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1. Introduction

In this paper, we assume that the reader is familiar with the fundamental results and the standard
notations of the Nevanlinna’s value distribution theory on the complex plane C and in the unit disc
A ={ze€C: |z <1} (see [1-4]). In addition, we need to give some definitions and discussions. Firstly,
let us give two definitions about the degree of small growth order of functions in A as polynomials
on the complex plane C. There are many types of definitions of small growth order of functions in
A (see [5,6]).

Definition 1.1. (see [5,6]). Let f be a meromorphic function in A, and
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If b < oo, then we say that f is of finite b degree (or is non-admissible). If b = oo , then we say that f
is of infinite (or is admissible), both defined by characteristic function T(r, f).
Definition 1.2. (see [5,6]). Let f be an analytic function in A, and
— log" M
Du(f) = Tm LMD _ 4= o).

r—1- lo -

Then we say that f is a function of finite a degree (or of infinite degree) defined by maximum modulus
Junction M(r, f) = Iﬁax | f(2) |
z|=r
Moreover, for F C [0, 1), the upper and lower densities of F' are defined by

—  — mFn[0,r) _ . m(FNI[0,r)
densel = 0 = o,y o s = I g )

respectively, where m(G) = [, {£ for G c [0, 1).

Now we give the definition of iterated order and growth index to classify generally the functions of
fast growth in A as those in C, see [3,7,8]. Let us define inductively, for r € [0, 1),exp, r = ¢” and
exp,,, I = exp(exp,r), p € N. We also define for all r sufficiently large in (0, 1), log, r = logr and
log,,, r = log(log, ), p € N. Moreover, we denote by exp, r = r,log,r = r,exp_, r = log, r,log_, r =
exp, r.

Definition 1.3. (see [9]). The iterated p-order of a meromorphic function f in A is defined by

— log, T(r, f)

pp(f) = lim ] p=1.
r—1 10g -
For an analytic function f in A, we also define
Fron 10g+ 1 M(}”,f)
pup(f) = lim ———m (p 2 1),
r—1 log -

Remark 1.4. It follows by M. Tsuji in ( [4]) that if f is an analytic function in A, then

p1(f) < pma(f) <p1 () + L.
However it follows by (Proposition 2.2.2 in [3]) that

pM,p(f) = pp(f) (p 2 2)

Definition 1.5. (see [9]). The growth index of the iterated order of a meromorphic function f in A is

defined by
0, if f is non-admissible;
i(f) ={ min{p € N, p,(f) < oo}, if f is admissible;
00, if pp(f) = oo for all p € N.
For an analytic function f in A, we also define
0, if f is non-admissible;
iv(f) =1 min{p € N, py ,(f) < oo}, if f is admissible;
00, if pmp(f) = oo forall p € N.
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Definition 1.6. (see [10, 11]). Let f be a meromorphic function in A. Then the iterated p-exponent of
convergence of the sequence of zeros of f is defined by

_ log; N(r, ]lc)
A,(f) = lim ————,

r—1- lo ﬁ
where N(r, ]%) is the integrated counting function of zeros of f(z) in {z € C :| z |< r}. Similarly, the
iterated p-exponent of convergence of the sequence of distinct zeros of f is defined by

where N(r, }) is the integrated counting function of distinct zeros of f in{z€ C:| z|< r}.
Definition 1.7. (see [12]). Let p > g > 1 be integers. Let f be meromorphic function in A, the
[p, ql-order of f is defined by
—log  T(r, f)
Pipa(f) = hl}l_ p—1'
r— logq -

For an analytic function f in A, we also define

ra 10g+ lM(raf)
Puipa(f) = hr{l_ er—1'
r— logq -
Remark 1.8. It is easy to see that 0 < py, ,(f) < oo. If f is non-admissible, then py,, = 0 for
any p > q > 1. By Definition 1.7, we have that p; (f) = pi(f) = p(f), pe(f) = p2(f) and

Pip+1.0(f) = ppr1(f)-
Proposition 1.9. (see [12]). Let p > q > 1 be integers. Let f be analytic function in A of [p, q]-order.

The following two statements hold:

(i) If p = q, then
Pira () < pmp.a(f) < ppa(f) + 1.

