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1. Introduction

In [4] the authors obtained the following generalization of Montgomery identity for quantum cal-
culus.

Lemma 1. [4] (Quantum Monigomery identity) Let f : [a,b] — R, be an arbitrary function with dg f
quantum integrable on [a, b], then the following quantum identity holds:

b 1
1
f(x) - —ff(t) d’t = (b - a) qu,x ODf b+ (-1 a)d’t (1.1)
b—ua q q q
a 0
where K, . (t) is defined by

g, 0<r<—¢

b-a
K, () = (1.2)

xX—a
gt—1, <t<l1
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Using this identity, the authors have obtained two Ostrowski type inequalities for quantum integrals
and applied it in several special cases.

Unfortunately, in the proof of this lemma an error is made when calculating the integrals involving

the kernel K, . () on the interval [ﬁ, 1]. Also, in the proofs of Theorem 3 and Theorem 4 a small

a
Dif
In the present paper we prove that the identity (1.1) and, thus, all of the consequent results are
incorrect and provide corrections for these results.

ro.
is made.

mistake related to the convexity of

2. Main results

The g-derivative of a function f : [a,b] — R for g € (0, 1) (see [5] or [2] for a = 0) is given by

o fO-flatqG-a)
D@ = -a

Dif (@) = lim Dy f (x)

, for x € {a, b]

We say that f : [a,b] — R is g-differentiable if limD{ f (x) exists. The g-derivative is a discretization

Xx—a

of the ordinary derivative and if f is a differentiable function then ([1, 3])
lim D{f (x) = " (x).
g—1

Further, the g-integral of f is defined by

ff(t)d;’t:(l —q)(x—a)quf(a+qk(x—a)), x€la,b].
k=0

X

If the series on the right hand-side is convergent, then the g-integral f S @) dgt exists and

f : la,b] — R is said to be g-integrable on [a,x]. If f is continuousa on [a,b] the series

(1-¢9) (x-a) quf (a + g (x - a)) tends to the Riemann integral of f as ¢ — 1 ([1], [3])

k=0
lim f f@dit = f fa.
g—1

If ¢ € {(a, x) the g-integral is defined by

[rwau= [roa- [roa

Obviously, the g-integral depends on the values of f at the points outside the interval of integration
and an important difference between the definite g-integral and Riemann integral is that even if we are
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integrating a function over the interval [c, x], a < ¢ < x < b, for g-integral we have to take into account
its behavior at t = a as well as its values on [a, x]. This is the main reason for mistakes made in [4]
since in the proof of Lemma 1 the following error was made:

1

f Kyx () DAf b+ (1 - a)dot

X—a
b-a

x—a

1 b=a
:f(qt—1)DZf(tb+(1—t)a)d2t—f(qt—l)D;f(tb+(1—t)a)d2t.
0 0

But K, (t) # (gt — 1) fort € [0, 1] or for ¢ € [O, ﬁ], so the equality does not hold.

Now, we give a proof that the quantum Montgomery identity (1.1) is not correct, since it does not
hold for all x € [a, b]. As we shall see, the identity (1.1) is valid only if x = a + ¢"™*' (b — a) for some
m € N U {0}. We have

1
(b—a) qu,x () DAf (th + (1 - D) a) dlt
0

=b-a)(1-q) ) ¢Kye(d") Dif (a+q" (b - a)).
k=0

For g € (0, 1) let m € N U {0} be such that

X—a
m+1< m

gl " b-a

in other words

m:[long:ﬂ—l.

Then
qk+1 _ 1, k S m’

g+, k>m+1,

and

(b-a)(1-q) Y d'Ky.(d") Dif (a+ 4" (b - @)
k=0

fla+d*b-a)-f(a+qd* b -a)
1-94¢"®-a

=b-a)(1-9)|>.d (¢ -1)
k=0

o flatdb-a)-fla+d* b-a)
+k;+1qk () (I-9db-a
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= > (fla+d®-a)-f(a+d" ®-a)
k=0

[Se]

+ >4 (fla+d b -a) - f(a+d" b -a))
k=0
=fla+q"" b-a)-f®)+ ) 4" (fla+d G-a)-f(a+d" b -a)).
k=0

k=0

b
If we put § = quf(a +4"(b-a)) = Wl(b_a)ff (1) d’t, we have

[

(@) (fla+d ®-a)-fla+d" b-a))=qS (S - f b))
=0

k

and

b 1
1
mff(t)dgt+(b—a)qu,x(t)Dgf(tb+(l—t)a)dgt
a 0

b
1 a m+
= mff(t)dqt+(f(a+q Yb-a) - f(®B)+qS (S - f(B)
=(1-)S+f(atq™ b-a)-fB) +g5 S + ()
= f(a+q""' (b-a)
which is obviously not equal to f (x), unless x = a + ¢"*! (b — a).

