1
k—1
< Capr ) T N (IE" )l + 1H"@al?)
m=1

As (2.32), we have

1 Veel )7, + Il Ve ()}, < N (IE-ol?, + 1Hiol?,,)-

Substituting the above estimation results into (3.10)—(3.11), we obtain

IVe(E" = EHIG, + | VaH' = HOIG, + 7 (I VE(E* = ESTol;, + | VEH" - H)@I)
k—1
< Caryri Y | M) 7 (107 B, + 167 H™IG, ) + N> P10, H" 3, |

m=1

(3.15)
k-1
+ Caorme ) T N (IE" @)y, + 1HP @)l ) + CTN ™ (1Eoly, + 1Hyol?y).

m=1

By (2.7), Lemma 2.1 and 2.2, we get

| VE(Ey — EONg, + | Vr(H; — H)lg, + 7 (II Ve(EL — ENaplly, + | Vu(H, — H")(Tk)lli)
< C(r" M (167 EXNlg, + 1167 HAIB, ) + N2 (100X 13, + 0LHA I, )] (3.16)
+ CTN " (IE o, + IH l,).

If 74 = 7, M, = M for simplicity, and combining (3.9) and (3.15)—(3.16), we get the following error
estimate.

Theorem 3.1. Let £, and H, be solutions to (1.1), respectively. Let Ez’i and HyKL be solutions to
(3.5), respectively. Let EX and H* be solutions to (3.7), respectively. Assuming that o > 1, r > 2,
E,H, € C([0,T]; H (1)) N L*(I;; H7(1,)), E*, H* € C([0,7:]; H'(1,)) N L2(I;; H?(I*)), and then there
exists a positive constant C such that

K
I Ve(ES, — EQIR + I VEHE, - HIE + Y e (1 Ve(ES, — ES@olR, + 1A, - HY)IR ) -
k=1 .

<C [(T—IM)Z(I—(r) + N2(1—r) + T—zN—zr] )
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4. Numerical examples

In this section, some numerical results are presented. We define
Ew(E.) = max |E. (x$,1) — E.(x§,1)],
0<j<N

Eoo(Hy) = ({ga;}] |H)7L(XC’ t) - Hy(xca t)l

Example 4.1. The LT-ST spectral method for the 1-D Maxwell equation

Consider the problem (1.1) with 7, = (0,1), I, = (0,1), Q =1, x I, e = 1, and u = 1. The solution
is as
{ E,(x,t) = cos(3nt)sin(37x), (x,f) € Q, @.1)

Hy(x,t) = sin(3rt)cos(3mx), (x,1) € Q.
In Figure 1, the values of logg Ew(E;) and log;o E(H,) is obtained when ¢ = 1. It can be seen from

Figure 1 that the LT-ST method has spectral accuracy both in the time and space, which is consistent
with the results of theoretical analysis.

+|0910HE2L_E2”.

[}

+|0910HHyL-Hny )

Iogm(Error)

101

A2t

14

8 10 12 14 16 18 20 22 24
The degree of polynomials in space and time: N=M

Figure 1. L™-error at t = 1 of the LT-ST method (2.10).

To check the high accuracy, we compare the numerical errors of our scheme (2.10) with the
Legendre-tau spectral method in space and the leapfrog-Crank-Nicolson method in time
(LT-LECN) [19]. For convenience of notation, let (V, 7) be the degree of the polynomial in the space
approximation and the time step for the LT-LFCN method.

The L*®-error of the LT-LFCN scheme and our method (2.10) at = 1 are listed in Table 1. It can

be seen from Table 1 that on the same PC machine, the proposed method takes shorter time than the
LT-LFCN method.
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Table 1. L™-error of the LT-LFCN method and the LT-ST method (2.10).

LT-LFCN LT-ST
(N, 1) Eo(E;) Eo(H,) time (N,M) E«(E,) Ew(H,) time
(8,1e-02)  5.14e-04  6.85e-03  0.19s (8,8) 4.04e-03  1.99¢-02  0.08s
(12,1e-03) 4.35¢-06 6.97e-06 0.49s (12,12)  9.38e-06  3.99e-05 0.10s
(16,1e-04)  1.29e-09  6.96e-07  4.94s (16,16) 6.57e-09  3.34e-08  0.10s
(20,1e-05) 1.03e-13  6.98e-09  52.81s (20,20)  1.38e-12  7.86e-12  0.10s
(24,1e-06)  2.83e-14 6.97e-11  598.48s (24,24) 1.69e-15 2.99e-15 0.11s

Example 4.2. The time multi-interval Legendre-tau spectral method for the 1-D Maxwell equation

Further, the method (3.6) is used to solve Example 4.1 of N = M; = 24 and 0 < t < 5, and the
numerical results are shown in Table 2.

