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Abstract: In the paper, the authors

1. establish general expressions of series expansions of (arcsin x)’ for £ € N;
2. find closed-form formulas for the sequence
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225 1+ (=D [2n —k)!!]z)
777 2 2n—k+2 /)

where B, ; denotes the second kind Bell polynomials;
3. derive series representations of generalized logsine functions.

The series expansions of the powers (arcsin x)¢ were related with series representations for generalized
logsine functions by Andrei I. Davydychev, Mikhail Yu. Kalmykov, and Alexey Sheplyakov. The
above sequence represented by special values of the second kind Bell polynomials appeared in the
study of Grothendieck’s inequality and completely correlation-preserving functions by Frank Oertel.
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1. Motivations and outline

In [12, Definition 11.2] and [18, p. 134, Theorem A], the second kind Bell polynomials B, for
n > k > 0 are defined by

n—k+1

Bn’k(xl,xZ,...,xn—kH)_ Z l—[n k+1€| 1_[( ) ’

eGNn k+1 =

where Ny = {0} U N, the sum is taken over € = ({1, (s, ..., {,—1+1) With {; € Nj satisfying Z?;lk” 6=k
and ) 1j¢, = n. This kind of polynomials are very important in combinatorics, analysis, and the
like. See the review and survey article [53] and closely related references therein.

In [36, pp. 13-15], when studying Grothendieck’s inequality and completely correlation-preserving
functions, Oertel obtained the interesting identity

i(—D"MB" (0 Lo, 20,2 L+ (D" [@n =1
2n,k

- = (=1)"
6’ 40" 112 2 (2n—k+2)!) =D

for n € N, where

. k!
Bn’k(-xla X2yenns -x}’l—k+1) = ; Bn,k(l !X], 2!x2’ R (n - k + 1)!xn—k+1)- (1'1)

In [36, p. 15], Oertel wrote that “However, already in this case we don’t know a closed form expression
for the numbers

1k _ 2
1 3 5 1+(-D"" [2n k)!!]) (12)

BZ"’k(O’ eV 0% m 2 Qn-k+2)!/

An even stronger problem appears in the complex case, since already a closed-form formula for the
coeflicients of the Taylor series of the inverse of the Haagerup function is still unknown”.

By virtue of the relation (1.1), we see that, to find a closed-form formula for the sequence (1.2), it

suffices to discover a closed-form formula for
1 9 225 1+ (=D [2n - k)!!]z)
Bn Oa_907_909 LRI
2”‘( 375 T 2 2n—k+2
In this paper, one of our aims is to derive closed-form formulas for the sequence (1.3). The first main
result can be stated as the following theorem.

(1.3)

Theorem 1.1. Fork,n >0, m € N, and x,, € C, we have

1+ (=1
B2n+1,k(0, X2, 0, Xdyoooy TXZn—k+2) =0. (1.4)
For k,n € N, we have
1.9 225 [2n - 2k + DI
Bn (0_0_0_""507 )
(B35 Ty 2n—2k+3
2 [\ (1) % :
—4)P1 P 1. 51
(2k—1)'[2( Y &R Z; (”+P 1;q,2p 2,2)
i
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k=1 (21;—1) 2p-2
—Z(—l)”‘1 ; ZT(n+p—1;q,2p—2;1)]
q=0

2n+2
p=1 ( 2+pp)
and
1 9 225 [2n — 2k — 1)!!]2
Bn (05_909_509_3"-’ ’0)
m\B 30 gy 2n—2k+ 1
2k\  2p-2
22n k - 5 14
= (Zk),[Z(—l)” 1 z(fz)p T(n+p-1,9,2p=2;1)
el ( 2p ) =0
k 2k 2p-2
1 \2p-1 1
- Z(—4)f’ ! z(nfzp_)l T(n +p-19,2p-12; 5)]
p=1 ( 2p—-1 ) q=0

where s(n, k), which can be generated by

n

(X = Y sn,m)x", (1.5)

m=0

denote the first kind Stirling numbers and

T(r;q, j;p) = (—D‘f[Z(—p)%(r, m)(’;“ )H > Coysr, m)(j ’fq)]. (1.6)
m=q

m=j—q

In Section 2, for proving Theorem 1.1, we will establish two general expressions for power series
expansions of (arcsin x)*~! and (arcsin x)** respectively.

In Section 3, with the aid of general expressions for power series expansions of the functions
(arcsin x)*~! and (arcsin x)* established in Section 2, we will prove Theorem 1.1 in details.

In Section 4, basing on arguments in [20, p. 308] and [28, Section 2.4] and utilizing general
expressions for power series expansions of (arcsin x)*~! and (arcsin x)* established in Section 2, we
will derive series representations of generalized logsine functions which were originally introduced
in [34] and have been investigating actively, deeply, and systematically by
mathematicians [9, 10, 14-17,29-31,37,38,57] and physicists [3, 19,20, 28].

Finally, in Section 5, we will list several remarks on our main results and related stuffs.

2. Power series expansions for the powers of the arcsine function

To prove Theorem 1.1, we need to establish the following general expressions of the power series
expansions of (arcsin x)¢ for £ € N.