This is no surprise since Jackson integral takes into account only f (a +q* (x - a)) for k € N U {0}.
Thus, we have proved the next lemma which is a corrected version of Lemma 1 from [4].

Lemma 2. (Quantum Montgomery identity) Let f : [a,b] — R, be an arbitrary function with Dgf
quantum integrable on [a, b], then for all x € {a, b) the following quantum identity holds:

b
ra 1
f(a + quogq =1 b - a)) - Eff () dfl’t

1
=(b-a) qu,x (O DSf (th + (1 —nya)djt
0

where K, . (t) is defined by

qt, OSth_a,
b—a
Kq,x(t):
gi-1, —2<i<1
—-a
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In Theorem 3 and Theorem 4 from [4] the authors have used the identity (1.1) to derive Ostrowski
type inequalities for functions f for which Dgf is quantum integrable on [a,b] and |Dgf r>1
is a convex function. Since these inequalities depends on the validity of Lemma 1, our discussion
invalidates all the results from [4].

More precisely, in all the inequalities an additional assumption x = a+¢"(b—a) for some m € NU{0}
should be added. In Theorems 3 and 4 |Dg f (a) "and Dyf (b)|r should be swapped, since in the proofs

of Theorem 3 and Theorem 4, when applying the convexity of |Dg f " the following mistake was made
Dif (@) +(1=0)|Dif (b)
Lastly, the integral K,(a, b, x, q) is incorrectly computed and should read:

l-q(b-x g (b-x\
K = '
4(a,b,X,CI) 1+q(b_a)+ 1+q(b_a)

r

Difb+(1-Da)| <t

3. Conclusions

The main goal of this paper was to point out that some results in [4] are not correct. We have
concentrated on Lemma 3 (Quantum Montgomery identity). The statement of that Lemma is not
correct as we have shown. We also found and analyzed the mistake in the proof of Lemma 3.

However, we went one step further and stated and proved the correct version of Lemma 3 (it is
Lemma 2 in our paper). We have also explained how can all inequalities derived from Quantum
Montgomery identity be corrected.
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Addendum—Alternate point of view

After our Correction was accepted we were contacted by the first author of [4], Professor Kunt, who
suggested an alternate way to correct the results of [4].
The incorrect version of Montgomery identity from [4]

(x)——ff(t)d“t—(b a)f SO DIf (b + (1 —1)a)dt

can be fixed in two ways: either by changing the left hand side or by changing the right hand side of this
equation. In Lemma 2 we showed how to fix the identity by correcting the left hand side. This makes
it easier to salvage the rest of results in [4], as all the results remain valid with the added assumption
that x = a + ¢"(b — a) for some m € N U {0}.

Professor Kunt suggested correcting the right hand side of this equation to obtain the identity:

f(x)_L f Fydi = (b - a)[ f T gD fah + (1 - nayd

1
(gt = D) Dyfeb + (1= Daydye|. (%)

x-a
b-a

By doing so, the proofs of all the remaining results have to be corrected as the bound used

1
(gt — D) Dif(th + (1 — na) dyt

X—a
b—a

1
< f (gt = D Dif(th + (1 - ta)| dot

b=a

does not hold for g-integrals in general. This is discussed, for example, on page 12 in [1, Section 1.3.1,
Remark (ii)].

When ;=2 = ¢" or equivalently x = a + ¢"(b — a) for some m € N U {0} the bound above does
hold, which is why there is no need to change the rest of the results in [4] if one takes our approach.
Nevertheless, we list below the results that can be obtained using identity (*). The results below are
due to Professor Kunt.

