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1. Introduction and definitions

A new research area, which was initially developed by Clunie and Sheil-Small [14], is the subject
of univalent harmonic functions (see also [31,38]). The significance of such functions is attributed to
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their usages in the analysis of minimal surfaces as well as in problems relevant to applied mathematics.
Hengartner and Schober [21] introduced and analyzed some specific types of harmonic functions which
are given in the region U in the complex z-plane C, which is given by

U:={z:2z€C and |7>1}.

Hengartner and Schober [21] proved, among other things, that a harmonic complex-valued and sense
preserving univalent mapping f, defined in U and such that f(c0) = oo, must satisfy the following
representation:

f(@) =212+ L:(2) + Qlogll, (1.1)

with Q € C and, for 0 < || < |,

G @=mz+ ) @ and LE@=mi+ ) bi".
n=1

n=1

In the year 1999, Jahangiri and Silverman [27] gave adequate coefficient criteria for which functions
of the type (1.1) are univalent. They also provided necessary and sufficient coefficient criteria within
certain constraints for functions to be harmonic and starlike, also see [39]. Later, Jahangiri [25] and
Murugusundaramoorthy [33, 34] analyzed the families of meromorphically harmonic function in U.
The authors in [12, 13] used the technique developed by Zou and his co-authors in [47] to examine the
nature of meromorphically harmonic starlike functions with respect to symmetrical conjugate points in
the punctured unit disk U* given by

U'={z:zeC and O0<|z <1} =T\ {0}

Particularly, in [13], a sharp approximation of the coefficient and a structural description of these
functions were also determined. To understand the basics in a more clear way, let us represent the
symbol H by the family of harmonic functions f which have the series form given by

N 1 N =n %
Q=@ +p@=—+) (@ +hT) U, (1.2)
n=1
where the functions A and u are holomorphic in U* and U, respectively, with the following series forms:
1 < -
A@=-+ ) a2 (zeU) and u@= ) b,Z" (zel). (1.3)

and
la,| > 1, b, > 1, (n=2,3,---).

We denote the family of all complex-valued functions f € H by My, which are sense-preserving and
univalent in U*. Indeed, if
=0 (zel),

then .
f(Z)=/1(Z)=%+nZ:;anz" (z e UY).
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In the view of this point, the function class Mg, coincides with the class M of normalized holomorphic
univalent functions in U*. The above-mentioned papers have obviously opened up a new door for
researchers to investigate further inputs in this area of geometric function theory. In this regard, we
consider the collections of meromorphically harmonic-starlike and meromorphically harmonic-convex
functions in U* given, respectively, by

Ms;,:{f:femw and %(ﬂ”—f@)w (zeU*)}

f@
and
. Dy (D ) y
MSGI—{:{foEM(H and %(gTﬂ(J;)(Z))<O (zeU)},
where

Duf(2) =z (2) =z’ (2).

Now we give the definition of weak subordination in U. For some details about subordinations for
hamonic mappings, we refer [15, 16].

Acomplex valued function f in U is said to be a weakly subordinate to a complex valued function
g in U and written as f(z) < g(z) or simply as f < gif f(c0) = g(e0)and f(U) c g(U). If f < g
and g is univalent in U, then we consider a complex valued function w (z) = ¢! (f(z)), z € U which
maps U onto itself with w (co) = co. Conversely if w (z) = g7! (f (z)) in U and maps U onto itself with
w (00) = oo, then f < g.

This can be written in the following equivalence.

Lemma 1.1. [I7] A complex valued function f in U is weakly subordinate to a complex valued
function g in U if and only if there exists a complex valued function w which maps U onto itself with
w (o) = oo such that f(z) = g(w(z)),z € U.

Many sub-families of meromorphically harmonic functions have also been introduced and
investigated by several earlier researchers (see, for example, the works of Bostanci [10], Bostanci and
Oztiirk [11], Oztiirk and Bostanci [35], Wang et al. [46], Al-Dweby and Darus [3], Al-Shagsi and
Darus [4], Ponnusamy and Rajasekaran [37], Ahuja and Jahangiri [2], Al-Zkeri and Al-Oboudi [5],
Jahangiri et al. [26] and Stephen et al. [45]).