Theorem 2.1. For £ € N and |x| < 1, the functions (arcsin x)° can be expanded into power series

00 20-2
n 1 x2n+2€—l
201 _ -1 1. At
(aresin ™! = (~4) —(2n)![§ T(n+ €= 139,20~ 2; 2)] e 2.1)
n=0 q=0 20-1
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or

n [20=2 2n+20
(arcsin x)% = (—1) ‘Z (;),[Z T+C—1:q,20-2; 1)](x2 — 2.2)

21?)

where s(n,k) denotes the first kind Stirling numbers generated in (1.5) and T(r;q, j;p) is defined
by (1.6).

Proof. In [4, pp. 262-263, Proposition 15], [7, p. 3], [20, p. 308], and [28, pp. 49-50], it was stated
that the generating expression for the series expansion of (arcsin x)" with n € N is

= be(t)x’
exp(t arcsin x) = Z [({,')x ,
=0 :

where by(t) = 1, by () = ¢, and

S

=
ba(1) = l_lt + Q2K baea (@ =t [+ @k =17
k=0 k=1

for ¢ € N. This means that, when writing

{

bty = ) Bust’, €20,

k=0
where ,30’0 = 1,,325,0 = 0, ,825’2](“ = 0, al’ldﬁzg_l,z]{ =0fork>0and{ > 1, we have

(o) (9]

0 € SIS 0
D s o't - ) - ITEDNY e z[zﬁmf—]

k=0 (=k £=0

Equating coefficients of #* gives

n+€
(arcsin x)! = f’Zﬂmg— = Zﬁn+f€( o {eN. (2.3)
It is not difficult to see that
it it 1 ir\ (1 it
b z:4"—1t2(1—l—) (1 —) d b z_4f(———)(— —),
20(1) 3)., +2£—1 an 20+1(1) ) 2+2€
where i = V-1 is the imaginary unit and
n—1
z+ 1D (z+n-1), nx>1
Dn = z+0) =
@) ];O[< ) {1, 0
is called the rising factorial of z € C, while
n—1
Wz=1)-(z=-n+1), n>1
@n=]]c-0 -{ (2.4)
=0 1, n=0
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is called the falling factorial of z € C. Making use of the relation
(=2 = (=D or (=2)y = (=1

in [52, p. 167], we acquire

it it 1 ir 1
ba(t :4"—1r2<’——1> <———1> d bou(t _4f<———> <————>.
20(1) > ~\2 . an 204+1(F) ) 272,

Utilizing the relation (1.5) in [59, p. 19, (1.26)], we obtain

-1
bty = 472y X gy Z( 1y 2L 4 gy

m=0
-1 m

_ lt22s(£—1 m)Z( ) e 2)'”2( by S - 1,m)2(21)iktk2m_k
=0 =0 k=0
- -1

:4f—1t22( 1Y"s(6 -1, )Z( ( )lk;kZ( l)ms(f—l,m)Z%(’Z)iktk

m=0
=1 6-1 A&
<0 S S G e SIS e
k=0 Lm=k k=0T mk '
2-1) k o1 -1, m) m 1 nS(€—1,m)
= 4017 [ (—1)’"+qS( ( ) v ( )]iktk
kzz(; qzz(; ) a) L k—q k—q
G m) o
_gt-1p _kZ Z( 1" s(€ - l,m)( ) (=€ -1, m)( )]'kfk
k=0 2 q=0"tm=q - - N
2(L-1) [ m 1
B S S ora el
AD g
AP WISl

and

¢
em
b0 =413 i 1)'"2( 1y
_ 4t Z A6 m) Z( - k( )ikth<—1)m S(g;m) (’Z)ikzk

(t+1)’"

m=0
14
S fore S o
k=0 tm=k k=0 tm=k
14 ¢
:4fZik[Z(—l)q(Z(—nm—s(f;m)(m)) > - 1)’”“‘7,""”( )]z +
k=0 q=0 m=q 2 q m=k—q 2 k= q
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< [ Srlean g

q=0

This means that

26-1) 26-1) 2D
Zﬁszt = Z Bociial™? Z Borkeatt? = 471 Z [Z T(t-1;q,k; 1)]fk+2
k=2 k=0 k=0
and
20+1 2w [k
Zﬁzmkfk Zﬁ2£+lk+lt Z,B2[+lk+lt 52 lk[z T(f; q,k; 2)]lk+]
k=-1 k=0 t4=0
Further equating coefficients of #*? and #**! respectively arrives at

%k k
1
Busa =475 Y T Lig k1) and Poiser =47 ) TG0k )

