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1. Introduction

For the past few years, more and more attention has been paid to the topic of multilinear singular
integrals. The multilinear Calder6n-Zygmund theory originated in the works of Coifman and Meyer
in [1-3]. Recently, this topic has been studied extensively by many scholars from different perspectives,
see for example [4—14].

Lin in [15] introduced the multilinear strongly singular Calderén-Zygmund operator. The kernel
does not need any size condition and is more singular near the diagonal than the standard case. It is
defined as follows.

Definition 1.1. Suppose K(yg, y1, ..., Yn) is a function defined away from the diagonal yp = y; = -+ =
y in (R")™! where m € N,. For some &£ > 0 and 0 < « < 1, it satisfies

Clx—x'|?

(o =il -+ b = et

KX, Y15 V) — KX y1, 0o )l < (1.1)

whenever |x — x'| < § max; << [x — yjl.
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T is an m-linear operator with the kernel K given by the integral representation

T(fir- o)) =f o | K@y [ [ f0pdy - dy, (12)
R” R” =1
where f; € CZ(R")(j = 1,...,m) and x ¢ N, supp f;.
Forsomel <r,...,r, <cowithl/r=1/ri+---+1/r,, T is bounded from L" X --- X L' to L"*,
and forsome 1 < /,,...,1, <ocowith 1/l =1/l; +---+ 1/, T is bounded from L" X - -- X Ll" to L%,

where 0 < //g < a. Then T is called an m-linear strongly singular Calderén-Zygmund operator.

Lin in [15], Lin-Lu-Lu in [16] and Lin-Han in [17] established the sharp maximal estimates, the
boundedness on product of weighted Lebesgue spaces and product of variable exponent Lebesgue
spaces for the multilinear strongly singular Calderén-Zygmund operators, their multilinear
commutators and multilinear iterated commutators, respectively. Moreover, the types
L* X -+ X L* - BMO, BMO X --- X BMO — BMO and LMO X --- X LMO — LMO endpoint
estimates were obtained. In [18], Spanne introduced the function space LM O, which is a subspace of
BMO space, equipped with semi-norm:

1+ [Inr 1
[ lo = sup 07l f GO = foldx + sup f GO = i ld,
O<r<l |Br| B, r>1 |Br| B,

where B, denotes by the ball in R"” with radius r. Lin and Yan in [19] got the boundedness on the
product of generalized Morrey spaces and weighted Morrey spaces for multilinear strongly singular
Calder6n-Zygmund operators, their multilinear commutators and multilinear iterated commutators,
respectively. Other related results of this class of operators can be seen in [20] and so on.

In this paper, we will study a class of more general multilinear strongly singular integral operators
T defined by (1.2). And instead of (1.1) the kernel K satisfies a weaker condition: there exist € > 0,
0 <a < 1and py > 1, such that for any k,- - -, k, e N,, h € {1,...,m},

1
(f f f |K(x,y1,~--,)’m)_K(x,ayl,---a)’m)|p0dyl‘1d)’i2"‘inh)po
Iy Y1 IA

h
h £ m_ 1 &
< Clx — /P [ 2, (1.3)

i=1
where I;, = {y;, : 25x — x| < |y, — x| < 28 x - x|}, s =1,--- ,h,and t = 1 when [x— x| > 1,1 =«
when |x — x| < 1.

Remark 1.1. It is easy to see that the condition (1.1) implies the condition (1.3) as follows:

f f f |K(x Y1,---,)’m)—K(x yl,...,ym)lp dylldylz . dylh)
Clx - x| h20
d ld i d i
f f f (lx _}’1| + o+ |_x _y |)mn+s/a) yl yz y;,)

1
< Clx =X f(—) dyz p“' f( ) ¥ dy,)”
I |x/_yil|mn+s/a/ 1 |X -y |mn+s/a/ h)
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h
oy e [ QL B -8
< C|x— xlls—l[fl(l’l’l—po)+a] | |2 kiln(5 ])O)+ha]‘
i=1

Definition 1.2. Let 7 be an m-linear operator with kernel K defined by (1.2). T is called an m-linear
strongly singular integral operator with generalized kernel if it satisfies the condition (1.3), and for
somel <r,....,rp,<cowithl/r=1/r; +---+1/r,, T is bounded from L' X --- X L' to L"*°, and
for some 1 < [y,...,1, < co with 1/l = 1/l; + --- + 1/1,,, T is bounded from L' X --- x L' to L%,
where 0 < I/g < a.

In order to establish our main results, we need some notations as follows.

Definition 1.3. The Hardy-Littlewood maximal operator M is defined by

1
Mfu)=mm——1]f@WW-
B>x |B| B

Denote by M,(f) = [M(|f]*)]"*, where 0 < s < co.

