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1. Introduction and main result

Let 0 € Q c RY(N > 3) be a bounded domain with smooth boundary Q. In this paper, we are
interested in establishing the multiplicity of sign-changing solutions to the following semilinear elliptic
equations with variable exponent

{ “Au = w92y, in Q, 0

u=0, on 0Q),
where g(x) satisfies the following assumptions.

(01) g€C(Q), q0)=2and2 < g(x) < m:gc{q(X)} =q" <2 = forx #0;

(Q,) there exist a € (0, NT”) and Bs, = {x]|x] < 6o} C Q such that g(x) > 2 + |x|* for any x € Bs,.

In 1973, Ambrosetti and Rabinowitz in [2] obtained a positive and a negative solution to the
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following superlinear elliptic problem

{ —Au = f(x,u), inQ, (1.2)

u=>0, on 0Q).

The existence of the third solution to problem (1.2) was established by Wang in [17]. Castro, Cossio
and Neuberger in [6] proved that the third solution to problem (1.2) obtained in [17] changes sign
only once. Bartsch and Wang in [3] obtained the existence of sign-changing solution. In addition,
Bartsch, Weth and Willem in [4] showed that problem (1.2) possesses a least energy sign-changing
solution. In order to study the sign-changing critical points of even functionals, Li and Wang in [11]
established a Ljusternik-Schnirelmann theory and showed that problem (1.2) possesses infinitely many
sign-changing solutions. Subsequently, the existence of infinitely many sign-changing solutions to
problem (1.2) was also obtained by some versions of the symmetric mountain pass lemma(see [15]
and [19]).
In fact, these papers required f(x, 7) to satisfy the following condition ((AR)-condition, for short)

f, 0t > 0F(x,t) > 0, forall x € Q and |f| sufficiently large,

where 6 > 2 and F(x,1) = fot f(x,s)ds. It is well known that (AR)-condition is important to guarantee
the boundedness of Palais-Smale sequence of the Euler-Lagrange functional associated to problem
(1.2) which plays a crucial role in applying the critical point theory. For more than 40 years, several
researchers studied problem (1.2) trying to drop the above (AR)-condition. For example, a weaker
super-quadratic condition ((S Q)-condition, for short) is that

F(x,1)

1m
-0 |12

= oo uniformly in x € Q.

Under (S Q)-condition or some extra assumptions, the existence and multiplicity of nontrivial solution
for problem (1.2) were obtained, see [7,8, 12, 14, 16] and the references therein.

Recently, the special case of problem (1.1) as problem (1.2) is also concerned by some scholars(see
[1,5,9,10, 13]). They obtained the existence or multiplicity of the nontrivial solution of problem
(1.1) from the discussion the compact embedding from Hé (Q) to L1M(Q) with a variable critical or
supercritical exponent. In particular, Cao, Li and Liu in [5] obtained that problem (1.1) has infinitely
many nodal solutions when g(x) = 2* + |x|* = 2(0 < @ < min{%’,N —2)) and B, is the unit ball in RY.
In addition, Hashizume and Sano in [9] proposed that ess }Crelgf2 {g(x)} = 2 is another critical case. Indeed,
if there exists xy € Q such that g(xy) = irelgg{q(x)} = 2, then the conditions (AR) and (S Q) do not hold.
Therefore, the problem we intend to study is a new phenomenon. To the best of our knowledge,
for either p-Laplacian equation(including semilinear elliptic equation) or p(x)-Laplacian equation,
there are no results in this case. The main difficulty with problem (1.1) is that the corresponding
functional may possess unbounded Palais-Smale sequences. To overcome this difficulty, we will use
the perturbation technique and the Moser’s iteration.

The main result of this paper reads as follows.
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Theorem 1.1. Suppose that (Q,) and (Q>) hold. Then, for every integer k > 1, problem (1.1) has k
sign-changing solutions.

Remark 1.2. In [5] and [9], it is crucial to require the space is radially symmetric. However, we do
not need the domain to be radial.