(ii) If p > q, then
Pipa(f) = oamgp.a(f)-

Definition 1.10. (see [13]). Let p > g > 1 be integers. The |p, ql-exponent of convergence of the zero
sequence of a meromorphic function f in A is defined by

_log, N(r, %)
Aipg(f) = lim —————.
r—l1 logq f-

Similarly, the [p, ql-exponent of convergence of the sequence of distinct zeros of f is defined by

z[p,q](f) = hm

log, N(7, $)
- log, i
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Definition 1.11. (see [1]). For a € C = C U {co}, the deficiency of f is defined by

Sy = 1~ T 0 )
“ AT )

provided f has unbounded characteristic.

The complex oscillation theory of solutions of linear differential equations in the complex plane C
was started by S. Bank and I. Laine in 1982. Many authors have investigated the growth and
oscillation of the solutions of complex linear differential equations in C. In 2000, J. Heittokangas first
studied the growth of the solution of linear differential equations in the unit disc A. There already
exist many results (see [2,9-13]) in A, but the study is more difficult than that in C, because the
efficient tool, Wiman-Valiron theory, doesn’t hold in A. In 2015, author and L. P. Xiao (see [14])
studied the relationship between solutions and their derivatives of the differential equation

["+AQ@S +BQ@)f = F(2), (1.1)

where A(z), B(z) # 0 and F(z) # 0 are meromorphic functions of finite iterated p-order in A. Author
obtained some oscillation theorems for f(z) — ¢(z), where f is a solution and ¢(z) is a small function.
Before we state author’s results we need to define the following:

B, ,(2)
A =A@ - - (j=1.2.3,), (1.2)
j 1( )
B’_(z
Bi(2) = AL (@) — A5 1( ) B, (j=1,23,-), (1.3)
J
&
Fi2)=F;_ (- Fj- 1(Z) (j=123,--), (1.4)
] 1( )
Dj:Fj—((pN'i'Ang +Bj(p), (j:1,2,3,"'), (15)

where Ay(z) = A(z), Bo(z) = B(2) and Fy(z) = F(z). Author and L. P. Xiao obtained the following
results.

Theorem 1.1. (see [14]). Let ¢(z) be a meromorphic function in A with p,(¢) < oo. Let A(z), B(z) # 0
and F(z) # 0 be meromorphic functions of finite iterated p-order in A such that Bj(z) # 0 and D(z) # 0
(j=0,1,2,--+).

(i) If f is a meromorphic solution in A of (1.1) with p,(f) = oo and p,.1(f) = p < oo, then f satisfies

LU =)= ,(fP —@) =py(fH=c0 (j=0,1,2,--),

Lpii(f =) = 4 (f =) =ppu(N=p (j=0,1,2,---).
(ii) If f is a meromorphic solution in A of (1.1) with

max{p,(A), pp(B), pp(F), pp(©)} < p,p(f) < oo,

then 3 ' '
L, =)= ,(fP =) =p,(f) (j=0,1,2,--+).
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Theorem 1.2. (see [14]). Let ¢(z) be an analytic function in A with p,(¢) < oo and be not a solution
of (1.1). Let A(z), B(z) # 0 and F(z) # 0 be analytic functions in A with finite iterated p-order such
that B = p,(B) > max{p,(A), p,(F), pp(p)} and py ,(A) < puy p(B). Then all nontrivial solutions of (1.1)

satisfy 3 ' '
pp(B) < /lp+l(f(]) - ‘10) = /lp+l(f(]) - ‘10) = pp+](f) < pM,p(B) (.] = O, 1’ 27 o )

with at most one possible exceptional solution fy such that

Pp+1(fo) < pp(B).

Theorem 1.3. (see [14]). Let p(z) be a meromorphic function in A with p,(¢) < oo and be not a
solution of (1.1). Let A(z), B(z) # 0 and F(z) # 0 be meromorphic functions in A with finite iterated
p-order such that p,(B) > max{p,(A), p,(F), p,(¢)} and 6(c0, B) > 0. If f is a meromorphic solution in
A of (1.1) with p,(f) = co and p,.1(f) = p, then f satisfies

L7 =)= ,(fP =) =p,(f) =0 (j=0,1,2,---),

Lpi1i(fP =) = L, (fP =) =ppui(H)=p (=0,1,2,---).

