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Abstract: In this paper, we solve the additive p-functional inequalities:

If(x+y) = f) = fOIl < ||p(2f(xT+y) — ) = fODII;
|I2f(x—J2ry) — ) = fOl < Mlo(f (x +y) = f(x) = fFODII,

where p is a fixed non-Archimedean number with [p| < 1. More precisely, we investigate the solutions
of these inequalities in non-Archimedean 2-normed spaces, and prove the Hyers-Ulam stability of
these inequalities in non-Archimedean 2-normed spaces. Furthermore, we also prove the Hyers-Ulam
stability of additive p-functional equations associated with these inequalities in non-Archimedean 2-
normed spaces.
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1. Introduction and preliminaries

The study of stability problems for functional equations is related to a question of Ulam [23] in
1940 concerning the stability of group homomorphisms.
The functional equation

Jx+y) = f(x)+ f(y) (1.1)

is called Cauchy functional equation. Every solution of the Cauchy functional equation is said to be
an additive mapping. In 1941, Hyers [10] gave the first affirmative answer to the question of Ulam for
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Banach spaces. Hyers’ result was generalized by Aoki [1] for additive mappings and by Rassias [20]
for linear mappings by considering an unbounded Cauchy difference. In 1994, Gavruta [3] provided a
further generalization of the Rassias’ theorem in which he replaced the unbounded Cauchy difference
by a general control function.

The following functional equation

21555 = () + £0) (12)

is called Jensen functional equation. See [15, 16, 19, 22] for more information on functional equations.
Gilanyi [7] and Rtz [21] showed that if f satisfies the functional inequality

12 () + 2 () = fFOy™DIE < I Gyl (1.3)

then f satisfies the Jordan-Von Neumann functional equation

2£(0) +2f(y) = fOy) + fOy™).

Fechner [2] and Gilanyi [8] proved the generalized Hyers-Ulam stability of the functional inequality
(1.1). Park et al. [17] investigated the generalized Hyers-Ulam stability of functional inequalities
associated with Jordon-Von Neumann type additive functional equations. Kim ef al. [11] solved the
additive p-functional inequalities in complex normed spaces and proved the Hyers-Ulam stability of
the additive p-functional inequalities in complex Banach spaces. In 2014, Park [14] considered the
following two additive p-functional inequalities

If(x+y) = f) = fOIl < ||p(2f(xT+y) = fx) = fODI; (1.4)
||2f(xT+y) — f) = fOI < lle(f(x +y) = f(0) = fFODII (1.5)

in non-Archimedean Banach spaces and in complex Banach spaces, where p is a fixed
non-Archimedean number with |p| < 1 or p is a fixed complex number with |p| < 1.

In this paper, we establish the solution of the additive p-functional inequalities (1.4) and (1.5),
and prove the Hyers-Ulam stability of the additive p-functional inequalities (1.4) and (1.5) in non-
Archimedean 2-Banach spaces. Moreover, we prove the Hyers-Ulam stability of additve p-functional
equations associated with the additive p-functional inequalities (1.4) and (1.5) in non-Archimedean
2-Banach spaces.

Gihler [4, 5] has introduced the concept of linear 2-normed spaces in the middle of the 1960s. Then
Gihler [6] and White [24, 25] introduced the concept of 2-Banach spaces. Following [9, 12, 13, 18], we
recall some basic facts concerning non-Archimedean normed space and non-Archimedean 2-normed
space and some preliminary results.

By a non-Archimedean field we mean a field K equipped with a function (valuation) | - | from K into
[0, o) such that |r| = 0 if and only if r = 0, |rs| = |r||s|, and |r + 5| < max{|r|,|s|} for r, s € K. Clearly
1l =|—=1] = 1 and |n| < 1 for all n € N. By the trivial valuation we mean the function | - | taking
everything but O into 1 and |0] = 0.

