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1. Introduction

The classical Banach contraction principle is proved in metric spaces. One natural way to improve
this result is to enlarge the class of spaces. With this idea in mind, several authors generalized the
notion of metric spaces which saw the evolution of some new notions (see [1-11]). In 2008, Suzuki [12]
established a new type of contraction mappings and studied the existence and uniqueness of fixed point
theorems, which is a genuine extension of the Banach contraction principle. Later on, many researchers
have been worked on this contraction mapping for single-valued mappings as well as multivalued
mappings. One of the initial results was introduced by Nadler [13] in the line of research of multivalued
mappings. Later on, the domain of fixed points of multivalued functions was developed into a very rich
and fruitful theory.

In 2014, Ma et al. [14] introduce the class of C*-algebra valued metric spaces (in short C*-AVMS),
wherein the range set R is replaced by an unital C*-algebra, which is more generalized than the class
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of metric spaces and proved some related fixed point results. Later on, many researchers extended this
class by considering some generalized class (see [2,4, 10, 15-17]).

Inspired by the preceding observations, we prove a fixed point result via Suzuki type contraction
multivalued mapping in C*-algebra valued metric spaces and give the application in Fredholm type
integral equation.

Throughout the paper, C denotes an unital C*-algebra. An element O¢ € C is known as zero element
in C and if O¢ < a € C then a is called positive element in C. Also, C, = {a € C;a > 0,}. Moreover,
if a =a" and o(a) = {1 € R : A — ais non-invertible } C [0, co). The partial ordering on C can be
defined as follows: a < b if and only if O¢ < b — a.

In 2014, Ma et al. [14] introduced the following definition:

Definition 1.1. Let A # () and a mapping d : A X A — C satisfies the following (for all a, b, c € A):
(i) d(a,b) > O¢c and d(a, b) = O¢ iff a = b;
(it) d(a,b) = d(b, a);

(iti) d(a,b) < d(a,c) + d(c, b).

Then the mapping d is known as C*-algebra valued metric on A and (A, C, d) is known as C*-algebra
valued metric space.

Definition 1.2. [14] Let (A, C, d) be C*-algebra valued metric space, a € A and {a,} a sequence in X.

1. {a,} is called convergent (with respect to C), if for given € > O, there exists k € N such that
d(a,,a) < €, for all n > k. Equivalently, lim d(a,,a) = Oc.

2. {a,} is called Cauchy sequence (with respect to C), if for given € > O, there exists k € N such
that d(a,, a,) < €, for all n,m > k. Equivalently, lim d(a,, a,,) = Oc.

3. (A, C,d) is called complete with respect to C, if every Cauchy in A is convergent to some point a
inA.

Let (A,C,d) be a C*-algebra valued metric space. The set
By(a;e) ={oc €A :d(a,b) < €}
is called open ball of radius O¢ < € € C and at center a € A. Similarly, the set
Bylase] ={o € A : d(a,b) < €}.
is called closed ball of radius O¢ < € € C and at center a € A. The set of open balls
U; ={Byla;e):ae A, e> 0},

forms a basis of some topology 7, on A.

Definition 1.3. The max function on A (C*-algebra) with the partial order relation * <’ is defined by
(foralla,b € A,):
max{a,b} = b o a < band ||a|l <.
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The family CB€(A) stands for all nonempty, closed and bounded subsets of (A, C, d). Moreover, for
M,N € CBC(A) and x € A, we define:

distc(a, M) = inf{d(a,b) : b € M},
o0c(M,N) = sup{distc(a,N) : a € M};
O0c(N, M) = sup{distc(b, M) : b € N}.
Define C*-algebra valued Hausdorff metric He : CB€(A) x CBC(A) — C by:
He(M, N) = max{6c(M, N), 5c(N, M)} for all M, N € CB°(A).
Remark 1.1. Let (A, C,d) be a C*-algebra valued metric space and M a nonempty subset of A, then
a € M if and only if distc(a, M) = O,

where, M denotes the closure of M with respect to C*-algebra valued metric A. Also, M is closed in
(A,C,d)ifand only if M = M.

