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1. Introduction

In this work, we consider the even-order neutral differential equation with several delays

k
(PO (D)) + > ) f g (D) =0, (1.1)
i=1

where [ > lo, v() = u(D) + p(Du(r(l)),n > 4is an even integer, « € O}, :={a/b: a,b € Z" are odd}
and the following conditions are fulfilled:

(i) r is a differentiable real-valued function and p, 7, ¢; are continuous real-valued functions on
[l()’ OO),
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(i) 7 (1) =0, p(D) € [0, po], po is a constant, 7 (I) < [, and lim;_,, 7 () = oo;

(iii) g; € C([lp,),R), & () <1, g; () > 0 and lim;_,o, g; (/) = 003

(iv) f € CR,R), f(u) > ouP for u # 0, o is a positive constant, 3 is a ratio of odd positive integers;
and

fw r Y7 (s)ds < 0. (1.2)
lo

The function u € C ([/,,00)) with [, > [, is said to be a solution of (1.1) if u has the property
v e C 1, ), r(v(”‘”)a € C'[l,, o), and satisfies (1.1) on [/,, ). We consider only those solutions
u of (1.1) which satisty sup{lu (/)| : I > I} > O, for all [ > [,. As usual, a solution of (1.1) is called
oscillatory if it has arbitrarily large zeros, otherwise, it is called nonoscillatory.

In numerical models of various physical, organic, and intrinsic phenomena, differential equations
(even of the fourth order) are usually experienced. In particular, there are many applications of the
delay differential equation, for example, in elasticity problems, structural deformation principles, or
soil settlement; see [23, 24].

The oscillation and nonoscillation of higher-order functional differential equations have concerned
many authors, see [2-33]. A broad range of methods have been used to investigate the properties of
solutions to various groups of equations. As a matter of fact, equation (1.1) (i.e., half-linear/Emden-
Fowler differential equation) arises in a variety of real-world problems such as in the study of p-Laplace
equations non-Newtonian fluid theory, the turbulent flow of a polytrophic gas in a porous medium, and
so forth; see the following papers for more details [5—7].

Agarwal et al. [2] and Zhang et al. [29] investigated the oscillatory behavior of a higher-order
differential equation

(ro (")) + g @) =0, (1.3)

and considered the both cases (1.2) and
f r 7 (5)ds = . (1.4)
lo

In particular, assuming that 7 (/) < [, @« > £ and (1.2) holds, the results obtained by Zhang et al. [29]
ensure that every solution u of (1.3) is either oscillatory or satisfies lim;_,., u (/) = 0.
Meng and Xu [16] established oscillation criteria for even-order neutral differential equations

(a D )" w (l)), 1) f (o)) =0, (1.5)

wherew() =D +pDu(l—-7),a () =0, f(u)/ Ul u >k > 0, k is a constant and (1.4) holds.
Baculikova et al. [3] considered the equation

[r@ (" @) + a0 faEm) =0
and proved this equation is oscillatory if the first-order equation

ot (D)
n—Dra (r ()

Y (D) +qf (( ) flye @an)=0
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is oscillatory when (1.4) holds.
Moaaz et al. [21] investigated the oscillatory behavior of the equation

(@@ " DY + fluo @) = 0,

where 0 < p(l) < py < oo, |f(Il,u)] = g () |u|* and under the condition (1.4).

In this work, based on the Riccati substitution technique and comparison with delay equations of
first-order, we obtain new sufficient conditions for oscillation of (1.1). Unlike most of the previous
related works, we are interested in studying (1.1) in the noncanonical case (1.2). Examples illustrating
our new results are also given.

The following lemmas are needed in the proofs of our results:

Lemma 1.1. [1] Let ¢ € C"([ly, ) ,R"), ™ be of fixed sign and not identically zero on a subray of
[lo, 00), and y"Dy™ < 0 for 1 = Iy € [ly, o). If limye, (1) # 0, then

A
o2 g b

forevery 1 € (0,1)and l > I, € [[}, o).
Lemma 1.2. [20] Assume that s > 0, B> 0and A > 0. Then

1
Bs — As@tVle < o B”
- (a,_'_ 1)a+1 A

Lemma 1.3. [11, Lemma 1.1] Assume that f € C™ ([ly, ), (0, 0)) and f™ is eventually of one sign

for all large . Then, there exists a nonnegative integer h < m, with m + h even for f™ > 0, orm + h
odd for f™ < 0 such that

h > 0 vyields f® () >0fork=0,1,...,h -1,

and
h<m—1yields (-1)""* fOW0)>0fork=hh+1,...m—-1,

eventually.