Definition 1.1. (cf. [9, 13]) Let X be a linear space over a scalar field K with a non-Archimedean
non-trivial valuation | - |. A function || - || : X — R is called a non-Archimedean norm (valuation) if it
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satisfies the following conditions:

() ||x|| = 0 if and only if x = 0;

@i1) ||rx]| = |r|||x|| for all r € K, x € X

(111) the strong triangle inequality; namely,

[l + yIl < max{[x]], [Iyll}

for all x,y € X. Then (X, || - ||) is called a non-Archimedean normed space.

Definition 1.2. (cf. [12, 18]) Let X be a linear space over a scalar field K with a non-Archimedean
non-trivial valuation |-| with dim X > 1. A function ||-, || : X — R s called a non-Archimedean 2-norm
(valuation) if it satisfies the following conditions:

(NA1) [|x, yll = 0 if and only if x, y are linearly dependent;

(NA2) |12, ylI = [ly, xII;

(NA3) [lrx, yll = [rlllx, yII;

(NA4) [Ix, y + zll < max{]lx, yll, [|x, zII};

for all » € K and all x,y,z € X. Then (X, ||, -||) is called a non-Archimedean 2-normed space.

According to the conditions in Definition 1.2, we have the following lemma.

Lemma 1.3. Let (X, ||, -||) be a non-Archimedean 2-normed space. If x € X and ||x,y|| = 0 forall y € X,
then x = 0.

Definition 1.4. A sequence {x,} in a non-Archimedean 2-normed space (X, |[-, ‘||) is called a Cauchy
sequence if there are two linearly independent points y, z € X such that

lim |Ix, — X%, ¥l =0 apnd Hm [jx, — X, 2l = 0.
m,n— oo m,n— co

Definition 1.5. A sequence {x,} in a non-Archimedean 2-normed space (X, ||-, -||) is called a convergent
sequence if there exists an x € X such that

lim ||x, —x, )|l = 0
n—oo

for all y € X. In this case, we call that {x,} converges to x or that x is the limit of {x,}, write {x,} — x
asn — oo or lim x, = x.

n—oo

By (NA4), we have

Xy = X, Il < max{llxjer — xp ¥ :m < j<n—1}, (n>m),

for all y € X. Hence, a sequence {x,} is Cauchy in (X, ||, -||) if and only if {x,,; — x,} converges to zero
in a non-Archimedean 2-normed space (X, |-, /).
Remark 1.6. Let (X, ||, ||) be a non-Archimedean 2-normed space. One can show that conditions (NA2)

and (NA4) in Definition 1.2 imply that
llx +y.zll < llx zll + My, zll - and llx = zlf = [y, zlll < [lx =y, ZI]

for all x,y,z € X.
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We can easily get the following lemma by Remark1.6.

Lemma 1.7. For a convergent sequence {x,} in a non-Archimedean 2-normed space (X, ||, ||),
lim [x;, 31l = | lim x,,
forally € X.

Definition 1.8. A non-Archimedean 2-normed space, in which every Cauchy sequence is a convergent
sequence, is called a non-Archimedean 2-Banach space.

Throughout this paper, let X be a non-Archimedean 2-normed space with dimX > 1 and Y be
a non-Archimedean 2-Banach space with dimY > 1. Let N = {0,1,2,...,}, and p be a fixed non-
Archimedean number with [p| < 1.

2. Solutions and stability of the inequality (1.4)

In this section, we solve and investigate the additive p-functional inequality (1.4) in
non-Archimedean 2-normed spaces.

Lemma 2.1. A mapping f : X — Y satisfies

£+ 3) = £00 = FO.0ll < IpCFCS) = £(6) = FO)), ol @.1)

forall x,y € Xand all w € Y ifand only if f : X — Y is additive.

