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Abstract: In contemporary mathematics, parameterization tool like soft set theory precisely tackle
complex problems of economics and engineering. In this paper, we demonstrate a novel approach of
soft set theory i.e., intersectional soft (int-soft) sets of an ordered I'-semigroup S and develop int-soft
left (resp. right) I'-ideals of S. Various classes like I'-regular, left I'-simple, right I'-simple and some
semilattices of an ordered I'-semigroup S are characterize through int-soft left (resp. right) I'-ideals of
S. Particularly, a I'-regular ordered I'-semigroup § is a left I'-simple if and only if every int-soft left I'-
ideal f, of S is a constant function. Also, S is a semilattice of left (resp. right) I'-simple I'-semigroup if
and only if for every int-soft left (resp. right) I'-ideal f4 of S, fx (@) = fa (aaa) and f4 (aab) = fa (baa)
foralla,b € S and a € I" hold.
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1. Introduction

Unlike soft sets theory, most of the uncertainties theories such as fuzzy sets theory, probability
theory and theory of rough sets are left behind due to the lack of parameterization. Despite the fact
such theories can tackle various uncertainties problems but these theories have their own inherent
limitations: incompatibility with the parameterization tools is one of the major problem associated
with these theories. In order to overcome these implied challenges, Molodtsove [1] initiated the
pioneering concept of soft set theory. This contemporary approach is free from the difficulties pointed
out in the other theories of uncertainties particularly theories involving membership functions. Due to
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its dynamical nature, the soft sets successfully made its place and now extensively used in several
applied fields like control engineering, information sciences, computer sciences, economics and
decision making problems [2—11].

It is also worth-mentioning that due to the use of soft sets in algebraic framework changed the
researchers approach toward algebraic structures and now these algebraic structures are extensively
used in the aforementioned fields. For instance, Maji et al. [12] presented various operations of soft
sets in algebraic framework which were further extended by Ali et al. [13, 14].

Note that ordered semigroups playing a key role in mathematics particularly in ordered theory [15].
Ordered semigroups are comprehensively studied by Kehyopulu [16-18]. Ordered gamma semigroups
are the generalizations of ordered semigroups. Sen and Saha [19] were the first who initiated the
concept of a gamma semigroup, and established a relation between regular gamma semigroup and
gamma group. Beside this, several classical notions of semigroups have been extended to I'-semigroup
in [19-21]. Kwon and Lee [22] introduced the concept of I'-ideals and weakly prime I'-ideals in
ordered I'-semigroups. The notion of bi-I'-ideal in I'-semigroups was introduced by Chinram and
Jirojkul in [23]. Dutta and Adhikari introduced the notion of prime I'-ideal in I'-semigroup in [24].
On the other hand the concepts of prime bi-I'-ideal, strongly prime bi-I'-ideal, semiprime bi-I"-ideal,
strongly irreducible and irreducible bi-I'-ideals of I'-semigroup are studied in [25]. Prince William et
al. [26] provided the characterization of gamma semigroups in terms of bi-I'-ideals (also refer to [27]).
Jun et al. [28] investigated fuzzy ideals in gamma nearrings (also see [29]). In 2009, lampan [30] gave
the concept of (0-)minimal and maximal ordered bi-ideals in ordered I'-semigroups, and give some
characterizations theorems.

Jun and Song [31] applied the soft sets to one of abstract algebraic structures, the so-called
semigroup. They took a semigroup as the parameter set for combining soft sets with semigroups.
Their work is the continuation of [32].  Where they further discussed the properties and
characterizations of int-soft left (right) ideals. More precisely, they introduce the notion of int-soft
(generalized) bi-ideals and provide relations between int-soft generalized bi-ideals and int-soft
semigroups. Khan and Sarwer [33] extended the concept of uni-soft ideals given in [34], by
introducing some new ideals namely; uni-soft bi-ideals and uni-soft interior ideals of AG-groupoids
and also discuss some related results. Jun et al. [35] introduced the notions of union-soft semigroups,
union-soft /-ideals, and union-soft y-ideals and determined various properties. They consider
characterizations of a union-soft semigroup, a union-soft /-ideal,and a union-soft y-ideal. Moreover,
the concepts of union-soft products and union-soft semiprime soft sets are determined and their
properties related to union-soft /-ideals and union-soft y-ideals are investigated. Khan et al. [36]
characterized weakly regular, intra-regular and semisimple ordered semigroups by the properties of
their uni-soft ideals. Hamouda [37], developed the notions of soft left and soft right ideals, soft
quasi-ideal and soft bi-ideal in ordered semigroups.

Recently, the int-soft’s idea gain a centeral attention around the globe. Various applications of the
said idea can be seen in a variety of research. For instance, Muhiuddin and Mahboob [38] developed a
new ideal theory termed as Int-soft ideals in ordered semigroups. More precisely, the authors
introduced int-soft left (right) ideals, int-soft interior ideals and int-soft bi-ideals in ordered
semigroups and constructed various characterization theorems based on these newly developed idea.
Ghosh et al. [39] investigated various properties of rings based on soft radical of a soft int-ideal, soft
prime int-ideal, soft semiprime int-ideal. They broadly discussed that the direct and inverse images of
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soft prime (soft semiprime) int-ideals under homomorphism remains invariant. Further, Khan et
al. [40] commence the notion of soft near-semirings with a varieties of essential results. They also
explored several characterization theorems by using soft near-semiring homomorphism and soft
near-semiring anti-homomorphism. Sezer et al. [41] gave the define of soft intersection semigroups,
soft intersection left (right, two-sided) ideals and bi-ideals of semigroups. They extended their study
by characterizing regular, intra-regular, completely regular, weakly regular and quasi-regular
semigroups in terms of these newly developed ideals also refer to [42—45].

