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1. Introduction

One of the most fascinating areas of Complex analysis is the study of geometric characterization of
univalent functions in the open unit disc U. Because of the challenging problem in studying the class
S -1y of univalent functions in U as a whole, several subclasses of it emerged. The most studied of
these are the classes Ccy, Ss7, Coy(B) and Ss7(8) (0 < B8 < 1) of convex functions, starlike functions
and, convex and starlike functions of order S, respectively. Since the image domains of U plays a
significant role in their geometric characterization, various subclasses of S (;_;) have been receiving
attention in different directions and perspectives (see [4, 6,20, 23,28, 32,33,36-38]). For this reason,
Ma and Minda [17] gave a unified treatment of both Sz and Ccy. They considered the class ¥ of
analytic univalent functions ¥(g) with Rey(¢) > 0 and for which y/(U) is symmetric with respect to the
real axis and starlike with respect to ¥(0) such that ¥’(0) > 0. They initiated the following classes of
functions that generalized and unified many renowned subclasses of S (j_jy:

S W) = {f ca: L6 w@}

1)
and .
Cev(¥) = {f e A: (gjf, ((g))) <y )}
where A is the class of analytic functions f(¢) of the form
GETEIS (1.1)
n=2
If
_ 1+ 8
w(s) = 1+—(1 0g \r)

then Ccy(¥) = UCYV is the Goodman class of uniformly convex functions [8, 30] which was later
modified and examined by Kanas and Wisniowska [13,14]. Similarly, S T,i(s) = §* (72 ). CViyi(s) =

C ((1 )(O < § < 1), are made-known by Kanas and Ebadian [15, 16], respectively. These consist of
functlons f € A such that ¢f'(s)/ f(s) and (sf'(s)) /f'(s) lie in the domain bounded by the right

branch of a hyperbola
. 1 s
H(s)={0e?eCio=——, |6 < =}.
(s) { Gty 2}

More special families of Ma and Minda classes can be found in [3,9, 10,24-26,31,34,39].

Recently, Kanas et al [18] introduced novel subclasses ST ,(s) and CVy(s) of Sgr and Ccy,
respectively.  Geometrically, they consist of functions f(¢) € A such that ¢f'(¢)/f(s) and
(sf'(s))'/f'(s) lie in the region bounded by the limagon defined as

AL,(U) = {u vivi [(u=12+ V2 = s"P =48 (u—-1+ s>+ vz]}, sel-1,11-{0} (1.2

as shown in Figure 1 for different values of s. s = 0.35,0.5,0.6,0.71,0.75 and 1 corresponds to blue,
red, green, gray, yellow and black. Some novel properties of these classes were derived in [18].
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Figure 1. Image representing dL,(U) for different values of s.

Motivated by this present work and other aforementioned articles, the goal in this paper is to
continue with the investigation of some interesting properties of the classes ST ,(s) and CV,(s). To
this end, the sharp bounds of the Hankel determinant, subordination conditions as well as some radius
results for these novel classes are investigated.

2. Materials and method

To put our investigations in a clear perspective, some preliminaries and definitions are presented as
follows:
Denoted by ‘W is the class of analytic functions

W)= Y wis', GeU 2.1)
n=1

such that w(0) = 0 and |w(g)| < 1. These functions are known as Schwarz functions. If f(¢) and g(s)
are analytic functions in U, then f(¢) is subordinate to g(g) (written as f(g) < g(s)) if there exists a
Schwarz function w(g) € W such that f(5) = g(w(s)), ¢ € U.

Janowski [12] introduced the class P(A5,B5), —1< B5 < Ay <1 of functions p(s) satisfying the

subordination condition
1+As¢

1+BD§,

p(s) <
or equivalently, satisfying the inequality
1- ADBDI”2 < (AD — Ba)}"
1-Bo*2 17 1-By*?

As a special cases, P(1,—1) = P and P(1 —28,—1) = P(8) (0 < B < 1) are the classes of functions of
positive real part and that whose real part is greater than g, respectively (see [7]).