Proposition 1.1. Let (A, C,d) be a C*-algebra valued metric space. For M,N,L € CB?(A), we have
the following:

(i) 6p(M, M) = diam(M);

(ii) 6p(M,N) =0c = M C N;
(iii) N C L = 6p(M, L) < 6p(M, N),

(iv) 6¢(M U N, L) = max{oc(M, L), 5c(N, L)}.
Proof. (i) Suppose M € CB7(A). Then by the definition of ¢, we have

oc(M, M) = supl{distc(a, M) : a € A} = diam(M).
(ii) Suppose M, N € CB7(A) such that §¢(M, N) = O¢. Then
sup{distc(a,N) : a € M} = O¢c = distc(a, N) = O¢ for all a € M,

which implies that 6c(M, N) = O¢. Therefore, distc(a, N) = O¢ for all a € M implies that ‘a’ is in the
closure of N for all a € M. Since N is closed, so M C N.
(iii) Suppose M, N, L € CB™(A) such that N C L. Then

disto(a,N) < disto(a, L) for all a € X.

Thus
NcCL=6c(M,L)<6(M,N).

(iv) Suppose M, N, L € CB7(A). Then
Sc(MUN, L)

sup{distc(a,L) : a € M U N}
= max { sup{distc(a,L) : a € M}, sup{distc(b,L) : b € N}}
= max{6c(M, L), 6¢(N, L)}.

O
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2. Fixed point results

In this section, firstly we define following notions which are needed in our subsequent discussions.
Consider, Oc = {h € C; 0 < ||hl| < 1} and O, = {h € C; 0 < ||hl| < 1}.
Next, let £ : Oc — O'C be the non-increasing function defined by

£(h) = 1 if 0<|h| < % 2.1
-k i L <m< 1 '
Now, we present our main result as follows:

Theorem 2.1. Let (A, C, d) be complete C*-algebra valued metric space and f : X — CB7(A). Sup-
pose that there exists 4 € O¢ such that f satisfies the following:

E(h)'diste(a, fa)é(h) < d(a,b) = Hc(fa, fb) < h* M(a, b)h, (2.2)

for all a,b € A, where £ is defined by (2.1) and

M(a, b) = max {d(a, b),distc(a, fa),distc(b, fb),

disto(a, fb) + disto(b, fa)}
5 .

Then f has a unique fixed point.

Proof. Consider h; € O¢ such that 0 < ||A|| < ||y]] < 1. Let a; € A and a, € fa, be arbitrary points.
Since a; € fay, then d(ay, faz) < He(fay, fay) and [|E(A)]| < 1,

E(hy'diste(ay, fa)éth) < d(ay, fa)) < d(ay,a)

= €mIPlidistc(ar, fapll < lld(ay, fa)ll < lld(ay, a)ll.
Hence the assumption (2.2) yielding thereby,

distc(az, far)

A

Hc(fay, az)
h* max {d(al’ aZ)’ diStC(ala fal)’ diStC(a2’ fa2)’

distc(al, fag) + OC }h
2

h* max {d(al @), diste(as, fao),

/N

A

d(ay, ay) + diste(as, fas) }h
2
= h'max{d(a,,a), distc(az, faz)}h.

Assume that max{d(a,, a,), distc(a,, fa,)} = distc(as, fa,), then we have

ldistc(az, fa)ll < ||l distc(ay, faz)hl|
IRl \distc(as, fa)hll
\disto(as, fax)hl| as ||hI* < 1,

A
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a contradiction. Thus we have distc(az, fa,) < h*d(a;,a>)h. Hence there exists as € fa, such that
d(as,a3) < hid(ai,a)h,. By proceeding with this procedure, we can construct a sequence {a,} in A
such that a,,,, € fa, with

d(Qpi1, i) < Mid(ay, ape)hy < ... < (R))'d(ay, ax)(hy)".

and

o0

D mydear, a) ()"

n=1
[ee]

D (B (d(ar, a2)*(d(ar, a2))? ()"
n=1

/N

(o)
D d(@n, a,0)
n=1

= > (@@, a2 (m)") ((dCar, a2))? ()"

1

n

(d(ar. ) ()|

Me

B

7 L

2
1

A

@y, @)ty

1

@i, ay?

S
1l

2
2]

A
NgE

h

1l
—

n

= lldGar,all Y IlP1

n=1

Il

= ld(ar, a)ll :
1= [|A?