From the above discussion it is cleared that soft set theory is a remarkable mathematical tool dealing
with uncertainity. The researchers working in this particular area of research are more interested to
know how to link abstract algebra with these newely developed sets i.e., soft sets? Infact, several
researchers worked on this, for instance, the theory of soft sets has been applied to rings, fields and
modules [46,47], groups [48], semigroups [49], ordered semigroups [32, 50] and hypervector space
[51]. In this paper, we introduce a new notion worth applying to abstract algebraic structure. So we
can provide the possibility of a new direction of soft sets based on abstract algebraic structure (ordered
I'-semigroup) in dealing with uncertainity. Infact, we have developed a new type of ideal theory in
ordered I'-semigroups based on soft sets. This new type of ideal theory will constitute a platform
for other researchers to apply this conception in other algebraic structures as well. Particularly, we
introduce some new types of soft I'-ideals i.e., intersectional soft (int-soft) I'-ideal of an ordered I'-
semigroup S and initiate int-soft left (resp. right) I'-ideals of S. Several classes like I'-regular, left
I'-simple, right I'-simple and some semilattices of an ordered I'-semigroup S are characterized by the
properties of int-soft left (resp. right) I'-ideals of S. Further, a I'-regular ordered I'-semigroup S is a
left I'-simple if and only if every int-soft left I'-ideal f, of S is a constant function. Moreover, S is a
semilattice of left (resp. right) I'-simple I'-semigroup if and only if for every int-soft left (resp. right)
I-ideal f4 of S, fa (a) = fa (aaa) and f, (aab) = f4 (baa) hold for all a,b € S and @ € T.

2. Preliminaries

Definition 2.1. Suppose S = {x,y,z,...} and I' = {a,f,7, ...} are two non-empty sets and a function
S XI'xS — § such that (xay)Bz = xa(yBz) for all x,y,z € S and a,B € I, then S is called
a I'-semigroup [19]. By an ordered T'-semigroup (S,I’, <), we mean a I'-semigroup S satisfying the
following conditions:

(i) (S, <) is a poset.

@) Ifa,b,x €S and @, € I'thena < b = aax < bax and xBa < xfGb.

For A C S, we denote (A] := {t € S|t < h for some h € A}. If A = {a}, then we write (a] instead of
({a}]. For A, B C S, we denote

AI'B := {aabla e A,b e B,a €T} 2.1

Definition 2.2. A non-empty subset A of an ordered I'-semigroup S is called a left (resp. right) I'-ideal
of § if it satisfies

() Va,beS)VbeAa<b=acA),
(ii)) STA C A (resp. AT'S C A).
If A is both left I'-ideal and a right I'-ideal of S then A is called I'-ideal of S.
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Definition 2.3. A non-empty subset A of an ordered I'-semigroup S is called I'-subsemigroup of S if
it satisfies AI'A C A.

Definition 2.4. A I'-subsemigroup B of S is called bi-I'-ideal of S, if it satisfies:

1) Va,beS)VbeB)(a<b= acB),
(i) BI'STB C B.

Definition 2.5. A I'-subsemigroup A of S is called (1,2)-I'-ideal of S, if it satisfies:

(i) (Ya,b € S)(Vb € A)a < b => a € A),
(ii) ATSTATA C A.

Soft Sets (Basic operations) In the last two decades, the uses of soft set theory is achieving
another milestone in contemporary mathematics where several mathematical problems involving
uncertainties in various field like decision making, automata theory, coding theory, economics and
much others which can not be handle through ordinary mathematical tools (like fuzzy set theory,
theory of probability etc) due to the lake of parameterization. The latest research in this direction and
the new investigations of soft set theory is much productive due to the diverse applications of soft sets
in the aforementioned fields [2—11]. It is important to note that Sezgin and Atagun [52] introduced
some new operations on soft set theory and defined soft sets in the following way:

Suppose U be universal set, E be the set of parameters, P(U) be the power set of U and A be a
subset of E. Then a soft set f4 over U is an approximate function defined by:

Definition 2.6. Suppose U be universal set, E be the set of parameters, P(U) be the power set of U
and A be a subset of E. Then a soft set f4 over U is an approximate function defined by:

fa: E— P(U) such that f4(x) = 0if x ¢ A. (2.2)
Symbolically a soft set over U is the set of ordered pairs

fa =1{(x, fa(x) 1 x € E, fa(x) € P(U))}. (2.3)
A soft set 1s a parameterized family of subsets of U, where S (U) denotes the set of all soft sets.

Example 1. Suppose Mr. Lee want to buy various business corners in newly developed supermarket
having hundred business corners {ci, ¢y, ..., Cio0} = U. For the said purpose, Mr. Lee has three different
parameters in mind that are “beautiful (e,)”, “cheap (e;)” and “good location (e3) . These parameters
are represented by the set E = {eq, e5, e3}. Now for few corners he only consider {ey, ez} = A. Therefore,
an approximate function fy : E — P(U) will image fa(e;) = 0 as e; ¢ A and ultimately he will have
only those choices from P(U) which depend on ey, e3. Similarly, for any other subset of parameters,
Mr. Lee can select a better corner for his business.

Definition 2.7. Suppose fi, fz € S(U). Then f; is said to be subset of fz denoted by f4C f3 if fu(x) C
f(x) for all x € E. Also, two soft sets f, f are said to be equal denoted by f4=f3, if f4Cfz and f42f5
holds.

Definition 2.8. Let f,, f3 € S(U),then the union of f, and f3, denoted by f,U 3 is defined by f1Ufz =
faup, Where faup(x) = fa(x) U fp(x) for all x € E.
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Definition 2.9. If f,, fz € S(U), then the intersection of f; and f3, denoted by fiNf; is defined by
Jfanfp = fanp, Where fynp(x) = fa(x) N fp(x) forall x € E.