, lgl<rO<r<l). (2.2)

p(s) —
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Definition 2.1. Noonan and Thomas [22] defined for ¢ > 1,n > 1, the qth Hankel determinant of
f(s) € §1_1 of the form (1.1) as follows:

6}’! 6n+1 oo 6n+q_1
6n 1 6n 2 e 611 -2

Hm=| "~ (2.3)
6n+q—1 6n+q—2 oo 5n+2q—2

This determinant has been studied by many researchers. In particular Babalola [2] obtained the
sharp bounds of H;(1) for the classes S g7 and Ccy. By this definition, H5(1) is given as:

01 0 03
Hi(1) = |62 03 04
03 04 05

= 03(6204 — 03) — 64(04 — 0203) + 65(03 — 63), &1 =1,
and the by triangle inequality,
[H3(D < 165110264 — 851 + 164l 164 — 6263] + 165|165 — 5. (2.4)

Clearly, one can see that H,(1) = |03 — 6§| is a particular instance of the well-known Fekete Szego
functional |65 — 63, where u is a real number.

Definition 2.2. [I8] Let p(¢) =1 + i c,s". Then p € P(Ly) if and only if
n=1

p(e) <(1+s¢), 0<s< % seU,
or equivalently, if p(¢) satisfies the inequality
Ip(e) =1l < 1-(1 -9
Demonstrated in [18], was the inclusion relation
weCilw=1l<1-(1=-s}cLU)c{weC:|w-1] < +s)?*-1} (2.5)

It is worthy of note that the function L(¢) = (1 + s¢)? is the analytic characterization of Ly(U) given
by (1.2). Also, L,(¢) is starlike and convex univalent in U for 0 < s < % Furthermore, L(s) € P(B),
where 8= (1-s)%, 0<s<3.

Definition 2.3. Let f € A. Then f € ST ;(s) if and only if

sf'(s) 1
PLy), O < —.
g € Pk O<s<—5

Also, f € CVy(s) if and only if

2f' () €S8STr(s), 0<s<

<
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Moreover, the integral representation of functions f € ST z(s) is given as

S -1
f(S‘)=S‘eXP( fo P dt), p € P(Ly),

t

while that of g € CVz(s) is given as

g(s) = ) @dz, feST(s).

Furthermore, the extremal functions for each of the classes are given by

Lyt -1
¥san(S) = gexp (ﬁ %dt), Vsn($) € ST(s)

2 2
_ gexp(_sgn ; S—gZ"), n=1.23.... (2.6)
n 2n
=¢+ égnﬂ + (n + 4)S2§2n+1 +
n 2n?

and for K, ,(g) € CVz(s),

* W (1)
Ks,n(g) = / dt’ \Ps,n(g) € STL(S)’ n= 1, 2’ 3’ e
0

s 2s
B n(n+1)g

2.7)

n+1

3. A set of lemmas
Lemma 3.1. [1] If w € ‘W is of the form (2.1), then for a real number o,
-0, for o< -1,
Wz—O‘WﬂS 1, for -1 <0<,
o for o>1.

When o < =1 or o > 1, equality holds if and only if w(s) = ¢ or one of its rotations. If -1 < o < 1,
then equality holds if and only if w(s) = ¢* or one of its rotations. Equality holds for o = —1 if and
only if w(g) = gl(ji—fcf) (0 < x < 1) or one of its rotations while for o = 1, equality holds if and only if
w(g) = —gl(i—:? (0 < x < 1) or one of its rotations.

Also, the sharp upper bound above can be improved as follows when —1 < o < 1:
wy —owil+ (L +o)w P <1 (-1 <o <0)

and
wy—owil+(1=)w P <1 (0<o<1).
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Lemma 3.2. [16] If w € ‘W is of the form (2.1), then for some complex numbers & and n such that
€l < Land || < 1,

wy = (1 —w})

and

ws = (1= w1 = &P — wi(1 — whé™

Lemma 3.3. [19, Theorem 3.4h, p. 132] Let q(5) be univalent in U and let 8 and ¢ be analytic in a
domain D containing q(U) with ¢(w) # 0, when w € q(U). Set
0(s) = ¢q'(s) - p(q(s)), h(s) = 0(q(s)) + O(s), and suppose that either

(i) h(s) is convex, or Q(g) is starlike,
(ii)

Re Sh'(s) Re(H’(q(c)) §Q’(§)

() w(g(e))  O()
If p(¢) is analytic in U with p(0) = q(0), p(U) C D and

0(p(s)) + sp'(9)e(p(s)) < 8(q(s)) + 54" (S)¢(q(s)) = h(s), (3.1

then p(s) < q(s), and q(s) is the best dominant in the sense that p <t = q < t for all t.
Lemma 3.4. [29] Let h(¢) = 1+ Z s, Gl =1+ Z d,s" and h(s) < G(s). If G(s) is univalent in
U and G(U) is convex, then |c,| < |d1| foralln>1.