In 2018, Z. Dahmani and M. A. Abdelaoui (see [15]) studied the higher order non-homogeneous
linear differential equation

O+ @V + -+ A + AR = F2) k> 2, (1.6)

where A;(z)(j = 0,1,--- ,k—1), and F(z) # 0 are meromorphic functions of finite iterated [p, g]-order
in A. Before we state their results we need to define the following:

AY=4;, (j=0,1,--- k=1, (1.7)
) ) Ai—l ’
A=A -SG5, (1.8)
Ay
. (P
A=A AT L (=01, ,k=2,i=1,2,3,--+) (1.9)
J ]+1 ‘In_l b s Lo ’ ’ 9 ey ’
j+1
, Ay :
Fi:Fi_l_-—lFi—l»FOZF’ i=1,23,--+), (1.10)
Ay
Di=F;i— (P +A_ "D+ +Alp), (=0,1,2,--), (1.11)
where ‘P’erl] = %. Z. Dahmani and M. A. Abdelaoui obtained the following results.
0

Theorem 1.4. (see [15]) Let p > q > 1 be integers, and let Aj(z)(j = 0,1,--- ,k—1),F(z) # 0 and
©(z) be meromorphic functions in A of finite | p, ql-order such that Di(z) #0 (i =0,1,2,---). If fisa
meromorphic solution of the Eq (1.6) of infinite [p, gl-order and pyp.1 4(f) = p, then f satisfies

E[qu](f(ﬁ - QO) = /I[P,q](f(]) - ‘)0) = p[p,q](f) =0 (.] = O’ 17 2’ e ),

Z[p+1¢1](f(j) —¢) = /l[p+l,q](f(j) —p) = P[p+l,q](f) =p (=012,---).
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Theorem 1.5. (see [15]). Let p > q > 1 be integers, and let Aj(z)(j = 0,1,--- ,k—1),F(z) # 0 and
©(z) be meromorphic functions in A of finite [p, ql-order such that Di(z) £ 0 (i =0,1,2,---). If fisa
meromorphic solution of the Eq (1.6) with

max{pp, (A =0,1,2,-- .k = 1), 01pq1(F), P1p.t(@)} < p1p.(f) = ps

then f satisfies
i[p,q](f(j) - ()D) = /l[p,q](f(j) - QO) = p[P»‘]](f) =p (.] =0,1,2,--- )
2. Main results

According to the proof process of Theorem 1.4 and Theorem 1.5, we know that it is necessary
to increase the condition Af)(z) # 0and D;(z) # 0 (i = 0,1,2,---) to ensure that the Theorem 1.4
and the Theorem 1.5 are established, because we need to divide both sides of the higher order non-
homogeneous linear differential equations by Af)(z). Where Af)(z) and D;(z) are defined in (1.7), (1.9)
and (1.11). In this article, we give some sufficient conditions on the coefficients which guarantee
Aj(z) #0and Di(z) #0 (i =0,1,2,---), and we obtain:

Theorem 2.1. Let p > g > 1 be integers, and let ¢(z) be an analytic function in A with py, ,1(¢) < oo and
be not a solution of (1.6). Let Aj(z)(j = 1,2,--- ,k—1), Ay(z) # 0 and F(z) # 0 be analytic functions in

A of finite [ p, gl-order such that B = py, 4(Ao) > max{p, (AN = 1,2, k= 1), pip.a(F), Prp.gi (@)}
and pprip.(Aj) < Pumpg(Ao) (J=1,2,--- ,k = 1). Then all nontrivial solutions of (1.6) satisfy

Prp.q1(Ao) < Z[pﬂ,q](f(j) =) = Apr1g(f? = ©) = pppe1g(f) < puipar(Ao) (G=0,1,2,---),

with at most one possible exceptional solution fy such that

Prp+1.q(f0) < Prp.g1(Ao).

Theorem 2.2. Let p > q > 1 be integers, and let ¢(z) be an meromorphic function in A with
Pip.qi(@) < o0 and be not a solution of (1.6). Let Aj(z)(j = 1,2,--- ,k = 1), Ap(z) # 0 and F(z) # 0 be
meromorphic functions in A of finite [p, ql-order such that

Pipqi(A0) > max{op (AN = 1.2, .k = 1), pppq(F), prpq(e)t and 6(00,Ag) > 0. If fis a
meromorphic solution in A of (1.6) with py, ,/(f) = 00 and pip+1,4(f) = p, then f satisfies

Apa(fY =) = Apg(fY = @) = ppgg() =00 (j=0,1,2,--+),
j[p+l,q](f(j) —¢) = /1[p+1,q](f(j) —¢) = ,0[p+1,q](f) =p (=012,---).

