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Abstract: This paper studies the local optimality condition for the widely applied concave piecewise
linear network flow problem (CPLNFP). Traditionally, for CPLNFP the complexity of checking the
local optimality condition is exponentially related to the number of active arcs (i.e., arcs in which the
flow is at the breakpoints). When the scale of CPLNFP is large, even local optimality is unverifiable
and the corresponding local algorithms are inefficient. To overcome this shortcoming, a new local
optimality condition is given. This new condition is based on the concavity and piecewise linearity of
the cost function and makes full use of the network structure. It is proven that the complexity of the
new condition is polynomial. Therefore, using the new condition to verify the local optimality is far
superior to using the traditional condition, especially when there are many active arcs.
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1. Introduction

The network flow problem (NFP) is a fundamental and important task in network optimization. NFP
has been widely applied in transportation, communication, construction project [1], manufacturing [2],
network design [3], water resource management [4], and other fields. NFP is to minimize a cost
function under linear constraints. Thus, its complexity strongly depends on the category of the cost
function. Using a linear function as the cost is the simplest case. But in practice, the cost function
is often concave due to the marginal utility. As described in [5], the concave cost is or can be well
approximated by a concave piecewise linear function. Moreover, NFP with general nonlinear cost
functions can be transformed into NFP with concave cost functions on an expanded network [6], so it


http://www.aimspress.com/journal/Math
http://dx.doi.org/10.3934/math.2021128

2095

is of great significance to investigate the concave piecewise linear network flow problem (CPLNFP).
Let G = (N,A) be a directed network with n nodes and m arcs, where N and A are the sets of
nodes and arcs, respectively. Each arc (i, j) € A is associated with a flow x;;, a capacity u;;, and a cost
function f;;(x;;). For the i-th node i € N, the supply or the demand flow is denoted by b;. If b; > 0, then
node i is a supply node; if b; < 0, then node i is a demand node; otherwise, node i is a transshipment
node. Due to the balance of network flow, the total supply flow must be equal to the total demand flow,
which means ) ;cy b; = 0. With those notations, a CPLNFP defined on network G can be formulated

as follows:
min Z fij(x,-j)
(i,)EA
s.t. Z Xij — Z Xji :bi,VieN, (11)
{J1G, DeA} {jI(j.0)eA}

0 < xij < uij,V(i,j) €A7

where f;;(x;;) is a continuous concave piecewise linear function that can be expressed as

'l'xij + 0, Xij € [0 /11]

zx,J+d2 1 /12]

e Xij €[4y

ﬁ'(xi') = s s s s (12)
S cixij+dij,  xij €[4 LA il

S,‘j—l

ij
.X,J +d » Xij € [/lij

,Mij]-

In (1.2), fij(x;;) has s;; segments and the interval [0, u;;] is accordingly divided into s;; subintervals

with breakpoints A, 47, - -- /lfj” . To make notations consistent, we set d;; = 0, 4, = 0 and /ls” = u;j.
Then, in each sublnterval [/ls ! A ] the objective function f;;(x;;) becomes a linear functlon w1th slope
c;; and intercept d;;. Due to the cont1nu1ty and concavity of f;;(x;;), we have ¢; A}, + d}; = c”l/ls
d;';l,s:l,2,---,su l,andcij>cij> >cl.j.

CPLNFP has been widely applied in many areas, including facilities location [7] and inventory
management [8]. Since CPLNFP is nonconvex, the global optimality cannot be guaranteed, and
researchers focus on its local optimality, which also serves as the basis of many algorithms [9, 10]. The
classical local algorithms include the dynamic slope-scaling procedure (DSSP) [11] and the dynamic
cost updating procedure (DCUP) [12]. DSSP uses a linear function to approximate the concave
cost function based on the iterative solution. DCUP relaxes the CPLNFP as a bilinear programming
problem that can be transformed into a series of linear NFPs.

As a concave piecewise linear optimization over a polyhedron, the locally optimal solution of the
CPLNFP can be achieved at some vertices of the feasible domain. Algebraically, the vertex refers to the
basic feasible solution of the constraint system in (1.1). In many local algorithms, such as the DCUP
and DSSP, the vertex is obtained by solving a linear NFP and then its local optimality is checked.

By definition, the feasible domain of a piecewise linear function can be divided into many regions
in which the function stays linear. Each feasible point, including the vertex, belongs to one or more
regions. Moreover, for each point, we can certainly find a neighbourhood whose intersection with the
feasible domain is contained in the union of regions that this point belongs to. Figure 1 illustrates
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these direct but important properties with a two-dimensional concave piecewise linear function. For
example, it can be seen that the feasible domain can be divided into four regions and v; belongs to two
regions: Q; and Q,.

g2(37,)

(a) The piecewise linear function g(y;, y2).

V, A

(b) The feasible domain.

Figure 1. A piecewise linear function g(y;, y,) defined on a two-dimensional polyhedron that
can be divided into four regions.

From the above discussing, for concave piecewise linear minimization over a polyhedron, a vertex
that is locally optimal is equivalent means that it is optimal in all the regions that it belongs to. This
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local optimality condition is geometrically intuitive: If we can find a region in which this vertex is not
optimal, there must be a feasible descent direction in this region, so this vertex is not locally optimal.
For example, in Figure 1, v, is a locally optimal point if and only if v, is an optimal point in 3 and €.
For more detailed discussions about local optimality for piecewise linear programming, see [13], [14]
and [15]. Following the idea of checking optimality for all regions, we come to the traditional local
optimality condition for the CPLNFP.