Definition 1.4. The sharp maximal function is defined by

1 1
mmmnw—fmwmwﬂww—fmwwm
B c|B| Jg

B>x IB | Bax a€

where the supremum is taken over all balls B containing x and fz = ﬁ fB |f(x)|dx.
Denote by M*(f) = [M*(f]*)]"/*, where 0 < s < 0.

Definition 1.5. Suppose w is a non-negative measurable function. It belongs to Muckenhoupt class

A,withl < p < ocoif
(1f ()d)(lf ()l_p'd)p_]<
sup| — | wx)dx)|— | w(x X 0o,
il Jo 01 Jo
where 1/p+1/p’ = 1.

When p = 1, we say that w belongs to A, if there exists a constant C > 0 such that for any cube Q,

L f w(y)dy < Cw(x), a.e.x€ Q.
10l Jo

Denote by A, = U 51 4.

Definition 1.6. For the measurable function p(-) : R” — [1, c0), the variable exponent Lebesgue space
LPOR") is defined by

( M )p(x)

dx < oo for some constant A > 0}.

LPOR"Y) :{ f is measurable : f

RVL

As well-known that the set L")(R") becomes a Banach space with respect to the norm
. X p(x)
”f”Lp(»)(Rn) = lnf{/l >0: f (lf(ﬂ )|) dx < 1}
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Denote by P(R") the set of all measurable functions p(-) : R* — [1, c0) such that
1 < p_ :=essinf g p(x) and p, := esssuUp g p(X) < 0.

Denote by B(R") the set of all p(-) € P(R") such that the Hardy-Littlewood maximal operator M is
bounded on LPO(R").

This paper will be organized as follows. The boundedness properties of multilinear strongly singular
integral operators with generalized kernels on product of weighted Lebesgue spaces and product of
variable exponent Lebesgue spaces will be obtained, respectively. Moreover, the types L™ X - - X L* —
BMO and BMOX---xBMO — BMO endpoint estimates are also obtained as main results in Section 2.
In Section 3, we will provide some necessary lemmas to prove the main results. Finally, in Section 4
we will give the proof details of the main results.

2. Main results

Theorem 2.1. Suppose T is an m-linear strongly singular integral operator with generalized kernel

and py > max{ry,...,rm,l1,...,Lu}, 1/po+1/pj = 1, where po, rj and l; are given by Definition 1.2, j =

L,....,m. Forany pj < pi,...,pm <oowithl/p =1/pi+---+1/py, (Wi,...,w,) € (Apl/p;),...,Apm/p;))
P

/pj .
andw = I—['}’zl W i’ there is

TPl < C [ [y
=1
Theorem 2.2. Suppose T is an m-linear strongly singular integral operator with generalized kernel
and py = max{ry,...,rm b, ... Lx}, 1/po + 1/py = 1, where py, rj and I; are given by Definition 1.2,

j=1,....m. Suppose p(), pi(),.... pu() € BR") and 1/p(-) = 1/pi() + -+ + 1/pu(). Let g, be
given by Lemma 3.5 for p;(-), j = 1,...,m. If py < min <, q,, then

m
IT(Pllrogn < C 1_[ 1ill 0 -
=1

Theorem 2.3. Suppose T is an m-linear strongly singular integral operator with generalized kernel,
po, q, 1), lj are given by Definition 1.2, j = 1,...,mand q > 1, p; 2 max{r,...,rm1l,..., 1L}
1/po+1/pj = 1. Then

ITPlisso < € [ [If il

=1
Theorem 2.4. Suppose T is an m-linear strongly singular integral operator with generalized kernel,

po. q, 1, lj are given by Definition 1.2, j = 1,...,mand q > 1, p; =2 max{r,...,rm1li,..., 1},
1/p0+ 1/p(,) = 1’ andT(fl"” a,f‘j—la 19,fj+l9"' ’f;n) = O(J: 19-"9m)' Then

IT(PAllswo < C [ | Ifllso-

J=1
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3. Necessary lemmas

Lemma 3.1. [9,21] Let 0 < p < r < oo, then there exists a constant C = C,, > 0 such that for any
measurable function f there has

-1 -1
(9] /p”fHLP(Q) < Cl|Q| /r||f||Ln°°(Q)-

Lemma 3.2. Let 7 be an m-linear strongly singular integral operator with generalized kernel and
po = max{ry,...,ry, b, ... 0L}, 1/po + 1/p = 1, where po, r; and [; are given by Definition 1.2,
j=1,....m If0 <6 < 1/m, then

MAT(F)) < C T | My (),

j=1

for all m-tuples f = (f1,..., fn) of bounded measurable functions with compact support.