2. The generalized g-derivative operator

The theory of the Hadamard product (or convolution) is incredibly essential in the solution of many
function-theoretic problems and, as a result of these realities, this technique becomes a significant part
of the area of our study. The objective of this section is to examine the properties and consequences of

the convolution for the two newly-defined families of meromorphically harmonic functions. For two
functions g, g, € M with their series expansions as follows:

R I
7)) =—+ anzn and 7)=—+ bnzn,
1@ =~ Z 82 =~ Z;
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the Hadamard product (or convolution), which is denoted by (g; * g») (z), is defined by
1 (o]
(g1#8) @) =~+ ) ab?' =(22+g)@) (U,
-

The potentially useful properties, which are mentioned below, can only be true if g € M:

1
2(1-2) =g(2) and g(2) = Z(l—_zz)z - 28 (2). 2.0

g(2) =

We now consider a function 9t, (with g € C) of the following form:

where, as usual, the g-number [v], (v € C) is given by
1-g”
S (v,q € C)
[vl, =

n—1
>, gk (v=neNy:=NU{0},
k=0

where N denotes the set of natural numbers. Then, clearly, the function %, is meromorphically starlike
for all complex numbers g such that |g| < 1. Also, one can easily see that, if ¢ — 1—, then the 9,
reduces as follows:

) 1z  ——
lim %, (z) = = - nz" ze€eU").
i z (-2 2 IZJ ( :

Moreover, the g-derivative (or g-difference) operator D, of a function f defined on a subset of the
complex space C is given by (see [23,24])

f ((Zl) : f )(;]z) (2% 0)
(Dof) @ = 1 2.2)
170 (z=0),

provided that the first-order derivative of the function f(z) at z = 0 exists.
Now, by using the function 9,, we define the generalized convolution g-derivative operator D, for
meromorphically functions f € M by

.
(1-g2)(1-2)

We observe that, by taking ¢ = 1 in the above g-derivative operator ©,, we achieve the ordinary
derivative operator diz. Also, for 0 < g < 1, we attain Jackson’s g-derivative (or g-difference) D, of the
function f which is defined above by (2.2).

D,f () = —% [f (2) * (% - )] = —% [f (2) * N, (z)]. (2.3)
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The g-derivative (or g-difference) operator D, has fascinated and inspired many researchers due
mainly to its use in various areas of the mathematical and physical sciences. Although the first article
in which a link was established between geometric nature of analytic functions associate with the
g-derivative operator D, was initiated in [22] in 1990, yet the usage of g-calculus in geometric
function theory as well as a solid and comprehensive foundation was given in 1989 in a book chapter
by Srivastava [41]. After this development, many researchers introduced and studied various useful
operators in g-calculus together with the applications of the associated convolution concepts. For
example, Kanas and Rdducanu [28] studied the g-derivative operator D, and examined its behavior in
geometric function theory. The operator D, was generalized for multivalent analytic functions by Arif
et al [9]. Analogous to these g-derivative operators, Arif et al. [8] and Khan et al. [30] contributed by
introducing the g-integral operators for analytic and multivalent functions. Similarly, in the authors
in [6] developed and analyzed some analogues of the g-derivative operators for meromorphically
functions. Very recently, a survay-cum-expository review article on the subject of quantum (or g-)
calculus and its various applications in geometric function theory was published by Srivastava [40]
(see also [1,7,18-20,29,32,36,42—44]).

We next define an operator for the function f € Mgy, as follows. Let Dﬂi’f : Myt — Mg, be a linear
operator defined for a function f = 1 + u € Mgy by

DY f(2) = 2Dy (2) + 12Dy (2) (71 =1), (2.4)

where the convolution g-derivative operator D, is given by (2.3).
Making use of the operator Z)z’f f (), we now introduce two families MSy [gq, L, M] and

MK g, L, M] of functions of the Janowski type for |¢g| £ 1 and —1 £ M £ L £ 1, which are defined

below:

DY@ 1+

f@ —1+Mz

MSy g, L, M] = {f cfeMy and - (z € U*)} (2.5)

and

D;I%T (Z);’{Tf (Z)) . 1+ Lz
DIfG@  1+Mz

MKy lq, L, M] = {f cfeMy and - (z € U*)}, (2.6)

respectively. We note the following special cases:
(i) Taking L=1-2¢ and M = —1 in MSy[q, L, M] and MKy g, L, M], we have
MS(/’( [q’ 1 - 2§a _1] = MS H (q,‘f)

and

where

Dy f @)