Proof. Suppose that f satisfies (2.1). Setting x = y = 0 in (2.1), we have || f(0), w|| < [0, w||=0 for all
w € Y and so || f(0), w|| = 0 for all w € Y. Hence we get

f0)=0.
Putting y = x in (2.1), we get
Ilf2x) = 2f(x), |l < |0, wl| (2.2)
for all x € X and all w € Y. Thus we have
X 1
—)=— 2.3
S( 2) 2f (x) (2.3)

for all x € X. It follows from (2.1) and (2.3) that

If(x+y) = f0) = f, wll < ||p(2f(xT+y) —f(x) = f), |
= lplllf(x +y) = f(x) = f), | (2.4)
for all x,y € X and all w € Y. Hence, we obtain
Jx+y) = f(x) + f(y)

for all x,y € X.
The converse is obviously true. This completes the proof of the lemma. O
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The following corollary can be found in [14, Corollary 2.2].

Corollary 2.2. A mapping f : X — Y satisfies

F+9) = () = FO) = pFCZE) = £ = ) (2.5)
forall x,y € X ifand only if f : X — Y is additive.

Theorem 2.3. Let ¢ : X> — [0, 00) be a function such that

1
hm E(p(Z’x ,20y) = (2.6)

forall x,y € X. Suppose that f : X — Y be a mapping satisfying

If(x+y) = f(x) = fO), 0l < ||p(2f(xT+y) = f(x) = fO), wll + ¢(x,y) 2.7)

forall x,y € X and all w € Y. Then there exists a unique additive mapping A : X — Y such that

£ (x) — A(x), wl| < supf +190(2jx, 2/x)} (2.8)
jen 12
forall xe Xandall w € Y.
Proof. Letting y = x in (2.6), we get
If2x) = 2f(x), wll < p(x, x) (2.9)
forall x e Xandallw € Y. So
1f(x) - —f(2X) ol < @so(x » X) (2.10)
forall x € X and all w € Y. Hence
||—f(21 ) — —f(ZmX) |
1 1
< max( ||—f(2’x) - Ff@’“x) wll, - IIWf(T”‘Ix) - 5 /2", ol
1
< max W||f<21x> Lol ST 1||f(2’” 1) = 22", ol
1 . .
< sup { 2/x,27x)} 2.11
b gt ) (1D

for all nonnegative integers m, [ with m > [ and for all x € X and all w € Y. It follows from (2.11) that

Jim ||—f(21 ) = —f(2'"X) wl| =
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for all x € X and all w € Y. Thus the sequence {f @20y
i (2 X)

is a Cauchy sequence in Y. Since Y is a

non-Archimedean 2-Banach space, the sequence {—5—} converges for all x € X. So one can define the

mapping A : X — Y by

Ax) = lim 229

n—oo 2"

for all x € X. That is,

f@2"'x)
2n

lim |55 - A0, 0l =

forallxe Xandall w €Y.
By Lemma 1.7, (2.6) and (2.7), we get

IAGx +y) = A(x) = A(Y), ||
= lim —||f 2"x+y) - f2"%) = f2"y), wl

P
2" 1

< lim |2|nn pAEE) - @) - @)l + fim e 2)

:||p<2A<T>—A<x>—A(y>>,w|| @12)

for all x,y € X and all w € Y. Thus, the mapping A : X — Y is additive by Lemma 2.1.
By Lemma 1.7 and (2.11), we have

2" S
17~ A, ol = Jim 170 - L5 @x,2/)

, w|| < supf

P AT

for all x € X and all w € Y. Hence, we obtain (2.8), as desired.
To prove the uniqueness property of A, Let A’ : X — Y be an another additive mapping satisfying
(2.8). Then we have

1
IA(x) = A"(x), wl| = II—A(Z"X) —A (2"%), wl|

1
< max{II—A(2" ) = —f(2"X) wl|, ||—f(2”X) A (2", wll}

< sup{ @(2"x, 2" X)),

jeN |2|n+]+1

which tends to zero as n — oo for all x € X and all w € Y. By Lemma 1.3, we can conclude that
A(x) = A’(x) for all x € X. This proves the uniqueness of A. |