Proof of Lemma 3.2. Let us just consider the case m = 2 in order to simplify the proof. In fact, a similar
procedure can be applied to all other situations.

Let fi, f> be bounded measurable functions with compact support. Then for any ball B = B(x, rp)
containing x with rg > 0, we will take into account two cases, respectively.

Case 1: rg > %.

Write

fi = fixss + fixcesy i= £l + fl. o= Pyss+ Pxowmye = fr + f
Choose a zo € 6B\ 5B and take a ¢y = T(f7, f;)(z0) + T(f}, f;7)(z0) + T(f?, f3)(z0), then

1 1/6
ﬁ f IT(fi. LI - |Co|6|dZ)
1/6
| 3 f T, f)(2) - cosz)

1/6
f IT(fl,fz)(z)l‘sdz) + (o f 17 )@ - TG el

IBI
1/6
EflT(f]’fz)(Z)_T(f]’fz)(ZO)lédZ) +C

o

Jj=1

IBI

1/6
IBI f TR )@ - TR S de)

Notice that 0 < 6 < r < oo, where r is given as in Definition 1.2. By Lemma 3.1 and the
boundedness of T from L' X L™ to L"-*°, we have

IA

I C|B|_1/6||T(f11,f21)||L6(B)

CIBI T (A f)lluss)
1

1 Al o
V(g ") (g )
32B] ).y lAGDI dy: 328 ).y |21 dy,

IA
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IA

CM,, (f)OM,,(£)(x)
CMy, (fOMy ().

IA

For z € B and y,; € (32B)¢, there are 2|z — zo| < [y1 — 20|, 4rg < |z — 20| < Trp and |z — 79| > 1. By

Holder’s inequality and the condition (1.3) of the kernel, we have

1
Lo Cop fB T2 @) - TR ) e)lde

1 o0
e [ [ KG9 = Ko s 001G dyadyds
|B| B 4 Y 2Mz—z0l<ly1—z01<2F+1z—20| V32B

IA

AN i
< C— 1K (z,y1,¥2) = K(z0, y1, y2)I"dy1 )
B| Bkz:;( 323( 2K|z—z0|<|y1 —z0l< 2%+ |z— 7 )
€1
«( f RG0S )Ly )dz
20l<ly1—20l<28+1 |2~z
N —k(n(2--L)+£ e—(n(2-L)+2 a
< EfZ'BQ KnQ=750+ )|, _ 4 6= QM2 — 20) % deMy (F)(X)M(f)()
k=
< O 2 [ e n M M )
k=1 B

< C Z - k(n+§)r2‘aMpé(fl)(x)Mpa(fz)(x)
k=1
< CMy (F))My (f2)(5).
Similarly we can also get that

I < CMp (J1)(0)My (f2)(x).

For z € B and yy, y, € (32B)°, there are 2|z — 7| < [y1 — 2ol, 2|z — 20l < [y2 — 20|, 4rg < |z — 20l < Trp
and |z — zo| > 1. By Holder’s inequality and the condition (1.3) of the kernel, we have

14

1
“ii f T 1)@ = T f2)(z0)ldz
B

1 o0 [ee)
< CEIZZI f IK(z,y1,¥2) = K(z0, y1, )l
1Bl Js fo=1 o=1 ¥ 24 lz=z0l<ly1=201<241 " 2=20| J2*2|z=20I<ly2~201<2'2* 2=z
X| i 20)ldy2dydz
1 (o] oo
< CEIZZ(I f IK(z,y1,y2) — K(z0, y1, y2)I”°
| | B =1 k=1 281 |z—z0|<ly1 —zol<2k1 1 z—20| J22|z—z0|<ly2 —z0/<2F2+ |z—20]
1 1 1
d)’2d}’1)p0(f |f1()’1)|p°dY1)p°(f |f2(Y2)|p°dy2)p°dZ
2k |z—zg| <[y —z0l<2¥1+ |2~z 2k21z—z9|<ly2 —z0l<2%2+ |2~z
o 00 2 2
1 f (1= L)+ £) e-(n(2-2)+E) ki+1 v
< C— 277 T |z — el (25 2 = zol) o dzMy (fi)(x)
18] Bk.Z::lkzZ::l i=1 11:11 !
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xM '(fz)(x)
1 o 2 e
< Cﬁk kzznzm f lz = 201" dzMy (f)X) My (f2)(0)

< CZZI—[”’ My (F)O My (2)()
=1 k=1 i=1

< po(f])(X) My (f2)(x).

