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1. Introduction

The new era of fixed point theory associated with metrics is now ineluctably associated with
medical biological sciences, abstract terminology, space analysis and epidemiological data mining
through engineering. This were often persisted by extending metric fixed point theory to a profusion
of literature from computational engineering, fluid mechanics, and medical science. Fixed point
theory has made a brief appearance as its own literature in the analysis of metric spaces, as keep
referring to many other mathematical groups. Popular uses of metric fixed point theory involve
defining and/or generalizing the various metric spaces and the notion of contractions. These
extensions are also rendered with the intended consequence of a deeper comprehension of the
geometric properties of Banach spaces, set theory, and non-expensive mappings.

A qualitative principle that concerns seeking conditions on the set .# structure and choosing a
mapping on .7 to get a fixed point is generally referred to as a fixed point theorem. The fixed point
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theory framework falls from the larger field of nonlinear functional analysis. Many of the natural
sciences and engineering physical questions are usually developed in the form of numerical and
analytical equations. Fixed-point assumptions find potential advantages in proving the existence of
the solutions of some differential and integral equations which occur in the analysis of heat and mass
transfer problems, chemical and electro-chemical processes, fluid dynamics, molecular physics and in
many other fields. In 2006, Mustafa and Sims [17] introduced the concept of ¢-metric space as a
generalization of metric space.

It is calculated that investigators get their fresh outputs from engineering mathematics and/or its
applications from ~ 60%. For example, non-linear integral equations: it has been commonly utilized
both in engineering and technology streams of all kinds. These are also appealing to researchers
because of the simplicity of using non-linear integral equations and/or their implementations for
approximation/numerical/data analysis strategies. In bio-medical sciences, evolution, database
technology and computational systems, the steady flow of non-linear integral equations will create
fresh avenues in broad directions. Non-linear integral equations are gradually becoming methods for
different aspects of hydrodynamics, cognitive science, respectively (see for example [20-36]). The
impetus of this work is to prove coupled coincidence point theorems for two mappings via rational
type contractions satisfying mixed g-monotone property which are the generalizations of theorems of
Chouhan and Richa Sharma [5] and extensions of some other existed results.

The basic definitions and propositions which are used to derive our main results are given below
and also note that ¢-metric and g-monotone property are denoted by ¥—metric and Z-monotone
property respectively through out this paper.

Definition 1.1. ( [17]) Let .# be a set wihch is nonempty and & : .# X .# X .# — R such that

(%) HNa,b,c) >0forall a,b,c € # with 9(a,b,c) =0ifa=>b =c;

(%) HNa,a,b) >0 forall a,b € .# witha # b;

(93) HNa,a,b) <HNa,b,c)forall a,b,c € .# with ¢ # b;

(%4) Ha,b,c) = HNa,c,b) =9%b,a,c)=c,a,b) = Hb,c,a) = Hc,b,a) forall a,b,c € A
(s) Ha,b,c) < HNa,d,d) +9d,b,c) forall a,b,c,d € A .

Then the pair (.#,9) is called a 9-metric space with ¥-metric ¢ on .#. Axioms () and (J5) are
referred to as the symmetry and the rectangle inequality (of ) respectively.

If (A ,<) is partially ordered set in the definition of -metric space, then (.Z,, <) is partially
ordered J-metric space.
Given a ¥-metric space (., 1), define

py(a,b) = Ha,b,b) + Ha,a,b) forall a,b,c € .. (1.1)

Then it is seen in [17] that ¢ is a metric on .#, and that the family of all J-balls {By(a,r) : a €
A, r > 0} is the base topology, called the ©-metric topology 7(#) on .#, where By(a,r) = {b € A :
¥a, b,b) < r}. Further, it was shown that the #-metric topology coincides with the metric topology
induced by the metric ¥}, which allows us to readily transform many concepts from metric spaces into
J-metric space.

Definition 1.2. ([17]) If a sequence {(a,) ;> in (.#,1}) converges to an element p € ./ in the J-metric

topology 7(:), then (a,) ;- , is called ¥-convergent with limit p.
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Proposition 1.1. ([17]) If (.#,?) is a J-metric space, then following are equivalent.

(1) ay) 2, is P¥-convergent to a;
>i1) Hay, ac,a) = 0 as k — oo;
(ii1) Hay, a,a) — 0 as k — oo;
(iv) ¥ay, ay,a) — 0 as k,n — oo.

Definition 1.3. ( [17]) A sequence {a,) in (. ,1)is called -Cauchy if for every o= > 0 there exists a
positive integer .4 such that ¥(ay, a,,a;) < o forall k,n,{ > A",

Proposition 1.2. ( [18]) If (.#, ) is a ¥-metric space,then (q,) is ¥-Cauchy if and only if for every
o > 0, there exists a positive integer .#” such that ¥(ay, a,, a,;) < o forall n,x > A",

Proposition 1.3. ( [17]) Every ©¥-convergent sequence in (.#, ) is -Cauchy.

Definition 1.4. ( [17]) If every ¢¥-Cauchy sequence in .# converges in .#, then (.#,1) is called
J-complete.

Proposition 1.4. ( [17]) If (#,9)is a ¥-metric space and A is a self-map on .#, then & is -
continuous at a point a € . iff the sequence(Z%a,) converges to HBa whenever (a,) converges to
a.

Proposition 1.5. ( [17]) The J-metric J(a, b, ¢) is continuous jointly in all the variables a, b and c.

Proposition 1.6. ([17]) If (.#,9) is a J-metric space, then

(i) if Ma,b,c) =0thena =b = c;
(i) Ha, b, c) < Ha,a, b) + Ha,a, c);
(iii) Ha, b, b) < 29(b, a, a);
@iv) Ha,b,c) < Ha, x,c) + IHx,b,c) forall a,b,c,x € A .

Definition 1.5. ( [6]) Let (.#, ) be a 9-metric space and 2" : .# X .# — .# be a mapping on
M X A . Then 2 is called continuous if the sequence (2 (a,, b,)) converge to 2 (a, b) whenever the
sequences {a,) and {b,) are converge to a and b respectively.