Lemma 14. [11]Ifo € C" ([ly, ),(0,00)), P () >0,k =0,1,...,m and ¢V (I) < 0. Then,
A,
o)==l (),
m
for every A € (0, 1) eventually.
2. Main results

Let us define the following:

[ if @ >p;
() := { c; FOW) ifa<p,
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() := Cl;—a if @ > ;
U G T e -0 suode) " ifa <,
© ]
60 (D) = fl T @1
g():=min{g;():i=1,2,..,k
and 2
_ gm0
o) = T

where ¢y, ¢y, ¢3 and ¢4 are any positive constants. It is recognized that the identification of the signs
of the solution derivatives is required and, before studying the oscillation of the delay differential
equations, causes a significant effect.

Lemma 2.1. Assume that u € C ([ly, o), (0, )) is a solution of (1.1). Then, (r () (v(”‘” (l))a), <0,
and one of the next cases holds, for [ large enough

A) v >0,v (> 0,v""V()>0and v (I) < 0;
(B) v()>0,v()>0,v"2() > 0and vV () <0;
) vh)>0,-DPU)>0fork=1,2,..,n—1.

Proof. Assume that u is an eventually positive solution of (1.1). Then, there exists [; > [, such that
u(l), u(r(l)) and u (g (1)) are positive for all [ > /;. Hence, by the definition of v, we have that v (/) > 0

for [ > [;. It follows from (1.1) that (r ) (v(”“) (l))a)’ < 0. Next, using Lemma 1.3 and considering
that n is even, we directly get the cases (A) — (C). O

Lemma 2.2. Assume that u € C ([ly, ), (0,0)) is a solution of (1.1) whose v satisfies (B). Then
(v("—z) (l))ﬁ_a > n(l), eventually.

Proof. The proof for this lemma is analogous to the proof of Lemma 2.1 in [18]. Hence, we omit it
here. O

Lemma 2.3. Assume that u € C ([ly, ), (0,0)) is a solution of (1.1) whose v satisfies (C). Then
V= () > u (D), eventually.

Proof. The proof for this lemma is similar to the proof of Lemma 2.2 in [18]. Hence, we omit it
here. O

Lemma 2.4. Assume that u € C ([ly, ), (0, 0)) is a solution of (1.1) whose v satisfies (C). If

1/a
—z"—3—f§ ;(v)d dl = oo, 2.2
flu €D (r(f) Do v) df] 22)

then lim;, u(l) = 0.
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Proof. Letu € C ([ly, ), (0, 00)) be a solution of (1.1) and case (C) holds. Then, lim,_,., v (I) = D. We
claim that D = 0. Indeed, for the sake of a contradiction, suppose that D > 0, there exists a [; > [; such
that u (g (1)) > D for [ > ;. Integrating (1.1) on [/}, /], we have

/| k
r(v 7V 0) = @ (" a) - f, D) f (g () dv

=1

|k
_QDBIZQi(V)dV,

S

IA

that is,
1/a

(n—1) _llappla Lfl N .
v () < —o'"DP (r(l) ll;q,(\/)dv ) (2.3)

Integrating (2.3) twice on [/, o), we have

1/a
() < — l/aDB/af f\( d
v < -o l [—r@) \ iE:lq(V) V) dé

and

V(1)

IA

1/a
—”"Dﬁ/”ff — | Yawmd| dad
0 ) (r(g) . qi (v) V] &dg

i=1
1/a

00 1 k
—o'*DPI* —1 —f i(nd .
€ fz(f )[r@) ) ;q(v) v) “

Similarly, by integrating the above inequality (n — 4) times on [/, o), we get

IA

1/a

’ a a * n— 1 k
v (I) < —0"'"D¥ fl &-D 3(@f§2(]i(\/)d\/) dé.