Case2: 0<rpg< }‘.
Denote by B = B(xy, r%). Write

fi = fixies + fixaesy = f~11 + f?’ fo = faxies + faXaeky = le + f?-
Choose a Z) € 3B\ 2B and take a & = T(f?, f)(Zo) + T(f, fH (@) + T(f2. £ (Zo), then
5 0
(IBI f IT(fi, )@ = ol |dz)

1/6 1/6
f TG Berd) + (o f TG7 )@ - TG A)ar)

IBI |B|
1 1/6 1 1/6
(g [ 1@ Ho-1G . Heore) (g [ 1@ B -1 Hierd)
|B| 1Bl Jg
4
= Z ~j~
=1

Notice that 0 < 6 < ¢ < oo and 0 < I/g < a, where [ and ¢ are given as in Definition 1.2. By
Lemma 3.1, we have

I

IA

CIBI'NT (A, Fllsew
CIB YT (FL, f)llawca

ClBI 1/q|B|”’(

IA

IA

1RGP dyl)]l(#~ y |fz(Y2)|2d)’2)]2

|16B| [165]
n(% 1

cry ‘”Mll(fl)(x)Mlz(fz)(x)
CM y (f)X)M p (f2)(x).

IA

- 1
For z € Band y; € (16B)¢, there are |z—7Z|* < (4rp)* < =|y1 —Zol, rg < |z—Z0| < 4rgand|z—7Z| < 1.
By Holder’s inequality and the condition (1.3) of the kernel, we have

AIMS Mathematics Volume 6, Issue 12, 13533-13551.
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IA

IA

IA

<

<

IBI

f TG, TG - TR FHGoldz

C—fo f IK (2, ¥1,¥2) = KZo, y1, YA QDI 202)Idy2dy dz
|B| B4 2k|z=Zol@ <[y —Zol<2k+|z=Z0l* J16B

il
f f (f |K(Z,y1’)’2)_K(ZO,YI,y2)|p0dy1)p0
|B| B4 J16B  Jok-zplrsly —zo|<2k -7l

1
<] RGPy, )L fs(v)ldydz
2k|z=Zgl7 <ly1 —Zol <24+ |e—Zo|

1 oo“fn—iﬁ - e—an(2—-L)+£ ~QL,
C@fZ|B|2 k(n(2 p0)+a)|z_z0| (n(2 p0)+(r)(2k+llz_zol )pOdZMp;)(ﬁ)(X)M(fz)(x)
k=1

|B|Z|B|2 k) f — 20 dz My (f) (XM (f)(X)

CMy, (fOXMy ().

Similarly we can also get that

I < CM (f(0) M (f2)(x).

For z € B and y;, y, € (16B)°, there are 2|z — Z)|* < [yi — Zol, 2z — Zo|* < |y2 = Zol, 75 < |z — Zo| < 4rp
and |z — Zy| < 1. By Holder’s inequality and the condition (1.3) of the kernel, we have

I

IA

IA

<

<

1
ClE f IT(fL FD(@) = T(fE, f)(Eo)ldz
B

(o] [s+]
1
g ) 22 2
|Bl Bilio=1 Y24 =Rl <y —20<241H =20l J 2222017 <ly2~Zol<22* o=Zo |

|K(z,y1,¥2) — K(Zo,yl,y2)|p0d}’2d)’1)m(f |f1(y1)|p6d)’1)%

2kt z=zglo<ly —Zol<2k1+ |z |

1
X(f |f2(}’2)|p°d)’2)"°dz
2k2|z—Z0|o <[y2—Zo|<2k2 o2

| |IZZH2-W<1 R 3 O v )H(2k+1 5 hdz

=1 k=1 i=1

XM '(fl)(x) p, (J2)(x)

c Z Z ﬂ 2% My, (M (£)()

=1 k=1 i=1

CMpO(fl)(x) My (f2)(x).

Thus, according to the estimates in both cases, there is

AIMS Mathematics
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1 1/6
Aﬁduuﬁmm~xWEAMw4@ﬂN”ﬁJ@@P‘4ﬁ)
< CMy (fi)(x)My (f2)(),

which completes the proof of the lemma.

Lemma 3.3. [9] Let 0 < p,6 < o0 and w € A. Then there exists a constant C > 0 depending only on
the A, constant of w such that

[Ms(f))w(x)dx < C | [MiH@IPw(x)dx,
RV!

Rn
for every function f such that the left-hand side is finite.

Lemma 3.4. [22] For (wy,...,w,) € (Apl, .. Apm) with1 < py,...,pm < oo, and for0 < 6,...,0, <
1 such that 6, +---+6,, = 1, we have w1 '" € Amax(py.....pm)-

.....

Lemma 3.5. [23] Let p(-) € P(R"). Then M, is bounded on LPOR™) for some 1 < qo < oo if and only
if M is bounded on LPO(R").