9=0 q=0
fork > 0.
Replacing ¢ by 2¢ — 1 for £ € N in (2.3) leads to

) 21 sl xn+2[—1
(arcsin x) =2¢-1)! Zﬁn+2€—1,2€—lm
o x2n+2t’—l
= 20— 1) 261 2] e
( ) ;ﬁZ +20—-1,2¢ 1(211 + 25— 1)'
2(¢-1) 2n+26—1
1 X
= 20— 1) S|4t ey T( +O—1:0.20—-2: )—
@6-1 Z:;[ ; & q Qn+20- 1)
00 2(6-1) 1 x2n+2€—l
= (D)4 20 - 1) T( +O—1:0.20—-72: )—
=D ( );; qu " d (2n+20— 1)
- yn 202 K221
= (=4)! [ T(n+£’— 1;q,20-2; —)] .
| 2n+26—1
n=0 (27’1) q=0 2 ( 2+€—1 )
Replacing ¢ by 2¢ for £ € N in (2.3) leads to
xn+2€
(arcsin x)** = (20)! % B, 26’ +20)!
x2n+2€
= 20)! Zﬁ2n+zm Ta]
. 0 2(6-1) K2n+20
=DM 4" Y T+ €-1:¢,20-2;1)|————
(=D )Z;[ qZO] (n+C-1ig )](2,”25),

gn 22 K242t
){’IZ( [ZT(n+€—1q,2€ 21)]( 2/,)

The proof of Theorem 2.1 is complete.

O
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3. Proof of Theorem 1.1

We now start out to prove Theorem 1.1.
In the last line of [18, p. 133], there exists the formula

1 "
k‘(z ) ZBnk(-xlaXZ’---’xn—kH)m (3.1)

for k > 0. When taking x,,—; = 0 for m € N, the left hand side of the formula (3.1) is even in
t € (—oo0, o0) for all k > 0. Therefore, the formula (1.4) is valid.
Ones know that the power series expansion

_ [2¢ - D] 2041
arcsinf = :E: TS o<1 (3.2)

is valid, where (—1)!! = 1. This implies that

_1)\k+1 EEANIEY
an,k(o,l 020225 1+ [en-R )

37757 7 2 2n—k+2
_B ((arcsin 1)'|=o (arcsin?)”|—o (arcsin?)®|,_o (arcsin 1) 2|, )
e 2 3 ’ 4 U -k +2
Employing the formula
Xy X Xy n!
B k(?za ?35 R n— kk-fz) = (n + k)‘ Bn+k,k(05 xz, -x3, L] xn+l)

in [18, p. 136], we derive

1 9 225 1+ (=DM [2n - k)!!]z)
Bn s Ao VUs 29 Yy DI

2”‘(03050 7 2 2n—k+2
2n)!

= m By (0, (arcsin 1), (arcsin )|, . . . , (arcsin )@ D|,_o).
n !

Making use of the formula (3.1) yields

. B oot = (S om)
X1, X250y X = Xo— 1
n+k,k\A1s A2 n+1 ( N k)' n! £ mm’

i Boix(X1, X2, .o X)) 1 ix ﬁ)k
o ("Zk) n! 4" ml )’
Bk (X1, X2, -0 Xup1) = n+k) lim ¢ [Z xm+1L k
’ k) B0 de |4 e )
. k
Bonra(x1, X2, -+ o Xope1) = an k) lim a [Z Xm+1L
: ko J—oden| £ (m+1)!
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Setting x; = 0 and x,, = (arcsin )™, for m > 2 gives

k
= ;th[ Z(arcsm 0™, 0—]

3 d> (arcsmt—t)
Bl dt2" t

: Z(_ 1y p( )(arcsmt)
dn
_ Zk: S p( ) tzn(arcimt) .

d2n sl £ k

dt2” [Z m+l( + 1)‘

Accordingly, we obtain

a1 el 2%k — 1 d* [arcsin 7\
: (m) e 2k—p—1 :
1}_}0 dtZ”[ Z(arcsmt) li=0 ] Z( 1) ( )1{_}0 dt2”( " )

_ Zk: 2k —1 d> (ar051nt)2p 1 kzll 2k — 1 da> (arcsint)2p
S Li\2p-1 lirg den\ ¢ — lirg den\ ¢

and

g2 00 d*" /arcsint\?
. my 2k-p
%1_{1(} dtzn[ 2 :(arcsm D™ =0 ] Z( D ( ) Pt dtz”( t )

k d* jarcsinf\? < 2k \.. d* sarcsint\2!
Z ( ) - lim ( ) .
2p t—»O den t = 2p—1)>0dn t

=1

From the power series expansions (2.1) and (2.2) in Theorem 2.1, it follows that

d> (arcsin t

2p-1 | .
= (=1)"'4°r~ — |
%11’161 l’2” ) ( 1) (2p 1) !

t
2n X .217_2 1 t2j
x 1i 4 T('+ “1:q.2 _2;_)—
fi%dﬂn;[ ; JEP LGP S o o, )
gn+p-1 2p-2 1
—_ (_1\-1 _ 1. _ 9. _
=(-1 (2n+2p_l)ZT(n+p 1;9,2p 2,2)
2n q=0
and
d*" (arcsin 7\ . A 12
lim ( ) — (—1'@2p) i AN TG+ p-1:q.2p -2 1) | ———
0 dn\ g =D -0 d 12" Z[ Z (J+p ©=p )(2j+2p)!

j=0 q=0

2p-2
ZT(n+p—1 q.2p - 2:1).

