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1. Introduction and main results

We are interested in the symmetry and monotonicity of solutions to the problem

—Au=f(u), inQ,
u>0 in Q, (1.1)
u=0, on 0QQ,

where Aju = div(u’g—zl), Q is a smooth bounded domain in RY, N > 2, and strictly convex. The purpose
of the paper is to investigate a priori estimates and symmetric properties of the solutions when the
domain is assumed to have symmetric properties and f is supposed to satisfy the following conditions
(Hy), (H,) and (H4). We also assume that f satisfies the following conditions (H3) and (Hs) to use
mountain pass lemma to get a nontrivial solution.

(Hy): f :[0,+00) is a locally Lipschitz continuous function and f(s) > 0 for V s € [0, +00).

(H,): f(s) < Ci(1 + "1, for ¥ s € [0, +00), with 1* = 2= and a constant C; > 0.

(H3): There exists 6 > 1, and ky > O such that

0 < OF(s) < sf(s), s> ko.
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(H,4): There exists a constant C, > 0 such that

1"F(s) — sf(s) S

lim inf > Cy,

e sf(s)

where F(s) = [ f(H)dt.
(Hs): There exists a constant @ € (0, —) such that

N1
I lf ()
im

s—0 5@

< o0

We point out that the similar p-Laplace problems (p > 1) have many applications and have been
studied for a long time, more precisely, Dirichlet problems for the p-Laplace operator,

—Ayu = f(u), in Q,
u>0 in Q, (1.2)
u=0, on 0Q2.

In the case p = 2, the problem (1.2) —A,u = f(u) has been widely studied. Gidas and Spruck [27] prove
a priori bounds for nonlinearities f for N > 3 behave as a subcritical power at infinity, introducing the
blow up method together with Liouville type theorems for solutions in RY. Figneiredo, Lions and
Nussbaum [19] consider the existence and a priori estimates of positive solutions of the problem (1.2)
when f satisfies the superlinear grow at infinity. They prove a priori bound for positive solutions of the

problem (1.2) under the hypothesis lim;_,, f@ = 0, together with the monotonic results by Gidas, Ni

and Nirenberg [28] obtained by the Alexanégoz\/—Serrin moving plane method [37]. The moving plane
method has been improved and simplified by Beresticky and Nirenberg [7] with the aid of the maximum
principle in small domain. With the help of the blow up procedure, Azizieh and Clément [5] prove a
priori estimates for the problem (1.2) in the case of Q being a strictly convex domain and f satisfying
some suitable assumption. Damascelli and Pacella [14, 15] apply the moving plane method to prove
some monotonic and symmetric results for the p-Laplace equation in the singular case 1 < p < 2, also
see [6, 13]. The results are later extended to the case p > 2 in the papers [12, 17, 18]. Damascelli and
Pardo [16] used the technique introduced in [19] that allowed to give the a priori estimates for solutions
incase 1 < p < N, case p = N, and case p > N. Esposito, Montoro and Sciunzi [24] study symmetric
and monotonic properties of singular positive solutions to the problem (1.2) via moving plane method
under suitable assumptions on f. However, all the above mentioned papers can not deal with the case
p = 1. In this paper, we can extend the case p > 1 to the case p = 1.

Obviously, the problem of A, is different from A, (p > 1). When p = 1, it is necessary to replace
W1 by BV, the space of functions of bounded variation. A function u € L'(Q) is called a function of
bounded variation, whose partial derivatives in the sense of distribution are Radon measures. We point
out that the space W'P(Q) is reflexive, however, the space BV(Q) is not reflexive, so that we can not
follow the arguments on A,. The 1-Laplace operator A; introduces some extra difficulties and special
features. The first difficulty occurs by defining the quotient %, Du being just a Radon measure. To
deal with the 1-Laplacian operator, we need the theory of pairing of L™ divergence measure vector
fields (see the pioneering works [3,4, 8]).

Demengel [21] is concerned with existence of solution in BV(Q) to the problem —divz + zsignu =
flul" ~2u with z-Vu = Vuin Q and —z-y = u on Q. Demengel [22] is devoted to the elliptic equations
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with 1-Laplacian operator

{ -Aju = f(x,u), inQ, (1.3)

u=0, on 0QQ,

and introduces the concept of locally almost 1-harmonic functions in Q. The comparison principle, the
first eigenvalue and related eigenfunctions for the 1-Laplacian operator are established in [22]. Kawohl
and Schuricht [30] consider a number of problems that are associated with the 1-Laplace operator
Ay, the formal limit of the p-Laplace operator as p — 1, by investigating the underlying variational
problem. Since the corresponding solution typically belongs to BV and not to W'!, they have to study
the minimizers of the functionals containing the total variation. In particular, they look for constrained
minimizers subject to a prescribed L' norm which can be considered as an eigenvalue problem for
the 1-Laplace operator. Degiovanni and Magrone [20] are concerned with the problem (1.3) with
f(x,u) = /1|“7| +|ul" 2u. Ttis proved that for every A > A, the problem (1.3) admits a nontrivial solution
by the non-standard linking methods. Salas and Segura de Leon [35] study the problem (1.3) with
f(x, u) satisfying subcritical growth; i.e., |f(x, u)| < C(1 + |u|?) with 0 < g < 1* — 1. They prove that for
the problem (1.3) there exists at least two nontrivial solutions, one nonnegative and one nonpositive,
by using known existence results for the p-Laplacian (p > 1) and considering the limit as p — 17.
De Cicco, Giachetti, Oliva and Petitta [9] study the existence and regularity of special distributional
nonnegative solutions to the boundary value singular problem (1.3) with f(x, u) = h(u)g(x). They show
existence of nonnegative solutions to (1.3) with ™Y} € BV(Q). These solutions are obtained as a
limit as p — 17 of nonnegative solutions of the p-Laplacian problems —A,u, = h(u,)g with u, = 0 on
0Q). We also refer to [33-36, 38] for the a priori estimates and gradient estimates of solutions. In this
paper we can study the monotonicity and symmetry of positive solution to the 1-Laplace problem and
show the a priori estimates for the solution.