Thus

< 00,

[e6]
Z d(an+1 ’ an+2)
n=1

Hereby, we presume that {a,} is a Cauchy sequence. Since A is complete C*-algebra valued metric
space, so there is some point z € A such that lim @, = z.

n—oo

Now, we shall show that
d(z, fa) < h* max{d(z,a),d(a, fa)}h for all a € A\ {z}. 2.3)

As lim a, = z, there exists Ny € N such that

1
d(z,a,) < gd(z, a) forall n > N,.
Therefore, we have
f(h)*diStC(am fan)f(h) < distc(an, fan)
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YN

d(Cln, an+l) < d(an, Z) + d(Z, an+l)

2 1
gd(z, x) =d(z,x) - gd(Z, a)

/N

YN

d(z, ) - %d(an, 2
d(ay, @),

YN

yielding thereby

He(fan fa) < It maX{d(an,a),distc(amfan),distc(a,fa),

distc(ay,, fa) + distc(a, fa")}h
> .

2.4)
Since a,, € fa,, then

distc(ap.1, fa) < He(fap, fa) and distc(ay, fa,) < d(an, ap.1).
Hence from (2.4), we have

distc(aps, fa) < h*max{d(an,a),d(an,an+1),distc(a,fa),

distc((ln, fa) + d((l, an+l)}h
> .

On making limit as n — oo, we obtain (2.3).
To show that z € fz. First, we take the case &(h) = I for O < ||h|| < % Let on contrary that 7 ¢ fz.
Now, let u € fz such that
2|lAlNld(u, DI < lldiste(z, f2II-

Since u € fz implies that u # z then from (2.3), we have
diste(z, fu) < h* max{d(z, u), distc(u, fu)}h.

Also, since &£(h)*diste(z, f2)E€(h) < diste(z, fz) < d(z,u), then in view of condition (2.2), we have

diste(z, fu) + 0c }h

He(fz, fu) < h"max {d(z, u),distc(z, fz), distc(u, fu), >

< h*max{d(z, u), distc(z, fz), distc(u, fu)th
< h*max{d(z, u),distc(u, fu)lh. (2.5)
Hence
distc(u, fu) < Heo(fz, fu) < h* max{d(z, u), distc(u, fu)lh.
Thus ||distc(u, fu)|| < ||h*d(z, u)h|| < ||d(z, u)||. Therefore (2.5) gives arise
diste(z, fu) < h'd(z,u)h
= d(z,u)°d(z,u)*h
= (dz.u)h) (dzuw'h)
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e 1
11 lld(z, w)| 1.

IA

Therefore, we obtain

diste(z, f7) distc(z, fu) + He(fu, fz)
distc(z, fu) + h* max{d(z, u), distc(u, fu)lh
2/lAIPlld(z, w)lll

Idistc(z, f2Il

A AN A A

a contradiction. Therefore, distc(z, fz) = Oc, which deduce that z is a fixed point f.
Now, we take the case % < ||h|] < 1. Now, we prove

Hc(fa, fz) < h"max {d(a, 2),distc(a, fa),distc(z, f2),

distc(a, fz) + distc(z, fa) }h
2

for all @ € A. If a = z, then above inequality holds. Hence we let a # z. Then, for each n € N, there
exists a sequence b, € fa such that

(2.6)

1
d(z,b,) < distc(z, fa) + —d(a, 2).
n
Now, by using (2.3), for all nN, we have
distc(a, fa) < d(a,b,) <d(a,z)+d(z,b,)

1
< d(a,z) +distc(z, fa) + —d(a, z)
n
1
< d(a,z)+ h*max{d(a,z),distc(a, fa)th + —d(a, 7).
n
Assume that d(a, z) > distc(a, fa), then

1
distc(a, fa) < d(a,z)+h'd(a,z)h + Zd(a, 2)

d(a,z) + (d(a,2) h) (d(a.2)'h) + %d(a, 2)

1 2 1
d(a,?) + Hd(a, z)fh' +~d(a,)

A

1
d(a,z) + Ik lld(a, 2)I| + ~d(a.2)

1
(1 + A + —)d(a, 2).
n
On making limit as n — oo, we obtain distc(a, fa) < (1 + [|h|?) d(a. z). Hence

&hydiste(a, fa)éh) = (1 - |h|?) d(a.2) < d(a,z) < d(a,2)

1
(1 + [12IP)
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and from (2.2), we have (2.6). If d(a, z) < distc(a, fa), then

1
diste(a, fa) < d(a,z) + h'distc(a, fa)h + —d(a, 7)
n

so that

(1 = l\hldistc(a, fa) < (1= 1AI?) distc(a, fa) < (1 + %)d(a,z).