3. Some lemmas

To prove our theorems, we require the following lemmas.

Lemma 3.1. (see [13]). Let p > q > 1 be integers, and let Ay, Ay, - - - , Ay be analytic functions in A
satisfying
max{p[p’q](Aj) : ] =1,2,--- ,k - 1} < p[p,q](A0)~
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If f # 0 is a solution of (3.1), then py, ,(f) = oo and

Pip.qg1(A0) < prps1g(f) < max{pypa(A;) : j=0,1,--- k- 1}

Furthermore, if p > g, then
Pipr1.a(f) = Prp.q(Ao).

Lemma 3.2. (see [15]). Let p > q > 1 be integers. Let Ay, Ay, -+ ,Ax-1 and F # 0 be meromorphic
functions in A and let f be a meromorphic solution of (1.6) satisfying max{p, 4(A)(j=0,1,2,--- k-
D), pip.gt(F)} < prp.gi(f) < o0, then we have

Z[p,q] (f) = Apa(f) = prp.a(f)s

A1 () = Apsr.a(F) = Pipsra(f)-

Lemma 3.3. Let p > g > 1 be integers, and assume that coefficients Ay, Ay, -+ ,Ay_1 and F # 0 are
analytic in A and pp,(Aj) < prpg(Ao) forall j = 1,2,--- k= 1. Let apy = max{pypqg(Aj) @ j =
0,1, ,k=1}. If pprpr1.q(F) < prp.gi(Ao), then all solutions f of (1.6) satisfy

Pip.q)(Ao) < 7l[p+19q](f) = Aprq(f) = puprra(f) < am,
with at most one exceptional fy satisfying pu[p+1,41(fo) < Prp.qg1(Ao)-

Proof. Let fi, f>,- -, fi be a solution base of the differential equation
O+ A0@f V4 + A@f + A f = 0. 3.1

Then by the elementary theory of differential equations (see [3]), any solution of (1.6) can be
represented in the form

f=Bi+C)fi+ By +Cr)fa + -+ (Br + Cp)fs, (3.2)
where C{,Cy,- -+ ,Cy € Cand By, By, - - - , By are analytic in A given by the system of equations

B fi +B’2f2+-~+B,’(fk:O,
Bif{ +Byfy + - +Bf, =0,

) (3.3)
Biff P+ B f) P 4+ B P =0,
) ) r plk=1) _
B f, + B} f, +--+ B f, =F.
Since the Wronskian of fi, f5,- -, fi satisfies W(fi, f>,- -+, fr) = exp(— fAk_ldz), we obtain
B;:F.Gj(fl’fZ"“ ’ﬁ)'exp(fAk—le) (.]: 1$2"” ak)’ (34)

where G;(fi, f2,---, fi) is a differential polynomial of fi, f5,---, fi and of their derivatives, with
constant coefficients. Then by Lemma 3.1, we know that @y > pupr1.0(f) = ppa(Ao). By
(3.2)-(3.4), we have

P ip+1.q(f) < max{pypr1.q(F), aml. (3.5)
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Since P [p+1,91(F) < prp.qg(Ao) < ap, it follows from (3.5) and (1.6) that all solutions f of (1.6) satisfy
Pmip+1,91(f) < au.

Now we assert that all solutions f of (1.6) satisfy pp(p+1.4(f) = prp.qg(Ao) with at most one
exception. In fact, if there exist two distinct solutions gy, g» of (1.6) with py(,+1.41(8) < Prp.g1(Ao)
(i = 1,2), then g = g\ — g, satisfies P [p+1,41(8) = Pmp+1.41(81 — &2) < Prp.g1(Ao). But g is a nonzero
solution of (3.1) satisfying P (p+1,41(8) = Pmp+1.91(8&1 — &) = Ppg(Ao) by Lemma 3.1. This is a
contradiction.

By Lemma 3.2, all solutions f of (1.6) satisfy ay > puipe1.4(f) = z[m],q](f) = Aperg(f) =
Prp.q1(Ao), with at most one exceptional fj satisfying pasp+1,41(fo) < Pp.g1(Ao).