By the theory of pairing of L™ divergence measure vector fields, we introduce the following
definition of solutions to the problem (1.1).
Definition 1.1. We say that u € BV,,.(Q), u > 0, is a solution to problem (1.1) if there exists a vector
field z € DM™(Q) with ||z]|;~ < 1 such that

—divz = f(u), in D'(Q), (1.4)
(z, Du) = |Du| as measures in Q, (1.5)
[z, 7] € sign(—u) on 0L, (1.6)

where v is the unit exterior normal on dQ, and the spaces BV,,.(Q2) and DM (Q) are given in Section
2.

To state more precisely some known result about the monotonicity and symmetry of solutions of
the problem (1.1), we need some notations. Let v be a direction in RY. For a real number u we define

v _ N _
T#—{xeR | x-v=u}

Ql‘::{erlx-v<,u}

X, = Ry (x) = x+2(u—x-vy, xeRY
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and
a(v) =inf x - v. (L.7)
xeQ

If ¢ > a(v) then Q is nonempty, thus we set
Q) = R (Q)).

Following [6] and [12-18], we observe that u — a(v) small then (Q;)’ is contained in Q and will remain
in it, at least until one of the following occurs:

(A) (£2)" becomes internally tangent to Q.

(B) T, is orthogonal to 9Q.

Let IT; (v) be the set of those i > a(v) such that for each < u none of the conditions (A) and (B) holds
and define

pi(v) = sup I (v). (1.8)

Moreover, let
[(v) = {u > a) | () C Q,¥n € (a(v),ul}

and
(V) = sup I (v). (1.9)

Since € is supposed to be smooth, note that neither IT;(v) nor I1,(v) are empty and I1,(v) C IL;(v), so
that u;(v) < pa(v).

We deal with solutions to the problem (1.1) in the sense of Definition 1.1. Our main result is stated
as follows.
Theorem 1.2. Let Q be a smooth bounded domain in RY, N > 2, which is strictly convex. Assume the
nonlinearity f satisfies the conditions (H;) — (Hs). Then there exists a nontrivial positive solution u to
the problem (1.1) in the sense Definition 1.1, bounded in L*(Q) (i.e., u € L*(€2)), and for any direction
v and for u in the interval (a(v), u; (v)],

u(x) < u(x,), a.e. x € Q, (1.10)

where a(v) and u;(v) are given by (1.7) and (1.8) respectively.

If f is locally Lipschitz continuous in the closed interval [0, +o0), the condition (1.10) holds for any
w in the interval (a(v), u(v)].
Corollary 1.3. Let the smooth bounded domain Q ¢ RY, N > 2, be strictly convex with respect to a
direction v and symmetric with respect to the hyperplane 7) = {x € R | x- v = 0}. Assume that the
nonlinearity f satisfies the conditions (H;) — (Hs), which is locally Lipschitz continuous in the closed
interval [0, +00) and strictly positive in (0, +o0). Then there exists a nontrivial positive solution u to
the problem (1.1) in the sense Definition 1.1, bounded in L*(Q2), almost everywhere symmetric, i.e.,
u(x) = u(x;) and nondecreasing in the v-direction a.e. in Q.
Remark 1.4. Since the moving plane procedure can be performed in the same way but in the opposite
direction, then it is obvious that Corollary 1.3 is obtained by Theorem 1.2 (see Corollary 2.4 of [16]).
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2. Preliminaries on BV space

Throughout this paper, Q denotes an bounded subset of RY with Lipschitz boundary. The symbol
|QQ| stands for its N dimensional Lebesgue measure and H¥~!(E) for the N — 1 dimensional Hausdorff
measure of a set E C RY. An outward normal with vector y = y(x) is defined for H"™! a.e. x € 0Q.
We will denote by Wé"’ (€Q2) the usual Sobolev space, of measureable functions having weak gradient
in LP(Q;R") and zero trace on Q. If 1 < p < N, denote by p* = NN—_’; its critical Sobolev exponent.
BV (Q) will denote the space of functions of bounded variation

BV(Q) = {v € L'(Q) | Dv is a bounded Radon measure}

where Dv : Q — RV is the distributional gradient of u. It is endowed with the norm by

