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1. Introduction

We study the following reaction-diffusion equation with gradient absorption terms:
u = Au— f(IVul), (x,1) € Q% (0,17, (1.1)

under nonlinear boundary flux and initial conditions

Ou_ gw), (x,1)€oQx(0,1), (1.2)
ov

u(x,0) = up(x), xeQ, (1.3)

where Q ¢ RY(N > 2) is a bounded star-shaped domain with smooth boundary <, v is the unit
outward normal vector on dQ2, and ¢* is a possible blow-up time when blow-up occurs, otherwise
t* = +oo. Nonlinear functions f and g are assumed to be nonnegative continuous functions and satisfy
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appropriate conditions. Moreover, initial data uy(x) is a positive C'-function and meets an appropriate
compatibility condition. Therefore, as it is well-known from the standard parabolic theory, we deduce
that the problem (1.1)—(1.3) has unique non-negative classical solutions.

The gradient model (1.1) is often referred to as a viscous Hamilton-Jacobi equation. And it is
closely related to the Kardar-Parisi-Zhang equation describing growth and roughening of surfaces in
the physical theory, see [1,2] and references therein for details. Furthermore, the nonlinear boundary
flux (1.2) satisfies the nonlinear radial law from the physical point of view (cf. [3,4]).

During the past decades, many scholars have dealt with existence and nonexistence of global
solutions, blow-up of solutions, blow-up rates, life span, and asymptotic behavior of the solutions to
reaction-diffusion equations (systems), see monographs [5,6] and review literature [7-9]. In particular,
the monograph [5, Chapters 2 and 4] illustrates a series of research progresses on reaction-diffusion
equations with nonlinear terms f(u) and f(u, Vu). Among them, it is important to investigate whether
the solution of the reaction-diffusion equation blows up and when blow-up occurs in the sense of
appropriate measure.

In this paper, we will investigate bounds for blow-up time of the solution to a gradient diffusion
model under nonlinear boundary flux. Levine [10] used a variety of methods to study blow-up
phenomena and, in many cases, the methods used to show blow-up of solutions often provide an
upper bound for blow-up time. However, lower bounds for blow-up time may be harder to be
determined. Recently, since researchers, such as Payne, Schaefer and Philippin, made pioneering
works on determining lower bounds for blow-up time, there have been many new progresses on the
issue of lower bounds for blow-up time in models without gradient term under nonlinear boundary
flux. One can refer to papers [11-14] for constant coefficients and [15-18] for variable coeflicients.
Note that the lower bounds for the blow-up time are mostly derived in three-dimensional space and the
main difficulty lies in determination of Sobolev optimal constant.

However, there are few works on bounds for blow-up time for the gradient diffusion model. The
salient feature of the gradient model is that boundary or internal gradient blow-up may or may not
occur under some conditions (cf. [19-21]). In particular, literatures [19,20] studied the following
reaction-diffusion equation with inner source and gradient absorption terms

u, = Au+ A’ —|Vul?, (x,1) € Qx(0,1), (1.4)

under Dirichlet boundary condition. They pointed out that gradient blow-up never occurs, while L™
blow-up does. Payne and Song [22] firstly derived the lower bounds of blow-up time for the gradient
damping model (1.4) in three-dimensional space when blow-up occurs. For a high-dimensional case
(N > 3), we refer to [23]. Recently, Liu et al. [24] studied lower bounds of blow-up time for the
reaction-diffusion equation (1.4) with gradient absorption terms in a bounded convex domain in three-
dimensional space under nonlinear boundary flux. For the studies on reaction-diffusion equations
(systems) with time-dependent or space-dependent coefficients and non-divergence form quasilinear
equations with inner gradient terms, one can refer to [25-28].

To the best of our knowledge, no research on blow-up analysis to problem (1.1)—(1.3) with
gradient absorption terms under nonlinear boundary flux has been done. The main difficulty lies
in finding an effect of the competitive relationship between the inner gradient absorption terms and
the nonlinear boundary flux on the blow-up solutions. In particular, comparing with the studies, in
the aforementioned literatures, on non-gradient problems under nonlinear boundary flux, we consider
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the gradient damped model, which can be considered as one of the difficult and interesting research
problems. Motivated by these observations, using the auxiliary function method, the technique of
modified differential inequality and the method of constructing the sub-solution, we establish some
conditions for which the solution of (1.1)—(1.3) exists globally or blows up and derive some bounds for
blow-up time in high-dimensional spaces (N > 2).

The remainder of this paper is organized as follows. In Section 2, we present some conditions on
nonlinearities f and g for which the solution of problem (1.1)—(1.3) exists globally. In Section 3, we
construct a suitable sub-solution to show the solution blows up at finite time. In Section 4, we are
devoted to deriving the lower bounds for blow-up time when blow-up occurs.