Definition 1.6. ([11]) Let .# be a set which is nonempty and X" : 4 X M — M, B : M — M be
two mappings. Then .2 is said to be commute with Z it 2" (Ba, Bb) = B(Z (a,b)).

Definition 1.7. ([11]) Let .# be a set which is nonempty setand 2" : A X M — M, B : M — N
be two mappings. Then 2" is said to have mixed 8-monotone property if

ai,ar € M, Ba; < Ba, = X (ay,b) < Z (ay,b)
and
bi,by € M, PBby, < $Bby, = X (b1,a) > X (b,,a)
forall a,b e A .

If # is an identity mapping in the above deinition, then 2" has mixed monotone property.

Definition 1.8. ( [2]) If .# is a set which is nonempty and 2" : .# X .#4 — ./ is a mapping such
that 2 (a,b) = a and 2 (b,a) = b, then (a,b) € .# x .# is called coupled fixed point of 2 .
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Definition 1.9. ( [17]) If .# is a set which is nonempty set and 2" : A X M — M, B . M — M
are two mappings such that 2 (a, b) = PBa and 2 (b, a) = $Bb, then (a,b) € .# X .# is called coupled
coincidence point of 2" and A.

If % is an identity mapping in the above definition, then (a, b) is called coupled fixed point of a
mapping 2.

2. Main results

Theorem 2.1. Let (#, 9, <) be a partially ordered complete O-metric space and X~ : M X M — M,
B . M — M be two continuous mappings such that Z~ has mixed FB-monotone property and

(i) there exist a,B,y € [0,1) and L > 0 with 8a + B + v < 1 such that

NZ (x,y), X (u,v), Z(w,z)) 2.1)

NB, X (x,y), X (3,0))NBu, X (u,v), Z (uy))HNBw, 2 (w,2), 2 (w,2))
[HPBx,PBu,Bw))? + Bﬁ(%x’ %u’ %W)’

<a
By, Bv, B2) + Lmin{ﬂ(%’x, D, v), 2w, 2)), N Bu, Z(x,y), X (w, 2)),
HWBw, Z(x,9), X (u,v)), N Bx, X (x,y), X (x,y)),
9B, 2 ), 2,0, (B, 20,0, 20,
forall x,y,u,v,w,z € M with Bx > Bu > Bw and By < Bv < Bz,

(ii) X (M < M) B(MH);
(iii) B commutes with Z .

If there exist xq,yg € M such that Bxy < X (xo,y0) and Byy > Z (yo, Xo), then X and P have a
coupled coincidence point in M X M .

Proof. Let x( and yy be any two elements in .# such that Zx, < 2 (x0,y0) and Byy = 2 (yo, X0)-
Since X' (M x M) € B(M ), we construct two sequences (x,)o, and (y,)s>, in .Z as follows:

Bxp1 = X (X, y) and By = Z (e, x,) for k € N,
Since 2" has mixed Z-monotone property, we have

‘@xk = %(XK—I’YK—I) < '%(xmyk—l) < %(xkayk) = %-x/ﬁl
and f@ylﬁl = ‘%'())K9 xK) < %()’K—l, xK) < cQf(yk—l’ xl(—l) = %yk

Now using (2.1) with x = x,, y =y, u =w = x,_; and v = 7z = y,_, we get

ﬁ(%xk+l9 %xm '%xk) = ﬁ(%(xk»yk)9 tQ//(xk—l’yk—lx e2{'()@(—1’)}/&1))

a 19(f%xk,<%<xk,yk)a %'(xk,yk))ﬁ(ﬂxk—l 2 (X1 V=1 ), 2 (X1 Vi)V BX-1, X (X1 Ye=1)5 2 (X1 Ye=1))
[ﬂ(@xk!gxk—l ’%-XK—l )]2

+ﬁﬂ('@xk» ’@xk—l’ '%xk—l) + yﬂ(‘%yk’ t%)/K—b «@)’K—l)

<

+ Lmin{ﬂ(%xk, %(Xx—l,yk—l), cfo(xk—l’yk—l)), ﬁ(‘@xk—19 ‘%'('xlo yk)’ %(xk—l’yk—l)),
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ﬂ(’%xk—l ’ <%-(XK, yK)’ <%.(-)CK—I ,)’K—l))’ ﬁ(ﬂxm %(XK, yK)’ V{a//‘(yka xK))7
N Bxy-1, %(xx—l,yk—l), %(xk—19yk—l))’ N Bx,-1, «%(xk—l,yk—l), %(xk—19yk—l))}

= W B X BXicr 1y Bt 1)) N B X~ 1 x B X BX )N B X~ 1, B X PBXil)
- [ﬂ(%x,(,%’x,(,l at%xkfl )]2

+ﬁﬂ('%xk7 @XK—I 5 '@XK—I) + yﬂ(’@ym f@yx—l 5 %yk—l)
N Lmin{ﬁ(@xk, B, B, N Be1, Bxesr, B,

ﬁ(%xk—l9 %xlﬁl, '%xk))9 ﬁ(%xm %x/&l’ '%-xk+l),
OB 1, Bxs B, B 1, B, 5|

<8 N B X1, B Xy BX YN PBX 0, B~ 1 By YN B X0, B X~ 1y BX—1)
- [HBxi(, Bxi—1,Bxi-1)])

+ﬁﬁ(%'xk5 '@xk—l’ %xK—l) + )’ﬁ(«@ym %yk—l’ %yk—l)

so that

1
ﬂ('@xK+l s gg-xm ’%'XK) < m[ﬁﬂ('@xka @XK—] s %-xk—l) + )’ﬂ(e@)’m f%yk—l s %yk—l)] (22)

Similarly,

<
ﬂ(%ylﬁl’%yk’%yk) T (1-8a)

[,319(%)% %yk—l’ c%yk—l) + Yﬁ(%xm ‘%xk—l’ ‘%xk—l)] (23)

Adding (2.2) and (2.3), we have

ﬁ(‘@xk+la %'xk, ‘@XK) + ﬁ(%y/&l, %yk’ <@yk) (24)
< LB By, B ) + I B By, Bl
— o
_ _ Bty
Let AK - ﬁ(%xk+la<@xk’ @xk) + ﬂ(‘@yk+l’ %yk’ %yk) and c= 1 _ 8&’

where 0 < ¢ < 1 inview of choice of «, 8 and .