Theorem 3 in [4] should be as follows:

Theorem 3. Let f : [a,b] — R be an arbitrary function with Dy f is quantum integrable on [a, b]. If

Dyf|  r = 1is a convex function, then the following quantum integral inequality holds:

1 b
'f(x)—m f £ de

G 1
< (b-a) (mi) [ (1+q)(1+q+q2)

+()lIper ol (20) v

3.1

=

+[Dys <a>| (1-G=) )]

for all x € [a, b].
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r, we have that

Proof. Using convexity of | p

"<t "+ (1-0

Dif (th + (1

Dy

Dif (a) . (3.2)

By using (%), quantum power mean inequality and (3.2), we have that

(3.3)

1 b
‘f(x)—m f £y do

b-a 1
= (b—a)f gt Dif (tb+ (1 -0a) djt + (gt—=1) Dif(tb+(1-1)a) dot
0 X—da

b-a

x—a

1 b-a
= (b—a)f(qt—l) Dif(tb+ (1 -t)a) djt +f Dif(tb+ (1 -t)a) djt
0 0

1 b
< (b—a)f(qt—l) Dif(th+(1-1)a) d% +f Dif(tb+(1-1)a) d%
0 0
o .
< (b—a)f(l—qt) Dif(th+(1-0a)| d +f Dif(th+ (1 -1t)a) dgtl
[0 0
[ (o = , G
(B1=arase) " (fa-an [porav+a-nal dr)
< b-a NE v :
H(F @) (6T Iparabsa-nal dr )
=
(fol(l — g) d% )
1 _ 0 ° r ol _ _ 0 %
Cow ( (=gndge + |y @[ (1 =an =0 @ )

+(f0h% d(q)t)_i

Def)| [ o dor +

1

it @| [ -0 dr )

d

On the other hand, calculating the following quantum integrals we have

1 1
f(l—qt) dyt —(1—q)Zq 7"") —(l—q)[ — - 2]= : (3.4)

g l-gq l+g
1
f(l—qt)tdgt
0

1
(1—q)Zq 7"") "]z(l—q)[l_qz—l_qq3] (3.5)

1 q 1
B 1+q_1+q+q2_(1+q)(l+q+q2)’
1 1 1
f(l—qt)(l—t) O = fl—qt &t —f(l—qt)t &t (3.6)
0 0 0
1 1 q

1+q_(1+q)(1+q+q2): l+q+q*
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" dot - 1—q( )E qn— N 3.;
;;:Zt Ot (1 )(x_a)z n( n(x_a)) (x_a)2 1 ( )
0 a b—a =0 b—a b—a 1+q, '

b b bma x—a (x—a\ 1
1-1) d% dt —f t d = —( ) 3.9
fo ( ) 4y fo q 0 a b-a \b-al 1+g¢q (3.9)
(x—a) 1_(x—a) 1
b—a b—all+gq

Using (3.4)—(3.9) in (3.3), we have (3.1). O

Theorem 4 in [4] should be as follows:

Theorem 4. Let f : [a,b] — R be an arbitrary function with Dy f is quantum integrable on [a, b]. If
D f
q

r 1 1 _ . . . . . . .
,r>1land .+ 5= 1 is convex function, then the following quantum integral inequality holds:

1 b
‘f(x)—mf () dgt (3.10)

1
n +Dif @[ 135)

paf@f (1~ () %))

(
(=)

o (0= a0 sl -

+(2)||pas )

forall x € [a, b].

Proof. By using (x) and quantum Holder inequality, we have

1 b
Vm—ﬁzﬁfm@z

f” Dif b+ (1 -1)a) d
0

IA

+

1
(b—a)f(qt—l) Dif(th+(1-1a) d%
0

x—a

b-a

IA

(b—a)>f1(1—qt) |D‘q’f(tb+(l—t)a)| d(q)t +f
| VO 0
- (fol(l_qt)p dgt );’(f(;
BNty
(fol(l—qt)f’ dot )}’(fol[t
| +(foi dyt ) (fo |t|Daf )| + (1 -1)
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|Dif b+ (1 -na)| do l

Dyf b+ (1 -na dit |

IA

(b —a)

Df b+ (1 -nal dlr |

r+(1—t)

Daf (b)

if @[] dor )

< (b-a) 1
Dif @] dyr )
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P (fol(lg g1’ c{gt )p(DZf(bi:fOltdgt ; D‘;f(a)rx_{(‘)l(l—t) 1 )
, +(foH dyt )"(DZf(b)”fo“t &t +|Def@| [ -1 & )
- b (b a=an o ) (ar @] &+ Dgf(a)|rﬁ)il
|+ () [Ipar o (22) 2%+ Pgs @l (1= (320) 25)]

O

We conclude this section by noting that the bounds obtained in the original paper [4] which, as we
have previously shown, do hold with the added assumption x = a + ¢"(b — a) for some m € N U {0},
are tighter than the bounds obtained above by Professor Kunt. Professor Kunt’s bounds, however, hold

for all x € [a, b].
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