For any soft set f4 over U and y C U, the y-inclusive set is denoted by i4 (f4,y) and is defined as
ia(fa,y) ={x €A fa(x) 2y} (2.4)

3. Int-soft left (resp. right) I'-ideals

In this section, we introduce new types of I'-ideals known as Int-soft left (resp. right) I'-ideals of an
ordered I'-semigroup S. Ordinary left (resp. right) I'-ideals are linked with these new types of Int-soft
left (resp. right) I'-ideals in ordered I'-semigroup S. Several characterization theorems of an ordered
I'-semigroup are developed in terms of Int-soft left (resp. right) I'-ideals.

Definition 3.1. Suppose (S, I, <) is an ordered I'-semigroup and f; is a soft set over U, then f; is called
int-soft left (resp. right) I'-ideal of S if:

®  VxyeSHHx<sy—=fa)2£0).
(i)  (VxyeS,aeD)(falxay) 2 fa () (resp. fia (xay) 2 fa (1))).
An int-soft left and int-soft right I'-ideal of S is called int-soft two sided I'-ideal of S.

Theorem 3.2. If (S,I,<) is an ordered T'-semigroup and fy is a soft set of S, then the following
conditions are equivalent:

(D) fa is an int-soft left (resp. right) I'-ideal of S.
2) For every y C U, is (fa,7y) 1s a left (resp. right) I'-ideal of S.

Proof. (1) = (2): Suppose f, is an int-soft left I-ideal of S, we need to show that iy (f4,7y) 1s a left
I'-ideal of S. For this let a,b € S such thata < b and b € i, (f4,7y), then f4 (b) 2 . Since f, is an
int-soft left I'-ideal of S, therefore, f4 (@) 2 f4 (b). Thus

fala) 2 fa(b) 2,

which implies that f4 (a) 2 v, hence a € iy (f4,y). Now let x € S, a € iy (fa,y) and a € I'. Since f4 is
an int-soft left I'-ideal of S, therefore, f (xaa) 2 fi(a), as a € is (f1,y) = fa(a) 2 v, then we have

Jfa(xaa) 2 fy(a) 2,

this implies that f; (xaa) 2 vy, thus xaa € iy (fa,7y). Therefore, iy (fa,7y) is left ['-ideal of S.

(2) = (1): Assume that is (f4,7) is left I-ideal of S, we need to show that f, is an int-soft left I'-
ideal of S. For the said purpose let x,y € S with x < y. On contrary bases suppose that f4 (x) C f1 (),
hence there exists some y; C U such that

facyiCfa(y),

this implies that y € is (f4, 1) but x ¢ i (fa,y1) which is contradiction to the fact that is (f4,y) is left
I'-ideal of S. Hence f; (x) 2 fi (y) hold for all x,y € § with x < y. Next, let x,y € S, @ € I such that
fa (xay) C fa (y), again there exists some y, € U such that

falxay) Cy2 C fa(y),
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then y € is (fa,y2) but xay € is (fa,y») which is again contradiction to the fact that i (f4,y) is left
I'-ideal of S. Thus f (xay) 2 fa(y) hold for V x,y € §,a € I'. Consequently, f4 is an int-soft left
I'-ideal of S.

The case for the right I'-ideal can be proved in a similar way. O

Example 2. Consider the ordered semigroup S = {ai,as, as, a4, as,as} and let I' = {a} be the set of
binary operation such that

a ay | dy | Az | A4 | As | Adg

ay | ay |ay|a | ag | ay | ay

ay | Ay | Ay | Ay | A4 | Ay | Ao

as | ady | dy | Az | A4 | A5 | ds

ag | Ay | Ay | Aq | A4 | Ag | Ay

das | ady | dy | A3 | A4 | A5 | ds

de | A1 | Ay | A3 | A4 | A5 | dg

<:={(ai,a1),(ar,a2),(a3,a3),(as,as) ,(as, as) , (as, as) (as, as)}.

The covering relation <:= {(ag, as)} is represented by Figure 1.
Js
Figure 1. Converting relation.

Then, right I'-ideals and left I'-ideals of S are follows:

Right I'-ideals —  {ay, a4}, {ai, ay, a4}, S

LeftI'-ideals —  {a1}, {a4}, {ay, ax}, {ay, as), {ai, az, a4},
{a17a27 a35a4}9 {a19a2’5a47 a59a6}7 S

Let x € §, define an int-soft set f4 on S = Z as follows:

S aj a aq as, ds, e

fa(x)  {0,£1,£2,...,+10} {0,2,4,..,10} {0,+£2,+4,...,£10} {0,2,4,8}
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Then for y € Z, y-inclusive set is given by:

ycZ iaA(fasy)
Ity = (2,4) S

Ify ={2,4,10} {ai, az, as}
Ity = {2,4,-10) (a1, as)
Ify={xeZ|x>100rx<-10} | 0

Since, is(fa; ) is a right I'-ideal, hence using Theorem 12, f; is an int-soft right I'-ideal of S.
Let A be a non-empty subset of an ordered I'-semigroup S, then the characteristic soft set C, is a
soft mapping i.e., C4 : § — P(U) defined by:

UifxeA,
CA'X'_’{ 0if x ¢ A. G.D

Lemma 3.3. If A is a non-empty subset of an ordered I'-semigroup S, then the following conditions
are equivalent:

(D) C, is an int-soft left (resp. right) I'-ideal of S.
2) A is left (resp. right) I'-ideal of S.

Proof. (1) = (2): Assume that C,4 is an int-soft left I'-ideal of S, we need to show that A is a left
I'-ideal of S. For this let a,b € S such that a < b and b € A, then C4 (b) = U. Since C4 is an int-soft
left I'-ideal of S, therefore, C4 (a) 2 C,4 (b) . Thus

Ca@2Cy(D)=U

which implies that C4 (a) 2 U, But C4 (@) € U always hold. Thus C4 (a) = U it implies that a € A.
Now let a,b € S, such that b € A and @ € TI'. Since C,4 is an int-soft left I'-ideal of S, therefore,
Cy(aab) 2 C4 (b),as b € A = C, (b) = U, then we have

Culaab) 2 Cy(b) =U

this implies that C4 (aab) 2 U, but C4 (aab) C U always hold. Thus C4 (aab) = U which implies that
aab € A. Therefore, A is left I'-ideal of S.