Now the inequality (2.4) becomes as follows

A, <cA,_ forkeN

Consequently A, < A < ?Ayp < ... < Ay

If Ay = 0, we have N HBx,, Bxy, Bxo) + NBy1, Byo, Byo) =0

or WL (xo,¥0), Bxo, Bxo) + HZ (o, X0), Byo, Byo) = 0 which implies that Z (xo,yo) = Hx, and
2 (yo, X0) = AByo.

That is, (xo, yo) is a coupled coincidence point of 2~ and 4.

Suppose that Ay > 0.

Now by applying rectangle inequality of ©#-metric repeatedly and using inequality A, < ¢*Ay, we have

ﬂ(@xn’ gg-xm '%XK) + ﬂ('@yna @)’K, e@yk) < [ﬂ(’@xK+1’ '%xKa ’@XK) + ﬁ(f@xna ’@xk+l’ @xk+l)]
+ [HBYr1, By BYi) + N By, BYis1s BYiri)]
S[0(<%XK+1’ ‘@xk5 %xk) + ﬁ(‘%'xk+25 %x/ﬁl, =%x/&l) + ﬁ(%xn’ c%)CIGZ’ %-XI&Z)]
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[ﬁ('@ykﬂa '-@yk, @yk) + ﬁ(f%yl&% @ykﬂ, @ykﬂ) + 0(@)777’ «%)ymz, e%)sz)]

S[ﬁ@@xk+l, ggxka %xk) + ﬁ(gx/&% %)C,H_l, ‘@XK+1) te- T+ ﬁ(@xm <@xn—la %xn—l)]
[ﬁ(ﬁykﬂa @yk, @yk) + ﬂ(«@y:@z, %ykﬂ’ @)’KH) +-e+ ﬁ(@yna f%yn—l’ %yn—l)]
:AK + A/<+l + AK+2 +oeeet An—l

<[+ - A
1
<c*- Ay fornp >«
1-c¢
or .
HNBxy, Bxe, Bx) + HByy, By, Byi) < - ; A, for n > k. (2.5)
—-c

Since0 <c < 1,6 — 0ask — oo.

Now applying limit as k — oo with 1 > « in the inequality (2.5), we have

W B Xy, BX, Bx)+NBYy, By, By) < 0 which follows that (x,)° | and (y,)>2, are cauchy sequences
in .

Since (., 1) is a partially ordered complete ¢-metric space, there exist p,q € .# such that x, — p
and y, — g.

Now we prove that (p, g) is a coupled coincidence point of 2~ and 4.

Since 2" commutes with &4, we have

%(‘%XK’ %yk) = ‘%(%’(xk’yk)) = ‘%(‘%XK-F])
and
%(«%)ym '%XK) = «@(%(ymxk)) = %(%ykﬂ)

Since 2" and & are continuous, we have

lim 2 (Bxc, By = lim B(Bx1) = Bp

K—00

and
lim «%(%ym %XK) = lim %(%ylﬁl) = %q

Snice ¥ is continuous in all its variables, we have
NZ (p,q), Bp, Bp) = 9(lim X (Bx, By.), Bp, Bp)) = HHBp, Bp, BDp)
so that

NZ (p,q), Bp, Bp) =0

which implies that 2 (p, q) = Ap.
Similarly, it can be proved that 2 (¢, p) = #Aq.
Hence (p, q) is a coupled coincidence point of 2~ and A. O

Remark 2.1. (i.) If we assume 4 is an identity mapping and y = 0 in the Theorem 2.1, then we get
Theorem 3.1 in the results of the Chouhan and Richa Sharma [5];
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(ii.) If we take, « = 0 and 8 = @, v = B in the Theorem 2.1, we get Theorem 3.1 in the results of
Chandok et al. [3];
(iii.) By taking ¥y = 0 and L = 0, we get Theorem 2.1 in the results of Chakrabarti [4].

That is Theorem 2.1 is generalization and extension of above three results.

The following is the example to illusrative Theorem 2.1.

07 = =4
Example 2.1. Let . = [0, 1], with 9-metric 9(x,y,2) = 4 = > ° .
max{x,y, z},otherwise.

Define partial order on X as x > y for any x,y € .# . Then(.#, 9, <) is a partially ordered {-complete.

+9 X Z
Define 2" : M x M — M by X (x,y) = {307+ .y
0 otherwise

and B : M — M by Bx = 7.

Then clearly 2", Z are continuous and 2" satisfies mixed Z-monotone property. We show that 2~
satisfies the inequality (2.1) witha ==y = _,%2 sothat 0 < 8a + S +7y < 1 and for any L > 0.
Let x,y,z,u,v,w € .# besuchthat x >u >wandy <v < z.

We discuss four cases:

Case (): If x > y,u > vand w > z then we have 2°(x,y) = 5535, 2 W,v) = 34 and
2 W,2) = 35
X u w
ﬁ(e%/(x,)’),c%(u, V)a %(Wa Z)) - max{3(y2 + 2)’ 3(v2 + 2)’ 3(22 + 2)}
X
3032 +2)
1 16wux x

u
< 4=
pHle ity

_ i HBx, X (xY), X )N Bu, Z (), Z (uv))HNBw, X W,2),Z (w,2))
- 32 [N Bx,Bu,Bw)]>

1 1
+ 3—219(%’)6, PBu, Bw) + ﬁﬂ(%y, By, Bz)

<i N Bx, X (x,y), Z 0,0))NBu, X (uy),Z (uv))yHNBw, 2 w,2),Z w,z))
—32 [N Bx, Bu,Bw)]>

+ S%ﬁ(%’x, Bu, Bw) + %ﬁ(@y, Bv, Bz)

" Lmin{ﬁ(%’x, D, v), 2w, 20), B, X (%, y), 2 (w, 2)),
HBw, Z(x,9), X (u,v)), N Bx, Z(x,y), X (x,y)),
OB, 2 0), 20,0, DB, 20,2, 2 0,0}

Case (ii): If x > y,u > v and w < z then we have 2 (x,y) = m 2 (u,v) = 3(v§‘+2) and 2 (w,z) =0
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X u
L ), 2 s v), 2 (w,2)) = m"x{w2 +2) 302 + 2>’O}
X
307 +2)