Corollary 2.4. Let r, 0 be positive real numbers with r > 1, and let f : X — Y be a mapping such that
IfCx+y) = f(0) = f), wll < ||,0(2f(xT+y) = f(0) = fO), wll + 6]l + [yl (2.13)
forall x,y € X and all w € Y. Then there exists a unique additive mapping A : X — Y such that
1£(x) = Ax), 0l < HQIIXII lleoll (2.14)
forall xe Xandall w € Y.
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Proof. The proof follows from Theorem 2.3 by taking ¢(x,y) = 6(||x||" + [[y||")||lw|| for all x,y € X and
all w € Y, as desired. a

Theorem 2.5. Let ¢ : X*> — [0, 00) be a function such that
. Coxy
1 2 J ) = 0 215
lim [2Fe(57, 37) (2.15)
forall x,y € X. Suppose that f : X — Y be a mapping satisfying
X+
If(x+y) = f(x) = fO), 0l < ||p(2f(Ty) — () = fO), wll + ¢(x,y) (2.16)

forall x,y € X and all w € Y. Then there exists a unique additive mapping A : X — Y such that

X
If(x) = A(x), wll < 816110{|2|’90(ZJ+1 i > (2.17)
forall xe Xandall w € Y.
Proof. 1t follows from (2.9) that
X X x
I1fCx) - 2f(§),w|| <¢(35) (2.18)
for all x € X and all w € Y. Hence
|2f( 1)~ 2’"f( —), wl|
< max{(2'f(5;) —21”f(ﬁ) Wl 2" fl) - 2’”f(—) wl)
< max(2f1lf(5) = 2 G ol 2 () = 2/ (5wl
X
< 2|/ 2.1
< je{i}ir; {12 so(zj+1 2,+1)} (2.19)

for all nonnegative integers m, [ with m > [ and for all x € X and all w € Y. It follows from (2.19) that

Jim ||2’f( ) — 2"’f(ﬁ) wll =

for all x € X and all w € Y. Thus the sequence {2"f(3;)} is a Cauchy sequence in Y. Since Y is a
non-Archimedean 2-Banach space, the sequence {2" f(3;)} converges for all x € X. So one can define
the mapping A : X — Y by

A) = lim 2'f(3)
for all x € X. That is,
lim [2°£(5) - AC), ol =
forall x € X and all w € Y. By Lemma 1.7 and (2.19), we have
1/ (x) = AQ), wll = lim |If(x) — 2’"f(—) Wl < SUP{|2|’<,0( =)

2]+1 2]+1

for all x € X and all w € Y. Hence, we obtain (2.17), as desired. The rest of the proof is similar to that
of Theorem 2.3 and thus it is omitted. O
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Corollary 2.6. Let r, 6 be positive real numbers withr < 1, and let f : X — Y be a mapping satisfying
(2.13) for all x,y € X and all w € Y. Then there exists a unique additive mapping A : X — Y such that

2
1f(x) = A(x), 0| < WQIIXII’IIMII (2.20)

forall xe Xandall w € Y.

Let A(x,y) := f(x+y) — f(x) — f(y) and B(x,y) := p(2f(x7+y — f(x) — f(y)) for all x,y € X. For
x,y € X and w € Y with ||A(x, y), 0| < ||B(x, ), wl||, we have

lA(x, ), wll = [I1B(x, y), wl|| < [|A(x, y) = B(x, y), wl|.
For x,y € X and w € Y with ||A(x, y), w|| > ||B(x,y), w||, we have
A(x, ), wl| = [|[A(x, y) = B(x,y) + B(x, ), ol
< max{||A(x, y) — B(x,y), 0|, [|B(x, y), wl|}

= lA(x,y) = B(x, y), wl|
< [IACx, y) = B(x, y), wl| + [IB(x, y), wll.

So we can obtain
If(x+y)— f()— fO),wll — ||p(2f(xT+y) = f(x) = fO), wli
<fGx+y) = f0) - fO) - p(2f(x—;y) = () = f), wll.

As corollaries of Theorems 2.3 and 2.5, we obtain the Hyers-Ulam stability results for the additive

p-functional equation associated with the additive p-functional inequality (1.4) in non-Archimedean
2-Banach spaces.