Table 2. L*-error of the time five-interval Legendre-tau spectral method (3.6) (N = M, =

24).
t Ew(E,) Eo(Hy) time
1.00 1.69¢e-15 2.99¢-15 0.11s
2.00 3.10e-15 3.44e-15 0.12s
3.00 3.38e-15 3.44e-15 0.13s
4.00 5.82e-15 7.10e-15 0.16s
5.00 9.49¢-15 7.71e-15 0.19s

5. Application to the 1-D nonlinear Maxwell equation

In this section, the proposed method is applied to the numerical solution of the 1-D nonlinear
Maxwell equation. The approximating of the nonlinear term is calculated by interpolation at the CGL
point, and implemented with the help of Fast Legendre transformation.

5.1. Scheme
Now, we apply the LT-ST method to solve the 1-D nonlinear Maxwell equation as [26]
€0, E. + J(E,) - d.H, =0, (x,1) € Q,
noHy, — 0,E, =0, (x,1) € Q, 5.1)
EZ(_17t) = Ez(l7t) = Oa re It7 '

E.(x,0) = E(x), Hy(x,0) = Hy(x), xe€l,,

where the nonlinear function J(E,) = o(|E,|)E, with o(s) is a real valued function representing the
electric conductivity.
The problem (5.1) can be written in a weak form: Find E, € H(I,)® H'(I,) and H, € L*(I,)® H'(I,)
such that
(€0,E.,v)a + (J(E.),v)a + (H,,0:v)a =0, YV veH)I,)® L),
(u0:Hy,w)q — (0:E;,w)q = 0, Ywe LX(I,)® L*(1,), (5.2)
E.(x,0) = Ej(x), Hy(x,0) = Hyp(x), Vx e l,.
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Combining the interpolation operator both in space and time, a 2-D interpolation is defined as [ (LN My
The LT-ST method to the problem (5.1) is: Find E,; € Vg ® Vi and Hy;, € Vy_; ® V) such that

(€0,;E 1, v)a + (ISV,M)J(EzL), Vo + (Hy,0v)a =0, VYve VIQI Q® Vi,
(/JatHyLa W)a = (0:E 1, w)q = 0, Ywe Vi ®Vy, (5.3)
EZL(-xa 0) = I]I\JIEZO(-X)’ HyL(-x’ 0) = PN_lleva()(X), Yx e Ixa

We briefly describe the implementation of scheme (5.3). For simplicity, taking Q = [-1, 1]x[-1, 1].
Let L, be the Legendre polynomial of degree k, and the basis functions in space are

q)(x):(l—x 1+x )’

7 ’T’ ¢2(X),..., ¢N(-x)
Op(x) = (h2(x), ..., pv(x)),  L(x) = (Lo(x), L1(X), ..., Ly-1(x)),
where ¢i(x) = Li(x) — Ly_2(x).

The basis functions in time are

V() =, 1 +16,¢2(0, ..., pm (1)), L) = (Lo(1), Ly (D), ..., Ly—1(D))

where ¢ (1) = Li(1) — Ly (7).
The approximate solutions and the test functions are expressed as

E (x,t) = P(ED (x),  Hy(x,t) = POHL (),
v(x, 1) = L(H)PD (x), w(x, ) = LWL (x).

The interpolation polynomial of the nonlinear term can be expressed as Igv, M)J (E;) = W) JOT (x).
The following algebraic equation is obtained from (5.3)

{ €0,, L)1, E(@o, D)y, + (¥, L), J(®o, @)y, + (¥, L) H(0x0, L), =0, (5.4)

w@Y, L), H(L,L);, — (¥, L),E(L,d,®),;, =0,

where £ and A are matrices composed of coefficients of approximate solutions E,; and Hy,
respectively. For simplicity, (5.4) can be rewritten in matrix form as

{ eK'EM* + M'JM* + M'HK}; = 0, 5.5)

uK'AD — M'EK*" = 0.