<L 16wux+f+z
320 2 4 4

< i HBx, X (x), X 3,))NBu, X (), Z (uv))YHNBw, 2 W,2),Z (W,2))
—32 [N Bx, Bu, Bw)]*

+ %ﬁ(%x, PBu, Bw) + %ﬂ(%y, Bv, Bz)

n Lmin{ﬂ(%x, D, v), X (w, 2)), N Bu, X (x,y), X (w,2)),
HBw, Z(x,y), X (u,v)), Bx, Z (x,y), Z (x,y)),
OB 2,0, 200, 9B, 2,2, 200,

Case (iii): If x > y,u < v and w < z, then we have 2 (x,y) = m, 2 (u,v) =0and Z°(w,2) =0
X
NZ (x,y),Z (u,v), Z(w,z2) = max{ ———,0,0
(22 (W), 2 (,2)) {3(y2+2) }
X
32 +2)
1 16wux x u
<=l + -+ -]
32" x? 4 4
<L NBx, X (x,y), Z 3,0))HBu, Z (uy), Z (uy)HNBw,Z (w,2),Z (W,2))
=132 [H(PBx,PBu, Bw)]?

1 1
+ iﬁ(%’x, PBu, Bw) + ﬁﬂ(%y, By, Bz)

+ Lmin{ﬂ(%x, Z(u,v), W, 2)), N Bu, X (x,y), Z (w,z)),
HBw, X (x,y), Z (u,v)), Bx, X (x,y), X (x,Y)),
NBu, Z (u,v), Z (u,v)), (Bw, Z w,z), Z (w, Z))}

Case (iv): If x < y,u <vand w < z, then Z'(x,y) = Z (u,v) = 0and 2 (w,z) = 0, it follows

that

_x
307+2)°

1 N L , 7. 9" 7.
(Bx, 2 (), X G 0)HPBu, X (), 2 . v))I(Bw, 2 (w,2), 2 (W,2))
ﬂ(%(x, y), (%(u, V),%(W, Z)) < 321 X Xy X)) [ﬂu(ggx:%];’ggw;l]; HLw W,z W,z

1 1
+ ﬁﬂ(%’x, LBu, Bw) + iﬁ(%’y, By, Bz)

+ Lmin{ﬂ(,@x, D), 2w, 2)), B, X (x, ), X (w, 2),
NBw, X (x,y), Z (u,v)), (Bx, X (x,y), Z (x,¥)),
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NPBu, & (u,v), Z (u,v)), (Bw, Z (w,z), Z (w, z))}

In similar manner, the cases x < y,u > v,w > z; x < y,u < v,w > z and all others can be handled.
Thus 2" and # satify all the conditions of Theorem 2.1 and also note that (0,0) is a coupled
coincidence point of 2~ and 4.

Theorem 2.2. Let (A, 9, <) be a partially ordered complete O-metric space and X~ : M X M — M,
B . M — M be two continuous mappings such that 2~ has mixed FB-monotone property and

(i) there exist a,B,y € [0,1) and L > 0 with 2a + B + v < 1 such that

WL (x,y), Z (u,v), Zw,2z)) (2.6)

HNBx, X (x,y), Z @)1+ HBu, Z (uv), Z (u )1+ HBw, Z (w,2), Z (w,2))]
sa (142K Bx,Bu,Bw)]? +ﬁﬁ(%'x PBu '%)W)’

+ yNRBy, Bv, Bz) + Lmin{H(Bx, Z (u,v), Z W, 2)), Bu, X (x,y), Z (W, 2)),
HNBx, X (x,y), X (x,), HBu, X (u,v), Z (u,v))}
forall x,y,u,v,w,z € M with Bx > Bu > Bw and By < Bv < Bz,

(it) Z (M x M) C g(M);
(iii) P commutes with 2 .

If there exist xo,yg € M such that Bxy < X (xo,y0) and Byy > Z (yo, Xo), then X and P have a
coupled coincidence point in M X M .

Proof. Let x( and y, be any two elements in .# such that Zx, < 2 (x0,y0) and Byy = 2 (yo, X0)-
Since X' (M x M) € B(AM), we constuct two sequences (X,).-, and (y,):, in .# as follows:

Bxy1 = X (X, y) and By = L (e, x) for k € N,

Since £ has mixed Z-monotone property, we have

%xk = %(Xx—l,yk—l) < <%‘(xkayk—l) < %(Xx,yk) = %x/&l
and %ylﬁl = %(y/axk) < %()’K—l’xx) < %@K—I’xk—l) = ‘%yk

Now using (2.1) with x = x,,y = y,, u =w = x,_; and v = 7 = y,_, we get

ﬁ(%x/&lw@xm %'xk) = ﬁ(%(xmyk) C%'(xk 1> Yk— 1) %(xk 1> Yi— 1))

< ﬂ(eﬁxx J(x,( YK) %(xk }K))[1+l9(jxl( 1, %(xk 1.Yk— 1) %(XK 1 Yk— l))][1+19(=5xl< 5 J(-xk 15Yk— s %(XK LsYk— )]
< (142K Bx, B X1, PBx-1))?

+ﬁﬂ(‘%xk5 %XK—19 =%xk—l) + yﬂ(%ym %yk—l’ =@yk—l)
+ Lmin{ﬁ(%xm <Q//'(xk—l’yk—l), <Q//'(xk—layk—l))’ ﬁ(@xk—l7 %(XK’ yk), %(-xk—l’yk—l))’
ﬂ(f@xm Jm//.(-xk’ yK) %()’K,XK)) ﬁ('@xk 1s %(-xk—layk—l)a '%.(xk—l’yk—l))}

ﬁ(@xk Bxyr 1y Bxer DN+ N Bxy—1, B X Bx )N+ N Bxy—1,B X PBx,)]
(142K Bx, B X1, Bxc-1)]?