MS«H(q,f):{f:feMw and —%(W

)>g (0gg<1;zeU*)} 2.7)
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and
DL (DT
MKy (q,6)=3f:feMy and -R ﬂ(qrﬂf@) > & 0=é<1; zeUYs.
Dy, f @)

(2.8)
(ii) . By setting L = (1 — 2¢) Band M = - in MSy [q, L, M| and MKy [g, L, M| with O < ¢ < 1 and
0 =B < 1, we get the following function classes:

MSs[g. (1 - 26) B, —B] = MS4 (q.£.B)

and

MK (g, (1 =28 B, —Bl = MK+ (q.£.8)

where

Dy @\ 1
f@

DY f()
( " )+ 1-2¢

MSq4(q,E,8) =1 f: fe My and <p (zeU) 2.9)

and
DY (DY @) 1
DI f@)

DL (D 1)
( oo Jt1-%

MKy (q, 6.8 =3f: f€ My and <p (zeUYp. (2.10)

We observe also that
MSq{ [L, M] = llI{l MSq{ [q, L, M]
g—1-

and
M7<7~{ [L, M] = hl%l M?((H [q, L, M] ,
g—1-
where Df )
_Jr. D@ 1+ L \
MSW[L,M]—{f.fEM?{ and @ 51+MZ (ZEU)}
and

Djy (D;{f(z)) 1+ Lz ;
M(](H[L,M]—{f.fEMrH and - Z);{f(z) =< 1+ Mz (zeU%y;.

From the definitions of the newly-introduced classes, we have
f e MKy g, L, M] & 2D, f (z) € MSy [q. L, M]. (2.11)

In this paper, we investigate a number of convolution properties and several coeflicient estimates for
functions in the classes MSy [g, L, M| and MKy [q, L, M], which are associated with the generalized
convolution g-derivative operator D

Unless otherwise mentioned, we assume throughout this paper that

“1SM<L<1, 0<g<l1, k=1, p20 and pB<I.
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3. Convolution properties

Our first result in this section, which is asserted by Theorem 3.1 below, provides a necessary and
sufficient condition for a given function to be in the class MSy, (¢, L, M].

Theorem 3.1. A function f defined by (1.2) is in the class MSy |q, L, M| if and only if

l+p(l+(1-¢)2)z—gz 1+p(+(1-¢9)2D7—qZ
Hf@( d-@0-29 0-@d-3 )}]io G-
for all p given by
_ '+ M _
p=pei= s (Zl=1

and also for p = 0.

Proof. Let f € MSyu|q,L, M| have the series form (1.2). Then, from the concept of weak
subordination, a function u exists, with the restrictions that u (co) = oo and |u (z)| < 1, such that

B Z)Z-’{Tf (2) 1+ Lu(z)

f@ 1+ Mu()’ G-
which is equivalent to the following assertion:
a7
- @;i’ é )(Z) F oy GEU=D (33)
or
2| =D f @+ MO~ f @1+ L] % 0. (3.4)
Since

DY f (2) = 2DgA (2) + 12Dt (2)

Ay, =20 =g@ =2\ (1-D(1-q5) -7
‘(“Z) Z0-90 -4 )”(“(Z) Z1-90-g@ )
together with following identities:
1@ ——— =)
¢ z(1-2)
and
wu(z) = 1.9 = pu(2),
We find from (3.4) that
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0% 2|04 f @+ M)~ fR+LY

- *(I—Z)(l—QZ)—zz) _( * 1) }
_Z[{(MZ) z(1-2)(1 - gq2) (1+ M) —11(2) a9 (1+ L)
—*(1—2)(1—612)—22) _(_* :
+T(“(Z) Zd-0-g I THO-(HO* 05

{ {((1—1)(1—qz)—z2)(1+M§)—(1—qz)(1+L{)}
=z|A(z) * +

)(1 + LJ)

z(1-2)(1 -qz)

= (-0 -g-Z)1+MD -1 -qD) (1 + L)
T 21— -

) ) , 1-g2)+z0+0-g@2p
=2 (M L>[ﬂ(2) { z(1-2)(1 - q2) }
1-g2)+z(1+(1- Q)Z)P}]
z(1-2)(1 - q2)
i i ) (1-g)+zA+(1-g)2)p
=M L)z[f(z) { z(1-2)(1 - q2)
+(1 —q)+z(1+( - q)Z)P}]
z1-2( -q2) ’
which leads to (3.1) and the necessary part of the proof of Theorem 3.1 is completed.