(2) = (1): Consider A to be a left I'-ideal of S. To show that C, is an int-soft left I"-ideal of S let
a,b € § such that a < b, then we have the following cases:

Case I: Suppose both a,b € A, then we have C, (a) = U = C, (b), hence the inequality C4 (a) 2
C4 (b) hold in this case.

Case II: If both a,b ¢ A, then we have C, (a) = 0 = C,4 (b), hence again the inequality C4 (a) 2
C4 (b) hold in this case as well.

Case lII: If a € Abutb ¢ A, then C4(a) = U and C4,(b) = 0, so Cs(a) = U 2 C,(b). Thus
CA (a) 2 CA (b) .
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Case IV: If b € A, then since A is left I'-ideal of S and a < b, therefore a € A. Hence it leads to
Case I. Thus in all case C4 (a) 2 C,4 (b) holds for all a, b € S such that a < b.

Now leta,b € S and a € I'. Again we have the following four cases;

Case I: Suppose both a,b € A, then we have C, (a) = U = C, (b), since A is left I-ideal of S and
b € A, then aab € A which implies C, (aab) = U. Hence the inequality C4 (aab) 2 Cy4 (b) hold in this
case.

Case II: If both a, b ¢ A, then we have C, (b) = 0, now if aab € A, then C4 (aab) = U and it yields
the inequality C, (aab) = U 2 C4(b) = 0. If aab ¢ A, then C, (aab) = 0 = C4(b). Again in both
cases C4 (aab) 2 C, (b) hold.

Case Ill: If a € Abut b ¢ A, then C, (b) = 0, so if aab € A, then C, (aab) = U and it yields the
inequality C, (aab) = U 2 C,(b) = 0. If aab ¢ A, then C, (aab) = 0 = C4 (b). Hence C4 (aab) 2
Cy4 (b) hold.

Case IV:If b € A, a ¢ A, then since A is left I'-ideal of S, b € A and a € S, then aab € A (must
be). Hence, C4 (aab) = U = C, (b). Thus in all cases C4 (aab) 2 C4 (b) holds fora,b € S and a € T.
Consequently, C,4 is an int-soft left I'-ideal of S.

The case for right I'-ideal can be proved in a similar way. O

Definition 3.4. A subset P of an ordered I'-semigroups S is called I'-semiprime, if fora € S anda € T,
aaa € P implies a € P or equivalently, A C S, ATACP— ACP.

4. Int-soft I'-regular ordered I'-semigroups

In this section, we characterize I'-regular ordered I'-semigroups by the properties of int-soft left
(resp. right) I'-ideal of S.

Definition 4.1. An ordered I'-semigroup S is regular if for every a € S and a, 8 € I there exists x € §
such that a < aaxfa or equivalently, (i) a € (al'ST'a] foralla € § and (ii) A € (AI'STA] forall A C S.

An ordered I'-semigroup S is left (resp. right) I'-simple, if every left (resp. right) I'-ideal A of S, we
have A = §. S is I'-simple, if it is both left I"-simple and right I'-simple.

Theorem 4.2. If S is an I'-regular ordered I'-semigroup, then the following conditions are equivalent:

(D) S is left I'-simple.
2) Every int-soft left I'-ideal f4 of S is a constant mapping.

Proof. (1) = (2): Let S be a left I'-simple ordered I'-semigroup, f, is an int-soft left I'-ideal of S and
a € §. Consider the set
Es ={ecS |eae>eforacl}.

Then Eg is non-empty set because S 1s an I'-regular ordered I'-semigroup and a € §, hence there exists
x € § and a,B € I such that a < aaxBa it can also be written as aaxfa > a which implies that
(aaxBa) ax > aax, thus (aax) S (aax) > aax implies that aax € Eg. Hence Eg # 0. Lett, e € Eg, since
S is left I'-simple and ¢ € S so we have (Sat] = S, also as e € Eg it implies that e € S, thus e € (S at].
So there exists z € S such that e < zat, therefore, efe < (zat) B (zat) = (zatBz)at. Now since f, is an

int-soft left I-ideal of S and efe < (zatBz)at, then we have
Ja(eBe) 2 fa (zatfz)at) 2 fa (1),
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now since e € Eg, so effe > e for some 5 € I'. Thus

fa(e) 2 fa(eBe) 2 f4 (1),

Also, as S is left I'-simple and e € S, therefore, we have (Sae] = S, also as t € Eg it implies that 7 € §,
thus 7 € (S atr]. So there exists z € S such that < zae, therefore, 16t < (zae) B (zae) = (zaefz)ae. As
fa 1s an int-soft left ['-ideal of S and 18t < (zaefz)ae, hence

Ja(B) 2 fa ((zaeBzae) 2 fy(e),

now as t € Eg, so 8t > t for some 8 € I'. Thus

Ja () 2 fa(@Br) 2 fa(e).

Hence, f4 (t) = f4 (e) for all ¢, e € Eg. Therefore, f, is a constant mapping on Es. Now let a € §, since
S is an I'-regular so there exists x € § and «, 8 € I" such that a < aaxfBa, therefore we have

xBa < xB (aaxBa) = (xBa) a (xBa)

it implies that (xBa) a (xBa) > xBa for some @ € I'. Hence xBa € Eg, so fi (xBa) = fx (1), as f4 is an
int-soft left I'-ideal of S. Therefore, fi (xBa) 2 f4 (a) which shows that f4 () 2 fi (a). On the other
hand, since S is an I'-simple and r € S, s0 § = (Sat] fora € I'. As a € S implies that a € (S at], hence
there exists some s € S such that a < sat. Now since f, is an int-soft left I'-ideal of S. Therefore,
fa(a) 2 fa(sat) and fy (sat) 2 fa(¢) it leads to fy(a) 2 fa(t). Thus fy(a) = f4(¢) for a,t € S.
Ultimately, an int-soft left I'-ideal f4 of S is a constant mapping.