To end this section, we describe the basic ideas in the proof of Theorem 1.1. Noticing that
q(0) = 2, inspired by [18], we first modify the nonlinear term to guarantee the boundedness of Palais-
Smale sequence of the corresponding functional and obtain infinitely many sign-changing solutions
of auxiliary problem by a version of the symmetric mountain pass lemma. Subsequently, we use the
Moser iteration to obtain the existence of infinitely many sign-changing solutions for problem (1.1).

Throughout this paper, let Bs; = {x||x] < 6} € Q and Qs = Q\ Bs. We use || - || to denote the usual
norms of H)(Q). The letter C stands for positive constant which may take different values at different
places.

2. The modified problem

According to g(0) = 2, it seems to be difficult to confirm whether the energy function /
corresponding to (1.1) satisfies the Palais-Smale condition or not.To apply variational methods, the
first step in proving Theorem 1.1 is modifying the nonlinear term to obtain the perturbation equation.
Since g(x) is a continuous function and ¢g* < 2*, we can choose r > 0 such that

r<min<{2" —¢g* 1 2.1)
N (- .
Let ¢(r) € C7 (R, [0, 1]) be a smooth even function with the following properties: (7) = 1 for [f] < 1,
Y(t) = 0 for |¢| > 2 and ¥(¢) is monotonically decreasing on the interval (0, +c0). Define

!
bu(t) = (), mu(t) = f b,u(T)dT,
0
for p € (0, 1]. We will deal with the modified problem

{ —Au = (L)'Ww—h, in Q,

my, ()

2.2
u=20, on 0Q. (2-2)

Theorem 2.1. Suppose that (Q,) and (Q») hold. Then, for any u € (0, 1], problem (2.2) has infinitely
many sign-changing solutions.

Let E := Hy(Q) be the usual Sobolev space endowed with the inner product (u,v) = f VuVvdx
Q

for u, v € E and the norm ||u|| := (u, u)%. Let P be the positive cone of E, and Y, M be two subspaces
of E withdim Y < oo, dim Y — codimM > 1. For any ¢ > 0, define +D(0) := {u € E : dist(u, +P) < 6}.
Set D := DO) U (-D()) and S = E\D. Let G € C!(E,R) and the gradient G’ be of the form
G'(u) = u — Kg(u), where K; : E — E is a continuous operator. Let K = {u € E : G'(u) = 0}
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and K[a,b] = {u € K : G(u) € [a,b]}. We assume that there is another norm || - ||. of E such that
|lul. < C.|lu|| for all u € E, where C. is a positive constant. Moreover, we assume that ||u,, — u*||, — 0
whenever u, — u* weakly in (E, || - ||). Write E = M, & M. Let

[aal | el
. + * y

0°(p) = {u eM: =
el loall + Dl

where p > 0, D, > 0 and p > 2 are fixed constants. Let us assume that 0** = Q*(0) N G? ¢ S and
Y = iQrLfG, where 8 = supG and G? = {u € E : G(u) < p}. Itis easy to see 8 > y. In addition, we
' Y

assume that

(A) Ke(£D(9)) € £D(6);
(A}) Assume that for any a, b > 0, there is a ¢; = ¢(a,b) > 0 such that G(u) < a and |[ull, < b =
llull < e
(A%) lim G(u) = —oo,supG :=f.
Y

ucy, |lul|—o0

Now we recall the following Palais-Smale condition and abstract critical point theorem (see
Definition 3.3 and Theorem 5.6 in [19]).

Definition 2.2. The functional G is said to satisfy the (w* — PS) condition if for any sequence {u,}
such that {G(u,)} is bounded and G'(u,) — 0, we have either {u,} is bounded and has a convergent

subsequence or |G’ (u,)||||u,l| — oo. In particular, if {G(u,)} — ¢, we say that (w* — PS). is satisfied.

Theorem 2.3. Assume that (A), (A}) and (A%) hold. If the even functional G satisfies the (W* — PS).
condition at level c for each c € [y,f], then Ky —e,B+ ] N (E\ (P U (=P)) # 0 for all € > 0 small.

LetO < A; <--- <A < --- denote the distinct Dirichlet eigenvalues of the eigenvalue problem

—Au=Au, in Q,
u=20, on 0Q.