-

Integrating this inequality on [/;, o), we find

1/a
1/a nB/a - - _ yn-3 Lf k )
v (1)) 2 D f, [fl -1 (r@ h;qmv)dv ae | d,

which is a contradiction with (2.2). Thus, D = 0; moreover the inequality u < v implies lim;_,, u (I) =
0. The proof of this lemma is complete. O

Theorem 2.1. Assume that (2.2) holds and py < 1. If the first-order delay differential equation

y’(z)w( gD )ﬁZk]q-a)a—p(g(l»)ﬂ W (g (1) =0 (24)
(=Dl g@y) (& ’ '

AIMS Mathematics Volume 6, Issue 4, 3272-3287.



3277

is oscillatory for some and

a,a+1r—]/a (V)

/ k
lim sup fl (@77 ) 65 (v) @ (v) Z g () (1= pg ()Y - ( dv = oo (2.5)
0 i=1

>0 a + 1)a+1 60 (V)

holds for some A, Ay, A; € (0, 1), then every solution of (1.1) is either oscillatory or converges to zero
asl — oo.

Proof. Assume the contrary that there is a nonoscillatory solution u of (1.1). Then, we can assume
u(l), u(r(l)) and u (g (1)) are positive for [ > [; > [,. It follows from Lemma 2.1 that the behavior of v
and its derivatives is possible in three cases. First, suppose that case (A) holds. Based on the definition
of v, we see that

u)=vD-pDuD) =21 -pD)vd), (2.6)
and so
W (g (D) 2 (1= p (g (D) V(g (D), (2.7)
from (iv) and (2.7), we have

flulgi@) =0l -pM)Y v (gD,
which with (1.1) gives

k
(rO (P 0)) < =0 ) a1 = pe®FV (D)
i=1 .
< -0 @) a1 -pE@)y. (2.8)
i=1
From Lemma 1.1, we have 1
Ag" (1
v @) > B D o0 gy, 2.9)
(n—-1)!

for every 4 € (0, 1). From (2.9) and (2.8), we obtain

k

, n—1 B
(ro(" ")) < —@(?f_—l()l,)) (DY Y @A - pg @Y.
' i=1

Lety () = r() (v(”“) (l))w. Clearly, y is a positive solution of the first-order delay differential inequality

, /lgn—l (l) B k o
y (l>+@((n_ NEE (g(l))) (;qml)(l—p(g,- O |y (g ) < 0. (2.10)

It follows from [22, Theorem 1] that the corresponding differential equation (2.4) also has a positive
solution for all Ay € (0, 1), which is a contradiction.
Next, we assume that the case (B) holds. We define the function @ by

r() (v ()

() = D )

2.11)
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Then @ (/) < 0 for [ > [;. Since r (/) (v(”‘l) (l))a is decreasing, we get
() vV () <y ), s 212 1. (2.12)

Multiplying (2.12) by r~1/% (s) and integrating it on [/, c0), we obtain

0 <V 2 W)+ OV (D)6 (D),

that is,
O DD
v=2) (1)
From (2.11), we see that
-0y () < 1. (2.13)

Differentiating (2.11), we have

a+1

(r@ (vo (l))“)' ~ar() (v )
(=2 ()" (2 ()™

() =

which, in view of (1.1) and (2.11), becomes

T qi (D f (g D)  a®ee )

CO= T oy K0 @1
Since v’ (I) > 0, we get that (2.8) holds. Hence, (2.14) becomes
, -0 (@)X g (D1 = p(gi D)) ad V()
O ()< - 2 D) -y 0 (2.15)
From Lemma 1.1, we find )
8" ()
v(g) = MV( (g,
for all sufficiently large / and for every A € (0, 1). Then, (2.15) become
k ) L (P ()
o) < -0 ) [Z‘ a: (D1 = pg (l)))ﬁ] ("2 (g (1) =T
a,q)(a+l)/a (l)
_T(l)
Since [ > g (I) and v*=? (I) is decreasing, we have
k (D(a/+1)/a )i
o (1) < —on () &F (D (Z g (D (1=p(g )Y |- “rl/—(l)() (2.16)
i=1

Multiplying (2.16) by 6 (/) and integrating it on [y, [], we get

N . L a2 ! (v) L as® (v) i)
0 > <I>(l)50(l)—(ID(ll)éo(ll)+flI rl(;“(v) (D(v)dv+fll‘rl/g—(v)(b( Ve (yy dv
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/ k
+ fl (977 WM M D aMU-pe (v)»ﬂ) dv.
1 i=1

Setting A = 6% (s) /r'/* (s), B = 63" (s) /r'/* (s) and 9 = —® (s), and using Lemma 1.2, we get

/ k a,(z+lr—1/a (V) () (ll)
Q 3 1 — . — 1
le [Q'] (v) 65 () QE(V); 0" (1= p (g W)Y I (V))dv =5y o

due to (2.13), that contradicts (2.5).