(2) = (1): Leta € S, then (S aa] is left I'-ideal of S for some a € I'. Also,

ST(S aa]

(S1T(S aal
STSaal] C (Saal.

IN

If xe (Saa] and x < y for some y € S, then y € ((Saa]] = (Saa]. Since (S aa] is left I'-ideal of S so
by Lemma 14, C(s,4 1s an int-soft left I'-ideal of S. But by given hypothesis every int-soft left I'-ideal
of S is constant mapping, therefore Cg,,) 1s a constant mapping. Hence Cgoq) (x) = 1 if x € (Saa]
and Cgoq) (x) = 01if x ¢ (Saa]. Assume that (Saa] C S and t € S such that 7 ¢ (S @a]. It implies that
C(saq) (1) = 0. On the other hand, aaa € (S @a] so Cgo4) (aaa) = 1. It shows that Cg,,; 1s not a constant
mapping which is a contradiction. Thus (S @a] = §S. Therefore, S is left I'-simple. O

Theorem 4.3. If S is an I'-regular ordered I'-semigroup, then the following conditions are equivalent:

(1) S is right I'-simple.
(2) Every int-soft right ideal f4 of S is a constant mapping.

Proof. The proof follows from Theorem 17. m|
Combining Theorem 17 and Theorem 18, we have the following corollary.
Corollary 1. An I'-regular ordered I'-semigroup S is I'-simple if and only if every int-soft I'-ideal of S

is a constant map.
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Definition 4.4. An ordered I'-semigroup (S, T, <) is left (resp. right) I'-regular if for every a € S and
a,fB € I there exists x € § such that a < xaafa (resp. a < aaafx) or equivalently, a € (S aaBa] (resp.
a € (aaaBS)) foralla e S,and A C (STAT'A] (resp. A C (ATAI'S]) forallA C S.

An ordered I'-semigroup S is called completely I'-regular, if it is both I'-regular, left I'-regular and
right I'-regular.

Lemma 4.5. An ordered I'-semigroup S is completely I'-regular if and only if A C (ATAT'STATA] for
every A C S or, equivalently, if and only if a € (aaafBS yadal for every a € S where a,f3,y,6 € T.

Proof. Let A C §, then A € (AI'STA]. Since S is completely I'-regular, therefore it is I'-regular, left
I'-regular and right I'-regular i.e., A C (AT'AI'S] and A C (ST'AT'A]. Hence we have

A

N

((ATATSTST(STATA]]
((ATATS)TST(STATA)]
(ATATSTATA].

N

Conversely, let A € S such that A C (ATAT'STAT'A], then
A C (ATAT'STAT'A] C (AT'STA],
A C (ATAT'STAT'A] C (ATAI'S]

and
A C (ATAI'STATA] C (STAT'A].

Therefore, S is I'-regular, left I'-regular and right I'-regular implies that S is completely I'-regular. O

Theorem 4.6. An ordered I'-semigroup S is left I'-regular if and only if for each int-soft left I'-ideal f;
of S, we have fi(a) = fa(aaa) forallae S and a €T.

Proof. Assume that f; is an int-soft left ['-ideal and let a € S. Since § is left '-regular, therefore there
exists x € S such that a < xBaaa for some B, a € I'. Also, as f; is an int-soft left I'-ideal. So we have

fala) 2 fa(xBaaa)
fa(xB (aaa))
falaaa) 2 fy(a),

it shows that fy(a) = fa(aaa) forallae S and @ € T.

Conversely, let a € S, we consider left ['-ideal L(aaa) = (aaa U SBaaa] of S generated by aaa.
Then by Lemma 14, Cj 44, is an int-soft left I'-ideal of S. By hypothesis, C/uaq) (@) = Crgea) (aaa) .
Now as aaa € L(aaa) s0 Cpgeq (aaxa) = 1 which implies that Cy .4 (a) = 1. Hence a € L(aaa) =
(aaa U S Baaal, therefore a <y for some y € aawa U S Baaa. Now if y = aaa, then

]

a <y=aaa < axy = axaaa € S aaaa
and a € (Sa (aaa)]. If y = x5 (aaa) for some x € § and B € I'. It implies that
a <y = xB(aaa) € SB(aaa),

which implies that a € (S8 (aaa)] for g € I'. Thus S is left I'-regular ordered I'-semigroup. O
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Theorem 4.7. An ordered I'-semigroup S is right I'-regular if and only if for each int-soft right I'-ideal
fa of S, we have fy(a) = fy(aaa) forallae S and a €T.

Proof. Proof follows from Theorem 22. |

Definition 4.8. Suppose (S, I, <) is an ordered I'-semigroup and f; is a soft set over U, then f is called
int-soft bi-I'-ideal of § if:

@ VxyeSH)xsy—fax)2£0).
i)  (VxyeS,aeD)(falxay) 2 fa()Nfi ().
(i)  (VxyzeS,aBel)(falxayBz) 2 fa(x) N fa(2).

Definition 4.9. Suppose (S, T, <) is an ordered I'-semigroup and f; is a soft set over U, then f; is called
int-soft (1, 2)-I'-ideal of S if:

(i) Mx,yeS)x<y— fu(0)2 f1 ().
Mx,yeS,ael)(x<y— fy(xay) 2 fa(x) N fa(y).
(i1) VY x,y,z,a€S,a,B,y €) (fa (xaaB(yyz)) 2 fa () N fa(y) N f4(2)).

Theorem 4.10. If'S is an ordered I'-semigroup, then the following conditions are equivalent:

(1) S is completely I'-regular.