”VllBV:leVl"‘flVldx’
Q Q

f |Dv| = sup} f vdivpdx | ¢ € CHQRY), lp(x)] < 1, x € Q).
Q Q

where

BV(€Q) is a Banach space which is non-reflexive and non-separable. The notion of a trace on the
boundary can be extended to functions v € BV(Q) and this fact allows us to write v|so. Moreover, the
trace defines a linear bounded operator i : BV(Q) — L!'(Q) which is onto. By the trace, we have an
equivalent norm on BV(Q)

N-1
Vv = f DVl + | WIdHN,
Q oQ

where HV~! denotes the N — 1 dimensional Hausdorff measure. We will often use this norm in what
follows. In addition, the following continuous embeddings hold

BV(Q L"(Q), 1 <m< )
(@ < L@, 1<m< ——

which are compact for 1 < m < % (see for instance [25,41]). We denote by M() the space of Radon

measures with finite total variation over €, by
DMZ(Q) = {z € L°(Q;RY) | divz e M(Q)}

and by
DM (Q) = {z € L(Q:R") | divz € M(Q), Q' cc Q}.

The theory of L™ divergence measure vector fields is due to Anzellotti [4] and Chen and Frid [8]. We
define the following distribution (z, Dv)

(z, Dv), @) = — f vedivzdx — fvz - Veodx 2.1)
Q Q

for ¥ ¢ € C1(Q). In Anzellotti’s theory we need some compatibility conditions, such as divz € L'(Q)
and v € BV(Q) N L*() or divz a Radon measure with finite total variation and v € BV(Q) N L*(Q) N
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C(Q).
Lemma 2.1 ( [34,35]). Let v € BV,(Q) N LY(Q, u) and z € DM, (Q). Then the distribution (z, Dv)
defined in (2.1) previously satisfies

K(z, Dv), )| < ”‘PHL”"”Z”L”"(U)I |Dvl,
U

for all open set U cc Q and all ¢ € C(U).
Lemma 2.2 ( [34, 35]). The distribution (z, Dv) is a Radon measure. It and its total variation |(z, Dv)|
are absolutely continuous with respect to the measure |Dv| and

|f(ZaDV)|Sfl(ZaDV)lSHZ”L‘”(U)leVl,
B B B

holds for all Borel sets B and for all open sets U such that B C U C Q.
Lemma 2.3 ( [10, 11,34]). Let z € DM, (Q) and let v € BV(Q) N L*(Q). Then zv € DM, .(Q).
Moreover, the following formula holds in the sense of measures

div(z,v) = (divz)v + (z, Dv).

It follows from Anzellotti’s theory that every z € DMT(Q) has a weak trace on dQ of the normal
component of z which is denoted by [z, y] with y the unit exterior normal on 02, which satisfies

[z, Ylllz=@0) < lzllz=,

and
vz, vl = [vz,v]

forall z € DM™(Q) and v € BV(Q) N LY(Q).
Lemma 2.4 (Green formula [10, 11,34]). Let z € DM, .(Q), @ = divz and v € BV(Q) and assume
v € L'(Q, 1). Then vz € DM™(Q) and the following holds

fvdw+f(z,Dv):f [vz,y]dHN_l.
Q Q oQ

Lemma 2.5 ([34,35]). Let z € DM, (Q) and v € BV(Q) N L*(Q). If vz € DM™(Q), then
vz, Y1l < Maallzllz=), H"™" a.e. on 0Q.
3. Weak solution to p-Laplacian problem

Let po := min{6, =}, with @ > 1 given by (H3). For each 1 < p < py, let us consider the following
problem

=A,w = f(w), in Q,
w>0 in Q, (3.1
w =0, on 0Q,
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where Q is a bounded smooth domain in R¥Y, N > 2,1 < p < py and f : [0,+0c0) — R satisfies
the conditions (H;) — (Hs). We need the following propositions and a priori estimates of p-Laplace
equation to prove Theorem 1.2.

Definition 3.1. We say u,, € Wé’p (), u, > 0, is a weak solution to the problem (3.1) in the sense that

fquplp_ZVup-Vgodx = ff(up)godx, (3.2)
Q Q

for V ¢ € W,”(Q).
If u, € W'r(Q) is a weak solution of the problem (3.1) with f satisfying the critical growth, then
u, € C(Q) with @ € (0, 1) (see [23,31,40]), so that we suppose from the beginning a C' regularity
for the solution. Next, we recall some results on the monotonicity and estimates of solutions for the p-
Laplace equation. One can refer to [1, 16, 19,29,32] for the proof of the following Proposition 3.2-3.7.
Proposition 3.2 ([16]). Let Q be a smooth bounded domainin RY, N > 2,1 < p < oo, f: [0,00) - R
a continuous function which is locally Lipschitz continuous in (0, c0) and strictly positive in (0, o) if
p>2. Letwe C'(Q) be a weak solution of (3.1). Then for any direction v and for u in the interval
(a(v), u1(v)], we have
w(x) < w(x;), ae. x € Q;. 3.3)

If f is locally Lipschitz continuous in the closed interval [0, +00), then (3.3) holds for any u in the
interval (a(v), u,(v)], where a(v), u;(v) and u,(v) are given by (1.7), (1.8) and (1.9).