Lemma 3.6. [24] Given a family ¥ of ordered pairs of measurable functions, suppose for some fixed
0 < py < oo, every (f,g) € F and everyw € Ay,

Lﬂm@wuwxscgflgw@wuwx

Rn Rn

Let p(-) € P(R") with py < p_. If(%))' € B(R"), then there exists a constant C > 0 such that for all
(.8 € F, Ifllrony < Cliglrown)-

Lemma 3.7. [25] Let p(-), p1(), ..., pu(-) € PR™) with 1/p(x) = 1/p1(x) + -+ + 1/pu(x). Then for
any f; € LPIO(R™), j = 1,...,m, there has

m m

-1
[ 175 Al 177 e
j=1

j=1

LPO(RM)

Lemma 3.8. [23] Let p(-) € P(R"). Then the following conditions are equivalent.
1) p() € BR").
(i) p’(-) € BR").
(iii) &2 € B(R") for some 1 < fjo < p_.
(iv) (%)' € B(R") for some 1 < py < p_.

Lemma 3.9. [24] If p(-) € P(R"), then CZ(R") is dense in LPO(R").

Lemma 3.10. [26] Let f be a function in BMO. Suppose 1 < p < oo, x € R", and ry,r, > 0. Then

1 1/p r
O = Fueral’dy) < {1+ [0 2 Jifllswo.
(lB(X,r])l B(x,rl)fy fB( 2) Y | r2| fBMO

where C > 0 is independent of f, x, ry and r».

AIMS Mathematics Volume 6, Issue 12, 13533-13551.
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4. Proof of main results

Proof of Theorem 2.1. From the fact that w; € A,y and p; > p; (j = 1,...,m), it follows that
the Hardy-Littlewood maximal operator M is bounded on L?//Po(w;). By Lemma 3.4, we obtain w €

Amax{pl/p{) ~~~~~ pulpy) © Ac.
Take a ¢ such that 0 < § < 1/m, then by Lemma 3.2 and Lemma 3.3, we have

TP llee < IMs(TDlrowy < CIMET ooy

< c' [[ma0], <[y,
w j:1

J
m 1 n 1/p!
_ ,PE) Py < 1—[ ,P6 Py
C —[ ||M(|‘f1| )”ij/p(’)(wj) = C . |||f‘J| ||ij/P6(wj)
j=

m
=C [ [1fillerion-

This completes the proof of the theorem.

Proof of Theorem 2.2. Since p(-) € B(R"), then by Lemma 3.8, there exists a py such that 1 < py < p_
and (%)' € B(R™). Take a ¢ such that 0 < 6 < 1/m. For any w € A, by Lemma 3.2 and Lemma 3.3,
we can get that

A

f IT(H@)Pwxdx < | [MsTH))Pw(x)dx
-

R”

IA

C | IMAT ()P w(x)dx

R~2

c f [ﬁ M,,/O(fj)(x)row(x)dx
ol g

c fR [ﬂ M, ( fj)(x)row(x)dx

IA

IA

holds for all m-tuples f = (fi,...,fm) of bounded measurable functions with compact support.
By Lemma 3.9, we can get that C.°(R") is dense in LPIO®RY(j = 1,2,--+ ,m). For fi € C2RY),
applying Lemma 3.6 to the pair (T'(f), [T Mqé(fj)), we have

ITP)llppogn < C

Lp(-)(Rn)

[
j=1
Then by Lemma 3.5 and Lemma 3.7, we have

m m
)
TPl < C [ JUM Uz < C [ T1ls0 gy
J=1

J=1

AIMS Mathematics Volume 6, Issue 12, 13533-13551.
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Since the denseness of C°(R") in LPiORY)(j=1,2,---,m), this completes the proof of the theorem.

Proof of Theorem 2.3. To simplify the proof, we only give the proof when m = 2 since their similarities.
Let fi, , € L™, then for any ball B = B(xy,rg) with rz > 0, we will think about two cases,
respectively.
Case 1: rp > }L.
Write
fi = fixss + fixcosy = fl + fL. o= foxsos + foxcosr = fo + 5.

Choose azy € 6B \ 5B and take a ¢ = T(f7. £,)(@0) + T(f}. /3)@) + T(ff. £)(z0). then
1
®L|T(fl’f2)(x)_co|dx
1 1
< g | T+ o [ ITGR = TR ol
B B

|B|
1 1
+— f IT(f, )0 = T, f)(zo)ldx +
B

! 5 fB IT(fE, @) = T(f7 £ (z0)ldx

Take pi,..., p, such that max{p;,m} < pi,...,p, < co. Let 1/p = 1/p; +--- + 1/p,,, then
1 < p < oo. By Theorem 2.1, we obtain that 7 is bounded from L”' X --- X LP» into L”.
By Holder’s inequality and the LP' X L”> — L” boundedness of 7', we have

1 o ’
(5 fB TG APy
CIBI I o L
Clfillollalle.