Lemma 3.5. [11] Let w € ‘W. If \w(s)| attains its maximum value on the circle || = r at a point
Go € U, then we have ¢yw’(gp) = kw(sy), where k > 1.

Throughout this work f(¢) is taken to be of the form (1.1) while w(s) is of the form (2.1). In the
next sections, the main results are presented.

4. Coefficient results

In this section, we assume 0 < s < % First, we establish a few auxiliary results whose applications
will be needed hereafter.

Lemma 4.1. Let f € ST,(s). Then

(28),—
6 < 0= 1)‘,, n>2. (4.1)
Proof. From the definition of f € ST ,(s), we have
sf'(s)
]]:(g) =p(s), pePLy, (4.2)
where
p(g):=14+ci¢c+ et + ... 4.3)
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Comparing the coeflicients of ¢" in (4.2), it follows that
(I’l - 1)(5,, =Cp-1 t+ 526‘,1_2 + 53Cn_3 + -0+ 5n_1C1. (44)

It is obvious from Lemma 3.4 and the fact that IL(¢) is convex for 0 < s < % that

lc,l <25, n>1. 4.5)
Using this result in (4.4), we obtain
6] < = HZ_]:|5| Si=1,n>2 (4.6)
nl — ml = ) n= . .
n—1 po !

We need to show (4.1) by Mathematical induction. For this reason, assume (4.1) is true and proceed to
prove

(25)n
6;’[ S ) =
| +l| (I’l)’
From (4.6),
62| =lc1] < (29)1,
2s (25),
03] <—(1 +10,]) < ,
|3I_2( 62]) < 7]
2s (25)3
<—(1 <
04 < ) (1 + 02| +163]) < 3
and finally,
2s (2s),  (25)3 (28)p-1
Opt1] S— 1+ (28); + + +oo 4
Ol <7\ T+ @i+ ==+ = n—1)!
_(25)
ol
Therefore, )
(25)n
Ons1| < , > 2.
| +l| (n)'
Hence, by Mathematical induction, we have the desired result. m]

In view of Theorem 4.1 and the definition of functions in CV (), we are led to the following result.

Lemma 4.2. Let f € CV(s). Then

(28)n-1
Onl < , > 2.
|64 ) n
Lemma 4.3. Let f € ST,(s). Then
19s*
6204 — 03 < ———.
| 204 3| =12
The bound % is sharp for the function
2 323 T34
V;1(6) = ¢+ 2s¢ MR CM (4.7)
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Proof. For f € ST (s),

sf'(s) 2
= (1 +sw(9)), (4.8)
NACY,
where w € W. Comparing coefficients of ¢, ¢> and ¢° in (4.8), we arrive at
5 2 8 7
0, = 25wy, 03 = s(wz + Eswf) and 64 = §SW3 + gszwlwz + §s3w?. 4.9)

By Lemma 3.1, we obtain

16264 — 03] =

52 1 19
-?wm—wmem%ra—wm—MW+1wﬁlww—Eﬁw

Letx =w;, £ =y withO0 < x < 1and |y| < 1. Then the triangle inequality gives
6264 = &3] < F(x. Iy,

where
452 1 1
F(x, D) = TS(X(l — DA =P+ A =3 - D+ stzlyl(l - X))+ %szx“),

and
oF 4s

8|| 3

This means that ¥ (x, |y|) is increasing on the interval [0, 1]. So,

(2(1 -3 -2 -+ lsx 21 - )) > 0.