Finally, suppose that (C) holds. From Lemma 2.4, one can see that lim,. u (/) = 0, which is a
contradiction.

This complete the proof. m|

Theorem 2.2. Suppose that the first-order delay differential equation (2.4) is oscillatory for some
Ao € (0,1) and (2.5) holds for some A, € (0, 1). If

@) =g@®), 7 D21>0,8() <7D,

and

k !
lim supod®_, (1) Z w(g D) | Qedv> K[1 + ﬁ] (2.17)
i=1 h

[—0c0 To

then every solution of (1.1) is oscillatory, where Q; (I) = min{q; (I), q; (r (1))},
Ors1 (D) = f ox(0)do fork=0,1,...,n-3,
1

and k = 1 if B € (0, 1]; otherwise, k = 281

Proof. Assume that there is a nonoscillatory solution u of (1.1). Then, we can assume u (1) , u (7 (/)) and
u (g (1) are positive for [ > [; > [,. It follows from Lemma 2.1 that the behavior of v and its derivatives
is possible in three cases.

The proof of the case where (A) or (B) holds is the same as that of Theorem 2.1.

Suppose that (C) holds. Since (r (1) (v (1))")' < 0, we have that

r@Q (@) = r) (""" )" <0foralld > 1,
or
1
e Q)

Integrating this inequality from [ to co and making use of the fact that v"=? is a positive decreasing
function, we arrive at

v <yt @

1

i ()% = reOv (1) 60 (). (2.18)

— V2 () < ) yrD () f
l
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Taking into account the behavior of derivatives of v and integrating (2.18) (n — 2) times from [ to oo,

we see that
(=D YO 0y < kv (1) Sia (D),

fork=0,1,...,n—3. From (1.1), we get

3

k
(r U (V(n_l) (l)) )’ +0 Z qi (D (g; (D) <0
i=1

and
1 . s k
) (r (r () (v( Y(r (l))) ) +0 ; g (x (D) (g (x (1)) < 0,
that is,
o N &
T_:)) (r (r () (v< Y(r (l))) ) +0 ; gi (t (D) pﬁuﬂ (g (t () < 0.

From (2.20) and (2.21), we find

N’

0 (r@ap (" @ay)’)

\%

(ro (")) + i

20
To

k k
+0 ) a1 (& (D) +0 ) qi (r (D) por (g ( (D)
i=1 i=1

W%

(ro (o)) + id

20
7o

(ra@ (" @a)y

k
+0 > Qi) (# (: (D) + plr (i (x (D))
i=1

v

o))+

(rc o) (V" @)

k
1
+0 ) QD) (g )+ p (g D) u(r (g D)
i=1

’

r() (VM) + ’j—fr @) (v @)’

k
Y
= Z] Qi () (g (D).

By integrating this inequality from /; to /, we get

(2.19)

(2.20)

(2.21)

r@) (V) + ;ifr(r(l)) (W) < @ (T an) + ;ifr(rm)) (V" @ @)

] k
Q
= | 2 am @)

h =
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k

/
Q
SPRACI) Qe

Since (r (Hyr-b (l))/ < 0, we arrive at

k [
[1 + p_g] rO( T 0) < 223 Y @OV @) | Qiw)dy
7o = h
k /
< O ug® | Qi)d,
i=1 1
which, with Lemma 2.3, gives
i (n—1) @ _g @ c ) : .
1+ r() (v (l)) < —=v"(l) Z u(g ) | Q(v)dv. (2.22)
To K e I

Combining [(2.19), k = 0] and (2.22), we have that

1 pﬁ 0 . k [
20 u e ®) | i)y
i=1 !