2. The global existence

In this section, we present some conditions on nonlinearities f(|V&]) and g(€) for which a global
solution of problem (1.1)—(1.3) exists. In order to prove our main results, we introduce the following
lemma:

Lemma 2.1. Suppose that Q@ C R¥(N > 2) be a bounded domain assumed to be star-shaped and convex
in N — 1 orthogonal directions with smooth boundary 0. Then for any nonnegative C'-function u and
constant | > 1, we have the inequality

I+
f (‘+2N2)dx<C(N d)[ f ’dx+f(1+@)ful—1 IVuldx] ’ ,
Q 2nyg 2 no) Ja

(1+2d)"3, N>3,
1, N=2,

where

C(N,d):{

d = max |x|, and ny, ny, ny > 0 are constants given in the proof.
x€Q)

Proof. Define a function /; on Q such that

np
—, xeQ,
N

N
D hviz g >0, x€0Q; () < rhi <
i=1

where v; is the unit outward normal on Q. By divergence theorem, one can have

N

N
o f ulds SZI hviulds:;L(hiul)Xidx
N N
:Z;fg h)x,.uldX+l;fg(h,-ul_l)uxidx

IA

nlfuldx+nglful_l |Vuldx
Q Q
[
f wds < f Wdx + 22 f W= [Vuldx. @.1)
aQ ny Jo ny Jo
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When N > 3, a similar argument as in the proof of Lemma 4.1 given in [18] can be used to obtain

the desired result by replacing the integral f w’ds contained in (4.7) of [18, pp. 9] with (2.1), and
a0
hence, we omit the proof. However, we cannot use the argument for the case that N = 2 and so we give

a detailed proof.
Let P = (xi, X,) be an arbitrary point in Q C R?, and let Py = (&, %) and Oy = (%1, 1) be the points
on the boundary 9Q associated with P, where k = 1,2, and &, < &, and n; < 1,. Then we have

P
W (P)=u (P) + lf u’_luxldxl,

P

P
U (P)=u' (Py) -1 f W u dx,

Py
and then .
1 A
u' (P) < 5 [u (P) +u! (PY)] + 5 f ' uy, | dx. (2.2)
2 2 Jp,
Similarly, one can have the inequality
! Lr ! L (%
W (P)< =W Q)+ Q)] +5 | v |uy,|dx. (2.3)
2 2 Jo,

By multiplying (2.2) and (2.3) and integrating the result over €2, we obtain the inequalities

21 1 [o ! ! ! I-1
u'dx < 4= [u (P)+u (Pz)]dxz += | u |ux,|dx
o 2 Jn 2 Ja
1 (X1)m , , p l . p
12 ), [ (@) + ' (@) ]dx: + 5 u s, | dx
1 f ! ! f -1
= ulvilds+—= | u
2Ja 2 Ja
lf u vyl ds + lful_l |ux |dx
2 Jaa 2 Ja ’

1 ! 2
! -1

= uds+ —fu |Vu|dx] ,

2 I?Q 2 Ja

where (x;),, = min x, (xx),; = max x, kK = 1,2, and v; is the unit outward normal on 0Q, i = 1,2. We
Q Q
then have the inequality

/ 2
fuzzdx < S f udx + - (1 + @) f u= |V dx] ,

by inserting (2.1) into (2.4). O

<

dx

(2.4)

Uy,

X

<

Theorem 2.1. Let Q ¢ RN(N > 2) be a bounded star-shaped domain assumed to be convex in N — 1
orthogonal directions with smooth boundary 0€). Assume that the nonnegative function f and positive
function g satisfy the following conditions:

> &P, €>0, <aé&l, ¢>0,
ﬂ@{zo, s <0, ma{>0’ E <0, 25)
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where ay,a, > 0, p,q > 1, and 2q < p + 1. Then the nonnegative classical solution u(x,t) of

problem (1.1)—(1.3) does not blow up; that is, u(x, t) exists for all t > O.

Remark 2.1. Because p,q > 1 and 2q < p + 1, it can be easily seen that p > q. From a physical point
of view, the absorption term is dominant. Therefore, the nonnegative classical solution of problem

(1.1)—(1.3) does not blow up.

Proof. Define an auxiliary function
D(1) := f udx, n>1.
Q
Using (1.1), (1.2), (2.5), and Green’s formula, it can be seen that
D'(t) =2n f W udx = 2n f W’ (Au - f (\Vu)) dx
Q Q

< 2na, f -1 s—2n(2n — 1) f 20\ dx — 2na, f 2119 y)P dx
oQ

22n—-1 2 P Zurpel
:2nazf uz’”q_lds——( z )f|Vu"|2dx— ~F pf‘ i
a0 n Q Cn+p-1

(2.6)

2.7)

We begin with estimating the first term on the right side of (2.7). From [12, (2.7)], one can see that

f W2l < ﬂ w2l gy + MIMZMIJ—Z [Vul dx,
Fle) Po Ja Po Q

(2.8)

where py = mm (x-v) > 0and d = max |x| . Note that if Q is a bounded star-shaped domain containing

xeQ

the origin, then d clearly exists, while if Q is a bounded star-shaped domain containing x, with xo # 0,

we can also have the inequality (2.8) with

po =min((x — xo) - v), d=max]|x— x,
x€0Q) xeQ

by using the technique of translation. It follows from Holder’s and Young’s inequalities that

2
ﬁ u2n+q ld)C < - 1 f 2ndx+l(ﬁ) fu2n+2q—2dx’
Po 2 2\po) Ja

2n+q-1)d 2n+q-17d S
( n+gq ) f u2n+q—2 |VM| dx( n+ q2 ) f u2n+2‘] Zd_x + — f IVI/t |2d.x
Po Q 20401 Q 2n?