= (=1)P!
( ) (2n2-+;12p) e
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Therefore, we arrive at

(m) _m
1t1—>0 dth[ Z(arcsmt) ;=0 ]

and

dZn &

: (m) s
1z1—>odt2”[ Z(arcsmt) =0 ]

Consequently, we acquire

1 9 225

an,zk—l(O,—,O,— 0,—,...,0

37757 7
~ (2n)!
 Qn+2k-1)

(2n)! (2n +2k—1

T Qn+2k-1)!

(2k [4n Z( 4)17 1

2k -1

_4n Z(_4)p—1
=1

: = 4" Zk:(—4)P-1
p=1

-2

<

(Zk—l) 2

2p—1

2n+2p—1)
2p-1

1
T(n+p— 1;q,2p—2;§)

(=]

q=

(Zk 1) 2p-2
Z( LS T+ p—1:9,2p = 2; 1)

2n+2p
q=0

2p-2

2k
Z( 1) 1(2(n+2)) D> T(+p-1;q.2p-2;1)

2p qO

2p-2

1
ZT(n+p—l;q,2p—2;§).

q=0

2pl

2n+2p 1
2p-1

m

1—0 dth
2k 1
2p 1

2n+2p 1
2p-1

>

[(2n -2k + 1)!!]2)

2n—2k+3

Boyiok—1.26-1(0, (arcsin 1)”’|,—o, (arcsin 1), . . .

o
d2n

| g\ 21
- Z(arcsin H™|—g—
r - m!

1
(n+p—1;q,2p—2;§)

2p—

q=0

, (arcsin £)*"*V],_)

k=1 (Zk 1) 2p -2
_4nZ(_1)p—1 2p Z T(n+p-— ];q,2p—2;1)]

(2n+2p)
p=0 2p ) 4=0

and

1 9 225
B, (0,—0 0,22
L35 g

(2n)!

= Qnt 20! Boyi22k(0, (arcsin 1)”|,—o, (arcsin )| o, . . .

_(n) 2n+2kl
©(2n + 2k)!

2k )0 den
k 2k
1P~ 1
(2k)! Zl ) 2n+2p
2p—
1 2p 1)
Z( 4)p 2n+2p 1)
-1 ) 4

The proof of Theorem 1.1 is complete.

AIMS Mathematics

[(2n — 2k — D!]?

2n -2k +1

(o9

T(n+p—1;

T(n+p—1;q,2p—2;

0)

, (arcsin1)*"V],Zo)

2k
( Z(arcsm )™, )

2p-2

3
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4. Series representation of generalized logsine functions

Ls,(6) = - ﬁ (m
0

and generalized logsine function

0
Ls“®) = - f xf’(ln
/ 0

were introduced originally in [34, pp. 191-192], where ¢, j are integers, j > £+ 1 > 1, and 6 1s an
arbitrary real number. There have been many papers such as [3,9, 10, 14-17, 19, 20, 28-31, 37, 38,
57] devoted to investigation and applications of the (generalized) logsine functions in mathematics,
physics, engineering, and other mathematical sciences.

Theorem 4.1. Let (z), for z € C and n € {0} U N denote the falling factorial defined by (2.4) and let
T(r;q, j;p) be defined by (1.6). In the region O < 8 < m and for j,{ € N, generalized logsine functions
Lsi.{’))(é’) have the following series representations:

1. for j>2t+12>3,

The logsine function

-1
2sing ) dx

j—t-1
2sin§) dx

o PR 2sing\2¢
LsP (@) = - |m(2sin 3 )| -G -200 - Diam2y (S 32)
2 e 270 22D -
n= 9=
y j_zzf_l(ln sing)d(j - 20— 1) i (=DNak ]
i\ In2 @ 4 2n + 20y (Insin §)* ’
2. for j>20+2 >4,
ent o201 (j =2 - 1)(20)!(In2)/"! (4 sin 0. 2041
70 =gy v (v
5;(0) 20+ 1L\ +eD 2 o2
= (2sind)” & !
y — 2 NTln+tq2¢; —)
Z(; prsEayD) (n+ £:0.26:5 4.2)
y j‘zfz (j —20- 2)(111 sin 4 )“ Z“: (=1 an }
£, @ In2 /&4 2n 420+ 1)+ (Insin )" |
3. forjz2t-121,
sin £\2¢-1
Ls?2(6) = (-1)2%7 (20 - 2)!(In 2)/ 2)
; In2
X; (2n+2£—2)!; nreT 2] )
Xj‘zfl(j—2€+1)(lnsin§)“i (=Dax :
2\« in2 ) & n+ 20— 1 (Insin £)F
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4. forj>20-1>1,

/2sin &1\2¢
Ls?(8) = (12 = 1)!(In 2)1( o 2)

In2
[ (2sin$ n 242
XZ[mZT(ﬂ+f—l,q,2€—2,l) (44)
x ZN(J 25)(1n Smg)‘* 3 (b
S\ e N In2 ) 0n 4 204+ (Insin )

