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Abstract: For any positive integer n, let Z, := Z/nZ = {0,...,n — 1} be the ring of residue classes
module n, and let Z* := {x € Z,| gcd(x,n) = 1}. In 1926, for any fixed ¢ € Z,, A. Brauer studied the
linear congruence x; + - - - + x,, = ¢ (mod n) with xy, ..., x, € Z* and gave a formula of its number of

incongruent solutions. Recently, Taki Eldin extended A. Brauer’s result to the quadratic case. In this
paper, for any positive integer n, we give an explicit formula for the number of incongruent solutions
of the following cubic congruence

X +--+x,=0 (modn) withx,...,x, €Z
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1. Introduction

For any positive integer n, let Z, := Z/nZ = {0, ...,n — 1} be the ring of residue classes modulo n,
and let Z := {x € Z,| ged(x,n) = 1}, Z; := {x € Z,|x # 0} respectively. In 1926, for any fixed c € Z,,
A. Brauer [2] studied the linear congruence

X1+ +x,=c (modn), withx,...,x,€Z),

and gave a formula for the number of incongruent solutions. This answered a problem of H.
Rademacher [7]. In 2014, Sun and Yang [9] generalized A. Brauer’s result by giving an explicit formula
for the number of incongruent solutions of general linear congruence

kix; + -+ kpx, =c (mod n) withxy,...,x, €Z),

where k;, ..., k,,c € Z,.
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Recently, Taki Eldin [8] studied the quadratic case and provided an explicit formula for the number
of incongruent solutions of

kixt+-+kyx2 =c (mod n) withxi,...,x, €Z,

where ki, ..., k., c € Z, with gcd(k; - - - k,,, n) = 1, which extended the result of Yang and Tang [10].
Therefore, it is natural to consider the following cubic congruence:

kix}+-- +kyx, =c (mod n).

with ky, ..., k,,c € Z, such that gcd(k; - - - k,,, n) = 1.

When n = p is a prime number, k; = --- = k,, = 1, S. Chowla, J. Cowles and M. Cowles [3], Hong
and Zhu [4] gave a formula of the number of incongruent solutions of the above congruence with ¢ = 0
and ¢ # 0 respectively. In this note, we investigate the following cubic congruence

X +--+x,=0 (modn) withx,...,x, €Z5 (L.1)

Denote by N,,(n) the number of incongruent solutions of (1.1). Li and Ouyang [6], in 2018, presented
a relation between N,,(p®) and N,,(p®) for some certain integers a and b with a > b. In this paper, we
will give an explicit formula of N,,(n), which couldn’t be obtained by the results in [6]. Particularly,
we have the first main theorem as follows.

Theorem 1.1. Let p be a prime number and m be a positive integer. Then each of the following holds.
(1). If p=1 (mod 3), then
Ni(p) =0, No(p) =3(p—1), N3(p)=p°+(c-9p+ (@80
and
Nu(P) + 3N (p) = 3(p = DNpa(p) = (pe +3p = DN, 3(p) = (p = 1" (p* = 3p - ©),
for all m > 4, where c is uniquely determined by
4p=c*+27d*, c=1 (mod 3).

(2). If p # 1 (mod 3), then

— 1" -1 m+1
N,(p) = (p-1 ;( ) F ="

For every nonzero integer n, let rad(n) be the radical of n, i.e., the product of distinct prime divisors
of n. As usual, for any prime number p, let v,(n) be the p-adic valuation of n, i.e., p"»™ | n and
p""™*! ¥ n. For any a € Z, let {(a), be the unique element in Z, such that a = {(a), (mod n). Now, we
can state our second main Theorem.