where 0, is a positive constant to be determined later. Hence, we get the inequality

2na, f Wi ds <na, f u”'dx + f Vi Pdx
oQ

2
N 2 - 1) d?
(_) " 2n + 6]2 ) ]fu2n+2q—2dx.
Po P01 Q

+ na,

(2.9)

(2.10)

(2.11)
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2n+p-1
Next, we estimate the last term on the right side of (2.7). For simplification, we set v = u »— . Then

the last term can be written as

_ 2naip” f 2ntp- 1 _ 2na;p” f
— _ V pd
TQntp-17 | == p =1y ),V

Now, we consider the following two cases:
Case 1. N > 3: By Lemma 2.1 and Young’s inequality, it can be seen that

N-2

2
(1+555) N
Vdx < W2 )P x |Q| 272
Q Q
HN-2

N-2( 1+ === N N3 N2
<(1+ 2d)22N i ﬂfv"’dx+ Pl fv”_l |Vv|dx ’ |Q|2N—12+1
2ny Jo 2 no ) Ja (2.12)
oN- 2
= (1 + 2d) oN- 2+1 |Q|2N 2+l [ﬂ f vpdx + = (1 + _)fvp_l |VV| d.x:|
2ny Jo 2 no) Ja

- D¢ 1
ﬂfv”a’x+M 1+@ fv”dx+ 1+@ fleI”dx,
2ny Jo 2 no) Jo 265_1 no) Ja

2N-2(N_3)

D=(1+2d) 7" Q= >0,

<D

where

and 0, is a positive constant to be determined later. It then follows from (2.12) that

D D(p-1
e =10 1+2 fv”dx
2}10 2 no Q
D
- (1+@) f Vol7dax. 2.13)
26, no/ Ja

For suitable constants n; (j = 0, 1,2) and 6, > 0 small enough such that

nlD_D(P—1)52 1+@ >0,
2110 2 no

<

1 -

inequality (2.13) can be reduced to

flelpdeBlfv”dx,
Q Q

[1 _ % _ D(P;U(?z (1 + n_z)]

B, = > 0.

D n
255"1 (1 + no)

where

Hence, we obtain the inequality

2nayp? dna,p’B
_ A f 'be ; 'pdx < _ap o f 2P (2.14)
Cn+p-17 Jo Cn+p-17 Jgo
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Case 2. N = 2: By Lemma 2.1 and Young’s inequality, it can be seen that

1
2
fv“’dxlelé fvz”dx)
Q Q

<o |- vpdx+’—’(1+’2)fvp—1 |Vu|dx]
Q 2 Q

| 211() no

- (2.15)
| - 1)
<1 ﬂfvl’dmu 1+2 fv”dx
»2”() o) 2 no o)
1
— (1 + @)f Vol dx|,
265 no) Ja
where 03 is a positive constant to be determined later.
For suitable constants n; (j = 0, 1,2) and 63 > 0 small enough such that
| -1)é
1-1Q E+M 1+ >0,
2]’10 2 no
inequality (2.15) can be reduced to
f IVviPdx > B, f vdkx,
Q Q
where ( 1)5
1—|Q| = -+ L0 1+=
Tl (1 + "2) Q2
We then have the inequality
T T T
(2n+p—1)p a Cn+p-1)y
Setting B = min {By, B,} > 0 and combining (2.14) with (2.16), we obtain the inequality
2nalpp f ‘ 2”*” 1 < 2na1ppB f u2n+p—1dx. 2.17)
(2n+p—1)p a (2n+p—1)” 0
Then one can see that
2 1)* &
d'(1) < nay f u’dx + na, ( ) + @n+q-1 ] f U242 x
Q Po P01 Q
22n-1 2 B
+ 014, _ (2n-1) f |Vu"|2dx _ nap fu2n+p—ldx,
n n o Rn+p-17~ Jo
by substituting (2.11) and (2.17) into (2.7). It can be also seen that
2n+q - 1)°d?
D'(r) < nazf W'dx + na, ( ) @ntg-1) } f uPa2 g x
Q Po 51 Q (218)

_ _ 2na\p"B fu2n+p—ldx
@n+p-1" Jo ’
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2(2n 1)

by selecting 6, = > ( such that

oia, 202n-1)
n n

=0.

We now focus on the first and third terms on the right side of (2.18). From Hélder’s inequality,

we get
2n+2q-2

2n+p-1 -
fu2n+2q_2dx < (f u2n+p—1dx) |Q|2n3p } (2.19)
O Q

Z"Jrzzﬁ 2g-2
‘fu%hs(j}ﬁ”¢ﬁq |Q| 722 (2.20)
Q Q

Substituting (2.19) and (2.20) into (2.18), one can see that

( ) Qn+q—1)dﬂ
Po 2651

2n+p-1

D o+ n+2q-2
Xfu2n+24—2dx_ 2nal—pB| QI fty (f u2"+24‘2dx)2 ' (2.21)
Q Q

Cn+p-1)yY
— f u2n+2q—2dx
Q

2-2¢q p—2g+1
2n+29-2 2n+2q-2
Il (f u2n+2q—2dx) + 12 _ 13 (f M2n+2q_2dX) ] ,
Q Q

2g-2
Il = na2 |Q|2n+2q—2 > ()

and

, - m2g-2 5 |\
@' (1) < na, |Q|7+2=2 u dx + na,
Q

where

2n+q-17d?
Iz—naz( ) (2n q2 ) ]>O,
Po 905]
__2nap’B Q] 5 s ()
Rn+p-1)y

Finally, it follows from (2.20) and (2.21) that

1-¢)(p—24q+1) p—2g+1

q)/(t) S f 2n+2q zdx [I |Q|n(n+q 1) (D n + 12 [— 13 |Q| n(2n+2q-2) q)T y (2.22)
Q

where =4 < (0 and 2241 2q+1 > 0.