2

F(x, lyD S4Ts ((1 —xH(12 + x*(s — 4) + %szx“)
=F (%),

where
F'(x) = 2x(s + 8) + 195°x° > 0,

which implies that # (x) is an increasing function of x on [0, 1]. Consequently,

19s*
5,04 — 62 < —F )=
6204 — &3] 7:( )= o
O
Lemma 4.4. Let f € CV(s). Then
2
s
6204 — 03] < R
The bound % is sharp for the function
@=ctid+ oy (4.10)
K2(6)=¢ 3§ 20 S' .

AIMS Mathematics Volume 6, Issue 4, 3410-3431.
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Proof. From the definition of f € CV(s) and (4.9), it is easy to see that

1 1 1 1
|0204 — (5§| = gszw1w3 + §s3w%w2 - §s2w§ - §s4w‘1‘ .
The rest of the proof follows as in Theorem 4.3. O

Lemma 4.5. Let f € ST(s). Then
2s
|0203 — 04 < 3

The bound % is best possible for the function

2 7
Ya(s) =g+ §S§4 + Eszﬁ o 4.11)

Proof. From (4.9), a computation gives

7 8 15 2
0703 — 04 = 25%wy (wz — gswf) - gszwl (wz - ?SW%) - §SW3.

Employing Lemma 3.2, we write the expression for ws, and applying the triangle inequality together
with Lemma 3.1, we obtain

1452
0203 — 04] <

2
+ [ = = b+ x(1 - r] (4.12)

where we have taken w; = x, £ = y with 0 < x < 1 and |y| < 1. Let H(x, |y|) represents the right side
of (4.12). Then

OHx W) _ 4s o 5
—ﬁlyl =-3 (1-x)(1-x)<0.
Thus,
Hx, Iy) < H(x,0) := H(x),
where

14s%x . 2(1 = x%)s
3 3

It is clear that H(x) attains its maximum value at x = 2. Thus, H(x) < H (%) = 2. Consequently,

H(x) = and H'(x) = ?(h - 2x).

2s
[6203 — 4] < 3

O
Lemma 4.6. Let f € CV(s). Then
s
0203 — 04 < r
This bound cannot be improved since the function
1 1
Ki3(9) =¢+—s¢" + —s°¢" +... (4.13)

6 18
attains the equality.
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Proof. Using the definition of f € CV,(s) and (4.9), we find

5o — 8 1545 1, 1
— 04 = =W — =S5"Wiwy — —SsWs.
203 =04 = 7 SW — 3 W2 = 2 SWs
Letw; = x(0 <x < 1)and ¢ =y with |[y| < 1. Then applying Lemma 3.2 and following the procedure
of proof as in Theorem 4.5, we arrive at the desired result. m]

5. Fekete Szego inequality for the classes S 7 .(s) and CV,(s)

Lemma 5.1. Let f € ST (). Then for a real number p,

552

s2(5-8u)
2 8s

, for u<

2 S5s—2 5542
|03 — o5l <45, for o S U S,

%, for,uz%.
It is asserted also that
|53—p5§|+(u—5S_2)|52|23s, 5S+2<ﬂs§
and
|63—u6%|—( —SSSZZ)MZPSS, §<u<5s8:2.

These inequalities are sharp for the functions

A¥1(As), - for p & (—eo, %) U (352, 00),

A¥,,(Ag), for 22 << 22

AP (Ag), for p =32

N

1Q,(As),  for p =32,
where |A| = 1 and

sP() [sx+¢) Q) . [ sx+e)
P(s) _LS( 1+xg)’ Q.(c) _LS( 1+xg)’ 0<x<1

Proof. From (4.9), we have

s(8u—95)
o2 62 = sl - 2=
Then using Lemma 3.1 with o = @, we obtain the required result. O

For 4 = 1 in Theorem 5.1, we deduce the following sharp result.