A vertex v in the feasible domain is locally optimal for the CPLNFP if and only if v is optimal in all
the regions that v belongs to.

Consider a vertex v in the feasible domain of the CPLNFP. Based on the characteristics of the cost
function, the regions that v belongs to can be obtained by restricting the flow associated with arc (i, j)
to a subinterval of [0, u;;] that v;; belongs to. Let m; be the number of active arcs (i.e., arcs in which
the flow is at the breakpoints), and then clearly the number of regions that v belongs to is 2™ since the
flow in active arcs belongs to two subintervals at the same time. In each region, the concave piecewise
linear cost function is a linear function, from which a linear NFP is defined with the constraints of
the CPLNFP; whether v is optimal in this region is equivalent to whether v is optimal for this linear
NFP. Therefore, to verify the local optimality, one needs to check the optimality of v for 2™ linear
NFPs, which is obviously inefficient when the problem dimension, the number of segments of the cost
function, and thus the number of active arcs increase. In [12], the number of active arcs (i) is assumed
to be zero and based on this assumption, DCUP was designed to obtain a local optimum. However, this
assumption exclude many real situations. The interested readers could find a numerical experiment in
Appendix A, showing the estimated m, for different CPLNFPs. In Figure 2, we plot the results: m; is
not always zero and becomes large and unacceptable as the problem dimension increases, from which
it follows that using the traditional local optimality condition is inefficient.

50 T
.=
)
- 5.=5
ij
40 |- s’,/=7 B
o 5.=10
L]
301 1
E\
20 b
101 B
0 L L L L L L L
0 1000 2000 3000 4000 5000 6000 7000 8000

Dimension(m)
Figure 2. The number of linear NFPs that need to be verified is 2™, and this figure plots
the increasing trend of m; with respect to the problem dimension. For example, when m =
8000, s;; = 10,Y(i, j) € A, m; is approximately equal to 42 and 2™ is more than 4 X 10'2,
which is certainly unacceptable.

In this paper, we provide a new local optimality condition, which is based on the network structure
and the concavity of f;;(x;;),V(i, j) € A. The complexity of implementing the proposed condition

is polynomial with the network parameters. After briefly introducing the background, the proposed
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condition, the proof, and the strategy of implementation will be given in section 3.
2. Preliminaries

2.1. Basic concepts

To better represent the parameters associated with the arcs in A, we first define a tuple collection ©.
Each tuple in ® has m elements, having one-to-one correspondence with the arcs in A. For any tuple
Y € 0O, the element corresponding to arc (i, j) € A is a real number and denoted as y;;. In other words,
the tuple y can be expressed as

v = (yij, Y(i, j) € A).

Based on O, we can easily represent the parameters associated with the arcs in A. For example, we
use x € O to denote flows in all the arcs in A, and express the feasible domain of the CPLNFP as below,

Z Xij — Z Xji :bi,ViEN
Q ={x € O l.peA) {lG.eA} .
0< Xij < Mij,V(i, _]) €A
By this way, the CPLNFP can be succinctly written as
min f() = > fi(x)
(i, ))eA 2.1
s.t. x € Q.
As discussed, the feasible domain can be divided into a number of regions obtained by restricting
xij, ¥(i, j) € A to one of the subintervals in [0, u;;]. Evidently, the cost function stays linear in each

region. Before introducing the new local optimality condition, we give the following definitions to
describe the related regions and linear NFPs for a feasible point X € Q.

Definition 1. For any X € Q and (i, j) € A, we define ¥;;(X;;) as follows:
Wi (x) = {1}, if %;; = 0,
Wii(Rip) = AL if A5 < &y < A3,
Wii(Xij) = {s, s+ 1},if X;; = /lfj,s # Sij,
\Pij(fCij) = {Sij}a l:f)?ij = Uj.
W;;(%i;) denotes the index(es) of the subinterval(s) that %;; belongs to. If %;; is at the breakpoints,

then £;; belongs to two subintervals, and W;;(%;;) has two elements. For example, if £;; = /ll.zj, then X;;

belongs to both the second and the third subinterval, and thus ¥;;(X;;) = {2, 3}.
Definition 2. For any x € Q, the arc set A can be partitioned into two subsets as follows:
i,. GA, I l',‘ GA,)%,"EB[',
e eS8y 2.2)
(i,]) €Ay, if (i,)) € AR & Byj,

where B;; = {/l}j, /lfj, cee, /lfj":"_l} consists of all breakpoints in [0, u;;]. For any (i, j) € Ay, ¥;;(X;)) has

two elements. We call arcs in A, active arcs and use m, to represent the number of active arcs.
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As discussed, we can randomly select an element from W;;(X;;), V(i, j) € A and restrict the flow x;; to
the corresponding subinterval to obtain a region that X belongs to. Considering all possible selections,
a set collection ®(X) can be used to indirectly index all the regions that X belongs to as follows.

O(%) = {z € Olz;; € ¥;;(Xi), V(i j) € A}.

In above definition, “z € ®” is just used to show that any tuple ¢ € ®(X) has m elements that have
a one-to-one correspondence with the arcs in A. In fact, ¢, is an integer in [1, s;;] since ¢,; € ¥;;(%;)).
The region associated with ¢ is determined by selecting the ¢, -th subinterval for any arc (i, j) € A and
can be denoted as |
Pii— bii . .
Q,={xe Ql/lij’ < x5 < /ll.j", V(i j) € A}

Clearly, the number of regions that £ belongs to is 2™ because ¥;;(%;;) has two elements for any
(i, j) € Ay. Since the feasible domain Q is constrained by equality constraints, {2, might have only one
point x. In this case, when checking the local optimality, we do not need to check the optimality of x
in this region because x is the only point in this region and is naturally optimal. However, in practice,
we do not know in advance which region has only one point, so we have to treat all the regions equally
and check the optimality of X in this region. When €, has only one point, we can easily know that % is
optimal in this region, and the process of checking the optimality of X is equal to verifying that , has
a unique point. Therefore, we only need to check the optimality of x in all the regions that X belongs
to, and consequently, the region with only one point becomes irrelevant.