On making limit as n — oo, we have &(h)*distc(a, fa)é(h) < d(a,z). Hence from (2.2), again we have

(2.6).
Finally, from (2.6), we have

/N

dist(;(z, fZ)

N

A

yielding thereby

lim diste(a,.1, f2)
n—00

lim A° max {d(an, 2), diste(an, fan), distc(z, £2),

disto(ay, fz) + d(z, fan)}h
2
lim A" max {d(an, 2), d(ay, aper), distc(z, £2),

distc(ay,, f7) +d(z, an+1)}h
2
hdistc(z, f2)h,

ldistc(z, f2Il < I diste(z, fRIl < BIPlidistc(z, f2I < lidistc(z, f2)]

a contraction. Hence distc(z, fz) = Oc implies that z € fz.
For uniqueness, suppose there are z, w € A so that z € fzand w € fw. Thus by conditions (2.2), we

have
ldzwll < [[Hc(fz, fw)ll
< |l max {dez w. ez f2) distc, f),
diste(z, fw) +dw, [2) }hH
2
= [|K"d(z, w)hl|
< AIPlld G wll < lld(z, w)ll,
a contraction. Hence d(z, w) = O¢ implies that z = w. This completes the proof. m|

Example 2.1. Suppose A = {0, %, %} The C*-algebra valued metric d : A X A — C is defined by

d(a,b) = [ 0

AIMS Mathematics
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} are bounded sets in

o|’-

Then (A, C, d) is a complete C*-algebra valued metric space. Note that {0} and {-

(A,C,d). In fact, if a € {0, 110, —} then

€ {0}

distc(a,{0}) = 0c

N

a=0 & ae{0}.

Hence {0} is closed. Next,

S a—i :0(:>at:i
10 10
o acfl)
10

Hence {5} is also closed. Now, define f : A — CBC(A) by:

I (1
f0 = f15 = (0} and /5 = {1—0}.

To prove the contractive condition (i) of Theorem 2.1, we need the following:
Case 1. Let a = 0, then

E(h)*distc(0, f0)E(h) = 0c < d(0,b), forall b € A.

Fora=0orb = we have

10’

Hc(f0, fb) = He({0},{0}) = Oc < h*d(0, b)h < h* M(0, b)h.

Fora = 0orb = 1, we have

1 1
) = wfon i)
_ [lo-wl o
0 alo-g
_ Mo-3 0
2] 0 alo-1
1[0

= 5i[o)
< o)
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1135

Case 2. Leta = 1. Then

a3 = ool o <o)
this implies that
Hc(fé,f%) = He({0},10) = Oc < h*d(%, %)h <M % , % )i

Hence the contractive condition (i) of Theorem 2.1 is satisfied. Observe that, the mapping f has a
unique fixed point (namely a = 0).

Corollary 2.1. The conclusions of Theorem 2.1 remain true if the contractive condition (2.2) is re-
placed by any one of the following:
assume that there exists 4 € O¢ such that £(h)*distc(a, fa)é(h) < d(a, b) implies

(1) He(fa, fb) < h*d(a, b)h;
(ii) He(fa, fb) < h* max {d(a, ), distc(a, fa)lh;

(i) He(fa, fb) < h* max {d(a, b),distc(a, fa),distc(b, fb)} h;

(iV) Hc(fa, fb) < h* max {d(a, b), diS[C(d,fd);dl’slc(b,fb)’ dl‘S[C(ll,fb)‘;dl‘StC(b,fa) }h,
for all a,b € A, where £ is defined as in Theorem 2.1. Then f has a unique fixed point.
The following corollary can be obtain from (iii) of Corollary 2.1:

Corollary 2.2. Let (A,C,d) be complete C*-algebra valued metric space and f : A — CBH(A).
Suppose that there exists h € O¢ such that f satisfies the following:

E(h)*diste(a, fa)é(h) < d(a,b)

= Hc(fa, fb) <y'd(a,b)y + Y distc(a, fa)y + y"disic(b, fb)y,
foralla,b € A, where y = (1/3)h and ¢ is defined as in Theorem 2.1. Then f has a unique fixed point.
Now, we are presenting following corollary, by considering f as a single-valued mapping:

Corollary 2.3. Let (A,C,d) be complete C*-algebra valued metric space and f : A — A. Suppose that
there exists h € O¢ such that f satisfies the following:

§(hy"d(a, fa)é(h) < d(a, D)

= d(fa, fb) < h* max {d(a, b),d(a, fa),d(b, fb), d(a, fb) + d(b’fa)}h,

2
forall a,b € A and € is defined as in Theorem 2.1. Then f has a unique fixed point.

AIMS Mathematics Volume 6, Issue 2, 1126—-1139.
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3. Applications

Now, we provide the following system of Fredholm integral equations to examine the existence and
uniqueness of solution in support of Corollary 2.3.

a(x) = fG(x, y,ay)dy + l(x), x,y € E, (3.1
E

where, G : EX EXR — R, [ € L*(E) and E is a measurable set.
Suppose that A = L*(E), H = L*(E) and L(H) = C. Assume that ¢, is a multiplicative operator
defined on H, that is, 7, : H — H such that

T () = .

Defined : AX A — C by:
d(a,b) = nj,_p forall a,b € A.

Hence (A, C, d) is a complete C*-algebra valued b-metric space.

Now, we present our following theorem.
Theorem 3.1. Suppose that (for all a,b € A)

(1) there exist a continuous function yy : EX E — R and k € (0, 1) such that

&) la(y) — faIE(h) < la(y) — b()|

implies that

| G(x,y,a(y)) = G(x,y,b(y)) | < k|y(x,y) | max { | a(y) = b(y) |, a(y) = fa(y) |,

| a(y) = fb(y) | + 1 b(y) — fa(y) I}

| b(y) = fDOY) |, >

forall x,y € E.

(2) sup,cx [, | ¥(xy) |dy < 1.

Then the integral equation (3.1) has a unique solution in A.

Proof. Define f : A — A by:

fa(x) = f G(x,y,a(y))dy + l(x), ¥ x,y € E.
E
Set h = kI, then h € C. For any u € H, we have

lld(fa, fOl

S (7| fa- o tt> 1)
=1

supf[
llull=1 JE

AIMS Mathematics Volume 6, Issue 2, 1126—-1139.
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< sup f [ f |G<x,y,a<y>>—G(x,y,b@>>|dy]|u<x)|2dx
llull=1 JE E
< sup f [ f Ikw<x,y>|max{|a<y>—b@> Ll a(y) = fa(y) |,
llull=1 JE E
— fb b(y) —
b0  fb)  La®) f(y)l;rl ) fa(y)l} dy]lu(x)|2 ”
< ksup f [ f |w<x,y>|dy]|u<x>|2dx||a—bnm
llull=1 JE E
< ksup [ W(xy)ldy sup f uCoPdzmax {la) - bl
x€E JE llull=1 JE
lla(y) = falleo, 16G) = fFEO)los
la(y) = fbO)lle + 1b(Y) = fa(y)lloo}
2
< KING )= AN Gl

where,

IN(x,p)Il = max {Ila(y) = b)llo, la(y) = faOlleos 1DG) = fEO)lcos

lla(y) = fOO)lle + 116(y) — fa(y)lloo}
2

Since ||A|| < 1, so all the requirements of Corollary 2.3 are satisfied. Therefore, f has a unique fixed
point, means that Equation (3.1) has a unique solution. m|

4. Conclusions

As C~-algebra valued metric space is a relatively new addition to the existing literature. Many re-
searchers proved fixed point theorems in such space in several directions. This note proved multivalued
fixed point theorems in C*-algebra valued metric spaces wherein we generalized the Suzuki fixed point
theorem [12]. An example is also adopted to highlight the realized improvements in our newly proved
result. Finally, we apply Theorem 2.1 to examine the existence and uniqueness of the solution for a
system of Fredholm integral equation.
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