A simple implicit-explicit iteration method is used to solve (5.5). In order to separate the initial
conditions from the coefficient matrix, E, H , M, is divided into the following forms as

~ _|Ei ~ A o Tyt ant
E_[EO], H_[ﬁo], M' =M M. (5.6)

where E; and H; are the first rows of the coefficient matrix £ and H respectively, corresponding to the
initial value, M is the first column of M’. By the properties of the basis function and the orthogonality
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of Legendre polynomials show that both K’ and D are diagonal matrices, and the elements on the
diagonal of K’ are 2 except that the first element is zero. Thus, (5.5) can be expressed as

deuEgM* + (M EoK™ = —2uM'JM* — 2uM!H,K; — MyM'E, K™, (5.7)
2uHy = MyEoK D™ + MIE K" D™ (5.8)

Let
G = —2uM!H,K} - M,M'E, K™,

In computations. We use the following simple explicit-implicit iteration scheme for (5.7),
4euEN M + (M) ENTK = —2uM' T M+ G, k=01, , (5.9)

when k = 0, using the initial information of E,; in (5.3), and taking EEL)](t) = E,;(0) as the initial guess
of the iteration. The iterative scheme (5.9) is a linear equation of E([)k“], which can be solved by the
method in [10].

Combining the interpolation operator in space and the multi-interval interpolation operator in time
in Section 3, a 2-D interpolation is defined as I(LN’ - The time multi-interval Legendre-tau spectral

method for (5.1) is: Find E¥, € V}, ® Wy and H;‘N € Vy_1 ® Wy, such that

(€0,ES ,v)q + (I(LI\,’M)J(EZ), V) + (HyKL, OMa =0, VYveVy® Wy,

(,u@,HyKL, W)Q - (aszli’ W)Q = 0, Ywe VN_1 ® WM—la (510)
EE(x,0) = I5Eo(x), HE(x,0) = PaalbHy(x),  Vxel,

In computation, the interval is shifted to I = (0,70). Let Q; = I, X I, and then (5.10) can be written
as: Find EX, € V§ ® Py, ([) and HY, € Vi1 ® Py, (), 1 <k < K, such that

(€D,E )y + Iy JED P, + (H, 0080, =0, ¥ vE € VY @By 1(D),

WO, H, W), — (O.Ey, W, =0, VeV @By, (5.01)
E]ZCL(-X" O) = Ezkzl(-xa Tk—l)a H;?L(x’ O) = H)]j;/] (X’ Tk—l)’ X € Ix»

where E?, (x,79) = I§E,(x) and HSL(x, 70) = Py-1I5Hy(x) when k = 1.

5.2. Numerical examples

Example 5.1. The LT-ST method for the 1-D nonlinear Maxwell equation

Consider the problem (5.1), and set the right-hand function of the first equation to f(x, 7). According
to [26], the nonlinear term is given as

J(Ez) = (lEz|2 - |EZ|4)EZa
where I, = (0,1),1, = (0,1), Q =1, X I;, and € = u = 1. The solution is

{ E,(x,t) = cos(3nt)sin(37x), (x,1) € Q, (5.12)

Hy(x,t) = sin(3xt)cos(3nx), (x,1) € Q,
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and the right-hand side of the first equation is
f(x, 1) = cos(3nt)® sin(Bnx)? — cos(3nt)’ sin(Brx)’, (x,1) € Q. (5.13)

The scheme (5.3) is used to solve Example 5.1, and the values of log o E«(E;) and log;o E.(H,) are

obtained when ¢ = 1. It can be seen from Figure 2 that the method has high accuracy both in time and
space.

-Q-IogmHEzL-E H&

2''oo

"¢ == log, |IH -H |

yL ¥y oo

Iogm(Error)

-10 1

A2}

14

8 10 12 14 16 18 20 22 24
The degree of polynomials in space and time: N=M

Figure 2. L>-error at t = 1 of the LT-ST method (5.3).

[tNum represents the number of iterations. Further, the method (5.11) is used to solve Example 5.1
in the case of N = M, = 24 and 0 < ¢ < 5, the numerical results are shown in Table 3.