We conclude from (2.22) that ®(r) remains bounded for all time under the conditions stated in
Theorem 2.1. In fact, if u(x, t) blows up at finite time ¢*, then ®(7) is unbounded near ¢*, which implies
®(¢) is decreasing in some interval [#, t*), from (2.22). Hence, we have ®(7) < ®(ty) in [ty, "), which
means that ®(¢) is bounded in [£y, "), which is a contradiction. Therefore, u(x, f) exists for all ¢+ > 0,
which completes the proof. O

Remark 2.2. If the boundary is adiabatic; that is, g(u) = 0. From (2.6) and (2.7), we know the energy

functional O(t) is decreasing, and hence, the nonnegative classical solution u(x,t) of problem (1.1)—
(1.3) exists for all t > 0.
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Remark 2.3. If we use L*-norm ®(t) := f w’dx, the condition q > 1 is replaced by p > q, and other

Q
conditions remain unchanged, then the conclusion of Theorem 2.1 is still valid. In fact, using (2.7),
(2.8) and (2.17), we have

2a,N 2q + Dand
(1) < 22 f Wit g 4 24t Daxd f u? Vuldx — 2 f Vuldx
Po  Ja Po Q Q

_ 2ap"B fup“dx.
(p+ 1P Ja

We now apply Young’s inequality to f u? |Vuldx to obtain the inequality
Q

1
fuq IVuIdxs—fqu|2dx+€fu2qu.
Q 2¢ Ja 2 Ja

Choosing ¢ = %, we obtain the inequality
2a,N 2a,p’B
() < =2 f ' dx + 26> f wdx - — P2 f uP* dx
po  Ja Q (p+DP Ja

2
= f o u”“dx+f 22 - APE )
a\ po w (p+1p ol ~utt (p+ 1P
Since p > q and 2q < p + 1, we can conclude that the nonnegative classical solution u(x,t) of

problem (1.1)—(1.3) exists for all t > 0. In fact, if u(x,t) blows up at finite time t*, then u(x,t) is
unbounded near t*. And it is easy to know there exists an interval [ty,t"), such that

2a2Nu—(P—lI) _ alppB < O, 2g2u—(p+1—2!]) _ alppB <
£0 (p+ P (p+ 1)y

which implies ®(t) is decreasing in some interval [ty,t"). So we have ®(t) < O(ty) in [ty,t"), which
means that O(t) is bounded in [ty, t*), which is a contradiction. Therefore, u(x,t) exists for all t > 0.

3. Blow-up criterion

In this section, the domain Q only needs to be a bounded region with smooth boundary, instead of
star-shaped one. We construct a suitable sub-solution to show the solution blows up at finite time. Our
result can be summarized as follows:

Theorem 3.1. Let Q ¢ RN(N > 2) be a bounded domain with smooth boundary 6Q. Suppose that
u(x,t) is a nonnegative classical solution of problem (1.1)—(1.3) and the nonnegative functions f and
g are such that

faeh=K1r, g@=¢, v&=0, (3.1

where 2q > p+ 1 and p > 1. Then the solution of (1.1)—(1.3) blows up in a finite time for some suitably
large initial data.
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Proof. We construct a sub-solution of the form
_2 _ 1
w0 =AlA% )+ -po| 7, umegxhﬁy

where k > 1, 8 > 0, % <a <q-1,A > 1 are constants to be determined and ¢(x) be the positive
normalized eigenfunction, i.e., max ¢ (x) = 1, corresponding to the first eigenvalue A, of the problem
xeQ)

—Ap(x) = p(x), x€Q,

px)=0, xeoQ.

It is well known that 4y > 0, ¢ (x) > 0 in €, and Z—f < 0 on 0Q. Moreover, there exist positive
constants R, R», R3 such that [Vo (x)] < R, forall x € Qand R, < —% < R; on 9Q.
By direct calculation, one can see that

y, = PAK A% (x) + (1 - pt (1= oy
u, (x) + (1= | 7" (1 =)
p—1

2BAk -
< P wop v -po| 7
p-—1
Vu = 2 pe A% () + (1 —ﬁt)k]_% (=Vo),
p—1
Aﬂ — _A(l+1 [A(z‘p (X) + (1 _ﬁl.)k]_% (—AQD)
p—1
2(p+ 1) 2041 [ 4 K 2
iy Rl ) 1- Vel
+(p—l)z A% @+ (= pof| 7 IVl