Corollary 2.7. Let ¢ : X*> — [0, ) be a function and let f : X — Y be a mapping satisfying (2.6) and

1f(x+y) = f(x) = fOy) - p(2f(xT+y) = f(x) = fO), wll < ¢(x,y) (2.21)

forall x,y € X and all w € Y. Then there exists a unique additive mapping A : X — Y satisfying (2.8)
forallx e Xandall w €Y.

Corollary 2.8. Let r, 0 be positive real numbers with r > 1, and let f : X — Y be a mapping such that

If(x+y) = f(x) = fy) - p(2f(xT+y) — f() = ), wll < 6" + [yl (2.22)

forall x,y € X and all w € Y. Then there exists a unique additive mapping A : X — Y satisfying (2.14)
forallx e Xandall w €Y.

Corollary 2.9. Let ¢ : X*> — [0, ) be a function and let f : X — Y be a mapping satisfying (2.15)
and (2.21) for all x,y € X and all w € Y. Then there exists a unique additive mapping A : X — Y
satisfying (2.17) forall x € X and all w € Y.

Corollary 2.10. Let r, 8 be positive real numbers withr < 1, and let f : X — Y be a mapping satisfying
(2.22) for all x,y € X and all w € Y. Then there exists a unique additive mapping A : X — Y satisfying
(2.20) forall x e X and all w € Y.
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3. Solutions and stability of the inequality (1.5)

In this section, we solve and investigate the additive p-functional inequality
non-Archimedean 2-normed spaces.

Lemma 3.1. A mapping f : X — Y satisfies f(0) = 0 and
X+
||2f(Ty) = f) = fO, vl < lo(f(x +y) = f(x) = fF(), V]
forall x,y € Xandallv e Y ifand only if f : X — Y is additive.
Proof. Suppose that f satisfies (3.1). Letting y = 0 in (3.1), we have
X
||2f(§) = f(0), vl < 0,v][ =0
for all x € X and all v € Y. Thus we have
X 1
f (5) = if (%)
for all x € X. It follows from (3.1) and (3.3) that
X+
G+ 3) = £00 = £ vll = I2F(52) = £ = fO). o
< lplllf(x +y) = f(x) = f), vl
for all x,y € X and all v € Y. Hence, we obtain

Jx+y) =)+ f()

for all x,y € X.
The converse is obviously true. This completes the proof of the lemma.

The following corollary can be found in [14, Corollary 3.2].
Corollary 3.2. A mapping f : X — Y satisfies f(0) = 0 and

2152 = £(0 = [0) = p(f G5+ ) = () = FO))

forall x,y € X ifand only if f : X — Y is additive.
Theorem 3.3. Let ¢ : X*> — [0, o) be a function such that

I
lim —¢(2/x,2/y) = 0

j—oo |2|J

forall x,y € X. Suppose that f : X — Y be a mapping satisfying f(0) = 0 and
||2f(xT+y) — f0) = fO), vl < Mlo(f (x +y) = f(x) = f), vl + ¢(x,y)

(1.5) in

3.1

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

forall x,y € X and all v € Y. Then there exists a unique additive mapping A : X — Y such that

1 .
[1£(x) = A(x), vl < sup{===(27"x, 0))

jen 1217+

forall xe Xandallv eY.

(3.8)
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Proof. Letting y = 0 in (3.6), we get
x
12/(5) = (), vll < ¢(x. 0) (3.9)
forallx e Xandallv € Y. So