In Q,, the cost function is linear and can be expressed as

@i @i
FE) = > (cx+di).
(i,))eA

Due to the concavity of f(x), we can derive the following property that will be used in the proof of
Theorem 1.

Property 1. For any X € Q, we have f(X) < f?(X).
Proof. This property can be obtained directly: f(X) can be expressed as f(X) = X jea min{c}jfc,-j +

I 2% 2 ..
di;, ¢ kij+ d,

Sij

’Cij Xij + dlju} O
Definition 3. The linear NFP associated with ¢ is defined as

P(p) : min f¥(x)

2.3
s.t. x€ Q. 2.3)

Similarly, the linear NFPs associated with x € Q are defined as P(¢), V¢ € ®(x). The number of linear
NFPs associated with X is 2™.

Now we use a CPLNFP instance to illustrate the above concepts, including ‘¥;;(%;;), ®(%), ¢ and
P(e).

Example 1. Consider a CPLNFP defined on a network with 6 nodes and 8 arcs, as shown in Figure 3.
Following the formulation (1.1), this CPLNFP is formulated as

AIMS Mathematics Volume 6, Issue 3, 2094-2113.



2100

Figure 3. A practical CPLNFP.

min fip(x12) + fi3(x13) + f23(x23) + f24(x24) + f34(X34)
+ f35(x35) + fas(xa6) + f56(X56)

S.t. X+ X13=T;X4 + X3 —x12=0
X34 + X35 — X13 — X3 = 05046 — X3 —x34 =0
Xs6 — X35 = 05 —x46 — X56 = =7
0<x72<6,0<x354,0<x3<3
0<x4<4;,0<x33<50<x35<8
0<x46<2;0<x56<7

where
5x12,  x12 €10,3]

Ji2(x12) = {3x12 +6. x1p € [3.6] y fis(xz) = {

6x;3,  x13€[0,2]
4)613 +4, X13 € [2,4] ’

3x23, x3 € [0, 1] 6x24, x4 € [0,2]

S3(x23) = 3 faa(xog) = ;
2x3 + 1, x3 € [1,3] 3x24 +6, x4 €[2,4]
4x3s,  x34 €[0,3] 4x3s, x35 € [0, 5]

fra(x3g) = ’ 3 fas(xss) = ’ ’ ;
3X34 + 3, X34 € [3,5] 2X35 + 10, X35 € [5, 8]
6x46, X6 €[0,1] 656, xs6 € [0, 5]

Jas(xa6) = 3 fs6(xs6) = -
3)C46 + 3, X6 € [1, 2] 4)656 + 10, X56 € [5,7]

The corresponding tuple collection ® can be expressed as

O = {(¥12, Y13, Y23, V24 V345 V35, Y465 V56) )

and the feasible domain can be expressed as Q = {x € O|x;y + x13 = 6, X4 + X3 — X120 = 0, X34 + X35 —
X13 — Xp3 = O,X46 — X3 — X34 = O,x56 — X35 = O,—X46 + X5 = —6,0 < X12 < 6,0 < X13 < 4,0 < X23 <
3,0 < X4 < 4,0 < X34 < 5,0 < X35 < 8,0 < X46 < 2,0 < X556 < 7}

For a feasible solution x = (3,4,1,2,0,5,2,5), we know Y2(x12) = {1,2}, ¥13(X13) = {2},
Wa3(X23) = {1,2}, Woa(R24) = {1, 2}, W34(X34) = {1}, ¥35(X35) = {1, 2}, Wss(Ks6) = {2}, ¥s6(Xs56) = {1,2}.
Obviously, there are 5 active arcs: (1,2), (2,3), (2,4), (3,5) and (5,6). By definition, we have
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DO(R) = {(212, 2135 2235 224> 2345 235, 246> 256|212 € {1, 2}, 213 € {2}, 203 € {1,2},204 € {1,2},234 € {1}, 235 €
(1,2}, 246 € {2}, 256 € {1,2}}, which consists of 2° = 32 tuples. For ¢ = (1,2,1,2,1,2,2,2) € ®(%), the
linear NFP associated with ¢ can be expressed as

P(QD) cmin Sxpp +4x13 +4 + 3x03 + 3x04 + 6 + 4x34 + 2x35 + 10 + 3x46 + 3 + 4xs6 + 10
s.t. x€Q

Let V represent the set of vertices of Q, or in other words, the set of the basic feasible solutions
of the constraint system in (1.1). Based on Definition 3, we can derive the following local optimality
condition.

Theorem 1. A vertex v € V is locally optimal for the CPLNFP if and only if v is optimal for all the
linear NFPs associated with it.

Proof. = If there is a P(¢), ¢ € ®(v) for which v is not optimal, then there must be a feasible descent
direction d € O satisfying v + ed € Q and f¥(v + &d) < f¥(v) for a sufficiently small positive number
e. Since f¥(v) = f(v), we will have f(v + &d) < f¢(v + &d) < f(v), which contradicts that v is locally
optimal for the CPLNFP.