Proposition 3.3 ([16, 19]). Let Q be a strictly convex bounded smooth domain, and define Qs = {x €
Q | dist(x, 0Q) > ¢}, for § > 0. Then the following result holds for a weak solution w € C'(Q) of the
problem (3.1) with f satisfying the condition (H;)

d 0, & > 0 depending only on €2, such that V x € Q\ Q. there
is a part of a cone /, with

(D) w(&) 2 w(x), V& €L,

(i) I, € Qs,

@) || > o

I, 1s a part of a cone K, with vertex in x, where all the K, are congruent to a fixed cone K, and if
er\Qg,thenIx = Kxﬂﬁg.
Proposition 3.4 ( [32]). Let us define

N
A1 = inf {f [Vw|Podx | f w|”°dx = 1}, with py = min{0, ——} > 1,
Q Q

weW,"0(Q) N-1

where 0 is given by (H3). Then, 4, is the first eigenvalue of the operator —A,) (4; < A for any eigenvalue
A), it is simple, i.e., there is only an eigenfunction up to multiplication by a constant, and it is isolated.
Moreover a first eigenfunction does not change sign in € and by the strong maximum principle it is in
fact either strictly positive or strictly negative in Q. So we can select a unique eigenfunction ¢; such
that

f¢f°dx =1, and ¢; > 0in Q.
Q
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The following extension of the Picone’s identity for the p-Laplacian has been proved in [1].
Proposition 3.5 (Picone’s identity [1]). Let vy, v, > 0 be differentiable functions in an open set €2, with
v, >0and p > 1. Set

v yP!
L(vi,v2) = [Vvil’ + (p - 1)v—:,|VV2|p - P%WWV]_ZVW -V,
2 Vz

and
4

1%
R(vi,v2) = [V = [Vl V(=) - Vs,
V)
Then R(vy,v,) = L(vq,v,) = 0.

As a consequence we have
P

2o,
Va7V (—=) - Vv < [V
J
The following extension of the Pohozaev’s identity for the p-Laplacian has been given by [29].
Proposition 3.6 (Pohozaev’s identity for p-Laplace [29]). Letw € W(;’p (Q)NL*(Q), p > 1, be aweak
solution of the problem

-A,w = f(w), in Q,
w=0, on 0QQ,

where Q is a bounded smooth domain in RV, N > 2 and f : [0, +o0) — R is a continuous function.
Denote F(w) = [\ f(s)ds. Then

N f Fowydx - Y=L f Fomwdx = 222 [ 1% yyam,
Q p Q p aa Oy
where 7 is the unit exterior normal on 0Q2.
We need also local W!*(Q) result at the boundary. This result follows from the global estimates by
Lieberman [31] extending the local interior estimates by Dibenedetto [23].
Proposition 3.7 ([16]). Let Q be a smooth bounded domainin R¥, N > 2, and w € C! (5) be a solution
of the problem

-A,w = h, in Q,
w>0 in Q,
w =0, on 092,

with h € L?)'(Q). For 6 > 0, let Qs = {x € Q | dist(x, 3Q) > &} and suppose that w, h € L*(Q \ Q)

with
1Al @\0p) < M and [[Wlli=@\q,) < M.

Then there exists a constant C > 0 only depending on M and ¢ such that
IVWlL=0) < C.
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Next, we will give the estimate of the solution for the problem (3.1).
Theorem 3.8. If u, is a weak solution to the problem (3.1) and f satisfies the conditions (H,) — (Hy),
then u, satisfies

ltplly iy < €' (3.4)

where the constant C” > 0 is not dependent on p.
Proof. By 1 < p < py, Proposition 3.4, Proposition 3.5 with v, = u,, vi = ¢; and Young’s inequality,
we have

P
ff(”p)¢pd - f—div(lvup|p_zvup)¢_£1dx
Q u, Q v

up
p

_ ¢

— 2 1

= fg Vit 2V, - V(=)
14

fchbll”dx

Q

£f|V</)1|"°dx+”0_”|Q|

Po Ja Po

f IV [™dx + 1€
Q
< A +19|. 3.5

IA

IA

IA

By the condition (H3), there exists a constant C3 > 0 such that

s < Cs5f(s), for s > ki,

that is
ep<cf( , for s > ki, (3.6)
where k; = max{ko, 1} and k is given by (H3).
Indeed, from (H3), it holds
6 _ f@
- < fort>k 3.7
: S Fay or 0- (3.7)

Setting k; = max{ky, 1} and integrating the above inequality (3.7) with respect to ¢ on the interval [k, 5],
one has

F(s)
Oln — < In fi ky.
n kl F(kl) or s > K
That is
F(s) > F(kl)(ki)g, for s > k. (3.8)
1
Setting C; := eFk(k) in (3.8), we get
SH
F(s) > H_Cg’ for s > k. 3.9
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Considering (3.9) and sf(s) > 6F(s), for s > k;, one gets the inequality (3.6).
Now, taking into account (3.5), (3.6) with s = u,, and Young’s inequality, we get

o- o- o-
fup PoPdx f U, ”¢’1’dx+f u, "¢ldx
Q (0<up<k) {up>ki)
_ Sup)
KP f ¢Pdx + C; f " — L gl dx
(0<up<ky) k) 1)

