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1. Introduction

The wighted version of Hadamard inequality known as Fejér-Hadamard inequality was established
by Fejér in 1906. It is stated as follows:

Theorem 1. [I] Let ¥ : [a,b] — R be a convex function. Further, let n : [a,b] — R be integrable
non-negative function which is symmetric about “21’. Then we have

b b b
w(a il b)f n(x)dx < f Y(xomn(x)dx < MI n(x)dx. (1.1)

2

The Hadamard inequality is obtained if we consider n(x) = 1 in the inequality (1.1). The following
definition of “convex function with respect to a strictly monotone function” is the key factor of this

paper.
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Definition 1. [2] If ¢ is strictly monotone function, then Y is called convex with respect to ¢ if yo@™
is a convex function.

Alternatively the Definition 1 can be taken as follows:
Let 7, J be intervals in R and  : I — R be the convex function, also let ¢ : J € I — R be strictly
monotone function. Then ¢ is called convex with respect to ¢ if

(o™ ax+ A —ny) < (7' @)+ (1 -0y (¢ O)), (12)

for t € [0, 1], x,y € Range(¢p), provided Range(y) is convex set. Therefore Definition 1 is equivalently
defined by inequality (1.2).
Examples: [3] 1. Let ¢(x) = x. Then ¢~!(x) = x, the inequality (1.2) takes the form

Y (tx + (1 =0y) < p(x) + (1 = (). (1.3)

2. Let ¢(x) = Inx. Then ¢~!(x) = exp x, the inequality (1.2) takes the form

Y (exp (1x + (1 - )y)) < 1 (exp(x)) + (1 — DY (exp(y)) - (1.4)
By replacing x with In x and y with Iny in (1.4), we get
v (xy') < () + (1= D). (1.5)
3. Let ¢(x) = +. Then ¢~'(x) = 1, the inequality (1.2) takes the form
1 1
y(ex+1-ny') < n//(—)+(1 —t)l//(—). (1.6)
X y
By replacing x with % and y with i in (1.6), we get
w(L)«w(m(l — 0y . (1.7)
ty+({1-0x)

4. Let g(x) = x”, p > 0. Then ¢~ (x) = x7, the inequality (1.2) takes the form
v ((x+ (1= 0y)r) < g (x) + (1 =0y (yr). (1.8)
By replacing x with x” and y with y” in (1.8), we get
w (e + (L= 0y")7) < 0 () + (1= Dy (). (1.9)
5. By replacing x with ¢(x), y with ¢(y), the inequality (1.2) takes the form
v (™! (g0 + (1= 0g)) < W) + (1= D). (1.10)

Inequalities (1.3), (1.5), (1.7) and (1.9) give convexity, GA-convexity, harmonic convexity and
p-convexity given in [4-6]. Hence these independently defined notions are actually examples of a
convex function with respect to a strictly monotone function.
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Definition 2. [7] A function ¥ will be called symmetric with respect to a strictly monotone function h
about w, a,b € Domain(h), if

Y(h™" (h(a) + h(b) — x) = Y(h™" (x)) (1.11)
holds for all x € Rang(h).

The notions of symmetric, harmonically symmetric, p-symmetric, geometrically symmetric are
examples of Definition 2. These are defined explicitly in [8—10].
We have obtained the following versions of the Fejér-Hadamard inequality for convex function with
respect to a strictly monotone function.

Theorem 2. [7] Let I,J be intervals in R and ¢ : [a,b] C I — R be a convex function, also let
¢ : J D [a,b] = R be a strictly monotone function. Further, let  be convex with respect to ¢, and
n : la,b] — R be non-negative integrable and symmetric with respect to ¢ about M. Then the
following inequality holds:

b o(b) o(b)
‘”(“’_1 (—M - ))) [t w)a= [ (et ople w)as o
p(a pla
b (b)
L@ ; Y (b) n(e o) de.
¥(a)

The aim of this paper is to give two Riemann-Liouville fractional versions of the Fejér-Hadamard
inequality for convex function with respect to a strictly monotone function by using symmetricity with
respect to strictly monotone function. These Fejér-Hadamard inequalities for specific strictly monotone
functions will give results for convex, geometric convex, harmonically convex and p-convex functions
published by different authors in [5,7-16]. The following definition gives the left as well as right
Riemann-Liouville fractional integral operators:

Definition 3. [17] Let u > 0 and W € L[a, b]. Then Riemann-Liouville fractional integral operators
of order u are defined by:

" 1 f Y(1)
Ly(x) = I J. (x—t)l‘#dt’ x>a (1.13)
0!