To
which is a contradicts with (2.17). This completes the proof. O

In the following theorem, we set new conditions for testing the oscillation of (1.1) when n = 4,
which apply in the ordinary case.

Theorem 2.3. Assume thatn =4, = =1, pg < 1 and (2.2) hold. Suppose also that

lim sup (2.23)

[—o0

(04187 (5) Ty qi () (1 = p(g: (5)) ~
f,( 21 §(s)_4r(s)5(s))ds_oo

for some constant 1y € (0,1). Assume further that there exist two positive functions p (), 9 (l) €
C' [ly, o), such that

" 1(p'<s)> r(s)
flo(g ()( ) qu(s)(l p(gi(s) - 50) /lzsz]ds 00 (2.24)

i=

and

g9\ CAOR I
flo[gﬂ@f[()f Zq,(s)a—p(gl(s)»( ) d)dv— G| @2

where A, € (0, 1). Then every solution of (1.1) is oscillatory or tends to zero as | — oo.
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Proof. Assume that Eq (1.1) has a positive solution u (/) . It follows from (1.1) and Lemma 2.1 that
there exist four possible cases for the behavior of v and its derivatives:

@ : VO>0,v'D)>0v"()>0and v? () <0;
@ : vV >0,v'1)<0, v({)>0and v¥ () <0;
i)y :+ V() <0,v'()>0andv” () <0;

@) : V>0, v'{)>0and V" () <O.

Let (i) hold. Now, we define

3 r(Dv” ()
D) =p) v
Then clearly ¢ (/) is positive for / > [; and satisfies
yon P (D) (rOyv" @) ry” DOy D
¢’ () = p(l)¢(l)+p(l) 0 20 . (2.26)
From (1.1) and (2.26), we have
, P () Siai (D) f (g (D)) r()v” (v ()
D= H—-p( —-p( , 2.27
¢ () p(l)¢() p) v p) ) (2.27)
by using (2.8) and (2.27), we get
(1 YK g -p(gd Dy (v (1
& () < P ()¢(Z)_p(Z)QV(g())Z,_1q (D1 —=p(giD)) _p(l)r()vz()v (). (2.28)
p (D) v (D) v2(0)
Now, it follows from Lemmas 1.1 and 1.4 that
/ /1212 777
Vi) > TV 0) (2.29)
and 3
vig) _ (g
v () > ( ; ) , (2.30)
respectively. Substituting (2.29) and (2.30) into (2.28), we get
o PO UM LLp D) r () (v (1)
¢ () < p(l)¢(l)_gp(l)(T) ;Qi(l)(l -p&) - > 20
from the definition of ¢ (/), we obtain
o P D ONREN L,
[ ) — D|=— HOIE (D)) — D).
¢ () < p(l)¢() QP()( ; ) ;q DA =pgd) 2p(l)r(l)¢ 0]
Set A= L2200 r(l), B=p () /p(]) and s = ¢ (s). Using Lemma 1.2, we have
, OGRS 1" () r ()
¢ (1) < —op (D) (T) ; g (D) -p(g D)+ 5 o) ﬁ’ (2.31)

AIMS Mathematics Volume 6, Issue 4, 3272-3287.
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integrating (2.31) from /; to /, we have

3/ k
1
f[@ ()(g()) ;qms)(l—p(g,()))——("is;);(—s) ds <o),

which contradicts (2.24).
Assume that case (ii) holds. Define the function ¢ (/) by

v ()

() = D

Then clearly ¢ (/) is positive for [ > [; and satisfies

v (1)
I ()

7 ’ 2
o () = v D) )

90(l)+19(l)( SO - 20

from the definition of ¢ (/), we obtain

con 0 v' () ¢ )
¢ (D)= ﬂ(l)so(l)H?(l) S0 90 (2.32)
Now integrating (1.1) from [ to co, we have
o k
-r()v" () = —f Zqi () f (u(gi (s)))ds, (2.33)
I =1
by using (2.8) and (2.33), we get
o k
-r(OV" () <-o fl Z gi (s) (1 = p(gi (s)) v (g (D) ds. (2.34)
i=1
From Lemma 1.4, we get
v() > 1A (D),
that is,
vig®) _ (g™
v () > ( ; ) . (2.35)

Combining (2.35) and (2.34), we get

g(S) i
-r()v (l)<—QV(l)f qu (s)(1 = p(gi(s)) ds,

that is

g\
—v (l)_—@ﬁf Zq,<s>(1—p(gl(s>)>( )
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integrating the above inequality from / to co, we have

g()””
v"<1)<—gv(1>f ( ()f Zq,(s)(l—mg,()))( ) s]dv.