If x € Q. = {x € Qldist(x,0Q) > &} for £ > 0, then there exists a positive constant R, such that
¢(x) > Ry and

u, + |Vul” <

2pAk o) A"+ (1 - ﬁt)k]_%
p—1

2 p _pp+D)
+ ( ) Aﬂ(a+l) [Aa(p (x) + (1 —,Bl‘)k] p-l |V(,0|p
p—1

2 Ak 2 PP+
ﬁ Afl)_zi ( 1) RPAp(a+1) (RAY)"S (p+1)
— Z,Bk R £+1A1 n(lul) ( ) RPA ],(p 1 M) p(pp:rll)
1 b
2/1 /l R p—1-2a
AM 0 Aa/+1R (Aa/ + 1) i Ll oR4 A 2 .
e - 1 -

From the inequalities above, it can be seen that

1
u <Au—|vu",  (x,0)eQ,x (0,5),
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provided that

pz /10R4 A p-1-2a 20
p—1
2ﬂk Al a(p+l) (

p—l K o

7"

p pp+1)
RPA™FTR, T
-1 1

If x € Q\Q, := {x € Q|dist (x,00) < &}, it is easy to know [Vg (x) | >R > and

u, +|Vu|" < iﬁAllc (A% () + (1 =) 7 H
2 P+
+( _1) APV A% (x) + (1= B 7T IVl
2 (2BAk
<[Ap) + (1 -pof| " {ﬁ A% () + (1 - gt
p—1
+( 21?11) APV A% (x) + (1 = )| }
a+l p
<|A%o @)+ (1 -pof| ,,1[4Bki11 +( R_‘l) AP],
Au > , P+ DR 2A A% (x) + (1= )| =8

T 2(p-1)
Hence,

u, < Au—|Vu

1
"o (1) e Q\Q, (o,—),
(x,1) € Q\Q, X 3

if

(p+ 1)R2A2‘”‘ S 4BkA**! +( R, )pAI’,
2(p-1) p-1 p-1

In addition, for (x, £) € 3Q x (0, 1),

Oou 2 e 0p
_—:_A(Y+l l_k ~1 =,
ov p-1 [ 'B)] ( 61/)

W= A1 -] 7

S1nce—<—anda<q—1 we have

ou 1
—<u!, (x,t) e QA x|0, -
oy ~ ~ B
provided that
2R3 Aw+1 < A9,
p—1

(3.2)

(3.3)

(3.4)
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Thanks to p > 1 and ”T_l <a<q-1,thena > 0and 2a — p + 1 > 0. The inequalities (3.2)—(3.4)
hold for A such that

PR I i el
fy b p_l , AO
2Bk -2 2\ e\
) (LIR“H +(—1) RIR, 7 )]
p— Py

[4(p—1)2(4ﬁk+ R )r
Rp+D\p-1 @-17)| [
where%:min{a,2a—p+l}.

Therefore, if we take u, (x) suitably large for which
u(x,0) = A[A% (x) + 1777 < 1o (x)

for every x € Q, then the comparison principle shows that

Z(x, Hn=A [Aa(p )+ _Bt)k]_p%l

is a sub-solution of (1.1)—(1.3). Moreover, we easy to see that u occurs boundary blow-up in a finite
time t* = é, and hence, the solution of (1.1)—(1.3) blows up in a finite time #* with upper bound é for
suitably large initial data. O

4. Lower bounds for ¢

In this section, we assume some conditions on the nonlinearities f and g to find lower bounds for
the blow-up time 7* in high-dimensional spaces (N > 2).

4.1. The case that N > 3

In this subsection, the domain Q c R" (N > 3) is assumed to be a bounded star-shaped domain and
convex in N — 1 orthogonal directions with smooth boundary.

Theorem 4.1. Suppose that u(x,t) is the nonnegative classical solution of problem (1.1)—(1.3), u(x,t)
blows up at t*, and that the nonnegative functions f and g satisfy the following conditions:

FUD zarlél”, g6 <axé?, V&€>0, (4.1)

where ay,a; >0, p,qg > 1, and 2q > p + 1. Define a function

b (1) = f u”dx,
Q

n>max{2(N-2)(g—-1),1}.

where

AIMS Mathematics Volume 6, Issue 12, 13774-13796.



13786

Then the blow-up time t* is bounded below, i.e.,

—+00
d
r 2 f 3(N-2) é‘: ’
90 Q&S + Q&+ O3
where ¢(0) = f ué"dx and Q\—Q;3 are some positive constants given in the proof.
Q

Proof. Using (1.1), (1.2), (4.1), and Green’s formula, we have
¢'(t) =2n f " u,dx
Q
=2n f N (Au— f(\Vu)) dx
Q

< 2na, f Wy —2n(2n-1) f 2D \Vul? dx
oQ Q

4.2)
— 2na, f 2N \Vul? dx
Q
2 2n—1
_ znazf M2n+q—1ds ( n— )f
00 Q
2na, p? f 2mepot P
bt ¥ SN Vu » dx.
Qn+p-1)y7 Q‘ ! *
By (2.8), we get
N 2 -1Dd
f W2rralge < 21| el gy 4 w f w2 |Vl dx. 4.3)
80 Po Jo Po Q

Applying Holder’s and Young’s inequalities to the terms on the right side of (4.3), respectively, one
can see that