< For a sufficiently small 6 € R, if v+ 6 € Q, then v + 6 must belong to the union of regions
that v belongs to. Therefore, there must be a region Q,,¢" € ®(v) containing v + ¢, from which it
follows that f(v + &) = f¥ (v + ). Since v is optimal for all the linear NFPs associated with it, we have
f(v) = f¥(v) < f¢(v+6) = f(v + ), which means v is locally optimal for the CPLNFP. O

In the worst case, checking the local optimality of v needs to consider the optimality of v for 2™
linear NFPs, when one relies on Theorem 1. It is noted that the feasible domain of P(y) is the same as
that of the CPLNFP, not €. Thus, one does not need to worry about the change of the feasible domain,
but only the change of the objective function when checking the optimality of v for these linear NFPs.

2.2. Network simplex algorithm

The network simplex algorithm (NSA) (for detail see [16], [17] and[18]) is a classical and efficient
algorithm to solve the linear NFP. When solving P(¢) by the NSA, the vertex v € V as the basic feasible
solution obtained in each iteration is associated with the following parameters:

e Basis: Mathematically, the basis is a triple (7', L, U), which is a partitioning of the arc set A as

follows:
The arcs in T constitute a spanning tree of network G;

@jpeLl, if (G,j)¢T,vi=0; 2.4)
(i, ]) € U, if (l, ]) ¢ T, Vij = Ujj.
The iteration of the NSA is essentially the iteration of the basis. Therefore, the basis is the core
of iteration and others parameters are related to the vertex through the basis.
For ease of expression, we set 7 = L U U. An arc in T is called a basis arc and an arc in 7T is

called a nonbasis arc. By definition, we have A; N T = ¢. Similar to the partitioning of A, T can
also be partitioned into 7 and 7> as follows:

{(i, N eTy, ifG, ) €T, G, j) € A,

.. e .. (2.5
G, )eT,, it j)eT,i, ) ¢A.
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By definition, we have T} = A;.
e Price: The price p; for node i is defined as

pi=p— Y cre Y (2.6)

(h.)ePath(i); (h.nePath(i)y

where p, is the price for the root node of the spanning tree, and Path(i); and Path(i); are the arc
sets consisting of the forward arcs and backward arcs in the path of the spanning tree from the
root node to node i, respectively. Generally, the root node of the spanning tree and its price p, are
specified in advance and will not change during iteration. In this paper, p, is set as zero.

¢ Reduced cost: The reduced cost r;; for arc (i, j) € A is defined as

@
rij=c¢; +pj—pi (2.7)

Note that, for any (i, j) € T, the reduced cost r;; is always zero by this definition.
e Optimality condition: A vertex v € V is optimal for P(y) if the reduced costs associated with v
satisfy the following condition:
vii ZO,V i, ] EL,
{ J (i, J) 2.8)

rii <0,Y(@, j) e U.
3. The polynomial local optimality condition

In this section, we first derive the detailed local optimality condition by using the NSA to
determine the optimality of the vertex for linear NFPs and then prove that the derived condition can be
implemented with polynomial complexity in network parameters.

Let v¥ be the optimal vertex to P(¢). For vertex v, we first randomly select a ¢ € ®(v) and then
verify the optimality of v for P(p). If v is not optimal for P(¢), we can immediately determine that v
is not locally optimal for the CPLNFP. Therefore, we only need to focus on the case that v = v¥ and
propose a local optimality condition for v¥.

3.1. Local optimality condition for v¢

Traditionally, we need to verify the optimality of v¥ for the remaining 2™ —1 linear NFPs associated
with it to determine the local optimality. The optimality of v¥ for P(¢’) can be verified through solving
P(¢") by the NSA. In this paper, it is assumed that v¥ is nondegenerate and is thus associated with only
one spanning tree. Here, the statement that v¥ is nondegenerate means that the basic feasible solution
corresponding to v¥ is nondegenerate. We say that v¥ is nondegenerate from a geometrically intuitive
perspective. Similarly to the discussion on simplex algorithm, dealing with degeneracy is skilful and
requires complicated representations. In this paper, we focus on nondegenerate case and leave the
discussion on degeneracy for further study. When solving the remaining linear NFPs associated with
V¥, we can use V¥ as the initial solution, and thus the parameters associated with v¥ can be utilized. For
example, the basis associated with v¥ will not change when solving the linear NFPs associated with v¥.

For the sake of distinction, in the following discussion, we use ré and r;.‘;, to represent the reduced
cost associated with v¥ in solving P(¢) and P(¢’), respectively. Based on the optimality condition (2.8)
for the linear NFP, the local optimality condition for v¥ can be expressed as follows.
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Theorem 2. The vertex V¥ is locally optimal for CPLNFP if and only if rz‘;’, (i, j) € T satisfy condition
(2.8) for any ¢’ € ®(V¥).

Traditionally, for each of the linear NFPs associated with v¥, we need to calculate the reduced costs
to determine the optimality of v¥. In other words, we have to calculate the reduced cost for each
nonbasis arc 2™ times.