Then each A; has finite multiplicity. In addition, the principal eigenvalue A, is simple with a positive
eigenfunction ¢, and the eigenfunctions ¢, corresponding to A;(k > 2) are sign-changing. Let N
denote the eigenspace of A;. Then dim N, < co. We fix k and let E;, := N @ N, & --- ® N;.

The formal energy functional 1, : Hy(€) — R associated with (2.2) is defined by

1
Iﬂ(u):—fqu|2dx—fF#(x,u)dx,
2 Ja Q

!
where f,(x,1) = (5= 11119021, F(x,1) = f fu(x,7)dr. Then I, € C'(E,R) and I/, = id — (~A)"" f;, =
0

l’l’l#(t)
id — Kj,. Obviously, the critical points of I, are just the weak solutions of problem (2.2).
Lemma 2.4. The function F,(x,t) defined above satisfies the following inequalities:
1
F ()C, t) < _tf (x’ t)’ F (-x’ t) <
H q(x) H H

fort >0, where C, > 0 is a positive constant.

1
200+ rtﬁ,(x, N+ Cy,
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Proof. Since b,(?) to is monotonically decreasing on the interval (0, +o0), we have

d ( t )_my(t)—tbﬂ(t)_t(b,,t(f)—by(t))w
dt\m»)  mo —  mon

for t > 0, where £ € (0, t). Therefore, —— is monotonically increasing on the interval (0, +o0). Hence,

m}l([)
r . . . .
% = (m;(t)) is also monotonically increasing on the interval (0, +c0). It follows that
U

! I AC R N 1
Fu(x.1) = fo Julx, Ddr < fo t’;(xﬁr"() ldr = 700 e . (2.3)

fort > 0.
By definition of the function m,,, we have m, (1) = */—: fort > /%, where A =1 + ff Y(t)dr. For t > /%
one has

2 i r
Fu(x,t)Zf f#(X,T)dT+f (E) 74+r=1 g
0 : A

2 r ! r
= f (fﬂ(x, T) — (%) Tq(")”_l) dr + f (%) 0=l gr
0 0

1fu(x, 1)
<C . 2.4
= Cut qx)+r 24
It implies from (2.3) and (2.4) that
Fu(x,1) < )T rtﬁl(x, nH+C,
fort > 0. |

Lemma 2.5. Suppose that (Q,) and (Q,) hold. Then, for any p € (0, 1], I, satisfies the (PS) condition.

Proof. Let {u,} be a (PS) sequence of /, in E. This means that there exists C > 0 such that
L) <C, I (u) > 0as n— oo (2.5)

From (2.1) and Lemma 2.4, we derive that
1 ’
Iy(un) - m(ly(un), Up)

r ) 1 1
= n - » Uy nd -C
2(2+r)||u I+ fg;(2+ rq(x)+ r)ﬁl(x tn X K

2
llunll” = Cy,

r
>
22+r)

which implies that lual> < C+C 1 +0(|lu,|]). We obtain {u,} is bounded in E. Up to a subsequence,

.
2(2+r)
we may assume that

u, = u, in E,
u, —> u, in L5(Q), 1<s<?2".
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For any integer pair (i, j), one has

i = will® = (L) = I (u)), u; — gy + fg (fulsur) = fu (o, u)) (i — uj)dx.
It follows from (2.5) that
(I () = L(up),u; —ujy > 0, as i, j— +oo. (2.6)
It is easy to see that
0 < e (K ot

Note that 2 < g(x) < g(x) + r < g* + r < 2*. It implies that

f (fuCoes ui) = fuCoe, up))(u; — uj)dx
Q
< C f (Ieee + gl + laal =+ ful Y gy = ) = 0 (2.7)
Q
as i and j tend to +oco. From (2.6) and (2.7), we have |lu; — u;]| — 0 as i, j — +oo, which implies that
{u,} contains a strongly convergent subsequence in E. Hence I, satisfies the (PS) condition. O

G, Y and M are taken to be I, Ex and E;- | in Theorem 2.3, respectively. Next we will complete the
proof of Theorem 2.1 by verifying the conditions of Theorem 2.3 one by one.