+ﬁﬁ('@xk7 L@-XK—I’ @'XK—I) + yﬂ('@ym '@yK—la @yk—l)
+ Lmin{NBx, Bxy, Bx), HBX—1, BXys1, BXi),
29(<%x/<, %x/&la %-x/&l)’ ﬂ(%xk—l7 %-xk, %XK)}
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<a Zﬂ(‘%xk+l ’ggxksggxk)[l"'z'ﬂ(f@xm%xk—l w%_)xk—l )J[1+20('@xks°@x)(—l !'%xk—l )]
- [14+2K Bxy, Bx—1,PBx_1)]?

+ ﬁﬂ(‘%xka ‘@xk—la <%xk—l) + 719(93)% 93}&—1, %yk—l)

so that

N B X1, BX, BX,) < 120 (BHB X, Bxi1, BXio1) + YHPBY i BYi-1> BYi-1)] 2.7
Similarly,

HBYicr1, BYir By < 1-20) (BI(PBYc» By -1 BYi1) + YN B X, BX1, BXi-1)] (2.8)

Adding (2.7) and (2.8), we have

ﬂ(%x/&l’ ‘%-xlﬂ %-xk) + ﬁ(%ylﬁl’ %yk» %yk) (29)

= 1ﬁ—+2);y [ﬂ(ggxm %)CK_l, ‘@XK—I) + ﬂ(c%))’m <%7)’K—1, @yk—l)]'

Let Ay = H(Bxi1, By, Bx,) + N BYv1, By, By,) and ¢ = 18% where 0 < ¢ < 1 inview of choice
-2

of @, and .

Now the inequality (2.9) becomes as follows

A <c A forneN,

Consequently A, < cA_ < ?Aen < ... < KA.

If Ag = 0, we have W Bx,, Bxy, Bxy) + HBy\, Byo, By,) =0

or ﬂ(%()ﬂ),yo), %)Co, %XO) + ﬁ(%(yo, X()), %y(), <@yo) = 0 which 1mp11es that %(X(),yo) = %)CO and
2 (Yo, Xo0) = BYo.

That is, (xo, yo) is a coupled coincidence point of .2~ and 4.

Suppose that Ay > 0.

Now using repeated application of rectangle inequality of #-metric and inequality A, < ¢*Ay, we have

N Bx,, Bxg, Bx¢) + NBYy, By Bye) < [N BXyr1, BXi, BXi) + N BXyy BXs1s BXs1)]
+ [N BYir1, BYi» BY) + HBYys BYics1, BYis1))
S[HBxr1, BXir BX) + N BXr2, BXir1s BXyr1) + NPBXy, BXins BXs2)]
[(HBYir1, BYis BYi) + HBYir2s BYis1, BYr1) + By, Byir2, BYir2)]

S[ﬂ(%x/ﬁl, %-xka %xk) + ﬂ(‘%xk+2$ %x/ﬁl, %x/&l) tee Tt ﬁ(%xna %xr]—la %xn—l)]
[N BY i1, BYi» BYi) + N BYis2 BYis1, BYs1) + -+ + N Byy, Byn-1, By,y-1)]
=D+ Agrt + D + -+ Ay

Kk+1

<[+ 4+ A

<c*-

Ao forn >«
l-c

or

1
W B Xy, BXy, Bx) + NByy, By, Bye) < c* - 7

—C

Ay forn > k. (2.10)
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Since0 <c< 1,c¥ —> 0as k — .

Now applying limit as k — oo with n > « in the inequality (2.10), we have

HNBx,y, Bxe, Bx) + HNByy, By, By) < 0 which follows that (x,)  and (y,)>, are ¥—cauchy
sequences in .Z .

Since (., 1) is a partially ordered ©-complete, there exist a, b € .# such that x, — a and y, — b.
Now we prove that (a, b) is a coupled coincidence point of 2" and .

Since 2" commutes with %, we have

%(%xk’ f@yk) = %(%(xk’yk)) = %('@XK-F])
and
%(%yka %XK) = <@(3&/())/0 xK)) = @(%’}’KH)

Since 2" and % are continuous, we have

lim 2 (Bxe, By = lim B(Bx1) = Ba

K—00

and
lim 2 (ABy., Bx.) = im B(By..1) = Bb

Since ¥ 1s continuous in all its variables, we have

WA (a,b), Ba, Bb) = Hlim X (Bx, By.), Ba, Ba) = HPBa, Ba, Ba)

so that
NZ (a,b), Bb, Bb) =0

which implies that 2 (a, b) = Aa.
Similarly, it can be verified that 2 (b, a) = Ab.
Thus(a, b) is a coupled coincidence point of 2" and Z in A X M . O

Remark 2.2. If we take Z is an identity mapping and y = 0 in the Theorem 2.2, we get Theorem 3.1
in the results of the Chouhan and Richa Sharma [5].

Theorem 2.3. Let (#, 9, <) be a partially ordered complete O-metric space and X" : M X M — M,
B . M — M be two continuous mappings such that 2 has mixed J8-monotone property and

(i) there exist non negative real numbers ¥, ¥,, V3, ¥4, Vs, Y, V7, Vg and VYo with 0 < ¥, + ¥, +
Yi+¥,+¥Ps+Pe+¥Y +Ps+P <1 such that

ML (x,y), X (u,v), Z (w,2)) (2.11)
<p W PBx, Bu, Bw) + HRBy, Bv, Bz) Ly WL (x,y), X (u,v), Z W,2)) - HBx, Bu, Bw)
= 2 1+ N Bx, Bu, Bw) + H(By, Bv, Bz)

WL (x,y), X (u,v), Z Ww,2z)) - HBy, Bv, Bz) WNBx, Bx, X (x,y)) - HBx, Bu, Bw)
3 1 + HABx, Bu, Bw) + HRBy, Bv, Bz) ¥ 1 + HBx, Bu, Bw) + NRBy, Bv, Bz)’
WPBx, Bx, X (x,y)) - N By, Bv, Bz) N NBu, Bu, X (u,v)) - N Bx, Bu, Bw)

1 + N Bx, Bu, Bw) + N By, Bv, Bz)  °1 + HBx, Bu, Bw) + N By, Bv, B7)’

+‘I”5
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NPBu, Bu, X (u,v)) - N By, Bv, $Bz) g NPBw, Bw, Z (W, 2)) - NBx, Bu, Bw)
1 + N Bx, Bu, Bw) + N By, Bv, Bz) 1+ HBx, Bu, Bw) + N By, Bv, B7)
iy, WNBw, Bw, Z (W,2)) - NBy, Bv, Bz)
1 + N Bx, Bu, Bw) + HRBy, Bv, Bz)
forall x,y,u,v,w,z € M with Bx > Bu > Bw and By < Bv < Bz,

(it) Z (M x M) B(MH),
(iii) P commutes with 2 .