Conversely, we suppose that (3.1) holds true for p = 0. Then it follows that zf (z) # 0 for all z € U.
Consequently, the function @ (z) given by

DY f (@)
f@

is regular at zo = 0, with @ (0) = 1. It was shown that the assumption (3.1) is equivalent to (3.3), so we
obtain

D(z) = -

Dyf@  1+L

; 11 =1). .
@ T+ MZ zeU; lKI=1) 3.5)
Let we now put
1+ Lz
Y (z) = T+ M- (zeU).

Then the relation (3.5) shows that ® (U) N (9dU) = @. Thus, clearly, ® (U) is connected to C\¥ (9U).
Hence we have
®(0)=Y(0),

which, together with the univalence of W, shows that @ (z) < ¥ (z) in terms of the subordination in (3.2),
that is, f € MS;{{ [L, M]. This completes the proof of Theorem 3.1. O

Upon letting ¢ — 1— in Theorem 3.1, we obtain the following result.
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Corollary 3.2. A function f defined by (1.2) is in the class MSy [L, M] if and only if

. Il+(p-1)z 1+(p—1)2)] 0
z[f(z) ( 20 =27 +7 1 -2 # 0,

for all p given by

_ T+ M _
p=t—ar (=D

and also for p = 0.

Putting L =1-2£6(0 £ ¢ < 1)and M = —1 in Theorem 3.1, we deduce the following result.
Corollary 3.3. A function f defined by (1.2) is in the class MSy (g, &) if and only if

1490 +(1-q@2)z-qz 1+90+(0-92D7-¢2Z
4f@)( d-g-2  z0-¢@0-2 ﬂ °
for all ¥ given by

_ -l 1
b=Tq=g WI=L0se<D

and also for ¢ = 0.

By letting ¢ — 1— in Corollary 3.3, we have the following result.

Corollary 3.4. A function f defined by (1.2) is in the class MSq (¢) if and only if

1+ -1z 1+ -1z
* 0
4fg)( -2 T ﬂ1—az)]¢

for all ¥ given by

_ - _ 1
P=rq=y (W=10sé<D

and also for ¢ = 0.

Our next result in this section, which is asserted by Theorem 3.5 below, provides a necessary and
sufficient condition for a given function to be in the class MKy [g, L, M].

Theorem 3.5. A function f defined by (1.2) is in the class MKy [q, L, M| if and only if

(1-¢%) (1 =@+ DD -pqg(2- ¢ + q2) &
z|f (@) = 2
gz(1 -=2)(1 = qz) (1 - ¢°z)

+7

(1 - QZZ)(I -(g+1)2) —pq(2 e +qZ)Z2]

— - — - #0
z(1 -2(1 - q2) (1 - ¢%2)
for all p given by
Vv M
= = 1
p=t—t W=D

and also for p = 0.
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Proof. First of all, we suppose that the function f defined by (1.2) is in the class MKy g, L, M] if it
satisfies the condition (2.6) or, equivalently,

DO @) | 1+1
Z)f]}’;f ) 1+MC

B tti
y setting = L +(-9)9z-q
X \Z) = z(1-g2)(1 -2) ,

we note that
(1-a*2) 1=+ DD -pg(2-¢* +42) 2

Do (@) = (-2 -q2) (1 - ¢2)

We also recall the following identity:

|-2D, @) ¥ x @) = 1) * [-2Dgx ()]

and the fact that
f @) e MKy g, L, M] & 2D} f (z) € MSx [q, L, M].

Hence, clearly, the result asserted by Theorem 3.1, would follow by using the above relations in
conjunction with Theorem 3.1. O

If we let ¢ — 1— in Theorem 3.5, we obtain the following result.