Lemma 2.6. Suppose that (Qy) holds. If we replace G, Y and M with I,, Ey and E- |, respectively,
then conditions (A7) and (A}) are satisfied.

Proof. Consider another norm ||u||. = ||ull; of E, s € (2,2*). Then ||lu|ly < C.||u|| for all u € E, where

C. > 0is a constant and ||, — u*||. — O whenever u, — u*weakly in (E, || - ||). Define B; = sup /,.. Let
Ey
el leelllleell
Qi(p)=ucE : —=+ — — =py,
el el + 2l

it is easy to obtain that there exists a constant ¢; > 0 such that |lull, < ¢, for any u € Qj(p). By

assumption (Q;) and definition of the function m,,, we have
|t|q(X) |t|q(X)+r

|[F,(x,0)| < + < |t|4(x) + |t|q(x)+r.
g qg(x)  gx)+r

f F,(x,u)dx
Q

By the Sobolev imbedding theorem, it implies from 2 < g(x) < g(x) + r < g* + r < 2* that

It implies that

< f (7 + |97 dx. (2.8)
Q

f U7 dx < f (" + |u? ") dx. (2.9)
Q Q
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Set Q. = {x € Q2 < g(x) < 2 + &}. By the Holder inequality and the Sobolev imbedding theorem, we

f ' dx = f ul*™ dx + f ™ dx

Q Q. Q\Q,

f (| + |u**®) dx + f (" + |ul?") dx
Q. Q\Q,

f lu|> dx + f (u*® + [u|”) dx
Q. Q

CIO) = [l + f(lulm + [ul") dx. (2.10)
Q

have

IA

IA

IA

Since Qg = {0}, we obtain |2, = 0 as € — 0. Therefore, there exists £y > 0 such that

2%2 1
Q.7 < — 2.11
€2 | ic (2.11)

for any € € (0, &). From (2.8)-(2.11), for any a, b > 0, there is a ¢; = ¢i(a,b) > 0 such that I,(u) < a
and ||ull,++r < b = |lul| < c;. That is, condition (AY) is satisfied.
For ¢t > max {l, /%}, one has

2 ) )
Fu(x,0) = f Ju(x,7) dT+f (E) 241 g
0 % A

i r Ny
= f ( fulx, ) = (%) Tq<x)+"1) dr + f (%) =l gr
0 0

> 1 (E)r tq(x)+r

T gx)+r\A

> ! (E)r £
gt +r\A

Set Y = E;. Noticing that dim E; < oo and all norms of finite dimensional space are equivalent, it
implies that

1,(u) - 1 fF(x, u)dx L
Q

lul> — 2 [lull?

as ||u|| = oo, u € Ej. Therefore, Eliﬁ 1,(u) = —o0. So condition (A?) is satisfied. O
ucLky, ||uj|—o0

Let 0;" = Q;(p) N Ifj" cSandvy, = gflﬂ. SetP :={u€E :ulx)>0fora.ex € Q. Then, P(-P)
is the positive(negative) cone of E and weakly closed. By Lemma 5.4 in [19], there is an = n(5;) > 0
such that dist(Q™,P) = n > 0. We define +Dy(dp) := {u € E : dist(u, £P) < 9y}, where 9y is
determined by the following lemma.

Lemma 2.7. Under the assumption (Q,), there is a 69 € (0,n) such that K,ﬂ(i@o(do)) C +£Dy(dp).
Therefore, condition (A) is satisfied.
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Proof. Write u* = max{+u, 0}. For any 4 € E and each s € (2.2%], there exists a C; > 0 such that
lully < Cdist(u, ¥P). (2.12)

Let v = Kj,(u). Similar to the derivation of (2.8), (2.9) and (2.10), we have

f fulx, utwrdx < f |t |[v*|dx + f (|u+|‘+€+|u+|‘f+f—‘)|v+|dx. (2.13)
Q Qe Q

From (2.12) and (2.13), by the Holder inequality and the Sobolev imbedding theorem, we obtain

dist(v, —=P)|v"||

2
< vl

= (")
= ff#(x, uwrdx
< C[ f u*? |dx + 1578 + flu +||Z o 1)” |

1 +r—1
(|sz£|n il + 12 + a7 )||v+||

2+ qr+r
('Q |5 dist(u, ~P) + (dist(u, ~P)'** + (dist(u, —P))f”‘l) VIl
That is,
dist(K;, (u), =) < C (Ilezz*-z'*zdist(u, ~P) + (dist(u, ~P))** + (dist(u, —P))4*+r—1) ,