In this paper, we consider the optimality of v¥ for the linear NFPs associated with it from the point
of view of each nonbasis arc rather than each linear NFP. According to Theorem 2, for each (i, j) € T,
we actually only need to check whether the extremum of the reduced cost when solving the linear NFPs
associated with v satisfies condition (2.8). Here, the extremum refers to the minimum for (i, j) € L
and the maximum for (7, j) € U. If the extremum of the reduced cost for arc (i, j) satisfies (2.8), we
can conclude that the reduced cost for arc (i, j) always satisfies (2.8) when solving all the linear NFPs
associated with v¥. Based on this idea, we actually only need to calculate the extremum of the reduced
cost for each nonbasis arc, which means we only need to calculate the reduced cost for each nonbasis
arc once. To better represent the extremum, we define y/(ij) as follows.

argmin{r¥ ¢’ € ®(¥)}if (i, j) € L;

Y(ij) = o (3.1)

arg max{r;‘; lp" € ®(V)},if (i, j) € U.
4 :

With this definition, r;”j(ij) represents the extremum of the reduced cost for arc (i, j) when solving
the linear NFPs associated with v¥ and P(¥(ij)) is the linear NFP that makes the reduced cost reach
the extremum. Notice that although (ij) is defined on an exponential-sized set, but we do not need
actually calculate it in that way. In the next subsection, we will provide a strategy to obtain (i j) and
rf'j(ij) in complexity O(n).

Theorem 3. The local optimality condition shown in Theorem 2 can be checked with polynomial
complexity.

Proof. Since r;/’j(ij) can be obtained with complexity O(n) for any nonbasis arc and the number of
nonbasis arcs is m — n, the total complexity for checking the condition shown in Theorem 2 is

O(n(m — n)), which is polynomial in the network parameters. O

3.2. A simple strategy to obtain the extremum

One key procedure of checking local optimality is to obtain ¥(ij) and r;pj(ij) for any nonbasis arc (i, j)
with complexity O(n), which is represented as the following theorem.

w(ij)

Theorem 4. For vertex v¥, y(ij) and r; ;o can be obtained with complexity O(n) for any (i, j) € T.

Proof. This is a constructive proof, in which a strategy to obtain (i) for any nonbasis arc (i, j) with
complexity O(n) is given. This strategy is based on the difference in the reduced cost between solving
P(¢) and the remaining linear NFPs associated with v¥.

For any of the remaining linear NFPs: P(¢") (¢’ € ®(v¥),¢" # ¢), we need to calculate r:.’;., to check
the optimality of v*. Since ”;‘;’ has been obtained when solving P(¢), we only need to consider the

difference between rg. and ’”Z-i-- Moreover, for any nobasis arc (i, j), vfj equals O or u;;, which means that
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v‘;.‘} belongs to only one subinterval (i.e., the first subinterval or the last subinterval), and thus we have

’

¢ = ] = ¢,; and c%" = %" . Therefore, based on the definition of the reduced cost, the difference between

rf. and r can be expressed as

J

A rij = A pj_ A plav(l .])ET (32)

¢’ ¢’

where A p;and A p; are the increments of p; and p; when the linear NFP changes from P(yp) to
oy’ oy’
P(¢"), respectively.

By definition, the price is related to the arcs in the spanning tree. So we only need to consider
the effect of basis arcs on A p; and A p;. For ease of expression, we use A r;;, A p;and

=y’ ' tﬁm—W?ht "Dht_)‘pht
A pjtorepresent the effects of arc (h,7) € Ton A rij, A p;and A Pjs respectively. Then, we
T o= T oy
have
Arg= ) A ry= ) (A pi— A p) (3.3)
(a4 (h,H)eT Pt (h,H)eT P ‘pht (’Oln_)‘phz

Moreover, for any basis arc (h,1), if (h,7) ¢ T, we have ¢, = ¢, according to the definition of

T, which means arc (h,t) has no effecton A p;and A p;. Therefore, when calculating A r;;, we
¢ ¢’ ¢’
need to focus on the arcs in 7.

Definition 4. For any (i, j) € T, the unique cycle formed by arc (i, j) and the spanning tree is called
the derived cycle and is denoted as C ZT]

By this definition, C[.Tj can be expressed as
Cl. = (i, j) U Path(i)r U Path(j)r.

where Path(i); and Path(j)r are the arc sets consisting of the arcs in the path of the spanning tree from
the root node to node i and j, respectively.

Lemma 1. Forany (h,t) € Ty and V(, j) € T, if (h,t) ¢ CT then arc (h,t) has no effecton A r;.
¢/

Proof. If (h,t) ¢ Cl.Tj, then there are three cases for any (h,1) € T}.

o Case 1: (h,t) € Path(i);, (h,t) € Path(j)7;
e Case 2: (h,1) € Path(i);, (h,1) € Path(j);;
e Case 3: (h,1) ¢ Path(i); U Path(i);, (h,1) ¢ Path(j)} U Path(j);.

Clearly, without considering other arcs, we have A p; = A p; for all three cases based on the
QD/ll_)so;lt SDhl_n’ahl
definition of price in (2.6). Therefore, we have A r;; = 0 which means that arc (A, 7) has no effect
‘P/,,_")O;,,
on A rj. O
o
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Therefore, only (h,7) € T N Cl.T/. contributes to A r;;. Let Gl.Tj =T,N CL.TJ.; we have
4 ¢_>S0/

Arg= > A rg= Y (A pi— A p) (3.4)

e (h,t)eG,.T,. h ™l (h,z)eGiT/. O™ PP

According to the location and direction, the arcs in Gl.Tj can be divided into the following four subsets:

° GlT,l. = {(h,t) € Gl.Tj | (h,t) belongs to the path of the spanning tree from the root node to node j,

and it has the reverse direction as (i, j) in the cycle Cl.Tj}.

e G ;=10 € Gl.Tj | (h,t) belongs to the path of the spanning tree from the root node to node j,
and it has the same direction as (i, j) in the cycle C IT]}

° Ggl. i = {(h,t) € Gl.Tj | (h,t) belongs to the path of the spanning tree from the root node to node i,
and it has the same direction as (i, j) in the cycle CiTj}.