‘pf¢’1’dx+c3f f(p p)qb”d
Q {up>kiy U

p

=k (s (M [ My,
Q Q up {0<up<ki} U

p
kP f ¢dx + (4 +|QCy f @7 dx
Q Q

(K" + (41 +1Q1)C) f ¢rdx
Q

IA

IA

IA

IA

< (k?“’+ul+|sz|>cg)<§o f ¢dx + 22— Liq))
Q

< (k] + (4 +1QDCHIQ| + 1) := Cy, (3.10)

where A, +|Q]| is given by (3.5) and —C; ("1’)¢pdx < 01is given by the condition (H;) (f(s) > 0,
g y l0<u, g y

<k0
for all s > 0) respectively, and the last 1nequa11ty is given by Proposition 3.4 with fg ¢°dx = 1 and
ki = max{ko, 1} > 1. By Proposition 3.3 and (3.10), for any x € Q \ Qs, we have that

Iy

oCint I < [ I G0y

IA

f [, (7" (3)dly
Q
< Cy,

1.e.,

_ G g
amfxegb </)1
= (#)ﬁ

o(nfyecq, ¢1)?
2

)9 P

up(x)

C »
(=)75 (inf ¢y) 77
ag XEQ%‘

IA

C 1 _p
(=2 + DR [(inf ¢1) 1 + (inf ¢1) 7] := Cs, (3.11)
a )CGQ% XEQ%

where the constant Cs may be depend on Cy4, o, 6, py and ¢, by (3.11), but are independent of p.
Estimate (3.11) gives the uniform L® bounds near the boundary: 46 > 0 and Cs > 0 such that

letpllz=@\0q) < Cs, (3.12)
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forVu, € Wé’p (Q) satisfying the problem (3.1). On the other hand, from the condition (H;) and (3.12),

we have 1

L pll@ay < Ci(l + g 0,) < Co. (3.13)

It is clear that f(u,(-)) € L") is given by the condition (H,) and Sobolev embedding. By Proposition

< ( . )

where the constant C; > 0 is only depending on Cs, Cg and 6. By Proposition 3.6 (Pohozaev’s identity)

« p—1 duy N-1
P fF(s)dx—ff(u u dx=—f |21 (x - y)dH",
Q Q P N—=p Jsa Oy
Np N

p* = +— > v = 1" and (H,), there exists a large enough constant k, > 0 such that

N-p ~ N-1
fs)s < Cu1I7F(s) — f(s)s)
< G(p'F(s) = f(s)9) (3.15)

as s > ko, so that by the condition (H>) and taking s = u,, in (3.15)

fqu,,I”dx ff(u,,)updx
Q Q

f fuy)u,dx +f Sfuy)u,dx
{O<up<ks} {up>ka}

e -1
Cilo(1 + K5 0IQ+ == ¢100)
N-p

IA

IA

1 -1
Cikr(1 + k;’l")IQI +C, Po C710Q)| := Cx. (3.16)
N = po

That is 1
||up||Wé¢p(Q) <SGy <Cg+1:= C'.

From the definitions of Cs, C¢, C;7 and Cg, i.e., (3.11)—(3.14) and (3.16), we obtain that the constant C’
is not dependent on p. The proof of Theorem 3.8 is completed.

The following existence result holds.
Theorem 3.9. Let f satisfy the conditions (H;), (H,), (H3) and (Hs). Then there exists a nontrivial
positive solution u,, to the problem (3.1).
Proof. By the conditions (H,), (H;), (H3) and (Hs), it is well known that there exists a nontrivial
solution u, > 0 to the problem (3.1). The positive solution u,, is obtained using the mountain pass
lemma by Ambrosetti and Rabinowitz [2] for the following truncated functional J; : Wé”’ Q) - R
given by

J;(w) = 1 f [Vw|Pdx — f F.(w)dx, (3.17)
P Ja o)
where F_.(s) = fos f+(H)dt and
| f(s), 520,
fi(s) = { 0, <0 (3.18)
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We claim that J; satisfies the structure of mountain pass lemma and the (P — §') condition.
Indeed, by the condition (Hs), 0 is a local minimum of J;. From the condition (H3), there exist two
constants 5, C > 0, such that

F.(s) > Cs’ - 6’,

for all s € [0, +00) with 8 > 1. This implies that
1 —_ —
Jrw) < =[wll” |, - Clwllf, + Cl€, (3.19)

2

forVwe W(;’p(Q). We can choose a wy € Wé’p(Q) and |lwyll,,1» = 1 such that
0
P~ —
T3 (twg) < — = Ct|lwyl[f, + CIQ| — —oo,
p

ast — +oo, with 1 < p < py := min{6, %}. Whence there exists a large number #, > 0 such that
J;(towo) < 0. (3.20)

We set e := towy € Wé’p(Q). Since (H,) and the embedding Wé’p(Q) = L'Q), 1"=F < NN—_’; = p*,
is compact, we obtain that f, satisfies the subcritical grow, i.e.,

£ < Ci(1 + 'Y, with 17 < p*. (3.21)

Considering (3.21) and (H3), J; satisfies the (P — ) condition.
4. The proof of Theorem 1.2

In this section we prove our main results concerning the case p = 1, namely Theorem 1.2. Under
the same assumption of Theorem 1.2, we divide the proof into few steps.
Step 1. Existence of a solution u and a field z.
Step 2. (z, Du) = |Du| as measures in Q.
Step 3. [z, y] € sign(—u) on 0Q.
Step 4. The monotonicity of solution u.
Step 5. u € L*(Q).
Step 6. u is nontrivial.