It follows from (2.11) that there exists a 6o € (0,7) such that dist(K;,(u), —F) < 6o for every u €
=Dy(dp). Similarly, dist(K;, (u), P) < &y for every u € Dy(6p). The conclusion follows. O

Now we are in a position to prove the main result of this section.

Proof of Theorem 2.1. By Theorem 2.3, Lemmas 2.5, 2.6 and 2.7, we obtain
Klyi—&.pi+elN(E\NPUP) #0

for all £ > 0 small. That is, there exists a u;, € E \ (P U (=P) (sign-changing critical point) such that
[(uy) =0, L(wy) € Iy — 1, + 11,

where y; = 1an I,. Next we show the y; — oo as k — oo. Recall the Gagliardo-Nirenberg inequality,
k

llls < cllulllldl™,  u € E. (2.14)

where s € (2,2") and a € (0, 1) is defined by

1 I 1

;:(E_N)m Li—w. 2.15)
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In addition, for u € E;", we see that |jul, < /I}Tllull. Combine (2.14) with (2.15), we have
k

lJul

572 < el AR we B

For u € Q;(p), by the Sobolev imbedding theorem, we deduce from (2.16) that

It implies that

IA

IA

IA

IA

IA

luell3 el
loelP® Jjaell + A%]jull

aal el ”””3||u||s—2
2 K
2(/eell X faall )12 MNuel
1/2

ul|l|\u
QAL+ 2
2
Cllul 5 i
——— + Clull;
20, )12

1/2
Pl L

s—2 1—(1=a)(s-2)/2
B O e 7] R
B *7s k
2112

max {Ci/z/l]:ﬁk/zllulla 2C$C§_2/l,:(]_a)(S_Z)/ZHI/t”S_z} )

llull = AT T,

(2.16)

(2.17)

(2.18)

where A* = min {C;l/z,2‘1/(8‘2)C;2/(‘Y_2)c;‘}, T, = min {/lf"/z,/ljcl_“)/z} and 7 = min {p,p”(s‘z)}. From

(2.8)-(2.11), we know that

f F,(x,u)dx
o)

1 .
< P +C f W dx, ucE.
4 Q

We can choose that p > 0 such that p < g=. For any u € Q;(p), we see that [Jull}/||ul* < p. Therefore,
for any u € Q;(p), it implies from (2.18) that

AIMS Mathematics

1
1, (u) Ellullz—fF,l(x,u)dx
Q

1 .
> ?MP—cjﬁm“dx
Q
1 e
> |ullf|- - C——
4 [[eel|?
1 2
> Z—Cp [[ael|
1
> gllull2
1
> gm;wan
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Since A; — oo as k — oo, we obtain T} = min {/lf"/z,/lg_“)/z} — o0 as k — oo. Therefore, y; — oo
as k — oo. Hence, for any u € (0, 1], problem (2.2) has infinitely many sign-changing solutions. The
proof is complete. O

3. A priori estimate and proof of Theorem 1.1

In this section, we will show that solutions of auxiliary problem (2.2) are indeed solutions of
original problem (1.1). For this purpose, we need the following uniform L*-estimate for critical points
of the functional 1,.

Proposition 3.1. Suppose that (Qy) and (Q») hold. If v is a critical point of 1, with I,(v) < L, then
there exists a positive constant M = M(L) independent of u such that ||v|| ) < M.