I y(x) = x<b, (1.14)

twJ, -0

where I'(.) is notation for the gamma function.

The following theorem gives first fractional version of the Hadamard inequality for
Riemann-Liouville fractional integrals.

Theorem 3. [15] Let ¥ : [a,b] — R be a positive function with 0 < a < b and y € Lla,b]. If Y is a
convex function on [a, b), then the following fractional integral inequality holds:

at+b) _Tu+1) Y(a) + ¢ (b)
2 )7 2b-ay 2

|14.0(b) + I (@) < (1.15)
with u > 0.
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Another version of the Hadamard inequality for Riemann-Liouville fractional integrals is given in
the following theorem.

Theorem 4. [16] Under the assumptions of Theorem 3, the following fractional integral inequality
holds:

Y(a) + y(b)

> (1.16)

a+by 2T+, .
lﬁ( 2 )S (b —ay I(#y‘/’(b)*‘l(%)—%a) <

with u > 0.

We have obtained the following fractional versions of the Hadamard inequality for
Riemann-Liouville fractional integrals of convex function with respect to a strictly monotone
function.

Theorem 5. [7] Let 1,J be intervals in R and ¥ : [a,b] C I — R be a convex function, also let
¢ : J D [a,b] — R be a strictly monotone function. Further, let  be convex with respect to ¢. Then
for u > 0 the following inequality holds for Riemann-Liouville fractional integrals:

-1 (¢@) + ¢(b) T(u+1)
w(go 1( 2 )) = 2(0b) - p@)) (oo W) + T @) (1.17)
Y(a) + y(b)
< —
B 2

Theorem 6. [7] Under the assumptions of Theorem 5, the following inequality holds for Riemann-
Liouville fractional integrals:

1 [gla) + ¢(b) 27T+ 1) ) )
w(‘p ( 2 )) = o) - @) (JW*‘”(”)”W‘”(“) (1.18)
W@ + Y(b)
< —-
a 2

In the upcoming section we establish two versions of the Fejér-Hadamard inequality for convex
function with respect to a strictly monotone function by using Riemann-Liouville fractional integrals.
These inequalities generate new inequalities by selecting different strictly increasing and decreasing
functions of our choice. Several results published in [5, 7-16, 18, 19] are deducible from the results
presented in this paper.

2. Riemann-Liouville fractional integral Fejér-Hadamard inequality for convex function with
respect to a strictly monotone function

First we prove the following lemma:

Lemma 1. Let  be symmetric with respect to strictly monotone function ¢ about M, and ¢ €
Lla,b). Then the following identity holds for Riemann-Liouville fractional integrals:
L) + 1, Y(a)
(a)* (b)
Iy (b) = Iy (@) = = i : 2.1)
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Proof. From definition of Riemann-Liouville fractional integrals we have

10 (¢ W) du

(b AT — 2.2
I b)) = I (@7 (o)) = Xl PR 2.2)
By setting ¢(a) + ¢(b) —u = z1in (2.2) we get
10y (¢ (@) + p(b) - 2) dz
L) = (2.3)

T() Joiwy (z—gla))'™

By using syrnmetricity of  with respect to strictly monotone function ¢ about w, we get
Sa(a)+¢p(la) w(b) W (go‘l(go(a))) and hence (2.1) is obtained. o

Remark 1. (i) By setting ¢(x) = - in (2.1), we get [20, Lemma 2].
(ii) By setting ¢(x) = xP, p # 0 in (2 1), we get [21, Lemma 1].

By using Lemma 1 we prove the following Riemann-Liouville fractional Fejér-Hadamard inequality
for convex function i with respect to a strictly monotone function ¢.