Proof. In [28, p. 49, Section 2.4], it was obtained that

LsE.k)(H) _ _kl:rll ln(2 i f )]j—k—l N W OS‘“("/ ? (arcsin x)k+;lnf‘k_2(2x) d 4.5)
for0 <6 <mand j—k—2 > 0. Making use of Theorem 2.1 and the formula
0k i
fx” In" xdx = x"*! Z( D¥(m >k( e 0 (4.6)

k=0

in [22, p. 238, 2.722], we acquire

fsin((')/Z) (arCSin x)Zf lnj—2€—l(2x) q
0 X

4n 20-2 sin(6/2) .
— 1 -1 26)! T 1:a0.2 2 1 f 2n+2€—11 j=26-1 2
= (-1 (f)ZQ 25),[2 (n+- 15,2~ )] T 0 d
an 20-2
= (=) 1@5)»2 o 25)'[2 T(n+-1;4,20-2; 1)]
sin(6/2)
X [ f ¥ 12 + Inx)/ 2! dx]
0
4n 20-2
= (-1 1(25)v2 G 25)'[2 T(n+(—1,q,2-2; 1)]

Jj-26-1 . sin(6/2)
-2¢-1 )
Z (J )(ln 2)1—2€—a—1 f x2n+2€—l(ln x)d x]
(04 0

a=0

X

. 20-2
= (-1~ 1(25)12(2 425)'[2 T(n+€—-1;q,20-2; 1)]

20-1 . v o )
(54 ool S

a=0
= (=D)"'20)!(In 2)"2- 1(Sm ) Z(2n+2€)'( 9)2n[2§:2T(n+€—1 q,2 - 2; 1)]
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"i‘l(ln sin § )(] -26- 1) y Dy
=\ 2 @ )& 2n+ 260/ (Insin )"

for j > 2¢ + 1 > 3. Substituting this result into (4.5) for k = 2¢ — 1 yields (4.1).
Similarly, by virtue of Theorem 2.1 and the formula (4.6), we also have

fi““’”) (arcsin x)2*! In/ 272 (2x) d
X
0 X

[ee)

4n 2t 1 sin(6/2) '
= (D4 + 1) _— T( +¢:q,2¢; _) f 20420 10 J~20-20 ) d
(=1)"4( ) ;:O 20t D) ,,E:o nt+ba2b3) ) x /" (2x)d x

(o)

= (=)4l@2e + 1)! Z

n

4 20 1
Qn+20+1)! ; T(" tha.2t E)]

n=0
j-20-2 . sin(6/2)
_20-2 .
X Z (J )(ln 2)/-2mam2 f K2 (In x)* d x
a=0 @ 0
) 411 20 1
= =D+ | —— T( y ,zg;_)
=14 );(2“2“1)!; SR Saits>

j—26-2

a . a—k
j=2t-2 o _2( ) 6)2n+2€+1 L (Insin g)
E In2)/~ = E -1
% - ( @ )( n2) ) k:O( O 2+ e

9\2+1 ) b 4n 9\2" 2 1
comece i t] o St S cae
(D426 +1) s1n2 (In2) ,,Z:(; G201 )] sm2 qZ:(; n+4{;q,2 >
o [j_zfz (j -20—- 2)(111 sing)a Z“: (—=D)¥a) ]
) @ In2 ) &4 @2n+20+ 1)~(Insin §)"

for £ € Nand j > 2(£ + 1) > 4. Substituting this result into (4.5) for k = 2¢ yields (4.2).
In [20, p. 308], it was derived that

sin(6/2) TN
Lsi.k)(Q) — _ok+l f Qarcls$x2) I 1'2x)dx 4.7)
0 V1 —x

forO0 <8 <mand j > k+ 1 > 1. Differentiating with respect to x on both sides of the formulas (2.1)
and (2.2) in Theorem 2.1 results in

(arcsin x)*2 el ait I ( 1) (222
S = (DTS- Y Y T4 - 159,20~ 25 )| (48
e o )nz:;‘ ; " 1 anrae-2n 4P
and
(arcsin x)*! - I 2n+20-1
= (DT DY |4 T+ 69,261 | 4.9
- >Z(; qZ; 1+ 69,261 | 5o (4.9)
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for £ € N. Substituting the power series expansions (4.8) and (4.9) into (4.7) and employing the
indefinite integral (4.6) respectively reveal

sin(6/2 . _
Ls22() = ~22! f Y aresin | o0 d x

0 V1 -2
—(—1)"245—3(25—2)'5“ LZ{EZT n+f-1; 25—2-1
- |2+ 20— 2)! L ik '3
n= q=

sin(6/2) )
X f 222 + Inx) 2 d x
0

. 4 20-2 1
= D)2 - S T( L l- 1 25—2;—)
(=727 );(2%25—2)!; " 4 2

J=26+1 . sin(6/2)
-20+1 ,
% 2 (] )(ln 2)]—2[—a+1 f x2n+2€—2(ln x)*dx
0

a=0 @

/sin £\26-1 & 4" 2n
= (=D2*3e -2 2]( 2) —( _)