Ji

IA

IA

For x € B and y; € (32B)°, there are 2|x — zo| < |y1 — 20|, 4rg < |x — 29| < Trg and |x — z9| > 1. By
Holder’s inequality and the condition (1.3) of the kernel, we have

1
Jy < —ff f IK(x, y1,y2) = K(z0, Y1, YU A1 DI 2(02)ldy2dy 1 d x
Bl Jg Ji328y J328

1 (o]
1fillollfolloo = f > f f IK(x,y1,72) = K(z0, Y1, y2)ldyadyrdox
|B| B =1 J2Mx—z0lsly1—z0l<2%* x—z0| J32B

: f ] f f "
T |K(xay1,)’2)_K(ZO,yIaYZ)V)Od)’l &
|B| B kzz; 32B ( 2k|x—z0|<ly1 —20|< 2K+ x—z0| )

X(2k+1|x _ Zol)%dyzdxllfllloo”fé”oo

IA

IA

L [N piy-kone-Lyee) (1224 E) okt it
< Cllillellfllorgr | BRI 5 2R - g My
B =1

—£4g
< Cr” Allsllflleo

AIMS Mathematics Volume 6, Issue 12, 13533-13551.



13544

< CllAllsllf2lleo

Similarly we can also get that
J3 < Clifillsoll f2lloo-

For x € B and yi, y; € (32B)°, there are 2|x — zo| < |y1 — zol, 2|x — 20l < |y2 — 20, 47 < [x — 20| < Trp
and |x — zo| > 1. By Holder’s inequality and the condition (1.3) of the kernel, we have

1
Jy £ — f f f IK(x,y1,¥2) = K(zo, y1, Y /LGOIy dy 1 dx
|B| Jp (32B) J(32B)°

1 o0 (o)
< IAlolflos f f f
|Bl B,;,;( 241 r—zglslyr ~201$241 20l J 262 e—zollyr-z0l<252* ezl
s 2
K (e, y1,32) = K(zo, 1, 3 dyadyn )™ [ [@51x = 2oy dx
i=1
1 o 00 2 | 5 2
< Cop f 27 MG D = @D [T 24 = 2o dllfullll ol
By 22l | ]
< CZZ]—[z o f Ix = 20l #dall fillll follo
=1ky=1 i=1
< Ul

Case2: 0 <rp < 5.
Denote by B = B(x, r%). Write

fi = fixaes + fixaesy = f~11 + f?’ J2 = faxies + faXaeky = le +f~22-

Choose a % € 3B\ 2B and take a & = T(fZ, f)(Z) + T(f\, f)Zo) + T(f2, f2)(Zo), then

1
= fB T £)(3) - Goldx

1 -
< B flT(fll,fz )(X)|dx + ﬁ IT(2, f)(x) - T(f2, fHGo)ldx

‘e f TG 0 = TG Gl + o [ 11 X0 = TG B Gold

4

=20

Notice that 1 < ¢ < co and 0 < I/g < a, where [ is given as in Definition 1.2. By Lemma 3.1,
we have

IBI

S~
A

CIBIMT L s
CIBYNT(fL, f)llawcay
CIBI N AN A e

IA

IA

AIMS Mathematics Volume 6, Issue 12, 13533—-13551.



13545

n(§-9)
CllAilloll f2lloor

Cll fillooll f2lleo-

IA

IA

For x € B and y; € (16B)°, there are 2|x — Z|* < |y; — Zol, 78 < |x — Zo| < 4rp and |x — | < 1. By
Hoélder’s inequality and the condition (1.3) of the kernel, we have

1 -
5 o< L f f f K5, 1, v2) = KGos vt v i) aGr)ldyadysdox
IBl Jg Jaesy Ji6s

1 - 0
Rl fz f (f |K(x,y1,y2) = K(xo,y1,y2)|p°dy1)p°
1Bl Ji k=1 Y16B  J2Kx—Zo| <y —Zol<28+ [x—Zo|

><(2k+1 |x - 2o|”)%dydeI|f1 llooll f2leo

—k(n(2--- ~ (=) 2) Akl N
Z|B|2 ! | — Zo| TR T (25 x = Zo|") 0 dx| fillol fal oo

B =1

IA

IA

IBI

- ey 1
< C |B|2_k("+”>—f|x—f I~ dx]| fillool f2loo
; B, 0 ol f2
< Cllfillsoll f2lloo-