° GLJ. = {(h,1) € Gl.T]. | (h,t) belongs to the path of the spanning tree from the root node to node i,

and it has the reverse direction as (i, j) in the cycle C IC}

Now, for any arc (4, #) in these four subsets, we use an example to illustrate the effect of arc (A, ) on
A rij.

a4
Example 2. Examples of these four subsets are shown in Figure 4. In the derived cycle Cl.Tj, it is
assumed that (e, ), (g, f), (b,c),(d,c) € T,; then, we have (e, [) € GlT-iy (g, f) € G;ij, (b,c) € G3T.l.j,
and (d,c) € GLJ..

For any (h,t) € GiTj’ if vif’ = /l’;”,

A r1;j can be calculated as follows.
SDllt_>(’0;1t

then ¢,, € {k,k + 1}. Regardless of the influence of other arcs,

(1) Case 1: As shown in Figure 4(a), (h,t) = (e, f) € G'.. Based on (2.6), we have A p; =0

1ij°
goht_)(’o;vt

and A p;= ci;j - cZ;j . Therefore, according to (3.2), A r;; can be calculated by A 1y

‘/’m _W’;n %n _W);u (phz _WJ;U
@ i
Chi = Che -
(2) Case 2: As shown in Figure 4(b), (h,t) = (g, f) € G;ij. Based on (2.6), we have A p; =0
P
and A pj= c:;’ - c:;’. Therefore, according to (3.2), A r;j can be calculated by A rij =
Cru ™ Pl Pl
¢ij #ij
Chi = Che -
(3) Case 3: As shown in Figure 4(c), (h,t) = (b,c) € G3T,l.j. Based on (2.6), we have A p; =
PP

ci;'f —c::;‘f and A p;=0. Therefore, accordingto (3.2), A r;canbe calculatedby A r;;

PP PP PP
¢ @i
Chi —Cpy
(4) Case 4: As shown in Figure 4(d), (h,t) = (d,c) € GLJ. Based on (2.6), we have A p; =
QOh,—NP;”

c:;j —cZﬁj and A p;=0. Therefore, accordingto (3.2), A r;canbe calculatedby A r;;

’ 7’ ’
PPt PP PPt

T ¢
Cri — Cpy -
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(a) Case 1: (h,1) = (e, /) € G ;

(c) Case 3: (h,1) = (b,c) € G} ; (d) Case 4: (h,1) = (d,c) € G} ;

Figure 4. Four cases of arc (h,1) € Gg
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This example illustrates the effect of a single arcon A r;;. Considering the effect of all the arcs in
¢’
G[,, we can calculate A r;; by
oy’

‘pht tpht tpht S0/1[
Ar,] E (¢, —¢,/)+ E (¢, =)

=y

(h.neGT . (h.1)eGT .
P Lo (3.5)
+ Z (ch;] _ ch;n) + Z (C nt Ch;”)
(hnEGT (h.neGY,;
Based on the concavity of fi;(x;), we have ¢, > ¢/'. For any arc (i, j) € L, since y(ij) =

arg min¢{r§j.,|\7’cp’ € ®(v¥)}, the value of Y(ij);, for any (h, t) € A can be obtained as follows.

k, if (h,1) € GT,, UG],;
Ui = k+1, if (h,1) € G],;UGT,; (3.6)

Oprs else.

2-ij

Accordingly, the difference between r‘/’( W

g 3 @ede N -

4] — r —
(hEGT, UGS, (h)eGY, UGE .

and r?‘} can be calculated as

Similarly, for any arc (i, j) € U, since y¥(ij) = argmaxw/{rf}ll\!go’ € ®(v¥)}, the value of ¥(ij);, for
any (h, t) € A can be obtained as follows.

k+1, if (hi)e Gl UGL,;
w(l])ht =1k, if (h,1) € Gz.ij U G3.,‘j, (38)

Opps else.

Y(ij)

Accordingly, the difference between r;;*" and rf;. can be calculated as

rij = Z (C;ff’ )+ Z (Chy = Chht) (3.9)

(h, t)eGlT”UGZU (h.NEGT UUG{U

o=y(ij)

In summary, for any nonbasis arc (i, /), if we have already obtained C;;, T_ then it is clear that the
computational complexity of obtaining ¥(ij) and A rij by (3.6) and (3 7) (or (3.8) and (3.9)) is

QU (ij)
O(n). Based on the NSA, the computational complexity of searching for a derived cycle CT is also
O(n) through backtracking the spanning tree from node i and node j to the root node. Then, l”i(”)
be obtained by rw(”) =1 ;+ A i, which requires only an addition operation. Therefore, the total
o=y(i))
complexity of obtaining (i) and Ari./’j(” ) is still O(n).
At this point, the constructive proof of Theorem 4 is completed. O
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3.3. Check the local optimality

Using the strategy in the proof of Theorem 4 to obtain ¥(ij), the procedure for checking the local
optimality of a vertex v can be expressed as Algorithm 1.

Algorithm 1 Check the local optimality of v.

Require: Feasible domain Q; f;;(x;;),V(i, j) € A, v, flag = 1;
1: e Select an index tuple ¢ € O(v);
2: o Solve the linear NFP P(¢) and obtain rl“.';.;
3. if v is not optimal for P(¢) then

4: e flag :=0;
5. else
6 forV(i,j)eT do
7: e Obtain ¥/(ij) by (3.6) or (3.8);
8: e Calculate A r;; by (3.7) or (3.9);
=Y (i))
9: e Calculate r;”j(ij) by ri./;.(ij) = r?‘} + A i
AU
10: if r;”j(ij) satisfies condition (2.8) then
11: e Go to the next arc in 7.
12: else
13: flag :=0;
14: e End the current for-loop.
15: end if
16: end for
17: end if
18: if flag == 1 then
19: e v is locally optimal for CPLNFP;
20: else
21: e v is not locally optimal for CPLNFP;
22: end if

Theorem 5. The complexity of checking the local optimality of v by Algorithm 1 is polynomial in the
network parameters.