Theorem 1.2. Let n and m be positive integers and let & := exp(%). Then
nmfl
Nm = 6m I N1 Nm >
() = G s ];[ (p)
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where

1’ l‘f V3(I’l) S 17
Om(n) :{ 9N}, (9)

2m2(—1)yn > l‘f V3(l’l) > 27

9 - . )
1 21@%9-1(1 FEN,if (my is even,
J:
’ — 9 myg+ . .
NuO) =L 3 (5299701 + iy, if Gmdo is odd and m > 10,
j=1
0, otherwise,

N,.(p) was obtained in Theorem 1.1.

The paper is organized as follows: Section 2 provides some notations and lemmas which will be
used in the sequel. In Section 3, we give the proofs of Theorem 1.1 and Theorem 1.2.

2. Preliminaries

Throughout, p denotes a prime number. For any finite set A, denote by |A| the cardinality of A. For
any a € Z, let
2riax
T, := Z exp( )

XEZ), p
Next, we give some lemmas which are needed in the proofs of Theorem 1.1 and Theorem 1.2. We
begin with the following famous result.

3

Lemma 2.1. ([1]) (Chinese Remainder Theorem) Let f(xy,...,X,) € Z|x]. If ny,...,n, are pairwise
relatively prime positive integers, let N; be the number of zeros of

Sy x,) =0 (mod ny),
and N be the number of zeros of
fGr, ..., %) =0 (mod ny---n,),

then N = N;---N,.
The following classical result was obtained by Gauss.

Lemma 2.2. ([3]) Let g be a primitive root modulo p. Then T, + 1, T, + 1, Ty + 1 are the roots of
equation
¥ =3px—pc=0,

where c is uniquely determined by
4p =c*+27d%, c=1 (mod 3).

Lemma 2.3. Let g be a primitive root modulo p, and let S = {1,g,g*}. Then for any a € Z’, there
exists a unique b € S such that
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Proof. Since g is a primitive root modulo p, for any a € Z,, one has a = g° (mod p) for some integer
cwithl <c<p-1.Letc=3g+rwithg,re€Zand0 < r < 2. It then follows that

T, = Z exp (ZﬂZm )

3

XEZ),
B 2migtx?
é exp ( ) )
B 2miag"(g9x)?
Z p(——)
B 2miag" x*
é exp ( )
=T,
as desired. So Lemma 2.3 is proved. O

Lemma 2.4. ([1]) For any a € Z,, we have

2miab p, if pla,
Elﬂp(p ):{o, if p1a.

bez,

Lemma 2.5. ([5]) Let a € Z,,. Then x> = a (mod p) is solvable if and only if T =1 (mod p), where
d=gcd3,p-1).

For any positive integer m, let
Am(p) = {(XI, oo ’xm) € (Zp)m|x§ + -+ x’3n = O (mOd p)}

We have the following lemma.

Lemma 2.6. Suppose p # 1 (mod 3). Then for any positive integer m, we have

A (p)l = pm .

Proof. Let f : Z, — Z, be a map satisfying that f(a) = (a’), for any a € Z,. We claim that f is
bijective. In fact, by Lemma 2.5, it is easy to see that f is subjective. Moreover, since |Z,| is finite, one
has that f is also injective. So the claim is true.

Therefore, we deduce that

An(P) =|((x1s .., %) € (Z)"1x + -+ x5, =0 (mod p)}|
=[{Gx1,. . x) €@ "x1 + - +x, =0 (mod p)|

_ m-1

=p
as expected. O
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Lemma 2.7. Let & := exp(%) and let N’ (9) be the number of solutions of congruence

m

X1+ +x,=0 (mod9) with xi,...,x, € {-1,1}. (2.1)
Then
9
5 ng(g I+ £V, if (myg is even,
4 — 9 m)g+9
Nn9) = % Z(f( 3 Y+ &Y if (mg is odd and m > 10,

.
Il
—_

0, otherwise.

Proof. Let S| and S _; be the number of terms of Eq (2.1) for which x; = land x; = -1 (1 <i < m)
respectively. Then the Eq (2.1) has a solution if and only if S; = §_; (mod 9). We distinguish two
cases as follows.