Similarly we can also get that
J3 < Clifillsoll f2lloo-

For x € Band y;,y, € (16B)°, there are |x — Z|* < %Iyl —Zol, [x—Z0|* < %Iyz —Zol,rg < |lx—=%o| < 4rp
and |x — Zp| < 1. By Holder’s inequality and the condition (1.3) of the kernel, we have

1
o [ K - KGan A0 dydyds
|B| 16B)‘ (16B)y

< mhux(l. .
] B o ok ezl sty —zol<2h ezl J2o ezl <lys -zl x—zop
1 2 n
5 70 ki+1 ~ 1y o
IK(x, y1,32) = K(Go, y1, y2)"dyadyr) ™ | |25 1 = 201") Sl fillell Fllo
i=1
<

o 00 2 2
1 —ki(n(1-LH)+ &  e—a(n(2— 2+ £ _ 5 o
|_f ZZI_P T = TR [ @5 e - 20l fillel ol
=1ky=1 i=1 i=1
oo 00 2
< CZZHZ

=1 k=1 i=1

< C||f1||oo||fz||oo.

|| filleoll lloo

Thus, according to the estimates in both cases, there is

IT(f1s PllBro ~ Sup1 inf — f|T(flaf2)(x) — aldx < Cllfillel f2lleo,

c|B|

which completes the proof of the theorem.
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Proof of Theorem 2.4. We only give the proof whenm =2 .
Let fi, f, € BMO, then for any ball B = B(xy,rg) with rp > 0, we will consider two cases,
respectively.
Case 1: rg > }L.
Write
fi = (Fms + (fi = (F)spaes + (i = (D))o = fi + fL+ fis
fr= (F)ss + (o = (F)nsas + (o = ()npxeasr = i + 5 + 15

It follows from the hypothesis of the theorem that

T(fi, ) = T D) + T L) + TS ) + T 1)
Choose a zo € 6B\ 5B and take a dy = T(f7, ;)(z0) + T(f7, fP)(z0) + T(f3, f3)(20), then

f|T(fl, 2)(x) — doldx

I8l
=i f TGN+ o [ TG0 =TGR ) Goldn
|B| flT(fl ’f2 )(x) — T(fl ’fz )(zo)ldx + ﬁ f|T(f1 ,fz )(x) — T(fl ’f2 )zo)ldx
4
= Z Lj.
j=1

Take py, ..., pn such that max{pj,m} < pi,...,pn < oco. Let 1/p = 1/py + --- + 1/py, then
1 < p < 0o. By Theorem 2.1, we obtain the boundedness of 7 from L”' X - - - X LP» into L”. By Holder’s
inequality, we have

L < (IBI f (2 f2 (x>|de)
< g [ 00 - Gossldn )" (g [ 102~ sl
132B| Js5 132B| Jsp
< Cllfillsmollf2llzrmo-

For x € B and y, € (32B)¢, there are 2|x — zo| < [y, — 20|, 4rp < |[x — 20| < 7rp and |x — 70| > 1. By
Holder’s inequality, Lemma 3.10 and the condition (1.3) of the kernel, we have

1
L < + f f f Ky, 12) = K (2os v )i = (sl o) = (A)sasldyndyadx
|B| 32B) J32B

1 = 1
_fo (f |K(~x7yl’y2)_K(Z()’yl’y2)|p0dy2)p0
1Bl Ji k=1 VY32B ~ J2Kx—z0|<ly2—20|<2%*! [x—zo

1
| 1502) = (B)sasldya) F i) = (Fr)sasldyidx
2k|x—zo|<[y2—zol<2k*! [x—z0]

IA

IA

1 - —k(n(2—=LH)+£ e—n(2—=LH)+ £ ’ 4
Cop [ DB P 2R Dl [ 1) = Gaaaldys) o
1Bl Js =1 2k+5B
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an
7

A
mg

IA

C;kz

IA

Z k) 1 + ln 307 f|x - Zo|_2n a0 o dxl|| fillsmoll f2llamo
rp

k —7+£
D1 fillsmoll foll sao

Cllfillamoll f2llBmo-

Similarly we also can get that

Lsy < Cllfillsmoll f2llBmo-

For x € B and y;, y, € (32B)¢, there are 2|x — zo| < |y1 — 20, 2|x — 20l < [y2 — 20, 4rp < |x — 20| < Trp
and |x — zo| > 1. By Holder’s inequality, Lemma 3.10 and the condition (1.3) of the kernel, we have

Ly

IA

IA

<

<

1
— ff f IK(x, y1,¥2) = K(zo, y1, ¥ /i(1) = (f)328l
1Bl Jp Ji2m) J328)
><|f2()’2) - (f2)3zB|d)’2dY1dx