Proof. If v is not optimal for P(¢), we determine that v is not locally optimal for CPLNFP by verifying
the optimality of v for only one linear NFP. In this case, the computational complexity of verifying the
optimality of v for P(¢) is O(m — n) according to the NSA. If v is optimal for P(p) (i.e., v = V¥), we
check the optimality of v(v¥) by the strategy stated in the proof of Theorem 4 in complexity O(n(m—n)).
Therefore, the total complexity of checking the local optimality of v by Algorithm 1 is still O(n(m—n)),
which is polynomial in the network parameters. O

Traditionally, as mentioned earlier, for any vertex v, we need to verify the optimality of v for 2™
linear NFPs P(¢), V¢ € ®(v). The total computational complexity is O(2™ (m—n)) since the complexity
of checking v for a linear NFP is O(m — n). It is clear that for large-scale CPLNFPs with 2™ >> n,
Algorithm 1 is far superior to the traditional implementation of the local optimality condition.
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3.4. An example to illustrate Algorithm 1

Example 3. For the CPLNFP instance in Example 1, we can easily obtain that x = (3,4, 1,2,0,5,2,5)
is a nondegenerate vertex. Moreover, X is also an optimal solution to P(y) for ¢ = (1,2,1,2,1,2,2,2),
which means that v* = X = (3,4,1,2,0,5,2,5). When solving P(¢) by the NSA, the basis associated
with v¥ is

T ={(1,2),(2,3),(2,4),(3,5),(5,6)},
L ={(3,4)}, (3.10)
U ={(,3),4,6)}.

—— > Basis arcs
— — — — - Nonbeasis arcs

Figure 5. The basis associated with v¥.

Figure 5 shows the basis, where the basis arcs are represented by solid lines and nonbasis arcs
are represented by dashed lines. By definition, we have T=LUU=1{(1,3),3,4),4,6)}) and T, =
{(1,2),(2,3),(2,4),(3,5),(5,6)}). Let node 1 be the root of T. The prices associated with V¥ are p; =
0,p = =5,p3 = =8,ps = =8,ps = —10,ps = —14 when solving P(y) by the NSA. Accordingly,
the reduced costs for nonbasis arcs are r{; = 4+ (-8) =0 = —4,ry, = 4+ (-8) — (-8) = 4,1}, =
3+ (—14) — (=8) = =3. It can be seen that r},, 1%, and r} satisfy the optimality condition (2.8), which
in turn verifies the optimality of X for P(p).

For arc (1,3) € U, the derived cycle is CIT3 = {(1,2),(2,3),(1,3)} and the intersection of CIT3
and T, is GlT3 = {(1,2),(2,3)}. As discussed in section 3.2, GIT3 can be divided into four subsets:
Gl =1(1,2),2,3)}, Gy = ¢ G, = ¢ and G} |; = ¢. According to (3.6) and (3.7), we have
w(13) = (2,2,2,2,1,2,2,2) and A 115 = (5=3) + (3 —2) = 3. Then, r!{"” can be calculated as

rﬁm = ”‘f3 + ¢—’§(13) riz=—4+ 3i i(113)< 0. Clearly, r‘gm still satisfies condition (2.8).

Similarly, for arc (3,4) € L and arc (4,6) € U, we can obtain Y((34) =
(1,2,2,1,1,2,2,2), ﬁm)m = 2-3N+@B-6) = 44 = 4-4 = 0 and Y(46) =
(1,2,1,2,1,1,2, 1),90_)9(46)% =(3-3)+(@4-2)+(6-4) =49 = 344 =1>0. Obviously,
rfé%) does not satisf; condition (2.8). Therefore, V¥ is not locally optimal for the CPLNFP instance in

Example 1. In practice, when rfé%) is obtained, one can determine that v is not locally optimal and
obtain a better solution by solving P(y(46)). In the process of checking the local optimality of V¥, we

calculate the reduced cost for each nonbasis arc only once.

AIMS Mathematics Volume 6, Issue 3, 2094-2113.



2110

Traditionally, we need to check the optimality of v¥¢ for 32 linear NFPs. Moreover, we need to
calculate the reduced cost for each nonbasis arc every time we solve one of these 32 linear NFPs. For
example, when solving P(¢") where ¢’ = (1,2,2,2,1,1,2,2) € ®(X), we need to recalculate prices
as: pr =0,pp = =5,p3 = =T, ps = =8, ps = =11, pg = —15, and then check the optimality of V¥ by
calculating the reduced costs for nonbasis arcs as rf; =4+ (7)-0= -3, rg; =4+ (-8)-(-7) =
3, rf(; = 3 + (—15) — (—8) = —4. Therefore, if we want to check the optimality of v¢ for 32 linear NFPs,

we need to calculate the reduced cost for each nonbasis arc 32 times.
4. Conclusion

The motivation of our study comes from the demand for the local optimal solution to the CPLNFP.
The efficient implementation of the local optimality condition is the key to verify and obtain a
local optimal solution. In this paper, we propose a polynomial local optimality condition for the
nondegenerate vertex based on the mathematical properties of linear NFPs associated with this vertex.
The proposed local optimality condition makes use of the network characteristics of the CPLNFP and
is suitable for large-scale CPLNFPs.
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Appendix

A. The growth trend of the number of active arcs

on

This appendix estimates the growth trend of the number of active arcs (m,) in the CPLNFPs defined
benchmark networks.