+ ¥,

If there exist xo,yg € M such that Bxy < X (xo,y0) and Byy = Z (Yo, Xo), then X and P have a
coupled coincidence point in M X M .

Proof. Let x( and y, be any two elements in .# such that Zx, < 2 (xo,y0) and Byy < Z (yo, Xo)-

Since X' (M X M) < g(.H'), we constuct two sequences (x,),-, and (y,):>, in .# as follows:

Bxep1 = X (X, y0) and By = Z (e, x) for k € N,

Since £ has mixed Z-monotone property, we have

’@xk = %(xk—layk—l) < %(XK’)’K—l) < %(xmyk) = @XK+1
and t%ylﬁl = %()’mxk) < %(yk—l’xk) < %@K—l’xk—l) = %))’K

Now using 2.11) withx = x., y =y, u =w=x,;and v = 7 = y,_1, we get

HBXr1, BXis Bxi) = HZ (X, Yi)» £ (X1, YVie1)s X (Xim15 Yi-1))
NBx» B, Bxc1) + NBY e, BYi—1, BYi-1)
1
2
N (X i)y X (X1, Yi-1)s X (X1, Yi1)) * N B X, BX—1, BXi-1)
1 + HBx, Bxi1, Bxi1) + N By, BYi-1> BYi-1) ,
ML (X Yi)s & Xmts Yim1)s & (et Yiem1)) = N By, BYi—15 BYi-1)
1+ NBx, BXy-r, BXe1) + NBY i, BYi-1> BYr-1)
NBXs BXis X (X, Vi) - N B, Bxi—1, BXi—1)
1 + N Bxe, Bxe—1, BXy1) + HBYy, BYi-1, BYi-1)
Y NPBxe, B X (X Yi) * NBYis BYi-1s BYyi-1)
1 + HBx, BXio1, Bxi1) + N BY i, BYi-1> BYi-1)
Y NBX—1s BXy—1s X (X1, Y1) * N BXyey BX—1, BXi—1)
1+ DB, B, Bet) + N B Byt Bit)
W B X1, BXiety X (Xi15 Y1) * N BY i, BY i1, BYi-1)
1 + N Bxy, BXy-1, Bxi1) + HBY i, BYi-1> BYi-1)
W B X1, BXy—1s X (X1, Y1) * N BXy BX1, BX—1)
1+ N Bxg, BXo1, Bxer) + By, BYi1, BYi-1)
NPBX1, Bty X (X1, Yi-1)) * HBY s BYi-1, BYi-1)
1 + HNBxy, BXyor, BXi1) + NBY i, BY-1> BYi-1)

<Y

+ ¥,

+\I"3

+ ¥y

+ ¥,

+ Wg

+lP9

0(%)6/0 ‘%xk—la ‘@xk—l) + ﬂ(%ym %yk—l’ <%yk—l)
2

P,
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W BXii1, BXyr BX,) » N B Xy BXy—1, BXi—1)
1+ N B, Bxor, Bxir) + N BYss BYt, BYur)
N B X i1, By BXi) » NBYir BYi—1, BYi—1)
1 + N Bxe, BXr—1, BX1) + HPBYs BYi-1, BYi-1)
W PBxy, Bxe, BXei1) - NBxy, BX—1, BXe_1)
1+ N Bxs Bxt, Bx1) + N By o BYt, Byet)’
W BXs B, BXir1) - N BY i, BY i1, BYi-1)
1 + HBx, BXio1, Bxi1) + W BY i, BYi-1> BYi-1)
NBx-1, BXo1, BX) + N PBX, BX—1, BXi1)
1+ HBx, Bxo1, Bxcor) + N By, By, BYi-t)’
W BX—1, BXe1, BXi) - NBYy, BYi—1, BYr-1)
1 + N Bxe, BXy—1, BXio1) + HBYi, BYi—1, BYi-1)
Ly WBX—1, BXi—1, BX) » W PBX(, BX—1, BXi—1)
1 + HBxv, BXo1, Bxir) + HBYr BY i1, BYi1)
W B X1, BXeo1, BXy) - N PBYir BYi—1, BYi-1)
1+ N B, Bxt, Bx1) + N B o Byt BYir)

+¥

+W¥;

—+

+\P5

+ V¥

+ ¥,

+

0(%)610 %xk—l’ ‘%'xk—l) + ﬁ(%yk’ <@yk—l, %))’K—l)
1
2
+ \P2ﬁ(%'xk+l7 %-xk7 %xk) + T30(<%xk+l’ ‘@xka %xk) + \P4ﬂ(<@xk+l’ %xk, <@)CK)

+ \PSﬁ(@xkﬂ > '@XK’ '@XK) + lP60(f@xk—l > ’%XK—I’ '@XK) + lI’70(f@xk—l > ‘%XK—I’ ’@XK)
+ \PSﬁ(%xk—h %xx—l, '@xk) + \Ij9ﬁ(%xk—l’ %xx—l, ‘%-xk)

<Y

so that
NBx.... Bx.. B %+%+%+%+%ﬁ% PBx._.. B 2.12
< .
( Xi+15s Xis xK) = [1 — (\Pz + \P_o, + lP4 + \PS)] ( Xis Xe—1s xK—]) ( )
Y,
+ HBY,, By, By,
= (T, 2 ¥, 1 0, 7 05)] ) P Bt Byi)
Similarly,
HNBy..,. By, B %+%+%+%+%ﬂ% By, | B 2.13
< .
( }’K+1, yk’ yk) = [1 _ (lPZ + \P3 + \P4 + \PS)] ( )’K, yK—l’ yk—l) ( )
Y,

ﬂ(‘%'xk’ ‘%xk—l$ %xk—l)