In order to prove Proposition 3.1, we need some preliminaries.
Lemma 3.2. Suppose that (Qy) and (Q,) hold. If 1,(v) < L and I;l(v) = 0, then, for any 6 € (0, dy),

there exists Cs > 0 independent of u such that f |Vv[*dx < Cs.
Qs

Proof. By Lemma 2.4 and (Q,), we have

’ v
L > 1 (v)—<l (v),—>
! 7 q(x)
11 Ju(x, v)v
= - — — |VV|2d.x+f( -F (X,V) d'x
fg(Z q(X)) a\ qx) .
1 1
— — ——||Vv]’dx
fg(Z q(X))I |
> f(l ! )|V *d (3.1)
> — — ——||Vv|°dx. .
Qs 2 g
According to (Q,), for any ¢ € (0, dy), we know that there exists ms > 0 such that % - ﬁ > mg for any
x € Qs. Therefore, we have
1 1
IVvPPdx < mj! f (— —~ —) IVvPdx < m5'L = C;.
Qs ° as\2 q(x) 0 °
The proof is complete. O

Lemma 3.3. Let 1 < p < ¥ and 0 < r < R. Suppose that the nonnegative functions w(x) and g(x)

2
satisfy g € LP(Bg) and

-Aw < g, in Bg. 3.2)
Then, we have

wll < C(IIWII w-2p )+|Ig||Lp(BR)), (3.3)
R\Dr

L2 (B,) L'N=2r (Bg\B

where C = C(N, p,R,r) > 0.
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Proof. Set ¢ = A[’\;’_’ ;;). Then, we have the following identity

NA+& _ Np ¢
N-2 N-2p p-1

(3.4)

Letp € Cg"(RN , [0, 1]) satisfies ¢(x) = 1 for [x| < r and ¢(x) = O for |x| > R. For any 6 > 0, multiply
inequality (3.2) by the test function ((w + 6)* — #)¢? and integrate to obtain

f VwV((w + 6)° — )p*)dx < f g((w + 0)° — 6)*dx. (3.5)
Br Br
By the Young inequality, we hace
f VwV((w + 6)° — 6)p?)dx
Br

= & | [VwPw+ 0 1*dx +2 f (W + 0)° — F)pVwVpdx

Br Br

4¢ e
Er P fBR ‘V(w +6)

Cf V(((w+0)§§l—9§+21)go)

Br

C(f (((w+0)f§l —9&21)90)1% dx)
B

R

v

2, &l &1
godx—Cf Viw+60) 2 (w+0) 2 oVedx

Bg

\%

2
dx-C f (w + 0|V dx
Br

N-2

2

—C | w+ 0 \Vy|dx. (3.6)

Bg

Accordingto 1 < p < % we have % > % It implies that

f g((w + 0 —F)p?dx < ||g||u<BR)( <(w+e)f—ef>n’i'w-"'dx)
Bgr Br
< ||g||U(BR>( ((w+9>f)v’3'soz5”zdx) : (3.7)
Br
Letting 6 — 0, we conclude from (3.5), (3.6) and (3.7) that
N-2
([ wetpssar)
Br
< Cf w§+l|v90|2dx+ CligllrBe) (f W”[iw%dx) ,
Bgr Bg
which implies that
N-2
( f w”fffz”goi’—vzdx) <C f Wi |VglPdx, (3.8)
BR BR
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or

N=2 p-1

+ EA 2
(f wN’(j;)gof\% 2dx) < Cllgllzr(sy (f W"pi‘P]édex) . (3.9)
BR BR

From (3.4), (3.8) and (3.9), we have

N-2p N-2p

N, N=-2)p
( f wNNgvgoﬁzdx) ! c( f W' |V<P|2dx) ’
Br Bg

N-2p

(N-2)p (N-2)p
C w2 dx ,
Bgr\B,

IA

or

N-2p

Np Np
( [ witg? zdx) < Clgllrian-
Br

Therefore, we obtain

N-2p

_Np “Npo
Wl < f wrmeidy| < C(IIWII (v=2p + llglleBR)).
25 (B, By LN (Bg\B,)

N=2p ( R\Dyr

The proof is complete. m|

Lemma 3.4. Suppose that (Q,) and (Q») hold. If 1,(v) < L and 1;,(v) = 0, then there exist 6, € (0, o)
and C > 0 independent of u such that f IVv[*dx < C forany & € (0, 6y).