1B |f Prves e fz 1 x=zolslyr~20l<241* e~z fz’mx olly2-20l<22* 2

|K(x,y1,y2) = K(Zo,yl,)’2)|p°d)’2dy1) (f i) - (fl)323|p°d)’1)/

2k1+

X( |/2002) — (f2)323|p6dy2)%dx
2k2+SB

© oo 2 2
1 . _dly, & _ 2\, £ ) £Z
i, 2 [ A e ] (@
1Bl J k=1 i=1 i=1
ki

+5

2 rs
><(1+1n 32

))dxllfl llzmoll f2llBmo

c Z Z ﬂ k2% 1y Wfillawoll fllswro

=1 ky=1 i=1

C”f]”BMOHfZ”BMO-

Case2: 0<rpg< }‘.
Denote by B = B(xy, r%). Write

h

= (fhes + (1 = FeX 16 + (1 = (F1e8)X 6By := f~11 + f? + f?’

fr = (Phes + (o = (DiesWies + (o = (PiesWaeny = fo + fi + F5.
It follows from the hypothesis of the theorem that

T(fi.f) =T D)+ T B+ TR ) + TR )

Choose a %y € 3B\ 2B and take a dy = T(f?, 3)Z) + T(f?, 1) Z0) + T(f?, f3)(Zo), then
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lBlflT(fl,fz)(X) doldx

= i8I f TG RN+ 2 [ TG0 T F)Golds

v f TG, PR )—T(fl,f2)(Zo)IdX+— f TG, B0 = T, ) Goldx
4
ZZ

Notice that 1 < g < co and 0 < //q < @, where [ is given as in Definition 1.2. By Lemma 3.1,
we have

L,

IA

BINT T Dl
CIBIYNT(fF, f) e

CIBI B (—=

IA

IA

Tl ;
RO = U)oz | 102~ o)

|16B| |16B]

n(4-1)
< Crz" “lAllsmoll fllamo
< Cllfillamoll f2llBmo-

For x € B and y, € (16B)°, there is 2|x — Z|* < |y2 — Zol, 5 < |x — Z| < 4rg and |x — Z9| < 1. By
Holder’s inequality, Lemma 3.10 and the condition (1.3) of the kernel, we have

1 - g 7o
L2 < _fo (f |K(X,)’1,)’2)—K(ZO,)’1a)’2)|md)’2)m
|B| B 1D 16B 2k|x=Z0|@ <[yp —Zo|<2k+1 | x—Fg|®

X( fzmg 120r2) — (f2)161§|p6d)’2)%|f1(y1) — (fi)iealdyrdx

k+4 ’,.a

1 o —k(n(2—-L)+& - e—an(2—L)+ e kad L
C— f DB e — 2T D x4 (1 + In =) fullswoll llswo
1Bl Jp 1675

IA

< €Y R D fillgwoll Allwo

=1
< Clifillsmollf2llzao-

Similarly we can also get that
Ly < Cllfillsmoll 2llsamo-

For x € B and y;,y, € (16B)°, there are 2|x — Z|* < [y1 — Zol, 2lx — Zol% < [y2 = Zol, 75 < |x = Zo| < 4rp
and |x — Zy| < 1. By Holder’s inequality, Lemma 3.10 and the condition (1.3) of the kernel, we have
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IA

[e9) (o)
Z Z 2k |x=Zg|7 <lyy —Zol<2k1* [x=Zol J 282 ]x—Fo|? <lyr—Zo|<2k2H [x—Z |

k1: k=1
1

1 1
|K(X,)’1,Y2)—K(ZO,)’1,y2)|p°d)’2d)’1)p0( [ 100 = Giaatian)
2+

X( Lﬁ 1A02) - (f2)161}|p6dy2)%dx

1 d ad 2 1 £ 2 2 n 2ki+4l’a
< O f 2 5 [ [ ezt R (@B« in )
| =1k i=1 i=1 167%

><||f1||BM0|f BMO

o oo 2
< C Z 21 T&2™ Willswol fllawo

=1 k=1 i=1

< C||fl||BM0||f2||BM0-

Thus, according to the estimates in both cases, there is

T (f1, fllBmo ~ SUP 1nf f|T(f1,f2)(X) —aldx < C|| fillsmoll f2llamo-

which completes the proof of the theorem.
5. Conclusions

Compared with the multilinear strongly singular Calder6n-Zygmund operator in [15], the kernel
function of the multilinear strongly singular integral operator with generalized kernel in the present
article satisfies the weaker smoothness condition. Our results further generalize the corresponding
results in [15].
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