N 1 1(N)
oW u2n+q—1dx < _fu2ndx+ - (_) fu2n+2q—2dx’ (44)
Po Ja 2 Ja 2\po) Jo
2n+qg-—1)d
@n+q-1d f 122 V| dx
Po Q
4.5)
2n+q—-1)7°d> (
< (2n q2 ) fuz’”z" 2dx + ezfqu”Ide,
2p;€ Q 2 Q

where € is a positive constant to be determined later.
Next, we estimate the last term on the right side of (4.2). It follows from (2.17) that

_ 2na\p” f ' Intp-l ‘ 2na,p”B f 2ntp-1 g (4.6)
<—— | u X, .
(2n+p—l)’7 (2n+p—1)” o

where B > 0 is the constant given in the proof of Theorem 2.1. By using Holder’s inequality, we have

2n+p-1

—p+ 2n
f 2 e > |Q|2n1( f u2"dx) . 4.7)
Q Q
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Substituting (4.3)—(4.7) into (4.2), one can obtain the inequality

2 eon
¢'(1) < nay f u¥'dx + na, [(ﬁ) + @nt+q-1yd lfu2n+2q—2dx
e Q

Po Poel
202n -1
+(‘91"2 _20@n )) f Vu'Pdx (4.8)
n n Q
2 pB 2n+p-1
—p+ 2n
_ _2nap’B ) f Py
@n+p-1)Y Q

We now consider the second term on the right side of (4.8). By using Holder’s and Young’s

inequalities, we get
n(2N-3) (N-2)(2n+2q-2)
fu2n+2q—2dx: fu N2 aeN-d dx
Q o

< - n@N-3) "
<19 u ~7 dx 4.9
Q

<(1=m) Q| +m f W dx,
Q
where (N -2)(2n+2q-2)
— + —
"y = "9 2 c0,1).

n(2N - 3)
Substituting (4.9) into (4.8), we obtain the inequality

, on n(2N-3)
@' (t) <na, | u"dx+P; | u > dx
Q Q

2n+p-1

2n
+P, f Vi Pdx — P, ( f u2"dx) + Py, (4.10)
Q Q
where 5 ,
N 2n+qg— 1) d?
Plznazml[(—) +(n q2 ) ]>0,
Po 9081
P2 _ E1ap _ 2(211— 1)’
n n
2 PB —p+1
= TP E o5 >0,
Rn+p-1)y7

NV @Qn+q-17d
P4:na2(l—m1)[(—) +(n 9= 1) ]
Po posl
By applying Schwarz’s inequality to the second term on the right side of (4.10), we have

1 1

n(2N-3) n 2 2n(N-1) 2
U ? dx < udx u N7 dx
Q Q Q
1

fd) ( f d)( f ()d” @.11)
Q i Q Q
= j‘uz"dx)4 f(u")%dx)4.

Q Q
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To bound f (u")% dx, we use the Sobolev inequality (N > 3) given in [29] and then obtain the
Q
inequalities

N

N
nW-D % 11| 2N
W7 < Com T I,

(4.12)

_N_ N _
< IVl + 11 %)

where c; 1s a constant depending on Q2 and N, and

21 (c,)?, N=3,
C = N
(cg)™5 , N > 3.

Substituting (4.12) into (4.11) and using Young’s inequality, one can see that

i WD e
n(2N-3) - -
fu N2 odx < c(f uz”dx) (f IVu'"[? dx) +c(f uz”dx)
Q Q Q Q

4(N-2) 3(N=2)

LT ON-8) o ( [ Manx) @.13)
Q

4(N-2) 2

2N-3
N. N2
+ _Y& f |Vu”|2 dx+c (f uzna’x) ,
4(N-2) Jo Q

where ¢, is a positive constant to be determined later. It follows from Young’s inequality that

2N-3 3(N=-2) 2n+p-1

2(N-2) _m3 3N-8 2n
(f uzndx) <mpe,"” (f uzndx) + mz&3 (f uzndx) , (4.14)
Q Q Q

where
(BN -8)[20(2N -3)-2(N-2)2n+ p— 1]
" O IN=)[6n(N=2)— BN -8) 2n+p— D] € (0,1),
2n|6(N —2)" = (2N - 3) (3N - 8)]
= €©,1),

T2IN-2)[6n(N-2)-(BN-8)2n+p-1)]

and e; is a positive constant to be determined later. Substituting (4.13) and (4.14) into (4.10), we obtain
the inequality

3(N-2)

¢'(t) < O (f uzndx)w_8 + 0, f u?dx + Qs
Q Q

2n+p-1

2n
+ Oy f V"> dx + Qs ( f uzndx) ,
Q Q
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where

0, =P,

¢ BN —8) _n .0
—8
4N-2) 2 ’

0> = na, > 0,

NY Qn+qg-172d
Q3:P4:na2(1—m1)[(—) + q2 12 > 0,
Po 2p5€1
P1N82
S
O AN =2) + I,

Qs = Picmzes — Ps.
With appropriate constants £, &,,&3 > 0 for which Q, and Qs = 0, inequality (4.15) can be

written as
3(N-2)

(1) < O ( f uzndx)m + 0 f wdx + Qs. (4.16)
Q Q

Integrating (4.16) from O to ¢, we obtain the inequlity

(®) df
ﬁ 3(N-2) S t
#0) Q&S + Q€+ Qs

Letting + — "7, we can obtain the desired result

+00 dg §
) <t.
¢ Q1EW® + Q6+ O

4.2. The case that N = 2

In this subsection, the domain Q c R? is assumed to be a bounded star-shaped domain with smooth
boundary.