2) For every int-soft bi-I'-ideal f4 of S, we have, fa(a) = fi(aaa) foralla € § and @ € T

(3) For every int-soft left I'-ideal fpz and int-soft right I'-ideal f- of S, we have
fs(a) = fplaaa), fc(a) = fc(aaa) forallae S and a €T

Proof. Proof follows from Lemma 21, Theorem 22 and Theorem 23. O

An ordered I'-semigroup S is called left (resp. right) I'-duo if every left (resp. right) I'-ideal of S 1s
a two-sided I'-ideal of S, and I'-duo if every its I'-ideal is both left and right I'-duo.

Definition 4.11. An ordered I'-semigroup § is called int-soft left (resp. right) I'-duo if every int-soft
left (resp. right) I'-ideal of S is an int-soft two-sided I'-ideal of §. An ordered I'-semigroup S is called
int-soft I'-duo if it is both int-soft left and int-soft right I'-duo.

Theorem 4.12. An I'-regular ordered I'-semigroup is left (right) I'-duo if and only if it is int-soft left
(right) I'-duo.

Proof. Let S be a left '-duo and f; is an int-soft left I'-ideal of S. Assume a, b € §, then the set (S aa]
is a left I'-ideal of S. Infact,

ST'(Saal = (SII'(Saa] € (ST'Saa] C (Saal

and if x € (S aal], then there exists some y € § such that y < x, thus y € ((Saa]] = (Saa]. Since § is
left I'-duo, then (S @a] is two sided I'-ideal of S. Also, as § is I'-regular ordered I'-semigroup so there
exists x € § and @, € I' such that @ < aaxBa it implies that ayb < (aaxBa)yb for some b € S and
v € I'. Therefore,

IA

(aaxpa)yb € (aas Ba) yb
C Saa)yyS c(Saall'S C (Saal,

ayb

N
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it implies that ayb € ((Saal]] = (Sa@a] and so ayb < xaa for some x € S and @ € I'. Since f is an
int-soft left I'-ideal of S, so we have

fa(ayb) 2 fa (xaa) 2 fa(a).

Also, let x,y € S such that x <y, then f4 (x) 2 fa (¥) (fa being an int-soft left I'-ideal of S). Thus f; is
an int-soft right I'-ideal of S and ultimately S is an int-soft left I"-duo.

Conversely, suppose S is an int-soft left I'-duo and A is left [-ideal of S, then by Lemma 14, C,4 is
an int-soft left I'-ideal of S. By hypothesis, C, is an int-soft right I'-ideal of S. Thus by Lemma 14, A
is aright I'-ideal of S. Hence § is a left I'-duo.

The case for right I'-duo can be proved in a similar way. O

Proposition 1. In a I'-regular ordered I'-semigroup every bi-I'-ideal is a right (left) I'-ideal if and only
if every its int-soft bi-I'-ideal is an int-soft right (left) I'-ideal.

Proof. Suppose S is an I'-regular ordered ['-semigroup, a,b € S and f; is an int-soft bi-I-ideal. Then
(aasS Ba] is abi-I'-ideal of S. In fact, (aaS Ball'(aaS Ba] C (aasS Ba), (aaS Ball'(S I'(aaS Ba] C (aasS Ba)
and if x € (aaSPa] and y € S such that x < y, then y € ((aaSBal]l = (aaSpBa]. Since (aaSpFa] is a
bi-I'-ideal of S, hence by hypothesis, (aaSpa] is a right I'-ideal of S. Also as S is an I'-regular
ordered I'-semigroup and a € §, therefore there exists x € § and @, € I' such that a < aaxfa, then
ayb < (aaxBa)yb fory € I'. Thus

IA

(aaxBa)yb € (aaS Ba)yS
(aaSpBa]l'S C (aas Bal,

ayb

N

it implies that ayb < aazBa for some z € S and «,8 € I'. Since f, is an int-soft bi-I'-ideal. Therefore,

Jalayb) 2 fa(aazfBa)
fa@) N fy(a)
= fa(a),

also since f; is an int-soft bi-I'-ideal, so for x,y € § with x <y, f4 (x) 2 fa (y) hold. Consequently, fi
is an int-soft right I'-ideal of S.

Conversely, if B is a bi-I'-ideal of §, then by Lemma 14, Cy is an int-soft bi-I'-ideal. Using
hypothesis, Cp is an int-soft right I'-ideal and again by Lemma 14, B is a right I-ideal of S.

The case for left I'-ideal of S can be proved in a similar way. O

|

Proposition 2. Every int-soft bi-I'-ideal of an ordered I'-semigroup S is an int-soft (1,2)-I"-ideal of S

Proof. Assume that f, is an int-soft bi-I'-ideal of an ordered I'-semigroup S, let x,y,z,a € S and
a,B,v,& €I, then we have

Ja (xaaB (yéz)) = fa ((xaafy)éz)

2 fa(xaaBy) N fa(z)

2 [faNfrM]N faz)

= fa@Nfa) N fa@).
Also, since f, is an int-soft bi-I'-ideal, so for x,y € S with x <y, f4 (x) 2 f4 (v) hold. Hence, f is an
int-soft (1, 2)-I'-ideal of S'. O
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Corollary 2. Every int-soft I'-ideal of an ordered I'-semigroup S is an int-soft (1,2)-I'-ideal of S.

Proof. Suppose that f4 is an int-soft I'-ideal of an ordered I'-semigroup S, let x,y,z,a € S and
a,fB,v,& €T, then we have

fa (xaaB (¥62)) = fa (xaaBy)éz) 2 fa(z) :. fais an int-soft left I'-ideal

also,
fa (xaaB (¥€z2)) = fa (xa(aByéz)) 2 fa(x) :. fi is an int-soft right I'-ideal

and

Jfa (xaaB (yéz)) fa (xaaBy)éz) 2 fa (xaaBy) :. fa, int-soft right I'-ideal

fa (xaaB)y) 2 fa (y) :. fais an int-soft left I'-ideal.