Theorem 7. Let I,J be intervals in R and y,n : [a,b] € I — R be real valued functions. Let
be convex and w be the positive and symmetric about M. Let ¢ : J D [a,b] — R be a strictly
monotone function. If W is convex with respect to ¢, then the following inequality holds for Riemann-
Liouwville fractional integrals:

b
w(so‘l (M))( oeB) + I (@) 2.4)

< Ly (@) + I, () (@)

b
< VOO (o) + 1y (@)

Proof. Let K be the interval with end points ¢(a) and ¢(b). Since ¥ is convex with respect to ¢, for all
x,y € K, the inequality

(XYY L e 00) + g ()

oo (557) < 2 (2.5)
holds. By setting x = &p(a) + (1 — &E)p(b), y = (1 — E)p(a) + Ep((b), & € [0, 1], we find the following
inequality:

_1[gla) + ¢(b)
24 (so (—2 )) (2.6)

< Y@ (Ep(a) + (1 = b)) + Y™ (1 = E)p(a) + £p(b))).

By multiplying with & 'n(¢~'(&p(a) + (1 — &)@(b))) on both sides of (2.6) and then integrating
over [0, 1], the following inequality is obtained:

b
2z//( (M)) f & n(e™ o) + (1 - Op(b))dE @7
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1
< fo e Epla) + (1 - Opb))dé

1
+ j(; #7171 = H)pla) + EpbN(™ (Epla) + (1 = E)p(b))dE.

Now setting again u = £p(a) + (1 — &)@(b) that is & = £ and v = (1 - £)p(a) + &p(b) that is

&= ga(vb_)f(;()a) in (2.7), we find the following inequality:

2¢(¢—1(90(a)+90(b))) f““ﬂ(éo“(u))du L fw@ W) (¢ ) du
2 o (@B =™ " Jow (pB) —w)'
. fﬂ@ u (97 )0 (¢ (@ + ¢(B) = v) dv

(@ (v = g(a)'™ '

From which by using symmericity of w with respect to ¢, one can get the first inequality of (2.4). On
the other hand by using convexity of y with respect to ¢, the following inequality can be derived:

Y@~ Ep(a) + (1 = Epb)) + Y(p™ (1 = Op(a) + £p(b)) < Y(a) +y(b), € €0, 1]. (2.8)

By multiplying with & !'n(¢~'(&p(a) + (1 — &)@(b))) on both sides of (2.8) and then integrating
over [0, 1], the following inequality is obtained:

1
fo E N wa@™ Epa) + (1 = Ep(b)))dé (2.9)
1
+ fo &7 (1 = Hypla) + Epb)(e™ (Ep(a) + (1 = E)p(b)))dé

1
< [¥(a) + y(b)] fo e (Ep(a) + (1 — O)g(b)))dé.

By making substitution u = &p(a) + (1 — E)p(b) and v = (1 — E)p(a) + Ep(b) 1n first and second
integrals respectively of the left hand side of the inequality (2.9), and making substitution of u =
ép(a) + (1 — &)p(b) for integral appearing on right side of this inequality we obtain

o0 g (@7 ) du e g (97 ) e (pl@) + @(b) — v))dv
f —_—+ f (2.10)
[ [

@ @b =™ Jua (v = p(a)' ™
_ @ +u) (0 (e w)du
-2 e (p(b) =)' ™"
From which by using symmericity of w with respect to ¢, one can get the second inequality of (2.4). O
In the following we give consequences the above theorem.

Corollary 1. The following Fejér-Hadamard inequality holds for GA-convex function:
v (Vab) (I n(b) + Iy (@) < I, (r)(b) + I, (w.1)(a) (2.11)

b
< w (T e ®) + I, (@),
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Proof. Let ¢(x) = expx. Then ¢ !(x) = Inx, the inequality (2.4) reduces to (2.11) for GA-convex
functions. o

Corollary 2. The following Fejér-Hadamard inequality holds for o In-convex function:

b
w(ln(exp (a) ; exp ( )))( exp(a)+77(b) N pr(b) U(a)) (2.12)

- exp (a)* (w ﬂ)(b) +1 exp by (WTI)(CZ)

w(a) + Y (b)
2

(7 exp (@10 + Ly n(a)).