Theorem 4.2. Suppose that u(x,t) is the nonnegative classical solution of problem (1.1)—(1.3), u(x,t)
blows up at t*, and that the nonnegative functions f and g satisfy the following conditions:

FUED > aslélP,  g(&) < a7, VE20, (4.17)

where az,as >0, o> 1, p> 1, and p < o + 1. Define a function

W) = f udx.
Q

Then the blow-up time t* is bounded below, i.e.,

t* o f+oo dr] B f+oo d77
“Juo A Jyoy Hip+ Hop? + Hy?

Kz,pza+1 ’H3:{K3,p:0'+1

where

b

H =K, H, = -
! b {O, p<o+1 Ky, p<o+1

and K1, K>, K3, and K3 are some positive constants defined in the proof.
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Proof. Using (1.1), (1.2), (4.17), Green’s formula and an adapted version of (2.8), it can be shown that
W (1) =20 f > (Au— f (\Vul)dx
Q

9
=20 f 2 s 20— 1) f w7 \Vul dx = 20 f u? 7 f (\Vul)dx
40 dv Q Q

S0 220 -1
§2a40'f 142ds—(0-—)f‘IVufflzalx—26130'fuz‘7_1 |VulPdx (4.18)
aQ g Q
2 - Sod - 20 -1
§2a40'(—fu52dx+i u?! |Vu| dx ) (O-—)IIVu”Fdx
Po 2p0 o Q

_ 2azop” f ‘ 2o+p-]
(20' +p- 1)”

Using Holder’s and Young’s inequalities to the first term on the right side of (4.18), we have

1
So 2 1 1
fudes(f u3‘7dxfu2(’dx) < —fu3”dx+—fu2‘rdx (4.19)
Q Q Q 2 Ja 2 Ja
1
7 1 3z o 1 30 o2 :
u? " |\Vuldx=— | u?|Vu7|dx < — wdx | |Vu’| dx
Q g Ja 7 \Ja Q (4.20)

1 3 Hi f 2
<— | wodx+— Vul|" dx,
2y Ja 207 Jo | |
where p; is a positive constant to be determined later.

We estimate the last term on the right side of (4.18). From (2.17), one can see that

2a,;o-pp f 20‘+p | 2a3O'ppB f 2 +p_]
_ R E T o=l 4.21
“Goap 1y 7 STCorp-r )y @20

where B > 0 is the constant given in the proof of Theorem 2.1. By Holder’s inequality, one can have
the inequality

and

20+p-1

f uz"“"ldeIQl_g;l( f uz”dx) o (4.22)
Q Q

Substituting (4.19)—(4.22) into (4.18), we obtain the inequality

2Qo -1
(0 < a40'( N 50'd)f 3de+(5a4d,u1 _2Qo -1
2u1 ) Ja 2p0 o 4.23)
261 g B —p+l 20+p-1 ’
fIVu”Id 7P el SR 0

By applying Holder’s inequality, (2.4) and [12, (2.7)] to the second term on the right side of (4.23),
it can be seen that

: :
f wWdx < ( f uz‘de) ( f u4‘rdx)
Q Q Q
200 % 1 200 d 20-1
< u’dx| |— | udx+ol(l+ — u |Vu|dx] .
Q Po Jo Po/ Ja
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It follows from Holder’s inequality that

(Tfuza_l |Vu| dx
Q

O'f u” =V \Vul - uTdx
Q
! !
0'( f u2<<’-1>|vu|2dx) ( f uz”dx) (4.25)
Q Q
3
( f IVuPdx f uz%zx) .
Q Q
Substituting (4.25) into (4.24) and using the Cauchy inequality, we obtain
3 2 : 1 2 d 2 2 :
fu”dxé fu"dx —fu”dx+ 1+ — fqu”ldxfu”dx
Q Q Po Jo Po Q Q
3 1
1 2 d 2
:_( f uz"dx) +(1+—)( f |Vu"|2dx) f W dx (4.26)
Po \Jo Po Q Q

< ixﬁ(t) + (1 + i) [,uztﬁz(t) b f |vu<f|2dx],
0o o 4ur Jo

where u, is a positive constant to be determined later. Substituting (4.26) into (4.23), one can obtain
the inequality

IA

20+p-1

W (0 < K () + Kot (0 + K3y (0) + Ky f VuPdx - Ks Q% ¢35 (1),

Q
where 5
K, = sl > 0,
Po
Sod
KF@(NL)W,
Po 2/11
S50d d
K; = a40-'u2(2+ d )(1+—)>0,
Po 2w Po
Ko = Sasdpy 220 - 1) L o (2+ 50'd)(1 i)’
200 o 4poo 21 Po
2a;0p’B
Ks=——— > 0.
T Qo+p-1)
With p, > 0 such that K4 = 0, the above inequality becomes
—p+l 20+p-1
W) < K (0 + Koy (0 + K (0 - K5 IQ75 ¢ % (0= AW). 4.27)