Corollary 3.6. A function f defined by (1.2) is in the class MK [L, M] if and only if

I-(I+p(1+220z 1-(0+p(1+2)2)zZ
* 0
Z[m)( - ia- )]i
for all p given by
_{i+M _
p=—t W=D

and also for p = 0.
Putting L=1-26 (0 £ ¢ < 1) and M = —1 in Theorem 3.5, we obtain the following corollary.
Corollary 3.7. A function f defined by (1.2) is in the class MKy (q,€) (0 £ € < 1) if and only if

(1-¢%2) (1 =@+ D) -9q(2 - ¢* +q2) &
z|f () * -
gz(1 =2)(1 —q2) (1 — ¢*2)

(1-¢%2)a - g+ DD -pqg(2- ¢+ q2)
+7 — — - — #0
qz(1-2)(1 - q2) (1 - ¢°2)

for all ¢ given by
-1
-
21-9

1=10=&< D)
and also for ¢ = 0.
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Letting ¢ — 1- in Corollary 3.7, we obtain the following result.

Corollary 3.8. A function f defined by (1.2) is in the class MKq¢ (£) (0 £ & < 1) if and only if
z[f(z) % (1 —(1+9(+2)2)z N Tl —((1+81 +Z)Z))Z)] .o

z(1 -2 z1-2°
for all ¥ given by
o= "L g=nose<n)
S 2(1-9) ST

and also for ¢ = 0.

Theorem 3.9 below provides a necessary and sufficient condition for a given function to be in the
class MSy (g, L, M].

Theorem 3.9. A function f defined by (1.2) is in the class MSy [q, L, M| if and only if

) -1 -1
1 Z [n], (4 +MA:I)L+ ¢ +L (a,lz"J’l + TW) +0 (z€U). (3.6)

n=1

Proof. From Theorem 3.1, we know that f € MSy [q, L, M] if and only if

1+p((1—qz)z+z2)—qz 1+p((1—qZ)Z+ZZ)—qZ 0 .
VT Zamwa-y T za-@a-n |7 G7
for all p given by
—1 M
p=po=t0 =)
and also for p = 0.
The left-hand side of (3.7) can be written as follows:
Lo et ) o 1-gEp(1-@TT)
o R e T e B M TR T
1 z 1
_Z[A(Z)*(z(l—z)+p((1—qz)(1—z)+(1—z)))
0 [z75 +[mrs )
A T R (RS T R
=z[/l(z)+p(z1)qﬁ(z)+/1(z))+7(m +p(Zun@+M))]
=z %+Z(1+p([n]q+1))a,,z”+TZ(1+p([n]q+1))ml
n=1 n=1
=1+ (1+p(nl, + 1))@ +7 )" (1+p([nl, + 1)) bz,
n=1 n=1
This evidently completes our proof of the result asserted by Theorem 3.9. O
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Upon letting ¢ — 1— in Theorem 3.9, we obtain the following result.
Corollary 3.10. A function f defined by (1.2) is in the class MSq [L, M] if and only if
n(§‘1+M)+§‘1+L g —
— n n+1
1 Z UL (anz +Tb,,z+)¢0 (z e U).

n=1

Putting L=1-26 (0= ¢ < 1)and M = —1 in Theorem 3.9, we deduce the following result.
Corollary 3.11. A function f defined by (1.2) is in the class MSy (q, &) if and only if

i [l (¢ = 1)+ + 1-2¢

a2+ th,z) £ 0 (z € U).
2(1-9 ( )

n=1
Taking ¢ — 1— in Corollary 3.11, we obtain the following result.
Corollary 3.12. A function f defined by (1.2) is in the class MSg (£) if and only if

I _ _
1+ Z § ;)(:_{g; 1% (anz”“ + Tbnz"“) 20 (zeDU).

n=1

Theorem 3.13. A function f defined by (1.2) is in the class MKy [q, L, M| if and only if

- i[ ]q [n]q g_ ]L]‘f)l:" f_ + L (anZn+l + Tann+1) £0 (z e U).

Taking ¢ — 1— in Theorem 3.13, we obtain the following result.

Corollary 3.14. A function f defined by (1.2), is in the class MKy [L, M] if and only if

T

n=1

{ +M)+§‘ +L

(anz”+1 + TW) #0 (z€ ).

Putting L =1-2¢,(0 £ ¢ < 1)and M = —1 in Theorem 3.13, we obtain the following result.