Step 1. Existence of a solution u for the problem (1.1) and existence of a field z € DM™(Q) satisfying
(1.4) and ||z]|~ < 1.
Proof of Step 1: From Theorem 3.8, we obtain that u, is bounded in W(;’p Q) — L"™(Q), with1 <m <

%<p*:NN—_’;,1<p<po<2SN.

u, — u strongly in L"(Q), 4.1)
uy(x) = u(x) a.e. x € Q, 4.2)
dg € L"(Q), such that |u,(x)| < g(x), 4.3)
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as p — 17,
Next, we will show that there exists a vector field z satisfying (1.4). Recalling Theorem 3.8, we obtain
that {u,} is bounded in WS”’(Q) C BV(Q). So that for 1 <r < p’ = £, we have

P

f |V, |"P~Vdx
Q

( f Vau, P70
Q

fg IV, P> Vu,|"dx

IA

and thus

L1
IV, P>Vl < Co Q17 (4.4)

where the constant Cg is given by (3.16). This implies that IVuplp‘ZVup is bounded in L"(Q; RY) with
respect to p. Then there exists z, € L"(Q; RY) such that

|Vu,|”*Vu, — z,, weakly in L' (Q; R"Y), (4.5)

as p — 17. A standard diagonal argument shows that there exists a unique vector field z which is
defined on €2 independently of r, such that

|Vu,|P>Vu, — z, weakly in L (Q; R"), (4.6)
as p — 17. By applying the semicontinuity of the L" norm the previous inequality (4.4) implies

. _ 1
2l S 1min u Upllpr < r, r < oo,
@ <1 1+prf”ZVp <9, ¥
p—)

so that, letting r — oo we have z € L*(Q;R") and

Izl = @ryy < 1.

Using ¢ € C1(Q) with ¢ > 0 as a test function in (3.1), we have

f |V, P~ Vu,Vdx = f f(u,)pdx. (4.7)
Q Q
Taking p — 17 in the left hand side of (4.7) and by (4.6), we get
lim f \Vu, |~ Vu,Vodx = f 7+ Vedx, (4.8)
p—o1t Q Q

for ¥ ¢ € C!(Q). On the other hand, thanks to (4.2) and f(s) a locally Lipschitz continuous function,
we have

fluy(x)) = f(u(x)), ae. xe€Q.
Moreover, we deduce from (H,) and (4.3) that

Fp(D)] < Cr(1+ u,()FT) < Cr(1+ [g()[7T) € LV(Q).
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Consequently, by the Dominated Convergence Theorem, we get
plinlfg f fup(x0)p(x)dx = f J(x)p(x)dx, (4.9)
- Q Q

forVyoeC i (Q). Therefore, (4.7), (4.8) and (4.9) imply that

—divz = f(u) in D'(Q). (4.10)

Step 2. (z, Du) = |Du| as measures in Q.
Before proving (z, Du) = |Du|, we need the following lemma for which one can refer to [9].
Lemma 4.1 ( [9]). Under the same assumptions of Theorem 1.2, the following identity holds

- f ugpdivzdx = ff(u)ugodx, (4.11)
Q Q
forV ¢ € CH(Q).

Proof of Step 2: We take u,¢ € W(;’p (Q) as a test function in (3.1) with 0 < ¢ € C1(Q), max,q lp(x)| =
M, and get

f Vi, | odx + f 1, |V, |2V, - Vidx = f Fuyuppdsx. (4.12)
Q Q Q

By Young’s inequality and Fatou’s Lemma, we estimate the first integral term in (4.12)

leul(pdx < hmlnffIVupl(,odx
Q
< 11m1nf[ fquplpgadx+ fgodx]
= liminffNupl”godx (4.13)
p—1t Q
On the other hand, by (4.6) we have
lim uPIVuplp_zVup-Vgadx:fuZ'Vgodx. 4.14)
p—1* Q Q

From
f ()il < MoCrlupl(1 + |y 7T) < MyCilg(I(1 + |g(-)[7T) € LY(Q),

and the Dominated Convergence Theorem, we obtain the right hand side of (4.12) is as follows

limff(up)upcpdx:ff(u)ugadx. (4.15)
=17 Jo Q

From (4.12)—(4.15), we have
lengodx+fuz-Vgodxsff(u)mpdx. (4.16)
Q Q Q
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By (4.16) and Lemma 4.1, we also have

leulgodx+fuz-Vg0de—fugodivzdx.
Q Q Q

Therefore, by (2.1), we get

f |Dulpdx < — f uz - Vodx — f updivzdx = f (z, Du)pdx.
Q Q Q Q

The arbitrariness of ¢ implies that
|Dul < (z, Du)

as measures in Q. On the other hand, since ||z||;~ < 1, and
(z, Du) < ||zllz~|Dul < |Dul

as measures in QQ, we have
|Dul = (z, Du).