Lemma 3.4. Let p > g > 1 be integers, ¢ be finite | p, ql-order analytic functions in A and assume that

coefficients Ay, Ay, ,Ar.1, F 20and F — ¢© — Ai_ 1% — ... — A1 — Agp % 0 are analytic in A
and ppp1(A;) < prpg(Ao) forall j=1,2,---  k—1. Let ayy = max{ppyp(Aj): j=0,1,--- k= 1} If
puppirg(F = @® = Ai1o®D — oo — A’ — Agp) < prp.g1(Ao), then all solutions f of (1.6) satisfy

Pipa1(A0) < Apsrgi(f = ©) = Apr1gi(f = ©) = paagpsr.a(f) < @,

with at most one exceptional fy satisfying pyp+1,4(f0) < Pip.g1(Ao).
Proof. Suppose that g = f — ¢, obtain f = g + ¢, then from (1.6) we have g® + A;_ g%V + ... +

Alg +Aig=F—¢® —A;_1o* D —... — A/ — Agp. By Lemma 3.3 we obtain all solutions f of (1.6)
satisfy

Pipgi(A0) < Api1g(f = @) = Aperg(f =) = pugprra(f) < au,
with at most one exceptional f, satisfying pasp+1,41(f0) < Prp.q1(Ao)-

Lemma 3.5. (see [12]). Let p > q > 1 be integers. Let f be a meromorphic function in A such that
Pipgi(f) = p < oo, and let k > 1 be an integer. Then for any & > 0,

(k)
o )fon o)

holds for all r outside a set E; C [0, 1) with fE1 % < 00,

4. Proofs of Theorems 2.1 and 2.2

4.1. The proof of Theorem 2.1

Since F— (o™ +A; 19" D+ -+ A1 +A00) # 0, pprpr1.qf(F = (@ + A 10D+ -+ A1 +Agp)) <
Pip.q(Ao). By Lemma 3.4, all nontrivial solutions of (1.6) satisfy

Pip.g1(Ag) < /_1[p+1,q](f = @) = Api1r.g(f = ©) = Pps1.a(f) < Pumpg(Ao),
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with at most one exceptional f, such that pj,.14(fo) < pp.q(Ao). By using (1.9) we have

) ] Ai—l ’ Ai—l ’ .
Al = AT (( ll,_l) ! (j_l) ) + Ay
Al AO
' (Ai—l )/ (Ai—l)/ . (Ai—Z)/ (Ai—Z)/ .
= AT - L A e - 0| A
1 ( All—l Al—l 1 A11—2 A6_2 0 (41)
i—1 kN7
(A% (A
= AII ( Alk Ak + Ayp.
k=0 1

Now we prove that Ag # O foralli = 1,2,3,---. For that we suppose there exists i € N such that
Af) = 0. By (4.1) and Lemma 3.5 we have for any € > 0,

i—1

T(r,A¢) = m(r,Ap) < Z m(r, A) + O(GXPp—l {(:3 +¢&)log, (1 i r)})

k=0

i-1
_ Z T(r,A%)+ 0 (exp,,l {(,3 +e)log, (ﬁ)})

k=0

(4.2)

outside a set E; C [0, 1) with fE. % < oo, foralli =1,2,3,---, B = ppq(Ao). Which implies the
contradiction
Pip.q1(Ao) < maxf{pop, (AN = 1,2, k= 1)}

Hence Ag #O0foralli=1,2,3,---. We prove that D; # 0 foralli = 1,2,3,---. For that we suppose
there exists i € N such that D; = 0. We have F; — (¢ + Al o* D+ ... + Al (,0) = (0 from (1.11), which
implies

* (k=1) o
F; = ¢(¢—+Aj€1"0 --~+A’1£+Ag)
Y 4 1
(k) BEP(S)) Ay (A )
_ 14 i 14 i k (
_¢—+Ak_17+ -+ Al — +ZA( At A" )+Ao.
Here we suppose that ¢(z) # 0,
F; (k) (k= 1) AKY Ak
Ag=— — |- va L — .. 1AL +ZA"(1)—( )| (4.3)
7 @ Ak A}
On the other hand, from (1.10),
1
m(r, F)) <m(r,F)+ O (expp_1 {(ﬁ + &) logq (1—)}) . “4.4)
-r
By (4.3), (4.4) and Lemma 3.5 we have
i—1
1 k
T(r, Ag) =m(r, Ag) < m(r, F) + m(r, =) + > m(r, A})
Y -
=0 4.5)

k-1 ) 1
+ Z m(r,A}) + O (expp_1 {(,3 +¢)log, (I_—r)}) )