Corollary 5.1. Let f € ST p(s). Then
|65 — 83| < 5.
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Lemma 5.2. Let f € CV(s). Then for a real number p,

$2(5-6p) 55=2
==, for p < 2=,
|63 —ud3l <44, for B2 <y <32
s2(6u=5) 5542
=, for pu >
It is asserted also that
55s—2 K 5s—2 5
83 — o3| + |u - &P <=, <u<=
03 ,U2| (,U 65 )|2| 3 65 M 6
and 5s+2 5 55 +2
s+ Ry s+
83 — uda| — (u - SHPP<S, T<u<
03 — 1 2| ( 65 )| 2| 3 5 M 65

These inequalities are sharp for the functions

/_le,l(/IS'), for JIRS (—oo, 52;2) U (52:2’ oo),

AK5(Ag), for 22 <y < 32

AP(Ag), for p =32

AQ.(As), for pu =32,
where |A| = 1 and

P _ o (g(x + g)) (cQ&©) _ (_ s(x+¢)
P (s) Nl+xs ) QU 1+ x¢
Proof. Using the definition of CV(s) and (4.9), we get

s(bu —5)
PR I W CTEE I

, we obtain the desired result. O

), 0<x<l1.

S

s(6u—5)

Then using Lemma 3.1 with oo = =5

For y = 1 in Theorem 5.2, we deduce the following sharp result.
Corollary 5.2. Let f € CV(s). Then
165 — &3] < %

Theorem 5.3. Let f € ST;(s). Then

2
|H5(1)| < ;—6(25 + 1)(57s + 125% + 465 + 34)

Proof. The proof is immediate from (2.4), Lemma 4.1, Lemma 4.3, Lemma 4.5 and Corollary 5.1. O

Theorem 5.4. Let f € CVy(s). Then

2

(Hs(1)| < ;E(Qs + 1)(125% + 65 +33)

Proof. The proof is straightforward from (2.4), Lemma 4.2, Lemma 4.4, Lemma 4.6 and Corollary 5.2.
|
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6. ST,(s)and CV,(s) radii

Theorem 6.1. The CV (s)-radius for the class S s7(8) (Where B = (1 — 5)?) is given by

1 fi V2-1
or s —_—
2425—52+ Vs*—453+652—4s+7° * V2

R1 =
1 _ \2-1
3 for s = 5

This radius is sharp for the functions given by

(1_2)%, for s # %,
fb(g) = \/i_]
l%z’ for s = T
Proof. Let f € Sg7(B). Then
sf'(s)

e P(B), B=(1-s)

f()
This means that there exists w € ‘W such that
') _, , 21 =pwls)
f() 1 =w(s)

b

Let

s/’ _ ()
f(s) '

Then by Schwarz lemma,

p(e)— 1] < 20=Pr.
1-r

It follows from logarithmic differentiation of (6.3) that

(')
)
It is known from [27] that for p € P(5),
’gp'(g) < 2(1 -pyr _
p) I (A=nd+0-28r)
Using this result together with (6.4), we write

(cf () 1' 2 =P+ -2p)r)
1) T A=-nd+1=-28)r)

sp'(s)
p) |

—1‘s|p(g>—1|+‘

We need to show that

(sf'())
2 27 _1l<1-8.
f(s) ‘ s1-p

However, it holds if
31 -28)r* +2Q2 +B)r—-1<0.

6.1)

(6.2)

(6.3)

(6.4)
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Let 7(r) = 3(1 =28)r* + 22 + B)r — 1. Then 7(0) = -1 < O and T(1) = 6 — 48 > 0 such that
7 (0)7 (1) < 0. Thus, there exists R; € [0, 1] such that

3(1 -28)R2 +2(2+B)R, -1 =0. (6.5)

Therefore, 3(1 — 28)r* + 2(2 + B)r — 1 < 0 for all r < R, and R, is the smallest roots of (6.5) given by
(6.1).
For sharpness, we consider the functions f;(¢) defined by (6.2). At the point z = R, we have

G
fo(s)

':1—(1—s)2.