We now consider the following two cases that p =o + 1 and p < o + 1:
Case 1. If p = o + 1, then (4.27) can be written as

W () < Kiw(r) + R (1) + K5y (0), (4.28)
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where
~ 1
K, = K, — K5 |£2|_i >0

for gy > 0 small enough. Integrating (4.28) from O to ¢, we get the inequality
(1) (1)
2 f dr] = f ~dn3 ’
w(0) A(U) wo) Kinp+ Kn? + K3;72

t* S f+oo dT] B f+oo dT]
— Juoy A wo) Kin+ f(zyﬁ + K3772’

Case 2. If p < 0+ 1, we use Young’s inequality to obtain

which implies that

since lim ¢ () = +oo.
t—t*

o-p+l

00 = (™ O (T )
mﬂ’? () + % TR,
for all u3 > 0. Choosing 3 > 0 such that KZ‘T‘“ - K5 |Q| 2 4+ = 0, one can have the inequality
(1) < Kip(0) + K3g(0),
where 1 =
I~(3:K3+K2% 77> 0.

By a similar argument as in Case 1, we obtain
—+00 +00
. f _dn_ _ f _dn
voy A Jyo) Kin + Kanp?

Remark4.1. If p > o +1, thenp+1>2 (1 + g), and hence, the nonnegative classical solution u(x,t)
of problem (1.1)—(1.3) exists globally by Theorem 2.1.

Remark 4.2. The derivation of (4.24)—(4.27) in the proof of Theorem 4.2 can also adopt the embedded
idea, and the lower bound for blow-up time can be obtained. Indeed, using Holder’s inequality, we

fu&’dx < (f uz‘de)3 (f 145‘761)6)3 (4.29)
Q Q Q

and from [29, Corollary 9.14], one can easily see that W' (Q) c L3 (Q), N = 2; that is,

1 1
5 2
( f us‘fdx) gc( f Wdx + f |Vu"|2dx) : (4.30)
Q Q Q

where C is a constant depending on Q.

O

have
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Substituting (4.30) into (4.29) and using the inequality (a + b)? < a” +b?,(a,b >0, 0 < p < 1) and

Young’s inequality, one can have

%
f u3"dst3 z”dx) ( 2"dx+ f |Vu”|2dx)
Q Q
5 57
5 6 ) 6
< C3 f 2Cfdx) [( 2“dx) +( f IVu| dx)
Q Q
2 5:
5 3 5 6
=(C3 ( uz"dx) ( 2"dx) ( f IVu| dx)
Q
: ]
2

1 5 4t

(4.31)

where uy is a positive constant to be determined later. Substituting (4.31) into (4.23), we obtain the

inequality
W (1) < Loy (1) + Loy® (1) + Loy (1) + Ly f VuPdx - Ls |Q1 % ™% (1),
Q
where )
L, = il > 0,
Lo
5
L, = LCASH (2 + @) > 0,
Po 2
5
L, = “THC (2 + S‘Td) >0,
600 2
2020 -1 3
=S 200-0 300C(, s
£0 o 6/00#5 i
2 P
_ _2a0p"B > 0.
Qo+p-1)

Choosing appropriate uy > 0 such that Ly = 0, the above inequality becomes

20+p-1

W (1) < Lip(t) + Lo (1) + L (1) — Ls QU5 473 (1),

Similarly, we now consider the following two cases:
Case 1. If p = 0 + 1, then (4.32) can be written as

W () < Lap(t) + Lo (1) + Loy (0),

where
~ 1
Ly=1,—-Ls |Ql_7 >0

Sfor uy > 0 small enough. Integrating (4.33) from 0 to t*, we get the inequality

. + 00 d?]
r> — .
vo) Lin+ Lon? + Ly

(4.32)

(4.33)

AIMS Mathematics Volume 6, Issue 12, 13774-13796.



13794

Case 2. If p < 0 + 1, we use Young’s inequality to get

0 o) = (s (r))"’" e (r))ﬁ”p“l'

= 6051;11 = = +11 W0,
Jor all us > 0. Choosing us > 0 such that ; SLM‘ T — Ls Q> = 0, one can have the inequality
Y1) < Lip(0) + Ly (1),
where > 1
[=1;+ L26o_—pl,u5” 7S 0.

By a similar argument as in Case 1, we obtain

. f+oo dT]
> S —
po) Lin+ Lyn

Remark 4.3. In fact, the results of Theorems 4.1 and 4.2 can be generalized to the following more
general divergence form parabolic equations with nonlinear boundary flux:

= Z aij () uy) = f (Vul.

i,j=1
where (a,- j (x))NxN is a positive definite matrix; that is, there exists a 6 > 0 such that

N

> aixym; = 0.

ij=1

foralln € RY.
5. Conclusions

In this paper, by using the modified differential inequality and comparison principle, we study the
blow-up phenomena for a reaction-diffusion equation with gradient absorption terms under nonlinear
boundary flux. Our results cover the relevant blow-up and life span results of gradient model in existing
literature. Meanwhile, its analytical method can be used in other gradient models.
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