Bs

Proof. It follows from Il’l(v) = 0 that v is a solution of problem (2.2). For any ¢ € (0, dy) and Bys C €,
let ¢ € C;(L,[0, 1]) satisfies ¢(x) = 1 for |x| < 6, ¢(x) = O for |x| > 26 and |V¢| < C for x € Q.
Multiply equation (2.2) by v¢* and integrate to obtain

f VywWVW(v¢H)dx = f kﬂ(x,v)v¢2dx§ f k,(x,v)vdx. (3.10)
Q Q

Bys

By the Young inequality, we have

f VvV(vgoz)dx
Q
f IVv[*@*dx + 2 f voVvVedx

f \Vv|*p*dx — f VAVo|dx

IVyv[dx — f vidx. (3.11)
2 Bs Bos

\%

%
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By definition of the function m,,, we know that m,(t) = ¢ for t < i and my, (1) > i fort > /lz Therefore,
we have

Ik, (x, V)| < C 01 < Cj?@* =1 < Pl * 1, (3.12)

for any u € (0, 1] and x € Q. From (3.10), (3.11) and (3.12), we obtain

IVv[’dx < C f k,(x,v)vdx + C f vdx<C [ 7 dx. (3.13)
Bs By Bys Bys
In order to complete our proof, we just need to prove that there exists 6, > 0 such that f W+ dx <

C.

By definition of the function k,, we obtain k,(x,7) > 1#~!. According to Lemma 2.4, (Q;) and
(Q,), for any 6 € (0, &), we have

L

%

1,
LAV)—-§<§KVXV>

f(ky(); 12 - K, (x, v)) dx
Q

1 1
fs;(i - ﬁ)k (x, v)vdx

.
— | A1 dx. (3.14)
2q* B

Y

Noticing that N > 3, from (Q,) and (2.1), we have

a(l+r)  a(l+7) <a/(4N+1) <(N+2)(4N+1) -

0< =
2—(+7r) 1-r 4N -1 24N - 1)
Therefore, we can choose p € (1, 13N1) satisfying
1- 1 TN +2
PAZD 5 and 0<Ped+n _IN¥2 (3.15)
p—1 2+r—p(l+r) 8

Let g5 = sup{q(x)|x € Bs}. It follows from (Q;) and (3.15) that there exists 63 < min{1, 6} such that

- -1+
+<pﬂ r) and 0< pM% r)

=" M%—1+ﬂ

(3.16)

for any ¢ € (0, 03). Using the Young inequality, we deduce from (3.14) and (3.16) that

Plg)+r=1)
pu(q(x)+r 1)
f|v|p(q(x)+r—1)dx — f(|x|a|v|q(x)) q(x) |X| dx
B5 35

palg(x)+r-1)

lx|* ¥ dx + C f | x|~ @00 dx

IA

Bs
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pa(qF+r-1)
< C | MH9dx+C | |x| $7GDdx
B B;s
N— palgF+r-1)
< 2¢°CL+C§ %7+, (3.17)

for any ¢ € (0, 03). According to (3.12) and (3.17), for any ¢ € (0, J3), we obtain
1k, Cx, Wlzr ;) < Cs. (3.18)

Since —Av = k,(x,v) in Bs. By Lemma 3.2 and Lemma 3.3, for any ¢’ € (0, ¢), it implies from (3.18)
that

IA
a

V|| ~ V|| w-2 + ||k, (x, v )
I ”LN—*%(B(V) I IIL S ) lIk,.(x, )HL/’(B(,))

IA
a

||V||L(N-2>p ) + [k (x, V)”LP(B(;))
6/

N-2p (Q

ZL*
< C f |Vv|2dx) + Cllk, (X, V|Loay)
Qg
< C, (3.19)

where 6 € (0, d3) and C = C(¢’, 9, N, p) > 0 is independent of u.
Ifs = N]X—’z’p > g* + r, using the Holder inequality, we are done. Otherwise, using the fact r < ﬁ <
5 provided by (2.1), we can choose oy € (0, 6) C (0, &) such that 7y = g +r—1 < 5. It follows

from (3.12) that

|k (x, V)| < CPv[™,
for any p € (0, 1] and x € B,,. Noticing that {; > 25,
obtain k,(x,v) € L?'(B,,). Similar to (3.19), we can choose o, € (0,0 ) to obtain

we have p; = % > 1. According to (3.19), we

||V||L§2(B(r2) <C,

where C = C(01, 03, N, p1) > 0 is independent of u and
_ Np _ N& S
N-2p; Nt1-24 (N-2)7