O

Theorem 6.2. Let f € ST;(s). Then f € Ccy for all z in the disc |§| < R,, where R, is the positive
roots of the equation

S =3x + 3 - 5)sx — (1 =3s)x* = Bs+2)x+ 1 =0. (6.6)

Proof. For f € ST ,(s),

sf'(s) 2
=(1
9 (I + sw(s)),
where w € ‘W. Therefore
() 2 w'(s)
Re 79 >Re(1 + sw(g))” —2r T oo(c) (©)

2r(1 = w()P)

2
20 =) = a

where we have used the extension of Schwarz lemma (see [21]). Thus,

e(§f’(§))’ S d- sry’(1—r?) = 2r
&) = (A=sn-r?)

ift(1=sr)’A-r)=2r>0.Let7(r)=(1-sr (1 =r*)=2r. Then7(0)=1>0and 7(1) = -2 <0

with 7(0)7 (1) < 0. Therefore, there exists R, € [0, 1] such that (1 — sR)*(1 — R3) — 2R, = 0. Hence,
(1 — sr)>(1 — r*) = 2r > 0 holds for all r < R,, where R, is the smallest positive roots of (6.6). m]

R >0

Theorem 6.3. Let p € P. Then p € P(L;) for all 7 in the disc

2s — 5° V2
2

|§|<m, O0<s< (67)

Proof. Let p € P. Then
2r

1-r?

re(0,1).

© 1+ 72 <
PRSI =10

We want to prove that
Ip(e) =1 < 1=(1 -9
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Now,
1+7° 2r?
P(6) = 11 < |p(s) = 7=+ T
2r 2r?
1172 " 1-r2
_2r
-7
<1 —(1-ys)?

if (6.7) is satisfied. To show that the radius cannot be improved, we consider the function

1+g¢
Po($) = Tg
Then for ¢ = zi;;iz ,
2¢
py(6) = 1| = ’Tg‘ =25 -5,
which shows that equality is attained for (6.7). O

Corollary 6.1. The ST ;(s)-radius and CV ;(s)-radius for the classes of starlike and convex functions
are given by (6.7).

7. Some properties of the function L;(s)

Theorem 7.1. If p(s) is analytic in U with p(0) = 1 and satisfies the condition

Re(gp,(g)) <2 (7.1)
p(s) s—1
or - 5
Sp\§ s

Re( ) ) > 1 (7.2)
then p(s) < (1 + s¢)* for =1 < s < 0.
Proof. Let p(s) be defined by

p(s) = (1 + sw(s))’ (7.3)

Clearly, w(s) is analytic in U with w(0) = 0. To prove our result, it is required to show that |w(¢)| < 1
for all ¢ € U. From (7.3), a simple calculation gives

sp'(s) _ 2s¢w'(s)
p()  L+sw(e)

Suppose there exists a point ¢y € U such that

max [w(s)| = [w(so)l = 1.
[s1<lsol
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Then by Lemma 3.5, w(sy) = € and gow’(sp) = kw(sp). Thus,

sop'(s0) 2550w’ (50)
Re 2222507 _Re (22500 2507
e( (s0) ) (1+SW(§0))

1
=2k[1-R .
[l

S
—2k( )
> 1-s

2s
s—1°

This contradicts (7.1). Therefore, there exists no ¢y € U such that |[w(gp)| = 1. Thus |w(¢)| < 1in U, so
that p(¢) < (1 + s¢)? for =1 < s < 0.

Similarly,
’ 1
Re (2760 o (1~ Re ,
p(so) 1+ se®
<2k( > )
1+
2s
< )
s+ 1
which contradicts the assumption (7.2). Hence, the proof is completed. O

Following the discussion demonstrated by Sharma et al in [35] for Theorem 3, we present the
following results.

Theorem 7.2. Let -1 <B; < A5 <1,0<s< % and p(¢) = i:ggg Then p € P(Ly) if and only if

1-A5 1+ Ay
1-2s5+s*< <
ST T 1-Bs " 1+B5

<1+4+2s-s° (7.4)

or, equivalently, if and only if

25 — 82+ (1 - 5)"Bo, for Bo(Bo — Ay) <0,
Ay < (7.5)
25 — S2 + (1 + 25— S2)Ba, for BQ(BD - Aa) > 0.
Proof. The proof follows the techniques presented in [35, Theorem 3] O

For B = 0,A; = 0and By = —A,, we give the following consequences of Theorem 7.2.
Corollary 7.1.