Corollary 3.15. A function f defined by (1.2) is in the class MKy (q, &) if and only if

1+Z (¢ =1)+ T 1-2¢

n+1
a, 2" +1h, 7"t ) # 0 (ze D).
2(1-6 ( )

Letting ¢ — 1— in Corollary 3.15, we obtain the following result.
Corollary 3.16. A function f defined by (1.2) is in the class MKy (€) if and only if

1+ i - ;)(:i)* = (@™ +7b, ) 20 (zeD).
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4. Coeflicient estimates and inclusion relations

We now determine the coefficient estimates and inclusion relations for functions belonging to the
classes MSy [g, L, M| and MKy [q, L, M].

Theorem 4.1. If a function f defined by (1.2) satisfies the following inequality:

(1 1+ 1M1y + 1+ L) (la] + b, < L= M,

n=1

then f € MSy [q,L, M].
Proof. From (3.6), we have

© [l (¢ +M)+ L

— n n+1

1 ; Y3 (a,,z + b, 7" )

o, (¢ + M)+ + 1 .

- nl + 10n
> Zl Y (Iaul + b,])

o [n], A+ M) +1+L
>1—; — (a,| + b, 2 0,
which completes the proof of Theorem 4.1. O

By letting ¢ — 1— in Theorem 4.1, we obtain the following result.

Corollary 4.2. If a function f defined by (1.2) satisfies the following inequality:

[Se]

D+ M)+ 1+ L) (] + b, < L— M,

n=1
then f € MSy [L, M].
Putting L=1-2(£ (02 ¢ < 1)and M = —1 in Theorem 4.1, we obtain the following result.
Corollary 4.3. If the function f defined by (1.2) satisfies the following inequality:
D (nly + 1 =€) (anl + b < 1 =&,

n=1
then f € MSy(q,€).
Letting ¢ — 1- in Corollary 4.3, we obtain the following result.

Corollary 4.4. If a function f defined by (1.2) satisfies the following inequality:
D+ 1=l + b S 1=,
n=1

then f € MSy (é).
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Similarly, we can prove the next result (Theorem 4.5 below).

Theorem 4.5. If the function f defined by (1.2) satisfies the following inequality:

Dl (Ind (1 4+ IMD) + 1+ L) (| + b)) S L= M,

n=1

then f € MKy [q, L, M].
Upon letting ¢ — 1— in Theorem 4.5, we obtain the following result.

Corollary 4.6. If the function f defined by (1.2) satisfies the following inequality:

[ee)

D+ M + 1+ L) (la,] + b)) < L= M,

n=1

then f € MKqg [L, M].
Putting L=1-2£ (0 £ ¢ < 1) and M = —1 in Theorem 4.5, we obtain the following corollary.
Corollary 4.7. If the function f defined by (1.2) satisfies the following inequality:

Dl (), + 1= €) (al + b)) < 1€,

n=1

then f € MKy (q,€).
If we let ¢ — 1— in Corollary 4.7, we obtain the following result.

Corollary 4.8. If the function f defined by (1.2) satisfies the following inequality:

(o)

D n+ 1= (la)+ b £ 1-4,

n=1

then f € MKy (£).
5. Conclusions

In this paper, we have introduced the generalized convolution g-derivative operator ©,, which is
defined by

et — 2
Dyf (@) = Z[f(z) (Z (1_qz)(1_z))],

where g € C and |g| £ 1. By letting ¢ — 1—, this generalized convolution g-operator D, takes the
form of the ordinary derivative. Also, for 0 < ¢ < 1, we obtain the g-analog of derivative operator.
By applying this operator, we have defined a corresponding operator for meromorphically harmonic
functions and introduced some subclasses of meromorphically harmonic starlike and meromorphically
harmonic convex functions and have studied a number of properties and results for functions belonging
to each of these function classes.
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Basic (or g-) series and basic (or g-) polynomials, especially the basic (or g-) hypergeometric
functions and basic (or g-) hypergeometric polynomials, are applicable particularly in several diverse
areas (see, for example, [41, pp. 351-352] and [40, p. 328]). Moreover, in this recently-published
survey-cum-expository review article by Srivastava [40], the so-called (p, g)-calculus was exposed to
be a rather trivial and inconsequential variation of the classical g-calculus, the additional parameter p
being redundant (see, for details, [40, p. 340]). This observation by Srivastava [40] will indeed apply
also to any attempt to produce the rather straightforward (p, g)-variations of the results which we have
presented in this paper.
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