Table 3. L™ -error of the time five-interval Legendre-tau spectral method (5.11) (N = M, =

24).
t Ew(E,) Ee(Hy) time ItNum
1.00 1.72e-15 2.83e-15 0.17s 10
2.00 3.72e-15 3.44e-15 0.32s 10
3.00 4.11e-15 4.10e-15 0.49s 10
4.00 6.30e-15 6.55e-15 0.65s 10
5.00 1.04e-14 8.93e-15 0.81s 10

Example 5.2. Comparison of the LT-ST method of 1-D nonlinear Maxwell equation and related
computation results

Consider the same problem as in Example 5.1, but the nonlinear is given as [26]
1
J(E) = |EJ*E..
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Taking the same solution (5.12), the right-hand function of the first equation is

f(x,t) = cos(3rt) sin(37x) \/I cos(3nt) sin(3nx)|, (x,1) € Q. (5.14)

The Scheme (5.3) is applied to Example 5.1, and the values of log,y Ew(E;) and log;y Ew(H,) is
obtained when ¢ = 1. Computational results are given in Figure 3 to show that the LT-ST method has
high accuracy both in time and space.

-e-IOgmHEzL-EzH‘ ]
“2¢ —sde=log, o[IH  -H I

yL ¥y’

o

Iogm(Error)

-10

121

14+

8 10 12 14 16 18 20 22 24
The degree of polynomials in space and time: N=M
Figure 3. L -error at ¢ = 1 of the LT-ST method (5.3).

In order to compare the accuracy with the LT-LFCN method, we use it and the LT-ST method to
computate Example 5.2, respectively. The LT-LFCN method is as follows:

Let 7 be the time step, t, = kt (k =0, 1,- - -,np; T = ny7). Denote u*(x) := u(x, kt), and we define
uk+1 _ uk—l 7 uk+1 + uk—l
W,=— U=—
! 2T 2

The LT-LFCN scheme to the problem (5.1) is: For 1 < k < ny — 1, find E%, € V), and H;‘N € Vy_; such
that

(€EXypnv) + (Hyy, 0.0) + (INJ(ES),v) = 0, VveVvo,
(/lH;CNP W) - (afo 5 W) = O, Ywe VN_]

(5.15)
EY = ILE,, E!\ = I5[Eq + T0,E.(0)],

H, = P%_|IyHyo, H'y = PX_ Iy[Hyo + 70,H,(0)].

The L*-error of the LT-LFCN method (5.15) and the proposed method (5.3) at + = 1 are shown
in Table 4. The results in Table 4 demonstrate that on the same PC machine, the proposed method
provides more accurate results using less time than the LT-LFCN method.
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Table 4. L*-error of the LT-LFCN method (5.15) and the LT-ST method (5.3).

LT-LFCN LT-ST
(N, 1) Eo(E;) Eo(H,) time (N,M) E«(E,) Ew(H,) time
(8,1e-02) 1.86e-03  1.98e-02  0.21s (8,8) 4.13e-03  1.99e-02  0.16s
(12,1e-03)  2.22e-05 1.46e-04 0.71s (12,12) 9.41e-06 3.98e-05 0.17s
(16,1e-04)  1.65e-07  1.56e-06  7.86s (16,16)  6.55e-09  3.33e-08  0.18s
(20,1e-05)  1.50e-09  1.56e-08  82.99s (20,20) 1.37e-12  7.86e-12  0.18s
(24,1e-06)  1.59e-11  1.58e-10  863.42s  (24,24) 1.77e-15 2.77e-15 0.19s

The scheme (5.11) is also used to solve Example 5.2 for long-time computation. Numerical results
are given in Table 5 with N = M} = 24 and 0 < ¢ < 5 to show the effectiveness of the LT-ST method.

Table 5. L™-error of the time five-interval Legendre-tau spectral method (5.11) (N = M, =

24).
t L*(E,) L*(H,) time ItNum
1.00 1.77e-15 2.77e-15 0.19s 12
2.00 3.33e-15 4.88e-15 0.36s 11
3.00 3.77e-15 4.21e-15 0.55s 12
4.00 6.77e-15 7.21e-15 0.73s 11
5.00 9.85e-15 9.35e-15 091s 11

6. Conclusions

In this paper, the LT-ST method is investigated for the 1-D Maxwell equation and the time
multi-interval Legendre-tau spectral method is considered. Error estimates for the method of single
and multidomain are given, respectively. Numerical results are consistent with the theoretical
analysis. Compared with the LT-LFCN method, the proposed method has advantages in accuracy and
computation time. Moreover, the space-time spectral method is developed for the numerical solutions
of the 1-D nonlinear Maxwell equation. In the future, the multidomain spectral method in space will
be developed to solve the case of inhomogeneous media.
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