(i) p(¢) =1+ Assc € P(L,) & 0 < Ay < 25— 5%
(ii) p(s) = 1/(1 + Bog) € P(L;) & (s*> —25)/(1 + 25 — s*) < B < 0.
(iii) p(¢) = (1 + Asg)/(1 — Asg) € P(Ly) & 0 < Ay < (25 — s2)/(2 + 25 — 7).
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Corollary 7.2. Let —1 < B < A5 < 1 and consider

sf'(¢) _ 1+As¢ and €f') _ 1+As¢
fle) 1+Bog () 1 +Bos

Then f € STy(s)and f € CV,(s), respectively if and only if conditions (7.4) or (7.5) is satisfied

Applying Corollary 7.1 along with the integral representation for the classes S7,(s) and CV z(s),
respectively, we present the following examples.

Example 7.3.
(i) For 0 < Ay < 2s — 52,
exp(Apg) — 1
£i(s) = sexp(hog) € ST,(s) and  fi(s) = p+a € CV(s).
(ii) For 3525 < B <0,
1
fi() = €STr(s) and fi(s) = =—log(l +Bog) € CVe(s).
1+ Bag Ba
(iii) For0 < A < 5272,
fi(e) = ———— € STy(s) and fo() = —=— € CV(s)
(1-4A5¢) 1 -Asg

8. Sufficient conditions and related results

Theorem 8.1. Let —1 < By < A5 <1, 0<s< % and p(s) be analytic in U with p(0) = 1 such that
, 1+ As¢
1+psp'(§) < ——=—= (p € R\{0}, € V). 8.1)
1+ Bog

If

Ay —-Bo

lol > (8.2)

~ 2s(1-5)(1-[Bs)’
then p € P(Ly).
Proof. Let g(¢) = (1 + 5¢)%, 0 < s < % Then ¢g(g) is convex univalent in U. Consider the functions

¢(w) = p and B(w) = 1. These functions are both analytic in a domain containing g(U) with ¢(w) # O.
A computation shows that

0(s) = psq'(s) =2pss(1 +s¢) and h(s) =1+ psq'(s) = 1 +2ps¢(1 + 5).

Further, 0@ 1-2
s0'(s - 2s
0w T T Y
and 1 (s) 0'(s)
sn(§ S S
R =R 0.
o0 ok
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Using Lemma 3.3, the subordination condition

1 +psp'(s) <1+ psq'(s)

implies p(¢) < g(s). To complete the proof, it suffices to prove that the circular disc 2.2 is contained in
the region bounded by the curve h(e®) (6 € [0, 27)). To this end, we must show that

) 1 - A-B A5 —B
‘h(elg)_ aza 5 Ao 29_
1-B2 |~ 1-B}
Now,
- 1-A5B - - Bo(Ay — B
h(e"”) — —DZD = 2ps¢”(1 + se) + a(a—za)
1-B2 1-B2
IBol(As — Bo)
>2slpl(1 — §) — 202 T 70)
>2slp|(1 — ) 1= [BoF
Thus,
Bol(Ao —Bo) . As —Bo
2 1—1s5)— >
=9~ 5r 2 T Bor
if (8.2) is satisfied. i

Theorem 8.2. Let 0 < s < 1 and p(¢) be analytic in U with p(0) = 1 such that

1+ psp'(§) < (1 +56)° (p € R\{0}, 5 € V). (8.3)
If
2+
bl 2 55— (8.4)

then p € P(Ly).

Proof. Following the same arguments as in the proof of Theorem 8.1, we arrive at where to show that
(1+5¢)* < 1 +2ps¢(1 + 5¢) := h(s).

To achieve this, it is enough to show that the domain bounded by the limacon is inside the region
bounded by the curve h(e) (6 € [0, 2x)). As a result, we need to find p for which

lh(e®) =11 > (1 + 5)> - 1.

Now,
Ih(e™) — 1] =2|p|s|1 + se"|
>2|pls(1 = s)
>2s + 5
if 5
+ S
> . 8.5
lol = 0= (8.5)
O
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Theorem 8.3. Ler -1 <B; <A5<1, 0<s< \/% and p(g) be analytic in U with p(0) = 1 such that

L+ psp'(6) < (1 +56)* (p € R\{0}, 6 € V).