(=D ( )!(In2) n2 ;(2n+2€—2)! Slnz

202 1
xZT(n+€— 1;q,2€—2;§)]

q=0

j20+1 In si 0. a0 @ k
y Z (J_25+1)(nsm2) (=D¥ax

v a In2 /&4 2n+2¢ - 1)+ (Insin )"

for j>2¢—12>1and

sin(6/2 . —
Ls2V() = ~2* f )Mlnf—”(zx)dx

0 V1 - x2
—(—1)@”(2{3—1)!2 L%T(mf—l- 20-2:1)
- L@ 20— 1) L 4 ’
n= q=

sin(6/2) )
X f 2 (In2 + Inx) 2 d x
0

o0 An 202
— (_1\{n2t _ 1. _ .
= (-1)2¥(2¢ 1)!; —(2%25_1)!;7’(“5 1;:q,2¢ 2,1)]

j-2¢

i —2f ) sin(6/2)
x 3 (77 a2y f ¥ (In ) d x
a 0

a=0

(2sin 20 & (2sin )" X2
:—152—1!121( 2) Y N ra - 10g.20-2:1
(=Df@C = D2 == ;(2“%_1)!; (n+€—1:,20-2;1)

22005 _9p\/Insin 2\ & (-DH¥a)
XZ(JQ, )( 1n22) n

pory 4 (2n + 20y (Insin )"
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for j > 2¢ > 1. The series representations (4.3) and (4.4) are thus proved. The proof of Theorem 4.1 is
complete. O

5. Remarks

Finally, we list several remarks on our main results and related stuffs.

Remark 5.1. For n > k > 1, the first kind Stirling numbers s(n, k) can be explicitly computed by

lr2—1 l—1—1

|s(n+1k+1)|—n'z Z Z = Z L (5.1)

b Or=k— b Go1=2 be=1
The formula (5.1) was derived in [41, Corollary 2.3] and can be reformulated as

ls(n+ Lk+ Dl < |s(m, k)|

| |
n: por m.:

for n > k > 1. From the equation (1.5), by convention, we assume s(n,k) = 0 forn < k and k,n < 0.
In recent years, the first kind Stirling numbers s(n, k) have been investigated in [39-42,45] and closely
related references therein.

Remark 5.2. For |x| < 1, we have the following series expansions of arcsin x and its powers.

1. The series expansion (3.2) of arcsin x can be rewritten as

2n

=1y [@n- pp—r__ (5.2)
n=0

arcsin x

2n +1)!

where (—1)!! = 1. Various forms of (5.2) can be found in [1, 4.4.40] and [2, p. 121, 6.41.1].
2. The series expansion of (arcsin x)? can be rearranged as

( arcsin x x2n

iy —2'Z[<2n>”] T (53)

The variants of (5.3) can be found in [2, p. 122, 6.42.1], [4, pp. 262-263, Proposition 15], [5,
pp- 50-51 and p. 287], [6, p. 384], [7, p. 2, (2.1)], [13, Lemma 2], [20, p. 308], [21, pp. 88-90], [22,
p. 61, 1.645], [32, p. 1011], [33, p. 453], [47, Section 6.3], [58], [60, p. 59, (2.56)], or [62, p. 676,
(2.2)]. It is clear that the series expansion (5.3) and its equivalent forms have been rediscovered
repeatedly. For more information on the history, dated back to 1899 or earlier, of the series
expansion (5.3) and its equivalent forms, see [7, p. 2] and [32, p. 1011].

3. The series expansion of (arcsin x)* can be reformulated as

arcsin x\> - & 1
( . ) :3!;[(2;1“)!!]2[; TR

Different variants of (5.4) can be found in [2, p. 122, 6.42.2], [4, pp. 262-263, Proposition 15],
[11, p. 188, Example 1], [20, p. 308], [21, pp. 88-90], [22, p. 61, 1.645], or [27, pp. 154-155,
(832)].

xZn

2n +3)!"

(5.4)
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4. The series expansion of (arcsin x)* can be restated as

) 4 > .
(arcilﬂ x) — 41 ;[(Zn + 2)”]2[; (2k -ll- 2)?

There exist three variants of (5.5) in [4, pp. 262-263, Proposition 15], [7, p. 3, (2.2)], and [20,
p- 309].
5. Basing on the formula (2.21) in [28, p. 50], we concretely obtain

x2n

2n + 4! (5-5)

arcsinx)’ 5! © L T S B x2"
=) [2n+3)!] — | - . 5.6
( X ) 2;(n ] [(;(2k+1)2) ](Z:(:l(2k+l)4 (2n +5)! (56)
6. In [7], the special series expansions
VY 1.
(arcsm ) =5 ; (Znn "
4 o -l 2n
x) 3 ( 1 ) X
arcsin= | = = — ,
( 2 ; ; m? (2:)”2
6 co /sn—1 m—1 n
x) 45 ( 1 1) X
arcsin= | = — — ) = ,
( 4 ; ; m? £ {2 (Zn)nz
(arcsmx)S_ 315 i(”‘l 151 ¢ 1) e
2 2 S\ m =1 & p=1 r? (2:)”2
were listed. In general, it was obtained in [7, pp. 1-2] that
20 oo 2n
. x) X
arcsin=| = (20)! Hmn)——, (€N 5.7
( 2 nzz:l (2:)”2
and (2 )
Cox\20e ") 2t
(aresin 3] = e+ 1)'2@( My (<{0]UN, (5.8)