Case 1. Let {(m)9 be even.

The congruence (2.1) has a solution if and only if

(m)g (Mg (m)g (m)g
Sle{T,T+9,T+18,...,m—T}.
Therefore, one gets
, m m m m

Since & = exp(%), we easily obtain the well-known fact:
E=L1+8+EV+ - +EP=0with(j=1...,8). (2.3)
By (2.3) and computing directly, one gets the following identity:
1 < m m m m
S )9 I+ &y _((m) )+((m) )+(<m) )+"'+( (m) ) (2.4)
9 Z:; = 52 +9 =2+ 138 m— 52

By (2.2) and (2.4), we have
R R
N,(9) = Z:; YA+ Y 2.5)

Case 2. Let (m)9 be odd.
Obviously, the congruence (2.1) has no solution if m = 1,3,5,7. So we suppose that m > 10.
The Eq (2.1) has a solution if and only if

(m)g+9 (m)o+9 (myo +9 (m)o +9
S e 7 > +9, > +18, ...,m >

From an argument which is similar to that in Case 1, we get
1S
N, (9) = -
WO =3 Zl
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From the above discussion, we can conclude that

LS EEPIA+Eif (myo is even,

J

—_

9 mg+9

Nu®) =11 SEE A+, if (my is odd and m 2 10,
J:
0, otherwise.
This finishes the proof of Lemma 2.7. O

3. Proof of Theorem 1.1 and Theorem 1.2

In this section, we give the proofs of Theorem 1.1 and Theorem 1.2.
Proof of Theorem 1.1. We divide the proof into two cases.
Case 1. Let p =1 (mod 3). By Lemma 2.3 and Lemma 2.4, we deduce that

27ria(x? + -0+ x;)
(et e )

1 2ria(x} + -+ + x;,)
- > exp( )
p p a=1 (x1,....xm)EZp)" p
I

_(p-pm 1 2miax® )’”
- lr +pa:1(;zzexp( )
1

— 1y ~1 ~1 1
S L P T ) 3.1)

Nap=~ Y exp

By Lemma 2.2, Ty, T,, T, are roots of equation
P43 =-3(p-Dx—(pc+3p-1) =0, (3.2)
where c is uniquely determined by
4p=c? +27d*, c=1 (mod 3).
It then follows from (3.2) that

T\+Tg+Tgp =-3,
T'"/Ty+T Ty +T,Tp=3-3p,
T'T,Tp =pc+3p—1. (3.3)

Clearly, Ni(p) = 0. Moreover, using (3.1) and (3.3), we get that
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Nao(p) = (p-17 + p3;1(T12+T§+T;2)
_w ; 0k + p3_ (Ty + Ty + Tp)* = 2T Ty + Ti T2 + T,T,2))
=3(p-1D,
and
Ny(p) =2 ;1)3 - p3;1(T? +T+TY)
BGELV Y SR PY To+ Te) T2+ T2+ T2%) + 6T\ T, T — (Ty + Ty + T2)*)
P 6p P ' S

=p>+(-9p+@B-o0).
Now, let m be any integer with m > 4. Then for any a € {1, g, g%}, we have
"+ 37" = 3(p - DT 2 - (pc+3p-DT" 3 =0 (3.4)
by (3.2). It then follows from (3.1) and (3.4) that

(p-D" (p- D"

Nm(p)_ +3(Nm—l(p)_ )

(p— 12 (p—-1m3

= 3(p = D(Npa(p) - )= (pc +3p — D(N,_3(p) — )=0,

which is equivalent to

Nu(p) + 3N,-1(p) = 3(p = DN,u2(p) — (pc + 3p = DN,,3(p) = (p — D" (p> = 3p - ©).

So Theorem 1.1 is proved in this case.
Case 2. Let p # 1 (mod 3). For any integer i with 1 < i < m, define

Api(p) =10, o X, 0, X4 1, .o X)) € (Zp)ml-x:]; +-et xfn =0 (mod p)}.