Consequently, fi (xaaB (y€z)) 2 fa(x) N fa (y) N fa(z). Also, since f, is an int-soft I'-ideal, so for
x,y €S withx <y, fa(x) 2 f1 (y) hold. Hence, f; is an int-soft (1, 2)-I'-ideal of S'. O

The converse of the Proposition 30 is not true in general. However, if S is an I'-regular ordered
I'-semigroup, then we have the following result.

Proposition 3. An int-soft (1,2)-I'-ideal of I'-regular ordered I'-semigroup S is an int-soft bi-I'-ideal
of S.

Proof. Suppose S is an I'-regular ordered I'-semigroup and fj is an int-soft (1,2)-I'-ideal of S. Let
x,y,a € S and a,B € I. Since S is an I'-regular and (xaSpBx] is a bi-I'-ideal of S, therefore by
Proposition 29, it is a right I'-ideal of S. Thus

xaa < (xaSBx)aa € (xaSPx)I'S C (xasSPx],

therefore, xaa < xayBx for some y € § and @, € I'. Thus xaayy < (xayBx)yy where v € I'. Hence

Ja(xaayy) 2 fa ((xayBx)yy)
2 fa(xayBx) N fa(y) :. fais an int-soft (1, 2)-I-ideal
2 faNfax)N fa(y)
= faX)Nfay).
As fy is an int-soft (1,2)-I'-ideal, so for x,y € S with x < y, fx (x) 2 fa (y) hold. Hence, f; is an
int-soft bi-I'-ideal of S. a

5. Semilattices of left I'-simple ordered I'-semigroups

In this section, we introduce semilattices of left I'-simple ordered I'-semigroups. Various
characterization theorems using semilattice of left I'-simple I'-semigroups are determined.

Definition 5.1. A I'-subsemigroup F of S is called I'-filter of S, if it satisfies:
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@) Vx,yeS,ael)(xaye F = xeFandyeF)

(i1) Vx,zeS)(Vxe F)(x<z=z¢€F),

Note that for any x € S, we denote by N(x) the filter of S generated by x. N denotes the equivalence
relation on S which is denoted by

={(a,b) € S XS | N(x) = N(y)}. (5.1)

Definition 5.2. An equivalence relation £ on ordered I'-semigroup S is called I'-congruence if (a, b) € &
implies (aac, bac) € € and (caa, cab) € € forevery c € § and @ € I'. A I'-congruence € on S 1is called
semilattice I'-congruence if (aaa,a) € & and (aab,baa) € € foreacha,b € S anda € I'. If éisa
semilattice I'-congruence on § then the &-class (x): of S containing x is a I'-subsemigroup of S for
every x € §.

Lemma 5.3. Let S be an ordered I'-semigroup. Then (x)y is a left I'-simple I'-subsemigroup of S, for
every x € S if and only every left I'-ideal of S is a right I'-ideal of S and it is I'-semiprime.

An ordered I'-semigroup S is called a semilattice of left I'-simple I'-semigroups if there exists a
semilattice I'-congruence & on S such that the £-class (x); of S containing x is a left I'-simple I'-
subsemigroup of S for every x € Sor, equivalently, if there exists a semilattice Y and a family {S ,},ey
of left I'-simple I'-subsemigroups of S such that

(1) SoNSg=0forall a,B €Y such that o # S,

(2) S = U S e

3) S(,FS/;CSQ/J» for all o,B €Y.

Note that in ordered I'-semigroup the semilattice I'-congruences are defined exactly same as in the
case of I'-semigroups without order so the two definitions are equivalent.

Theorem 5.4. An ordered I'-semigroup (S,T, <) is a semilattice of left I'-simple I'-semigroups if and
only if for all left I'-ideals A, B of S we have

(AT'A] = A and (AT'B] = (BI'A].

Proof. Assume that S is a semilattice of left I'-simple I'-semigroups and A, B are left I'-ideals of S,
then there exists a semilattice Y and a family {S ,},cy of left I'-simple I'-subsemigroups of S such that
for all @, B € Y the following conditions are satisfied:

(1) SoNSp=0where a # S,

@ S=US,

3) SIS CSap.

Nowleta€ A,thenae ACS = U S o, therefore there exists & € Y such thata € §,. As S, is left
I'-simple, so we have (S,8b] = {x € S | dyeS,:x<yybforsomepf,yel'}forallbeS,. Now as
a€ S, 508, = (SyPal which implies that a < xya forsomey e 'and x € §,. Since x € §, = (S84l
hence x < yda for some y € S, and 6 € I'. Thus a < xya < (yéa)ya € (STA)IA C AI'A (A being
left I'-ideals of ). Implies that a € (AT'A]. Hence A C (AT'A]. Also, as A is I'-subsemigroup of S, so
AT'A C A. Thus (AT'A] C (A] = A. Now let x € (AI'B], then there exist some a € A,b € Banda € T’
such that x < ayb. Since a,b € § = U S(,, then there exist @, € Y such thata € S, and b € Sp.

Thus ayb € S,I'Sg C S5 and bya € S pI'Sa € Spa = Sap (since a,B € Y, Y is semilattice). Since
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S op 18 left I'-simple, implies that S,z = (S 0c] for some ¢ € §,4,0 € I'. Hence ayb € (S ,z0byal
where 6,y € I'. Therefore, ayb < ydébya for some y € S, and 6,y € I'. As B is left I'-ideal of
S, so yobya € (STB)I'A C BI'A, then x < ayb < ydbya € (BI'A] implies that x € (BI'A]. Hence
(AT'B] € (BI'A], in a similar way we can show that (B['A] C (AI'B]. Therefore, (AI'B] = (BI'A].
Conversely, since N is a semilattice I'-congruence on S, which is equivalent to the fact that
(X)n, Yx € S, is a left [-simple I'-subsemigrup of S. By Lemma 35, it is enough to prove that every
left T'-ideal is right I'-ideal and I'-semiprime. Suppose L be a left I'-ideal of S. Then
LI'S C(LI'S]=lTLICc(L]=L.Ifx e L,theny < x for some y € §. Now as L is left I'-ideal and
x € L it implies that y € L. Therefore, L is right I'-ideal of S. Now let x € S such that xax € L where

a € I'. Consider the bi-I'-ideal B(x) of S generated by x. Thus for , 8,7y, € I', we have

B ((x)a(x))

(x U xax U xasSBx]I'(x U xax U xas Bx]

((xUxaxUxaSBx) I (x U xax U xasBx)]

(xax U xaxax U xas Bxyx U xaxaxax U xas Bxyxox U xyxBS ax
Uxyxoxas Bx U xas BxyxoS px].