Proof. Let ¢(x) = Inx. Then ¢~ !(x) = exp x, the inequality (2.4) reduces to (2.12) for GA-convex
functions. m|

Remark 2. (i) By choosing n(x) = 1, Theorem 5 is obtained.

(ii) By choosing ¢(x) = i [20, Theorem 5] is obtained.

(iii) By choosing n(x) = 1 and ¢(x) = x, Theorem 3 is obtained.

(iv) By choosing n(x) = 1 and ¢(x) = %, [12, Theorem 4] is obtained.

(v) By choosing n(x) = 1 and ¢(x) = x, u =1, [11, Theorem 6] is obtained.

(vi) By choosing n(x) = 1 and ¢(x) = i, u =1, [5 Theorem 2.4] is obtained.

(vii) By choosing ¢(x) = xP, u =1, [9, Theorem 5] is obtained.

(viii) By choosing n(x) = 1 and ¢(x) = Inx, u =1, [10, Theorem 2.2] is obtained.

(ix) By choosing n(x) = 1 and ¢(x) = x, u = 1, the classical Hadamard inequality is obtained.

Lemma 2. Let  be symmetric with respect to strictly monotone function ¢ about w, and ¢ €
Lla, b). Then the following identity holds for Riemann-Liouville fractional integrals:
" w(a)zw(b)*w(b) + I (a)+<p(h) (’[/(a)
w(aw(h)*d/(b ) =1 (a)w(b) '70(“) - 2 (2'13)
Proof. From definition of Riemann-Liouville fractional integrals we have
()= [ L@
oy =r . . - b):f‘p _— 2.14
”(“) = W M vl (@) e@ie®) (p(b) — u)' ( )
By setting ¢(a) + ¢(b) —u = z1in (2.14) we get
3y (7 (p(a) + @(b) — 7)) dz
(2.15)

I#,H +lﬂ(b) =
Hapel) (a) (z — p(a)' ™

By using symmetricity of ¢ with respect to strictly monotone function ¢ about M, we get
P V) = T ¥ (¢7'(¢(a))) and hence (2.13) is obtained. =

Remark 3. (i) By setting ¢(x) = % in(2.13), we get [14, Lemma 2].
(ii) By setting ¢(x) = xP, p # 0in (2.13), we get the identity for p-symmetric functions.
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In the next theorem we establish another version of the Fejér-Hadamard inequality for convex
function with respect to a strictly monotone function.

Theorem 8. Under the assumptions of Theorem 7, the following inequality holds for
Riemann-Liouville fractional integrals:

b
l// (()0_1 ("O(a) ; 90( ))) (Iw(u)w(b)*n(b) + #(a)w(b) 7](61)) (216)

< w(a)w(bﬁ(l// mb) + I w(a)w(b) W.m)(a)

PR AOks (D)

2 (Iw(a)w(b)*n(b) + I (a>+<p(b> 7](61))

Proof. Let x = £¢(a) + SE@(b), y = SEg(a) + §¢(b), £ € [0, 1]. Then from (2.5) we get the following
inequality:

b 2 -
2y (90‘1 (M)) = w(so‘l (%so(a) + Tgso(b))) (2.17)

2 _
+ w(sa‘l (T§¢(a) " §<p(b>)).

By multiplying with f“‘ln( (290(a)+ go(b))) on both sides of (2.17) and then integrating
over [0, 1], the following inequality is obtalned

2&( 5 (—"O(a)W(b))) f ! (90 1(%¢(a)+—¢(b)))d§ (2.18)
f &y (—l(fso(aw—so(b))) ( ( ¢(a)+u<p(b))) ¢
2 — 2
v fo 5”‘1w(<p‘( o(a) + sa(b))) ( ( (a)+—f¢(b))) ¢.