Step 3. The boundary condition [z,y] € sign(—u) on 0€).
Proof of Step 3: It is easy to check that this fact is equivalent to show

(ju| + ulz, y])dH ™" = 0. 4.17)
oQ

Choosing u,, as a test function in (3.1), we have

fqu,,l”dxsz(u,,)updx.
Q Q

Since u,, € W(; (Q) is bounded, by the fact that u, = 0 on dQ and Young’s inequality, we get

1 -1
f |V, |dx + f |u,|dHN! - f Vu,Pdx + 210
Q 0 P Ja p

1 f Fayudx+L=Li0) (4.18)
P Ja p

IA

We use the lower semicontinuity (4.18) to pass to the limit as p — 1* and obtain

f |Duldx + f luldHY™' < liminf( f |V, |dx + f lup|dHY ")
Q 4Q r=1" Ja 9Q
L 1 p—1
< liminf[— | f(u,)u,dx + 1]
=17 p Ja p
= ff(u)udx, 4.19)
Q

where the last equality is given by the Dominated Convergence Theorem and
1 1
|f(up)upl < Cilupl(1 + || 77) < CilgOI(L + [gI7T) € LY(Q).
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Furthermore, by Lemma 2.3 and Lemma 2.4, we have

ff(u)udx = —fudivzdx
Q

Q
:LﬂUMM—IMMWmM. (4.20)
Q oQ
From (z, Du) = |Du|, (4.19) and (4.20), we have
(ul + ulz, y)dH ' < 0. 4.21)
o0Q

The inequality (4.21) and |u| > [ulllzll.~ > |ulz,¥]l > —ulz,y] give the desired equality (4.17) and we
conclude that
[z,7] € sign(—u) on JQ.

Step 4. The monotonicity of the solution u of problem (1.1).
Proof of Step 4: By Proposition 3.2, we obtain u, satisfies the following result. For any direction v
and u in the interval (a(v), u;(v)], then

up(x) < up(x), ¥ x €, (4.22)

where a(v) and u;(v) are given by (1.7) and (1.8). Considering this fact and u,(x) — u(x) a.e. in €,
taking p — 1" in (4.22), we have

u(x) < u(x,), ae x €Qy. (4.23)

We get the result of monotonicity for the solution u. Inequality (4.23) also holds for any
U € (a(v), ua(v)] by Proposition 3.2, if f is locally Lipschitz continuous, and a(v) and u,(v) are given
by (1.7) and (1.9).

Step 5. The boundedness of the solution u, i.e., u € L*(Q).

Before proving u € L*(€2), we need to prove the following lemma.
Lemma 4.2. For every € > 0 there exists k3 > 0 which does not depend on p, such that

1
j}nmpr<g (4.24)
Ay
forevery k > k3 and V p € (1, py), with Ay = {x € Q | u,(x) > k}.

Proof of Lemma 4.2: Using Sobolev embedding Wé’p (Q) c BV(Q)) — L~ (), Theorem 3.8 and
Holder’s inequality, we obtain that

1 N N-1

—( f udtdx) ™

k™ Ja, b

1
-5 Vu,|d
T 1fAk|up|x
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S -
< 71|Ak|71< f Vu,Pdx)?

Ax
S pt L
< TIQI rCy
S
< A +IQNECs + D), (4.25)
where §; is given by the best Sobolev constant

{C(1 + Yyv
VaN

see [26,39], and |A4| stands for its N dimensional Lebesgue measure. Inequality (4.25) implies that
lim;_,, |Ax| = 0. It holds that for V & > 0, there exists a large number k, > 0 such that

1=

A < zizv for all k > ky. (4.26)

On the other hand, by Sobolev embedding u,, € Wé’p (Q) Cc BV(Q) — LT (), Theorem 3.8 and (4.3),
we get
u, € Lv-1(Q)

and
0< f lu, (0| T dx < f 1g(0)| VT dx, (4.27)
Ay Ay
which implies that u,(x) < oo a.e. in Q. Considering (4.27), lim_,., |Ax| = 0 and by absolute continuity
of integrable function, we have
N

limf Iup(x)l%dxs limf lg(x)|¥Tdx = 0. (4.28)
k— o0 Ay k— o0 A

From (4.28), for V &€ > 0, 3 ks > 0 large enough (not depend on p) and 6 > 0 small enough such that
as k > ks, we have |A;| < 6 and

f 1, ()T dx < f g Tdx < —, (4.29)
Ag Ak 2
From (4.26) and (4.29), we obtain

f (1 +ud HVdx < 2V (Al + f 1, () 1 dx)
Ag .

A

_ E E
< 2N 1(2—N+2—N):g,

for all k > k3 := max{ky, ks}. The proof of Lemma 4.2 is completed.
Proof of Step 5: Next, we would like to use Stampacchia truncation [38] to prove the boundedness of
the positive solution u. For every k > 0, we define the auxiliary function Gy, : [0, 0) — R as

s—k, s>k,
Gils) = { 0, 0<s<k. (4.30)

AIMS Mathematics Volume 6, Issue 6, 6255-6277.