I1f(x) = —f(2x) |l < E¢(2x 0) (3.10)

forall x € X and all v € Y. Hence

II—f ') - f 2"x), vl

1

< max{ ||—f(2’x) 2l+1f(2l“x) ull, - IIWf(T” 'x —f(2’”x), ull}

< max @llf@’x) f(2’“x), ulf, - - o 1||f(2’” 'x) - —f(2’"x) ull}

< sup | #(27" x,0)} (3.11)
Jjelll+1,...} |2| J*

for all nonnegative integers m, [ with m > [ and for all x € X and all v € Y. It follows from (3.11) that
Jim ||—f(2’x) - —f(2'”x) Ul =

for all x € X and all v € Y. Thus the sequence {f @0y
fQ x)

is a Cauchy sequence in Y. Since Y is a

non-Archimedean 2-Banach space, the sequence {5
mapping A : X — Y by

} converges for all x € X. So one can define the

AGx) o= lim L&Y

n—oo n

for all x € X. That is,

tim 1722 A0, vl =
forallxe Xandallv e Y.
By Lemma 1.7, (3.6) and (3.7), we get
||2A(x—+y) — A(X) - AQ), vl
- lim 7 D) ) - fr, vl
< lim (2G4 ) = £ = Sl + im 025, 2')
= (A + ) — AG) = AG), (3.12)

for all x,y € X and all v € Y. Thus, the mapping A : X — Y is additive by Lemma 3.1.
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By Lemma 1.7 and (3.11), we have

f(2"x) 1
< -
T AT

1/ (x) = Ax), vl = lim [|f(x) - $(2"x,0))

for all x € X and all v € Y. Hence, we obtain (3.8), as desired.

To prove the uniqueness property of A, Let A’ : X — Y be an another additive mapping satisfying
(3.8). Then we have

’ 1 n 1 ’ n
14Gx) = A", vl = [I5AQ2%) = ZA(20), o]

1 1 1 1
< _ n o n _ n AN
< max{||2nA(2 x) an(z x), v, ||2,,f(2 x) 2nA (2"x), vll}

n+j+1
< ilelg{ o ¢2"" x, 0)},
which tends to zero as n — oo for all x € X and all v € Y. By Lemma 1.3, we can conclude that

A(x) = A’(x) for all x € X. This proves the uniqueness of A. O

Corollary 3.4. Let 5,0 be positive real numbers with s > 1, and let f : X — Y be a mapping satisfying
f(0) =0and

X +
||2f(Ty) = ) = FO, vl < Hlp(f(x + y) = f(x) = ), vl + 6(Ixll” + Il (3.13)
forall x,y € X and all v € Y. Then there exists a unique additive mapping A : X — Y such that
|2|v )
1/ (x) = A(x), vl| < E5IIXI| Il (3.14)

forall x e Xandallv eY.

Proof. The proof follows from Theorem 3.3 by taking ¢(x,y) = 6(||x||* + |[y||)|lv]| for all x,y € X and
all v € Y, as desired. O

Theorem 3.5. Let ¢ : X> — [0, o) be a function such that
. L X Y
lim 2//¢(—=,==) =0 3.15
lim [2F¢(55, 55) (3.15)

forall x,y € X. Suppose that f : X — Y be a mapping satisfying f(0) = 0 and

X+
||2f(Ty) — f0) = fO), vl < Mlo(f (x +y) = f(x) = f(), vl + ¢(x,y) (3.16)
forall x,y € X and all v € Y. Then there exists a unique additive mapping A : X — Y such that
LoX
lf (%) — A(x), vl < s.u£{|2lj¢(§,0)} (3.17)
j€

forall xe XandallveY.
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Proof. 1t follows from (3.9) that

1) = 2/(5), vl < 4(x,0) (3.18)
for all x € X and all v € Y. Hence
') - 2" f). vl
< max{[2'f(5)) - 2’“f(2,+1) il 127 f () - 2’"f(—) ull)
< max{211f(5) = 2f g -+ 2 () = 2/ ), vl

< sup {|2|’¢(5,0)} (3.19)

jelli+1,...}

for all nonnegative integers m, [ with m > [ and for all x € X and all v € Y. It follows from (3.19) that

hm ||2’f( ) — 2’"f(ﬁ) vl =

for all x € X and all v € Y. Thus the sequence {2"f(5;)} is a Cauchy sequence in Y. Since Y is a
non-Archimedean 2-Banach space, the sequence {2" f(3;)} converges for all x € X. So one can define
the mapping A : X — Y by