If
(2s + s2)(1 + |Bo|)?
> , 8.6
ol > == (8.6)
then L4 A
+ Ap¢
< .
p(s) 1+ Boc

Proof. Let q(¢) = ﬁT@;’i. We have that ¢g(g) is convex univalent in U. Therefore, following the method

of proof in Theorem 8.1, we arrive at where to show that

(Ao —Bo)s

A +Bogp 6

(1+s¢) <1+p

For this, we need to establish that the region bounded by the limagon lies inside the domain bounded
by the curve A(e) (6 € [0, 27r). A simple observation of (2.5) suggests it suffices to show

W) =11 > (1 + 5)*> - 1.

Now,
- Ay -Bo
h iy _ 1] =|o|—=2——=_
) = 11 ==
Ay -B
2|p|9—92_
(1+Bs)
But A —B
o — Po 2
——>(1+s)" -1
(1 +[Bol)?
provided (8.6) holds. This completes the proof. O
Theorem 8.4. Let 0 < s < %Fz and p(s) be analytic in U with p(0) = 1 such that
1+ gp((i) <(1+5¢? (peR\[0},¢ € U). (8.7)
S
If
2=s)(1+5)
lol > — (8.8)
then

p(e) < (1 + s¢)°.

Proof. Let g(¢) = (1+s5¢)%. Then g(s) is convex univalent in U. The function ¢(w) = p/w and 6(w) = 1
are analytic in the domain containing g(U). Set
sq'(§) 5¢

= ! = - 2
() = ¢q'(§)¢(q() = p o Plise

AIMS Mathematics Volume 6, Issue 4, 3410-3431.



3428

and )
sq'(s) 140058

0 .
q(s) I+ s¢

e§h’(§) _ RegQ’(g) S 1 S
(0](9) 0@c) 1+s

From Lemma 3.3, the differential subordination

h(s) = 6(q(s) + Q) = 1 +p

Then
R

sp'(s) <14 sq'(s)

1 _—,
TP h) ()

implies p(¢) < ¢(s). To finalize the proof, we need to prove

S¢

(1+s5¢)<1+2p , (8.9)
1+ s¢
which is equivalent to showing
Ly(U) c h(U).
It is easy to see that the transformation A(g) = 1 + p% maps U onto the disc D(a, r), where
1 - (1 +2Jo)s? 2lpls
a= - <1 and =1T_a
Therefore (8.9) holds if and only if
1-(1+2Jphs*>  2lpls
1 - )
1-s2 1 - s?
which implies
ol > (1+952-3%)
Iy 3 .
O

We choose to omit the proof of the next theorem since it follows the same argument as in
Theorem 8.3.

Theorem 8.5. Let —1 <B5; < A5 <1,0<s5< % and p(s) be analytic in U with p(0) = 1 such that

14 pS29) (14 5o (e R\(O).c € U).
p(s)
If
(1 +1A5D(1 + BoD(2s + 57)
> , 8.10
ol p— (8.10)
then 1+ A
+ Ad¢
U.
p(s) < 1+ Boc
Remark 8.1.
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@) If we put p(¢) = ¢f'(5)/f($) and p(¢) = (sf'($))'/f'(¢) in

Theorem 8.1-8.5, we obtain the conditions on p for which the respective subordination conditions
(8.1), (8.3) and (8.7) imply f € ST,(s) and f € CV(s).

(i1) We note that our condition 0 < 5 < % cannot be relaxed in Theorem 8.1 and Theorem 8.2.
Otherwise, starlikeness of Q will not be achieved. As such, the proof of the theorems will be

extremely difficult to obtain via Lemma 3.3.
9. Conclusion

The Ma and Minda classes of functions are the comprehensive generalization of the classes S g7 and
Ccy. These classes are vital in (GFT) because of their importance in science and technology. To this
end, continuous studies of their subfamily, which are related to Limacon domain were investigated.
Coefficients bounds, Fekete Szegd inequality as well as the upper bounds of the third Hankel
determinants for these subclasses were derived. Finally, the techniques of differential subordination
were also used to obtain some restrictions for which analytic functions belonged to these families. In
addition, to have more new theorems under present examinations, new generalization and applications
can be explored with some positive and novel outcomes in various fields of science, especially, in
applied mathematics. These new surveys will be presented in future research work being processed by
authors of the present paper.
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