where H|(n) = ‘1—‘, Go(n) =1,

mi—1 me_1—1

He(n) = 4 Z (21’1’1 )2 Z (2m2)2 Z (2mf)2

and

my—1 me_1—1

Ge(n) = Z (2m1 + 1) Z (252 + 12 Z (2m€ Qmy + 12

The convention is that the sum is zero if the starting index exceeds the finishing index.
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7. In[7, (2.9) and (4.3)], [25, p. 480, (88.2.2)], and [56, p. 124], there exist the formulas

arcsin x\' < [(1 (¥4 ng_y — 2m;)! 1
( X ) h ;[(lk:l[{r;) [(nk—l - nk)!]2(2nk_1 — 2nk + 1) 22n-1~2nk }) (5 9)
(2ne-1)! L],
e 2@y + 1) 200 ]x

arcsin x /! - an < (222:2“) - (222:3{1,[1_1) 1 ! 510
( ) 2[22n1+1 12n2+2"'m:zn;1 2np+ € E] ' (610

n=0

and

All the power series expansions from (5.2) to (5.6) can also be deduced from Theorem 2.1.

By the way, we notice that the quantity in the pair of bigger brackets, the coefficient of x**, in the
formula (5.9) has no explicit relation with n. This means that there must be some misprints and typos
somewhere in the formula (5.9). On 30 January 2021, Christophe Vignat (Tulane University) pointed
out that ny = n is the missing information in the formula (5.9).

In [28, pp. 49-50, Section 2.4], the power series expansions of (arcsin x)* for 2 < k < 13 were
concretely and explicitly written down in alternative forms. The main idea in the study of the power
series expansions of (arcsin x)* for 2 < k < 13 was related with series representations for generalized
logsine functions in [28, p. 50, (2.24) and (2.25)]. The special interest is special values of generalized
logsine functions defined by [28, p. 50, (2.26) and (2.27)].

In [54, Theorem 1.4] and [55, Theorem 2.1], the nth derivative of arcsin x was explicitly computed.

In [43,44], three series expansions (5.2), (5.3), (5.4) and their first derivatives were used to derive
known and new combinatorial identities and others.

Because coefficients of x*"*2~! and x***?¢ in (2.1) and (2.2) contain three times sums, coefficients
of x?" and x*"*! in (5.7) and (5.8) contain ¢ times sums, coefficients of x*" in (5.9) contain £ — 1 times
sums, and coeflicients of x" in (5.10) contain ¢ times sums, we conclude that the series expansions (2.1)
and (2.2) are more elegant, more operable, more computable, and more applicable.

Remark 5.3. Two expressions (2.1) and (2.2) in Theorem 2.1 for series expansions of (arcsin x)*~! and
(arcsin x)*¢ are very close and similar to, but different from, each other. Is there a unified expression
for series expansions of (arcsin x)2~! and (arcsin x)*? If yes, two closed-form formulas for By, in
Theorem 1.1 would also be unified. We believe that the formula

(ia)y  (=ix)"
= (fa+ 1D)_pp n!

exp(2a arcsin g) = (5.11)

mentioned in [7, p. 3, (2.7)] and collected in [25, p. 210, (10.49.33)] would be useful for unifying two

expressions (2.1) and (2.2) in Theorem 2.1, where extended Pochhammer symbols

['(ia + %) [(ia+1-7%)

_— d (a+1)_,p=——""——=" 5.12
F(ia) an (za ) /2 F(ia n 1) ( )

were defined in [25, p. 5, Section 2.2.3], and the Euler gamma function I'(z) is defined [59, Chapter 3]

by

(ia)n2 =

Z
I'(z) = lim —, ze€C\{0,-1,-2,...}.
n—o0 Hk 0(

What are closed forms and why do we care closed forms? Please read the paper [8].
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Remark 5.4. In [2, p. 122, 6.42], [27, pp. 154-155, (834)], [33, p. 452, Theorem], and [47, Section 6.3,
Theorem 21, Sections 8 and 9], it was proved or collected that

arcsin x = x2n+l
= =) 2(n))——, <. 5.13
Ve 2 G M 19

In [6, p. 385], [47, Theorem 24], and [61, p. 174, (10)], it was proved that

i (2x)*" x? x arcsin x
n=1 (

= + s
2:) 1 — x2 (1 _ x2)3/2

x| < 1. (5.14)

These series expansions (5.13) and (5.14) can be derived directly from the series expansion for
(arcsin x)? and are a special case of (4.9) for £ = 1.