AG) 1= lim 2" ()
for all x € X. That is,
lim [2°£(Z) ~ ACo. vl =
for all x € X and all v € Y. By Lemma 1.7 and (3.19), we have

1/(x) = AQ), vll = Lim [If(x) - 2’"f(—) ull < SUP{|2|’¢(— 0)}

JEN

for all x € X and all v € Y. Hence, we obtain (3.17), as desired. The rest of the proof is similar to that
of Theorem 3.3 and thus it is omitted. O

Corollary 3.6. Let 5,6 be positive real numbers with s < 1, and let f : X — Y be a mapping satisfying
f(©O) = 0 and (3.13) for all x,y € X and all v € Y. Then there exists a unique additive mapping
A : X = Y such that

Ilf (x) = A(x), vl < SlIxdP ] (3.20)
forall x e XandallveY.

Let A(x,y) := 2f(5%) - f(x) = f(y) and B(x,y) := p(f(x +y) — f(x) = f()) for all x,y € X. For
x,y € X and v € Y with ||A(x, y), v|| < ||B(x, ), ||, we have

IA(x, ), VIl = [1B(x, y), vll < IACx,y) = B(x, ), vll.
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For x,y € X and v € Y with [|A(x, y), v]| > ||B(x, y), vl|, we have

IACx, y), vll = A(x, y) = B(x, y) + B(x, ), vll
< max{||A(x,y) = B(x, ), vll, 1B(x, y), vll}
= IlACx,y) = B(x, y), vl
< A, y) = B(x, ), vll + [1B(x, y), vll.

So we can obtain
|I2f(x—;y) — £ = Ol — llo(f(x +y) = £(x) = FON. vl
< ||2f<x7+y) — F) = fO) = p(fx + ) = f(2) = FO. vl

As corollaries of Theorems 3.3 and 3.5, we obtain the Hyers-Ulam stability results for the additive

p-functional equation associated with the additive p-functional inequality (1.5) in non-Archimedean
2-Banach spaces.

Corollary 3.7. Let ¢ : X*> — [0, 00) be a function and let f : X — Y be a mapping satisfying f(0) = 0,
(3.6) and

RACSE) = £00 = ) = UG+ 9) = £ = FON, vl < 9 ) (3.21)

forall x,y € X and all v € Y. Then there exists a unique additive mapping A : X — Y satisfying (3.8)
forall x e XandallveY.

Corollary 3.8. Let s, 0 be positive real numbers with s > 1, and let f : X — Y be a mapping satisfying
f(0) =0 and

||2f<"—;y> — F) = FO) = p(fx +3) = f) = 0. vl < S + VI (3.22)

forall x,y € X and all v € Y. Then there exists a unique additive mapping A : X — Y satisfying (3.14)
forallxe Xandallv €Y.

Corollary 3.9. Let ¢ : X*> — [0, 00) be a function and let f : X — Y be a mapping satisfying f(0) = 0,
(3.15) and (3.21) for all x,y € X and all v € Y. Then there exists a unique additive mapping A : X - Y
satisfying (3.17) forall x € X and all v € Y.

Corollary 3.10. Let 5,0 be positive real numbers with s < 1, and let f : X — Y be a mapping
satisfying f(0) = 0 and (3.22) for all x,y € X and all v € Y. Then there exists a unique additive
mapping A : X — Y satisfying (3.20) for all x € X and all v € Y.

4. Conclusion
In this paper, we have solved the additive p-functional inequalities:
xX+y
IFGx+y) = f(0) = fODN < NP2 f (=) = () = fODI,
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|I2f(xT+y) = f) = fO < Mlo(f (x +y) = f(x) = fFODII,

where p is a fixed non-Archimedean number with |p| < 1. More precisely, we have investigated the
solutions of these inequalities in non-Archimedean 2-normed spaces, and have proved the Hyers-Ulam
stability of these inequalities in non-Archimedean 2-normed spaces. Furthermore, we have also proved
the Hyers-Ulam stability of additive p-functional equations associated with these inequalities in non-
Archimedean 2-normed spaces.
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