T = (P + Fs + Py + Fs)]
Adding (2.12) and (2.13), we have
ﬂ(%-x/&l#@xm ggxk) + 19(93)’/@1, @ym %yk) (214)

< Y+ W+ W7+ W+
Tl + Y3+ +Ys)

[0(%)6/0 ‘%xk—la %xk—l) + ﬂ(%%o %yk—l, %yk—l)]-

Y +¥Y+¥;+¥Ps+¥
Let Ay = N PBx1, Bxe, Bx) + N BYi1, By, By,) and ¢ = L 6 U 8 ? where 0 < ¢ <

1 —(\P2+\P3+\P4+\P5)
1 inview of choice of ¥, V5, ¥, ¥4, ¥s, Y6, V7, ¥g and V.
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Now the inequality (2.14) becomes as follows

A <c A forneN,

Consequently A, < cA < ?An < ... < XA,

If Ay = 0, we have 19(%’)61, %XO, %XO) + ﬁ(%yl, %yo, «@)’o) =0,

or 19(:%-()60,)70), @Xo, %Xo) + 19(3{()/0, )C()), e%y(), ,@yo) = 0 which 1mphes that %(X(),yo) = @Xo and
2 (yo, Xo) = Byo.

That is, (x, yo) is a coupled coincidence point of 2~ and .

Suppose that Ay > 0.

Now using rectangle inequality of -metric repeatedly and inequality A, < c“Ay, we have

NBxy, BXys BX) + HBYy, By BY) < [N PBXr1, BXiey BX,) + N B Xy, BXr1s BXis1)]
+ [HBYr1, BYi» BYi) + HBYys BYir1s BYir1)]
<[HBxes1, BXy, Bx) + N BXys2y BXs1, BXis1) + N BXy, BXyiny BXyi2)]
[(H(BYir15 BYi» BYi) + HRBYiv2, BYis15 BYir1) + By, BYis2, BYir2)]

S[ﬁ('@xk+l’ ‘@XK’ '%xk) + ﬂ(f@x/ﬁ% '%-xk+1’ f%x/&l) t+ee T+ ﬂ('%xn’ t%-xn—l’ f%xn—l)]
[ﬂ(%ylﬁl’ %yk’ %yk) + ﬁ(%ylﬁ% %ylﬁl’ %ylﬁl) +--F ﬂ(%yn’ %yn—l’ %yn—l)]

=Ac+ At + Agp + -+ Ay

<[+ -+ T A

<cc.

Ao forn > «
1-c

or

1
W B Xy, BXy, BX) + NByy, By, Bye) < c* - 7

—C

A for n > «. (2.15)

Since0<c<1,c¥— 0ask— oo.

Now applying limit as k — oo with n > « in the inequality (2.15), we have

W Bxy, Bxc, Bx) + N By, By, By) < 0 which follows that (x>, and (y,);2, are ¥—cauchy
sequences in .7 .

Since (. ,1) is a partially ordered complete J-metric space, there exist r, s € .# such that x, — r
and y, — s.

Now we prove that (r, s) is a coupled coincidence point of 2~ and 4.

Since 2" commutes with &4, we have

r%/(’@xm'@y:J = «@(%(XK’)’K)) = '%(’%XK+1)
and

%(%yk’ %-xk) = %(%Q’K, XK)) = 93(%)’“1)
Since 2" and & are continuous, we have

lim & (Bxe, By,) = lim B(Bx1) = Br

K—00

and
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lim 2 (By,, Bx,) = lim B(PBy.1) = Bs
Since ¥ is continuous in all its variables, we have
WL (r,s), Br, Bs) = 9(lim X (PBx,, By.), Br, Br) = HPBr, Br, Br),

so that
WNE (r,s), Br,Bs) =0

which implies that 2 (r, s) = Ar.
Similarly, it can be proved that 2 (s, r) = As.
Hence (s, r) is a coupled coincidence point of .2 and A. O

Taking @ = 0, L = 0 and 4 is an identity mapping in Theorem 2.1, we get

Corollary 2.1. Let (.#,1, <) be a partially ordered complete -metric space and 2" : A4 X M — A
be a continuous mapping such that 2~ has mixed monotone property and there exist 8,y € [0, 1) with
B+ v < 1 such that

WL (x,y), X (u,v), Z (w,2)) < BIHx, u,w) + yy, v, 2). (2.16)

If there exist xg, Yo € .# such that xo < 2 (x9,y0) and yo = Z (yo, Xo), then 2" has a coupled fixed
pointin .Z X . .

3. An application to system of nonlinear integral equations
Consider the following system of nonlinear integral equations:
f(s) = q(s) + foa Als, DIZA(@, f(0) + 2a(1, g(1)]dt, (3.1)
8(s) = q(s) + foa Als, L2 (1, 8(1) + Za(2, f(1)]d1,

se€[0,L],L>0.

Let .# = C ([0, L], R) be the class of all real valued continuous functions on [0, L].
Define

Ha, b, c) =sup{la(s) — b(s)| /s € [0, L1}x + sup{|b(s) — c(s)| /s € [0, L]}
+ supflc(s) —a(s)| /s € [0, L]}

and the partial ordered relation on .Z as
a<boa(s)<b(s)foralla,be # and s € [0, L]. 3.2)

Then (., ¥, <) is a partially ordered complete J-metric space. We make the following assumptions:

(a) The mappings 27 : [0,L] xR - R, 25 :[0,L] xR - R,g:[0,L] > RandA:[0,L] xR —
[0, 00) are continuous;
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(b) there exist ¢ > 0 and 3,y € [0, 1) with 8 + v < 1 such that

0< Zi(s,b)— Zi(s,a) < cB(b - a)
0< Z5(s,a) — Z5(s,b) < cy(b - a)

for all aL,b e Rwithb>aand s € [0, L];
(c) esupt [, A(s,n)dr = s € [0, L]} < 1;
(d) there exists uy and vy in . such that

L
up(s) > g(s) + f ACs, [ 21 (1, up(2)) + 2 (1, vo(1))1dt,
0

L
vo(s) < q(s) + f A(s, DLZA (1, vo(0) + 2o (8, uo(D))1dt.
0

Then the system (3.1) has a solution in .# X .# where .# = C ([0, L],R). To achieve this, define
XM M — M as