Combining above inequality with (2.32), we obtain

, (1 ("% g\ AU ©* ()
so(l)S—Qﬂ(l)j; [%f ;qi<s><1—p(gi<s>>>(7) dsdv+ o <>—M)

Thus, we have

, (1 [« g(s))"" @ (1))
o (1) < —o® (1) fl (Tv) f ;qxs)(l—p(g,-(s»)(T) ds|dv+ S (2.36)

integrating (2.36) from /; to /, we have

l (L7 g ()" @ Q)
f,l(gﬂ@fg [%f ;qxs)(l—p(gi(s»)(T) ds]dv— . ]d{Sgo(ll),

which contradicts (2.25).

The proof of the case where (iii) or (iv) holds is the same as that of Theorem 2.2 and Theorem 2.1
respectively.

This completes the proof. O

Example 2.1. Consider the NDDE
(I @) + pou (al))”')’ + quu (bl) + gau (cl) = 0, (2.37)
where a,b € (0, 1) and g, > g,. Then, we note that
n=4,r)=01p0)=po.t)=al,q()=q, +q, and o (I) = bl.

Therefore, it is easy to verify that
o) = ! do, () = !

— an
3 T

Next, to apply Theorem 2.1. We first check the condition (2.2), (2.4) and (2.5). By substitution and a
simple computation, (2.4) becomes

00 () =

Ao (1 Po) 1
6¢

By applying a well known criterion [12, Theorem 2.1.1] for first-order delay differential equation (2.38)
to be oscillatory, the criterion is immediately obtained.

[
A=p)l. 1
lim inffg(ql rgplodzpll, 1
>0 ¢l 6C S e

Y (D) +o(q+q) y(ch) = (2.38)
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that is,
1 6¢
+q)In|—)> ———. 2.39
00 “(c)>mo<1—po>e (2:39)
Now, we note that (2.5) reduces to
l 2
. Aic 3\ 1
lim Squ (Q (g1 +g2) (1 = po) IT - 4_1) —dv = oo,
[—00 JIy A%
which satisfies if
18
+ >, 2.40
(g1 + q2) 20 (= po) (2.40)

thus, if condition (2.39) and (2.40) hold, then every solution of (2.37) is oscillatory or tends to zero.
On the other hand, by Theorem 2.2, we see that (2.17) becomes

[
limsup £ [ (g1 + g2 dv > (1 ; @)
I—00 ) I a

and so

6

@ +a>=(1+2), (241)
0 a

thus, if (2.39), (2.40) and (2.41) hold, then every solution of (2.37) is oscillatory.

Example 2.2. Consider the NDDE

3\
[631 ((“ D+ (1 } 112) vi- a)) ) ] + 1€’ (1 = b) + g2’ (1= ) = 0, (2.42)

where | > 1,0 < a < b and b > c. Then, we can clearly note that « = g = 3,n = 4.
rd=e,p)=1-1/P,r()=1-a,q() = (g1 +q) e’ and () =1 - b.

Therefore, it is easy to verify that
s;(h=efori=0,1,2.
By substitution and a simple computation, (2.4) becomes
(I-b)
3lel-b

3
Y (D +o(gi + g e’ (/10 ) y(l=b)=0. (2.43)

Applying a well-known criterion [12, Theorem 2.1.1], we see that (2.38) is oscillatory. Moreover, (2.5)

reduces to
limSUPf ol(gi +q) = — || |ds =0
[—00 J1 23 4 ’

which satisfies if (q1 + q2) > 81/32. Thus, every solution of (2.42) is oscillatory or tends to zero if
(Q1 + 6]2) > 81/32
To apply Theorem 2.2, we see that (2.17) becomes

!
lim sup oe™! (g1 + q2) S 9dy > 23,

[—00 Io

thatis, (q) + q») > 24e*. Then, every solution of (2.42) is oscillatory if (q; + ¢q;) > max {2463“, 81/32} .
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