N

Now since xax € L,xaxax € ST'L C L, xaSBxyx € STL C L, xaxaxax € ST'L C L. Therefore,
B((x)a(x)) S(LULT'S] = (L] =L,so(B((x)a(x))] € (L] = Land x € L, Thus Lis I'-semiprime. 0O

Theorem 5.5. An ordered I'-semigroup (S,T, <) is a semilattice of left (right) I'-simple I'-semigroups
if and only if for every int-soft left (right) I'-ideal fy of S and all a,b € S, we have

(i) fa(a) = fa(aaa) and (ii) fa(aab) = fx (baa) where a €T,

Proof. Assume that S is a semilattice of left I'-simple I'-semigroups, then there exists a semilattice Y
and a family {S,}.ey of left I'-simple I'-subsemigroups of S such that for all @, € Y the following
conditions are satisfied:

(1) SoNSp=0where a #p,

@  S=US.

3) S ISpC 8o

Suppose f; is an int-soft left I'-ideal of S and a € §, then there exists @ € Y such thata € §,. Since
S, is left I'-simple,so we have S, = (S, aa]. Therefore, a < xaa for some x € S, and @ € I'. Now as
x € S,,then x € §, = (S, aal], it implies that x < yaa for some y € S,. Thus a < xaa < (yaa)aa =
ya(aaa) which implies that for y € S, a € (Sa(aaa)]. Therefore, by Theorem 22, f4 (a) = fa (aca).
Also, if a, b € S, then by (i),

fa (aab) fa ((aad) a (aab))

fa (aa(baa)ab)

fa(baa).

]

Similarly, f4 (baa) 2 fa (aab). Hence, f, (aab) = f4 (baa) hold for all a,b € S and @ € T'.
Conversely, suppose that f, is an int-soft left ['-ideal of S such that f4 (a) = fx (aaa) and f, (aab) =

fa (baa) hold for all a,b € § and « € I'. Then using Theorem 22 and (i), S is left [-regular. Assume

A to be a left I'-ideal of § and let @ € A. Then a € §, since S is left I'-regular, so there exists x € S
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Thus a € (AI'A] and A C (A], also, as A is left I'-ideal of S. Therefore, ATA C STA C A = (A].
Hence, (AT'A] C (A]. Now, let A and B be left I'-ideals of S and let x € (BI'A] then x < baa for some
a € Aand b € B and @ € I'. We consider the left I'-ideal L(aab) generated by aab. That is, the
set L(aab) = (aab U SBaab]. Then by Lemma 14, the characteristic function Cy a5y of L(aab) is an
int-soft left I'-ideal of S. By hypothesis, we have C o) (aab) = Crap)(baa). Since aab € L(aab), we
haveCpap(aab) = 1 and Cpap)(baa) = 1 and hence baa € L(aab) = (aabUS Baab]. Then baa < aab
or baa < yBaab for somey € § and o, € I'. If baa < aab, then x < aab € AI'B and x € (AI'B]. If
baa < yBaab, then x < yBaab € (STA)I'B C AT'B and x € (AI'B]. Thus (BI'A] C (AI'B]. Similarly, we
can prove that (AI'B] C (BT'A]. Therefore, (AT'B] = (BI'A] and by Theorem 36, it follows that S is a
semilattice of left I"-simple semigroups. O

such that a < xa (aBa) for a,B € S. It implies that a < xa (afa) = (xaa)Ba € (STA)A C AT'A.

Theorem 5.6. Let (S,T, <) be an ordered I'-semigroup and fa an int-soft left (resp. right) I'-ideal of
S, a € S such that a < aaa. Then f; (a) = fi (aaa).

Proof. Suppose S be an ordered I'-semigroup and f, is an int-soft left I'-ideal of S, @ € S such that
a < aaa. Then

fala) 2 falaca)
fa(a) :. fa being an int-soft left I'-ideal.

]

Consequently, f4 (a) = fa (aaa). O
6. Conclusions

In modern era, most of the uncertainty theories such as fuzzy sets theory, probability theory and
theory of rough sets can not tackle various problems of engineering and sciences due to the lack of
parameterization. Soft set theory is one of the most reliable mathematical tool to handle such
uncertainty problems of engineering and sciences. Due to the parameterization nature, soft sets have
numerous applications in applied fields like decision making problems, control engineering, structural
engineering, automata theory and economics. In this study, we have initiated a new type of soft set
theory in ordered gamma semigroups S i.e., intersectional soft (int-soft) sets theory of S. Particularly,
we have introduced int-soft left (resp. right) I'-semigroup of §. The main contribution of this research
work is:

— Several classes of ordered gamma semigroups like I'-regular, left I'-simple, right I'-simple are
characterized through int-soft left (resp. right) I'-ideals.

— Semilattices of ordered I'-semigroups are characterized through these newly developed I'-ideals.

> It is shown that a I'-regular ordered I'-semigroup is left ['-simple if and only if every int-soft left
I'-ideals of S is a constant function.

Beside this, these newly developed int-soft I'-ideals theory can be further used to investigate other
ideals like int-soft bi- (resp. generalized bi-, interior, quasi) I'-ideals of ordered I'-semigroup and
other algebraic structures as well. Further, the proposed methods can also be extended to Pythagorean
fuzzy uncertain environments. Such as: Pythagorean fuzzy interactive Hamacher power aggregation
operators for assessment of express service quality with entropy weight, Soft Comput.
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