> 1. If {4 > ¢ + r, using the Holder inequality, we are done. Otherwise, repeating

{2 (1 =d1§1,

here d; = —(NZ)

7]
the above process and using a finite number of iterations, we obtain that there exist {y > 0 and o €
(0,07_1) such that §; > 2* > g* + r and ”V”L»‘k(Bak) < C, where C > 0 is independent of u. Using the
Holder inequality, we have

||V||Lq++r(3(,k) <C. (3.20)
Lets, = . It implies from (3.13) and (3.20) that

2
f [Vv|Pdx < C f W dx < C f V9 *dx < C,
Bs Bs B,

%

for any ¢ € (0, 9;). O
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Proof of Proposition 3.1. By Lemma 3.2 and Lemma 3.4, we obtain that there exists C > 0
independent of u such that

f |Vv[*dx < C. (3.21)
Q

Using the Sobolev embedding theorem, we have

o*

2
f V¥ dx < c( f IVvlza’x) <C. (3.22)
Q Q

Let s > 0and t = g* + r. According to (3.12), multiply equation (2.2) by v*5*!

f ViVt dx = f ky(x, vv**dx < C f V[**dx.
Q Q Q

and integrate to obtain

It implies that

1
f Vv dx = f VW Hldx < C f V[ dx. (3.23)
le) 2S +1 Q Q
On the one hand, by the Sobolev embedding theorem, we have
2
2 25 1 L+s)2 c (s 7 \*
[Vv|“v=dx = > | IV dx > 5 vl dx| . (3.24)
Q (1+5) Ja (145 \Ja
On the other hand, by the Holder inequality and (3.22), we have
12—72 2*2—l+2
f **dx < ( f |v|2*dx) ( f |v|2<1+s>2£i+zdx)
Q Q Q
< C( f |v|(1+“')2ddx) : (3.25)
Q

where d = 2242 > 1. According to (3.23), (3.24) and (3.25), we obtain

2 2d
*

2% " 2%
( f |v|“+s>2*dx) < +s))? ( f |v|(1+s)2ddx) ,
Q Q
which implies that

( f fpf(1+92 dx) < (C(1 + s)T ( f Ivl““)ddX) : (3.26)
Q Q

Now we carry out an iteration process. Set s; = d* — 1 for k = 1,2, ---. By (3.26), we have

yor 1 L \FT
(f |v|dk2*dx)d2 < (CdYF (f |v|dk Iy dx)d >
Q Q
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1 . 2
< TI,(Cd)yo ( f P dx)
Q

1

. - .\
< CEZad . gZi ( f v? dx) : (3.27)

Q
Since d > 1, the series Y, d/ and Y jd™/ are convergent. Letting k — oo, we conclude from (3.22)
=1 =1

and (3.27) that |||~y < M. The proof is complete. O

Proof of Theorem 1.1. By the proof of Theorem 2.1, for every integer k > 1, we know that problem
(2.2) has k sign-changing solutions uy, satisfying y; — 1 < I,(ux,) < Bx + 1. Consider the functional

Jw) 1 f v |2 d |u|1’(x) J
u) = — ul“dx — X.
2 Ja o p(x)

By definition of the function f,, we obtain |f,(x,)] > [f]9®!. It is easy to see that I,(u) < J(u).
Therefore, there exists a sequence of positive numbers {1’;} independent of u such that 5, + 1 < Y.
Let L, = max{Y,T,,---,Y}. By Proposition 3.1, there exists a positive constant M, = M;(Ly)

independent of u such that [|uy,l|;~q) < M. By definition of the function m,, we have m,(t) = t for
t< i Hence, problem (2.2) reduces to problem (1.1) for |¢| < ﬁ Letu < ZLMk It is easy to see that iy,
is indeed a sign-changing solution of problem (1.1). O
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