L
Z(f, 9)(s) = q(s) + f A(s, [ 212, f(1) + Z5(t, g(t)]dt for all f,g € .# and s € [0,L]. (3.3)
0

Using condition (b), it can be shown that .2~ has mixed monotone property. Now for x, y, u,v,w,z € 4
withx>u>w,y<v<gz

WL (x,y), Z (u,v), Z'(W,2)) = sup{| Z (x,y)(s) = Z (u,v)(s)| /s € [0, L]}
+ sup{|.Z (u, v)(s) = Z (W, 2)(s)| /s € [0, L]} + sup{| 2" (w, 2)(s) — Z (x,y)(s)| /s € [0, L]}

L L
= sup{ f A, D[ 21, x(1) + Z5(t, y(1))1dt - f A(s, D[ Z1(t, u(t)) + Z5(t, v(1))]dt| /s € [0, L]}
0 0

L

L
f A(s, D238, u(@®)) + Z5(t, v(0)]d1 — f A(s, D212, w(D) + Z(1, (1)) 1d1
0 0

+ supf /s €10, L]}

L L
+ supf f A, D21, w(@t) + Zo(t, z(1)1dt - f AGs, [ 24 (t, x(1)) + Z5(t, y(H)]dt| /s € [0, L]}
0 0

L
f [Z1(t, x(1)) — 211, u(t))]‘ |A(s, D)l dt/s € [0, L]}
0

< sup{

L
+sup f [Z25(t, y(1)) — Za(t, v)]| 1A(s, Dl dt/s € [0, L]}
0

L
+ sup{ f [Z1(t, u(®)) — 21, w)]| 1A(s, Dl dt/s € [0, L}
0

+ sup

L
f [Z25(8, v(D)) — Za(1, Z(t))]‘ |A(s, Dl dt/s € [0, L]}
0

L
[ 126w - i a0
0

+ supf |[A(s, B)|dt/s € [0, L]}
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L
fo [ 221, 2(0) - %z(t,y(t))]‘ |A(s, Dl dt/s € [0, L]}

+ sup

L L
<cp Sup{fo Ix(1) — u()l1A(s, Dl dt/s € [0, L]} + cy Sup{fo (@) —v(Ol1A(s, Dl dt/s € [0, L]}
L L
+f Sup{f u(?) = w(@Ol|A(s, Dl dt/s € [0, L]} + cy Sup{f V(1) = z(Ol1A(s, D)l dt/s € [0, L]}
0 0

L L
+ B supl fo () = x(O]1AGs, Dl /s € [0, L} + cy sup| fo 12) — YOI ACs, Dl di/s € [0, L]}

< B[ sup{lx(s) — u(s)l /s € [0, L]} + supflu(s) — w(s)| /s € [0, L]}
+ sup{|w(s) — x(s) /s € [0, L]}] - SUP{fL (s, vl dt/s € [0, L]}
+ [ supily(s) = v(s)l /s € [0, L]} + SUP{IVES) —z(s)l /s €10, L]}
+ sup{lz(s) — y(s) /s € [0, L]}] - Sup{j;L |A(s, )l dt/s € [0, L]}

< B[ sup{|x(s) — u(s)| /s € [0, L1} + sup{lu(s) — w(s)| /s € [0, L]} + sup{|w(s) — x(s)| /s € [0, L]]
+ v sup{ly(s) = v(s)| /s € [0, L]} + sup{[v(s) — z(s)| /s € [0, L]} + sup{|z(s) — y(s)| /s € [0, L]]
= BI(x, u, w) + y(y, v, z)

So that
NE (x,y), Z(u,v), Z (w,2)) <BHx,u,w) + vy, v,z)

Hence all the conditions of Corollary 2.1 are satisfied. Therefore, 2" has a coupled fixed point in
M X A . In other words, the system (3.1) of nonlinear integral equations has a solution in .#Z X .Z .
The aforesaid application is illustrated by the following example:

Example 3.1. Let .# = C([0, 1],R), Now consider the integral equation in .# as

$+7 ! 1? 2
2 (f,8)(s) = ) + j(; m[f(f) + 20+ 3]dl- (3.4)

Then clearly the above equation is in the form of following equation:
L
Z(f,8)(s) = q(s) + f A(s, DL, f(1) + Za(t,8(1)1dt for all f, g € A and s € [0, L],
0

21, s)=s, Z>(t,s) == and L=1.

_ 47 _
where g(s) = &, A(s, 1) = p

2
4 m’
That is, (3.4) is a special case of (3.3) in Theorem 3.1.
Here it is easy to verify that the functions ¢(s), A(s,?), Z1(t,s) and Z5(t,s) are continuous.
1 1

Moreover, there existc =9, =3 and y =3 with f+vy <1 such that

0< Zi(s,b)— Zi(s,a) < cB(b - a)
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0< Z5(s,a) — Z5(s,b) < cy(b - a)

foralla,b € Rwithb > aand s € [0, 1].
and

2

L 1
t
csup{f0 A(s,t)dt : s € [0, L]} =9 sup{fO mdt. s €[0,1]}.

1
=9 sup{m S [0, 1]} < 1.

Thus the conditions (a), (b) and (c) of Theorem 3.1 are satisfied.
Now consider uy(s) = 1 and vy(s) = 1. Then we have

+ 1/1 HIZ (@, vo() + Z5(¢ t]dt—S3+7+ IL[1+g]alt
q(s) JS (s, DLZ1 (2, vo(2)) 2(t, up(1))]dt = ) JZ s+ 3) )

$+7 1
+ >1
4 48(s + 3)

That is, vo < Z (vo, up). Similarly, it can be shown that uy > 2 (ug, vo).
Thus all the conditions of Theorem 3.1 are satisfied. It follows that the integral Eq (3.4) has a
solution in .#Z x .# with .# = C([0, 1], R).

4. Conclusions

Some coupled coincidence point theorems for two mappings established using rational type
contractions in the setting of partially ordered ¢ —metric spaces. By considering ¢ —metric space, we
propose a fairly simple solution for a system of nonlinear integral equations by using fixed point
technique. Moreover, supporting example (exact solution) is provided to strengthen our obtained
results.
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