6272

Then, choosing G(u,) as a test function in (3.1), we get

fIVGk(u,,)lpdx:ff(up)Gk(up)dx. (4.31)
Q Q

By (4.31), (H;), Sobolev embedding, Young’s inequality and Holder’s inequality, we have

IA

( f Guu,)™dx) ™ < 8, f VG (up)ldx
Q Q

IA

-1
&f|VGk(up)|pdx+ MIQI
p

- 2 f Fuy)Galuy)dx + 1(’; 5= D,

IA

12|

—le(1+u Gy(u,)dx +#

IA

S1Ci f (1+ul ")Vdx] ¥ ( f Guluy,)™1dx) ™
Ag

Ak
+51(P— 1)
p

€. (4.32)

By Lemma 4.2 and taking € = S there exists k3 > 0 which does not depend on p, such that

2C; S

e 1
1 NN g —_— 4.33
fAk( tity VA< eSO (433)

for all k > k3 and p € (1, py). Consequently, from (4.32) and (4.33) we obtain

0< f Gy(u,) ™ dx < [w]ﬂ (4.34)
Q

Since u,(x) — u(x) a.e. x € Q and Fatou’s Lemma, we can pass to the limit on p — 17 in (4.34), to
conclude that
f (u(x) — )V idx =
forV k> k; > 0. Thus u € L*(Q).
Step 6. u is nontrivial.

Proof of Step 6: For V v € BV(Q), we define the functional J* : BV(Q) — R as

Jtw) = f |Dv| + v|dHN ! - f F,(v)dx,
Q oQ Q

where F.(s) = fos f+(t)dt and f, is given by (3.18).
We will say that vy € BV(Q) is a critical point of J* if there exists z € DM™(Q) with ||z||;~ < 1 such
that

- f pdivzdx = ff(vo)godx, for all ¢ € Cg(Q),
Q Q

(z, Dvg) = |Dvy| as measures in Q,
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[z,7] € sign(—vp) on 0Q,

where 7y is the unit exterior normal on 9€Q). The critical points of J* coincide with solutions to the
problem (1.1) in the sense Definition 1.1, for which one can refer to [9] or [35].

We shall show that 0 is a local minimum of J*.

Indeed, by the condition (Hs), there exists small enough 6 > 0 such that

IF ()] < Colsl?,
for V |s| € (0, 6) and for some constant Co > 0 with a € (0, 5~ 1) Moreover, by the definition of F,(s),
we have C
Fo = [ pods [ ioms S 435)

for V |s| € (0,0). By (4.35) and the norm ||v||gy = fg |Dv| + faQ [VIdHN=!, v € BV(Q), it holds

J'(v) = ”V”BV_fF+(V)dx
Q
> Co

> |Wllay = CrolVlipi,

where the last inequality is given by the embedding BV(Q) — L!**(Q), a € (0
positive constant p < min{d, (261—10)5 }, we obtain

~—). Choosing a

’N]

1
JT(v) = Ellvllgv > 0, (4.36)

for Vv € BV(Q) and ||v||py < p. This implies that O is a local minimum of J*.
Now, we introduce the auxiliary functional

-1
P €3], (4.37)

L,(w) = J;(w) +

where J is given by (3.17). By Young’s inequality and (4.18), we can fix p € (1, py) and obtain

-1
L,(w) = J+(w)+ Q|
-1
= f VwlPdx — f F.owydx + 2= 10
> f IVwldx + IwldHN ! — f F.(w)dx = J*(w), (4.38)
Q oQ Q

forVwe Wé”’(Q) C BV(Q), with py = min{6, %}. From (4.38) and (3.19), one gets

_ -1 -
JH(w) < J5(w) + L IQI < —IIWIIP — Clwll, + (p + O)|€Q, (4.39)

lp
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forallw e Wé”’ (Q) with p < py < 6. Recalling the structure of mountain pass lemma in Theorem 3.9,
we can deduce that there exists e = fowy € Wé”’ (Q) € BV(Q) and |le|]|gy > p such that J(e) < O by
(3.20).

Obviously, the critical points of I, are identical with the critical points of J;. Then u,, given by
Theorem 3.9 is a critical point of J7, and also a critical point of /,, which implies that the critical point
u, satisfies

Ty(uty) = inf max 1,0, (4.40)

where I', = {n € C([O,l],Wé’p(Q)) | 7(0) = 0,n(1) = e}. Considering any path n € I', and the
continuity of the map ¢ — I,(5(?)), there exists #, > 0 such that |[(t)llzv = p. From (4.36), (4.38),
(4.40) and ||n(tp)llpy = p, we obtain that

_ p
I,(u,) = r}grf,, g&ﬁ I,(n(1) > 5 4.41)

On the other hand, choosing u,, as a test function in (3.1), by the Dominated Convergence Theorem,
(4.2) and (4.20), we have

1 1
lim —fqu,,l”dx = lim —ff(u,,)updx
Q P Ja

p—l* p p—1t

f f(wudx

Q

f(z,Du)—f ulz, yldH"™

Q oQ

= f |Dul + f luldHN !, (4.42)
Q oQ

where the last equality is given by Step 2 and Step 3. From (H,), (4.2) and (4.3), we can apply the
Dominated Convergence Theorem to obtain

lim Fi(u,)dx = f F.(u)dx. (4.43)
Q Q

p—1*
By (4.37), (4.42) and (4.43), we can get
p—1

lim I,(u,) = lim [J*(u,) + ——|Qf] = lim J? (u,) = J* (). (4.44)
p=lt po1+ P pol+t P

Summarizing (4.41) and (4.44) we obtain that

J%wz§>a

with 0 < p < min{é, (ﬁ)i}, and then u is nontrivial, because J*(0) = 0.
The proof of Theorem 1.2 is completed.
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