2Ap(b)—u)

2el and v = HEg(a) + Se(b) that is & = 254 in (2.18),

Taking u = $¢(a) + 5E@(b) that is £ = B¢l

we find the following 1nequa11ty

L (8@ + o)) [ (e ) du
s [gege) [ 2l W)
2 o (pb) =)™
<5 y) (7! (w)) du X f¢ (7' ) n (¢ (p(a) + @(b) = v)) dv
Je@ (p(b) — u)' ™ ¢(a) v = p@)'™*

From which by using symmericity of w with respect to ¢, one can get the first inequality of (2.16).
Again by using convexity of ¢ with respect to ¢, the following inequality is derived for & € [0, 1]:

2 2-
w(go‘l (%cp(a) - wa(b))) - l//(sfl (Tg‘p(a) + §¢(b))) < ¥(a) + y(b). (2.19)
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By multiplying with &' (¢ ( (zga(a) + <p(b))) on both sides of (2.8) and then integrating over [0, 1],
the following inequality is obtained:

7 _
f &y (1( ¢(a)+—§90(b))) ( (§¢<a>+7%<b>))dg (2.20)
2 - 2
v [Ceuet (255w s Som)Jnfe (St + 255wt e
Y 2-¢
S[‘/’(a)“‘lﬂ(b)]‘fo & (90 (590(0)+T<,0(b)))d§-

By making substitution u = 290((1) + 2 go(b) and v = fgo(a) + %go(b) in first and second integrals
respectively of the left hand side of the 1nequa11ty (2.20), and making substitution of u = S¢(a)+ 2T_fcp(b)
in the integral appearing in the right hand side of this inequality we will get

i o' w) du [ 52y (7' ) n (67 pla@) + g(b) —v)) dv
(@)

= = (2.21)
¢(a) (e(b) — u) (v = ¢(a))
_ @+ gy (S5 (e w)du
2 o (pd) —w)'™
From which by using symmericity of w with respect to ¢, one can get the second inequality of (2.16).
O
The consequences of above theorem are given in the following corollaries and remark.
Corollary 3. The following Fejér-Hadamard inequality holds for GA-convex function:
i u i
w(Vab) (12 o ®) + 1 @) < I an®) + 1 @) e2)

b
Sw(l ! (b)+1“rn(a))

Proof. Let ¢(x) = expx. Then ¢ !(x) = In x, the inequality (2.16) reduces to (2.22) for GA-convex
functions. O

Corollary 4. The following Fejér-Hadamard inequality holds for o In-convex function:

b
" (l (exp (a) 42- exp ( ))) (1 R )+ T exp(ﬂ)mp(b) 77(61)) (2.23)

S I'lclxp(a)-#cxp([;)*(!// T])(b) + Iexp((1)+exp(b) (l/l'rl)(a)

< Y@ +y0)
2

Iexp(a)Jrexp(b)"'n(b) + exp(a)+exp(b) T’(a)) *

Proof. Let ¢(x) = Inx. Then ¢~!(x) = exp x, the inequality (2.16) reduces to (2.23) for GA-convex
functions. O
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Remark 4. (i) By choosing n(x) = 1, Theorem 6 is obtained.

(i) By choosing n(x) = 1 and ¢(x) = x, Theorem 4 is obtained.

(ii) By choosing n(x) = 1 and ¢(x) = i, [14, Theorem 4] is obtained.

(iii) By choosing n(x) = 1 and ¢(x) = x, p # 0, [13, Theorem 2.1] is obtained.
(iv) By choosing n(x) = 1 and ¢(x) = %, u =1, [5 Theorem 2.4] is obtained.
(v) By choosing n(x) = 1 and ¢(x) = x?, p #= 1, [11, Theorem 6] is obtained.

3. Conclusions

We have studied the Riemann-Liouville fractional integral versions of Fejér-Hadamard inequalities
for convex function with respect to strictly monotone function. The established inequalities provide
the Hadamard and Fejér-Hadamard inequalities for Riemann-Liouville fractional integrals of convex,
harmonically convex, p-convex and GA-convex functions. For specific increasing/decreasing functions
the reader can produce corresponding Fejér-Hadamard inequalities from results of this paper. Further,
we are investigating such results for other kinds of fractional integrals for future work.
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