A.l. Test problems

Test problems used to estimate the growth trend of m,; are generated randomly. Each test problem

consists of two parts: the network and the concave piecewise linear cost function. The network is
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generated randomly with parameters n and m by the benchmark network generator NETGEN [19].
The total supply flow is equal to the total demand flow and is set as 10 X n. The capacity u;; for arc
(i, j) is generated along with G, as stated in [19]. Note that parameters n and m are correlated; thus, we
use n/m to denote these two parameters. Without loss of generality, it is assumed that s;; remains the
same over all arcs and is expressed as §. The concave piecewise linear cost function f;;(x;;) for each
arc (i, j) € A is generated according to the following three steps.

e Step 1: The breakpoints (/l}j,/ll.zj, e ,/lfj“) are randomly generated in (0, u;;), which satisfies
A< <<

e Step 2: The slopes (cl.lj, c?j, e ) are randomly generated in [Cpins Caxl, Which satisfies cl.lj >
cfj > > cfl.. In this paper, we set ¢, = 5 and ¢, = 55.

e Step 3: The intercepts (dl.lj, dl.zj, cee, dfj) are generated iteratively based on the continuity of f;;(x;;)
as follows:
1 _ (.
- d, = 0;

- For s =2 to sdo

s — s—1)s—1 s—1 _ s )s—1
* dl.j_cl.j /lij +dl.j cl.j/ll.]. .

Considering that various practical problems require various network dimension parameters n/m
and different piecewise linear cost function parameters §, we set ten different values for parameter
n/m and four different values for parameter §, which can be expressed as as E={10/20 20/40 40/100
60/400 80/600 100/1000 200/2000 300/3000 400/6000 500/8000 } and S = {3,5,7, 10}, respectively.
Problems with the same n/m and § form a problem set, which is denoted as P, ;. In each problem set
P, .5, there are 20 randomly generated test problems.

In this paper, the problem group that consists of all test problems is denoted as P. According to
parameter §, P is divided into four problem subgroups Py, P,, P53 and P,.

Pl = {Pn,m,Sln/m € E}’PZ = {Pn,m,Sln/m € E},

P3 = {Pn,m,7|n/m € E}’ P4 = {Pn,m,10|n/m € E}

Clearly, there are 200 test problems in Py, k = 1,2, 3,4 and a total of 800 test problems in P.

A.2. Estimate the growth trend of m;

To study the relationship between m; and the parameters n, m and §, we estimate the value of m;
in problem groups P, P,, P; and P4. The test problems in each problem set P, ,,; have the same
parameters n, m and §; thus, they are estimated as a whole. The average of the estimated values of m,
for all 20 problems is used to estimate the overall level of m, for P, ;. For a test problem, each vertex
in the feasible region corresponds to a value of m;. Since the number of vertices is combinatorial, it
1s not realistic to find values of m, for all vertices. Here, we propose a reasonable sampling method to
estimate the value of m;.

For ease of expression, we use the concept of P(p) that is a linear NFP defined from one of the
regions in the feasible domain. The formal definition of P(¢) will be given in (2.3). The linear NFPs
defined from all the possible regions in the feasible domain can be expressed as

P ={P(p)lp € D},
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where @ is defined as

® = {peBly;{l,2,--- 8}V, j) € A}.
The definition of ® can be seen in section 2.1.

For a vertex v in the feasible domain, if v is not optimal for P(¢), V¢ € P, then we can determine v
is not locally optimal for the CPLNFP by solving any one of these linear NFPs. Therefore, we do not
have to explore the value of m; for this vertex. We should focus on vertices that are at least optimal for
one linear NFP in P. It is appropriate to sample vertices from the optimal solutions to problems in P.

For a test problem p € P with the feasible region €, the process of sampling n, vertices is shown as
follows.

Fork=1:n,do

— Randomly select ¢ satisfying ¢ € ®;
— Solve P(yp) by the network simplex algorithm ([16]) and obtain the optimal vertex ¥;
— Calculate the value of m; associated with v¥;

- '):k = ”}1;
- ®:=d\y;
End
The average of y;, ¥, -+ ,yn, 1s used to estimate the value of m; in this problem.
YitY2t ooty
m = - . (A.1)

In our experiments, we set n; = n. The overall level of m; for P, ; is estimated by

_ Zpepn,m,i np

¢ 20

(A.2)

Table 1. The overall level of the value of m;.

Problem n 10 20 40 60 80 100 200 300 400 500

Group m 20 40 100 400 600 1000 2000 3000 6000 8000
Pi(§=3) | 015 034 080 124 1.78 225 3.85 5.40 8.12 10.50
Py(§=5) | 032 098 203 242 355 435 7.75 11.20 1498 1831
P3(8=17) | 060 120 312 396 556 640 1242 17.05 21.88 2891
Py5=10) | ¢ | 0.87 214 394 594 722 993 1815 26.84 3391 4158

It can be seen in Table 1, as the scale of the problem increases, the value of { gradually increases and
the value of 2¢ becomes very large. For example, we have 2¢ ~ 1.71 x 10*” >> 500 for test problems
in Psoos000.10- Moreover, for the same problem scale, the value of ¢ also increases as the value of §
increases. The specific growth trend of £ can be seen in Figure 2 in Introduction.
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