J=1
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which implies the contradiction

p[p,q](AO) < max{p[p,q](Aj)(j = 1, 2’ R k- 1),p[p,q](F)a p[p,q](‘/))}~
If ¢(z) = 0, then from (1.10) and (1.11)

Fiop =0, (4.6)

which implies F;_;(z) = cAf)‘l(z), where ¢ is some constant. By (4.1) and (4.6), we have

i-2

1 Ak ’ Ak ’
~Fi :ZA’;(( ) () )+A0. 4.7)

k k
k=0 Al AO

By (4.4), (4.7) and Lemma 3.5 we have

i-2
T(r,Ap) = m(r,Ap) <m(r, F) + Z m(r,A¥) + 0 (expp_1 {(,B +¢)log, (ﬁ)}) ,

k=0

which implies the contradiction

P[p,q](AO) < maX{P[p»q](Aj)(j =1,2,--- k- 1),p[p,q](F)}~

Hence D; # O foralli = 1,2,3,---. Since Af) #0,D; #0(( =1,2,3,--+), then by Theorem 1.4 and
Lemma 3.4 we have

Pip.qi(Ag) < z[p+l,q](f(j) —©) = Aps1.g(fP = ) = pipr1g(f) < Puppg(Ao) (G=0,1,2,--+)

with at most one possible exceptional solution f, such that

Pip+1.01(f0) < prp.g1(Ao).

Therefore, the proof of Theorem 2.1 is completely.

4.2. The proof of Theorem 2.2

We need only to prove that A} # 0 and D; # O forall j = 1,2,3,---. Then by Theorem 1.4 we can
obtain Theorem 2.2. Consider the assumption 6(co0, Ag) = ¢ > 0. Then for r — 1~ we have

T(r,Ap) < (—25m(r, Ap). (4.8)

Now we prove that Aj # O for all i = 1,2,3,---. For that we suppose there exists i € N such that
Al = 0. By (4.1) and (4.8) we obtain

) o= 2 1
T(r,Ap) < gm(r, Ag) < 5 ; m(r, A’l‘) + 50 (expp_1 {(ﬁ +¢) logq (:)})

2 & 2 1
<= kzz(; T(r,A%) + 5o(expp_1 {(ﬁ +&)log, (ﬁ)}) :
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which implies the contradiction
Pipqi(Ao) < max{p,q(A)(j = 1,2,-- k= 1)}.

Hence Ag #O0foralli=1,2,3,---. We prove that D; # 0 foralli = 1,2,3,---. For that we suppose
there exists i € N such that D; = 0. If ¢(z) # 0, then by (4.3), (4.4), (4.8) and Lemma 3.5 we have
i-1 k-1

1 i
m(r, F) + m(r, ;) + Z m(r,A'l‘) + Z m(r,Aj)

2 2
T(I’,Ao) < gm(l’, AO) SS

k=0 =1 (4.10)
2 1
+ 5 0] epr_l (ﬁ+8)10gq m s
which implies the contradiction
Pip.qi(Ao) < max{p, (AN =1,2,- k= 1), 010 (F), prp.a(®)}-
If ¢(z) = 0, then by (4.4), (4.7) and Lemma 3.5 we have
2
T(r,Ap) < Sm(”, Ao)
i-2
Fy+ 2 AH+o +e)l !
< —-m(r,F)+ 5 ;m(r, D) exp,_; (B + &) log, T, 4.11)

—

—_—

=)

i-2
<ZT(F)+ % Z T(r,A") + 0 (expp_l {(,B +¢&)log, (

k=0

which implies the contradiction

Pip.gi(Ao) < max{p;, (AN = 1,2,--+ k= 1), pppa(F)}.

Hence D; # 0 foralli =1,2,3,---. By Theorem 1.4, we have Theorem 2.2.
Therefore, this completes the proof of Theorem 2.2.

5. Conclusions

We first obtained some oscillation theorems (see [14]) which consider the distribution of
meromorphic solutions and their arbitrary-order derivatives taking small function values instead of
taking zeros. Moreover, Z. Dahmani and M. A. Abdelaoui (see [15]) investigated the higher order
non-homogeneous linear differential equation which can be seen as an improvement of [14]. By using
those theorems, we obtain some oscillation theorems for f)(z) — ¢(z), where f is a solution and ¢(z)
is a small function. We believe our results will attract the attentions of the related readers.
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