Remark 5.5. The series expansion of the function V1 — x? arcsin x was listed in [2, p. 122, 6.42.4]
which can be corrected and reformulated as

2n+1

V1 = x2 arcsinx = x — 1! Z[(zn - 2)!!]2(2n)m’

n=1

lx] < 1. (5.15)

Basing on the relation

(1 — x»)[(arcsin x)‘]" = £V1 — x2 (arcsin x)"™

and utilizing series expansions of (arcsin x)* and (arcsin x)*, after simple operations, we can readily
derive

o0 n—1
1 x2n+2

) 3 2 _ 2 _ 2 _

V1 = 2 (arcsin x)* = x 2!;[(2;1 D] (2"”);(2“1)2 1(2n+2)! (5.16)
and
\/_ 3 3 © 5 n—1 1 x2n+3
12 1 — _ —
1 — 2 (arcsin x)° = x 3!;[(2;1)!1] QHZ);@’HZ)Z 1 Pt (5.17)

From (4.8) and (4.9), we can generalize the series expansions (5.15), (5.16), and (5.17) as

V1 — 2 (arcsin )72 = x¥72 + (-4 20 - 2)!

o 2n+26-2 5.18
X Z[A(é’, 1) — 20 + 20— 2)2n + 20 = DAL, n — 1)]—> ©.18)

p Qn+26-2)!

and
V1 = 22 (arcsin 0)*" = ¥+ (=D'2e - 1!
N 2n2e-1 (5.19)
X ;[B(f, m) = @n 2 = 120+ 2 = DB = Dl
for € € N, where
26-2 1
A(l,n) = 4,,; T(n+ - 1:0.20-2;5)
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26-2
B(t,n)=4" ) T(n+-1;q,20-2 1),
q=0

20-2 201

and T'(r; q, j; p) is defined by (1.6). Considering both coefficients of x*~~ and x
expansions (5.18) and (5.19) must be 1, we acquire two combinatorial identities

(=Df
4¢

in the power series

20

I
D T(f; 7. 20 5) -

q=0
for £ € {0} UN, where T(r; g, j; p) is defined by (1.6).

Remark 5.6. Making use of Theorem 1.1, we readily obtain the first several values of the sequence (1.3)
in Tables 1 and 2.

20
and Z T(6;q,26;1) = (=1)

q=0

Table 1. The sequence By, ;-1 in (1.3) for 1 <n,k < 8.

By k=1 k=2 k=3 |k=4|k=5]k=6[k=T7]k=38
n=1 : 0 0 0 0 0 0 0
n=2 2 0 0 0 0 0 0 0
n=3 = 2 0 0 0 0 0 0
n=4 1225 42 0 0 0 0 0 0
n=>5 £ 3951 2 0 0 0 0 0
n=6 | 005 2l 1155 0 0 0 0 0
n=7 | 1217431215 | 85621185 | 314314 | X5 | 0 0 0 0
n=8 | BB 18974980350 | =M | HOK0 [ 0 0 0

Table 2. The sequence By, 5 in (1.3) for 1 <n,k < 8.
Bou o k=1 k=2 | k=3 |k=4]k=5]k=6|k=7]k=38
n= 0 0 0 0 0 0 0 0
n=2 : 0 0 0 0 0 0 0
n=3 9 0 0 0 0 0 0 0
n=4 267 2 0 0 0 0 0 0
n=>5 30525 210 0 0 0 0 0 0
n=6 S8 35211 > 0 0 0 0 0
n=7]| 516651345 | 120 [ 7007 0 0 0 0 0
n =8 | 106480673775 | S1855L [ 2892890 | =02 | 0 0 0 0

In the papers [46,48-55] and closely related references therein, the authors and their coauthors
discovered and applied closed form expressions for many special values of the second kind Bell
, Xpis1) forn > k> 0.

5 in (4.3) and (4.4) give

polynomials

L’ (25 2)( )_( 1D(4€ — 4)11(In 2)/ 20+ Z

AIMS Mathematics

Bi(x1, x2, . .
Remark 5.77. Taking 6 =

2n + 25 2)!

20-2

q=0

Volume 6, Issue 7, 7494-7517.
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j-20+1

Jfi =20+ 1)\ ¢ (@)
% ; (_1)( o );(2n+2£’—1)"“(ln2)k

and
- ) 1 20-2

L7 0(3) = Df@e = Din 2y Y| o N T+ €= 15,20~ 211
773 ) = =D'er - Hian2) ;UQHR_D!; (n+€=1;q,20-2;1)

Jj—2¢ . a

j=2¢ (@)
-1¢
X;( )( a )k=0 Qn + 200 1(In 2)F

for £ € N, where (z), for z € C and n € {0} U N denotes the falling factorial defined by (2.4) and
T(r;q, j;p) s defined by (1.6). In [28, p. 50], it was stated that the values Lsi.f)(g) have been related to
special interest in the calculation of the multiloop Feynman diagrams [19,20].

Similarly, we can also deduce series representations for special values of the logsine function
Lsgf)(é’) atd = 7, 7, £ and 6 = mr. These special values were originally derived in [30,31,34] and also
considered in [3,9,10,14-17,19,20,28,29,37,38,57] and closely related references therein.

Remark 5.8. This paper is a revised version of electronic arXiv preprints [23,24].
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