Then using principle of cross-classification, we derive that

No(P) =|An(P)\ ) Ani(P)]
i=1

i+ Yy Y |ﬁAm,,~,.<p)|. (35)
t=1

I<ij<—<ii<m  j=1

Let 7 be an integer with 1 < < m—1. Then for any integer t-tuple (iy,...,i) with1 <i; <--- <i, <m,
it is obvious that

() Ami, ()] = 1An(p). (3.6)

J=1
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Thus by Lemma 2.5, (3.5) and (3.6), one gets that

m—1
Nu(p) =p" ™" + Z(—l)’(’?)p’"‘“ +(=1)"
t=1

_(p-D"+ (D™
P

+ (_l)m.

This finishes the proof of Theorem 1.1.
Now, we begin the proof of Theorem 1.2.
Proof of Theorem 1.2. Let n have the prime decomposition

— vp(n)
n= 1—[ pr.
pln
By Lemma 2.1, one has the product formla

Nu() = [ | Nu(p™).

pln

So to compute N,,(n), it is enough to study the prime power case N,,(p"»™) with p|n.
Now, we consider the following two cases with p|n.
Case 1. For any p|n it holds either p # 3 or p = 3, v3(n) = 1.
If p # 3, by Theorem B(1) of [6], we have

Ny(p'r®™) = p"= D0 =UN, (p),

where N,,(p) has been studied in Theorem 1.1.
If p =3 and v3(n) = 1, one has

Nm(3V3(n)) =N,(3) = 3('n—1)(V3(n)—1)Nm(3)_
Hence, for p # 3 or p = 3, v3(n) = 1, we get
Nu(p™™) = p" DN, (p).
It then follows from (3.7) and (3.8) that

Nu) = [ [ Nu(pr™)

pln

=[] prmDom-by (1)
pln
— pm=Dyp()

p !
= TNm(P)

pln

(3.7)

(3.8)
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m—1

n
= W 1;[ Nu(p)

as expected.
Case 2. p =3 and v3(n) > 2.
By Theorem B(1) in [6], one has

N,,(37®) = 3=Ds=2 N, (9), 3.9)
Since x* =1 (mod 9) for x € {1,4,7} and x* = —1 (mod 9) for x € {2, 5, 8}, one gets that
N,(9) =3"N’ (9). (3.10)
Therefore, by (3.7)—(3.10), we have

Na(m) = [ | Nulp™)

pln
= 3m=D-D Q) n N, (p*r™)
pln
p#3

— 3(m—1)(V3(n)—2)+'11N’;1(9) rl p(M—l)(Vp(n)—l)Nm(p)

pln
p#3

v,,(n))m l

v3(n)ym—1
(3 ) N©9) l_[ (p ()

pln
p#3

3N’ 1(9) nm1
= N3 (rad(ym H Nu(p).

By Theorem 1.1, we have
2M 4+ 2(=1)"
3 .

ON'(9)  n"
Nonl1t) = %uuwwmmlgmw

Nu(3) =

Hence, we get

From the above discussion of Case 1 and Case 2, we can conclude that
nm—l
Nm = 6m T 1, <1 Nm ’
() = Sn) o ];[ (P)
where

9N’ (9) .
2))1+2(_1)m ” l‘f V3(l’l) 2 2’

On(n) = {1’ if vs(n) < 1,

N,,(9) and N,,(p) were obtained in Lemma 2.7 and Theorem 1.1, respectively.
This finishes the proof of Theorem 1.2. O
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4. Conclusions

In this paper, we present an explicit formula of the number of unit solutions of diagonal cubic form
over Z,, by using the method of exponential sums. As future directions, one can find the formula of
the number of unit solutions of x? + o+ xﬁ = ¢ (mod n) over Z, with ¢ # 0 (mod n).
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