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Abstract: This paper is concerned with time decay rates of the strong solutions of an incompressible
the coupled modified Navier-Stokes and Maxwell equations in a half space R3. With the use of
the spectral decomposition of the Stokes operator and L” — L? estimates developed by Borchers and
Miyakawa [2], we study the L>-decay rate of strong solutions.
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1. Introduction

In this paper, we study the non-Newtonian fluids associated with Maxwell equations:
u,—V-SOu)+ u-VYu+Vr—-(b-V)b =0,
by—2b+w-V)b—(b-V)u=0. in Or :==R}x (0, T), (1.1)
divu =0and divb =0,

Here u : Qr % (0, T) — R? is the flow velocity vector, b : Qr x (0, T) — R? is the magnetic vector,
m: Qr X (0, T) — Ris the total pressure and Du is the symmetric part of the velocity gradient, i.e.

1 Hui Guj
Du=D;ju:=—-\—+—), i,j=1,2,3.
“ " 2(0)61' ﬁx,-) b
To motivate the conditions on the stress tensor S, we recall the following examples of constitutive laws
S (Du) = (o + p|Dul”~*)Du, (1.2)

where yy > 0 and p; > 0 are constants (see e.g. [1, 16]). We consider the initial-boundary value

problem of (1.1), which requires initial conditions

u(x,0) = ug(x) and b(x,0) = by(x) X € Ri, (1.3)
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together with the boundary conditions defined as follows:
u=20 and b-n=0, (Vxb)xn=0, (1.4)

where 7 is the outward unit normal vector along boundary R

The fluids such as coal-water, faint, soaps, etc., is not followed linear relationship between rate of
strain and shear stress. In languages of mathematics, commonly, the standard Navier-Stokes equations
refers to the equations of motion of an incompressible fluid type of S = uoDu, where oy > 0 is
constant. On the other hand, one class of non-Newtonian fluids is defined by S = u(|Du|)Du (u(-) a
positive nonlinear function). For example, we note that

S(Du) = (o + p1lDul"*)Du, 1< g<oo, po>0, > 0. (1.5)

For the existence of solutions to the model with the stress tensor (1.5), we make a brief comment. After
the pioneering study done by Ladyzhenskaya [10], the global-in-time existence of strong solutions is
proved for g > % in [11]. On the other hand, they also established the small data global-in-time
existence of strong solution for % < g < oo in three dimensional space (see also [3] for weak solutions)

The Eqgs (1.1), which are the generalized incompressible magnetohydrodynamics equations is
regarded as one of the simplest model describing the dynamics of electrically conducting liquid with
involved rheological structure in a magnetic field. For the model (1.1), Gunzburger et al. in [6]
considered (1.1)—(1.4) for the case of bounded or periodic domains, and they established unique
solvability of the initial-boundary value problem. More specifically, assuming that u, € H*(Q) and
by € H'(Q) with the following boundary conditions (1.4) for a bounded domain, it was shown in [6]
that if % < g < 6, a generalized solution exists, and moreover, it satisfies

we L™, T; L2 Q) NH(Q),  VueL”0,T;L/(Q),
beL¥0,T;L* Q) NH(Q), VbeL™0,T;L*Q), belLl*0,T;H(Q)).

u, € L2(Q % (0,7)), b, € L*(Q % (0,T)). (1.6)
Furthermore, they shown the uniqueness of solutions. Here strong solutions means that solutions
satisfy (1.1) pointwise a.e. and the energy equality holds. Recently, the authors in [8] establish global
unique solvability to (1.1)—(1.4) for uy € (W"?> N W) and by € W'?, 2 < p in the same class above
(see [12] for weak solutions). For a half space, the proof in [6] is also held. And thus, we will not

comment further on the existence and uniqueness of strong solutions to (1.1) and (1.2).
For the asymptotic behavior of strong solutions to (1.1) and (1.2), the author in [9] recently

examined the L’-algebraic decay in the whole space R*® with respect to the monopolar shear
thickening fluids using Fourier splitting method in [13]. Precisely, he shown that

[|(u, DYz < C( + t)_%, vt > 0.

We also refer to [5, 7] for Navier-Stokes equations of non-Newtonian type.

On the other hand, in the case of a half space R, Dong and Chen [4] obtain that the weak solution
u(t) of the Naiver-Stokes equations of non-Newtonian type, that is » = 0 in (1.1) enjoys the optimal
algebraic decay estimates

301_1 .
lu@)|?, < e(1+6726072, if 1<7< oo,

1 (1.7)
G, BYDIZ, < e(1 + 1) 36772, f st dx < oo, if 1<r<2.
B}
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by using the L” — L? estimates based on the explicit solution formula to the Stokes equation given by
Ukai [15] and the spectral decomposition method and fractional powers of the Stokes operator derived
by Borchers and Miyakawa [2].

For a domain, we briefly some comments. For a whole space, we obtain the same result like as
Theorem 1.1 by the fourier splitting method (see [8]). However, in R? case with boundary conditions,
we needs to be handled the solution form due to the boundary effects. To effectively deal with boundary
effect, we use the well-known spectral method, we would like to obtain temporal rate of the strong
solutions. So far, there are few known results on the time decay problem to (1.1) in R3. In this
direction, our main results are as follows:

Theorem 1.1. Suppose that (u, b) is a strong solution of (1.1)—(1.4) with p > 5/2. Then

(A) lim ||, b)D)||;2 = 0, whenever ug, by € L2(R?),
(B) 1w, b)(D)llr2 < c(1 + 1)"2G2), whenever ug, by € (L2 N LYR3) (1 < r < 2).

Theorem 1.2. Suppose that (u,b) is a strong solution of (1.1)—(1.4) with p > 5/2. under uy, by €
(L2NLHYRS) for1 <r<2

f |X3M0(x)|r + |x3b0(x)|r dx < oo. (1. )
R3
Then we have 8
u 3,1 1 1
”( ’b)(t)”LZ < C(l + t)_§(7—§)—5'

Corollary 1.3. Suppose that u is a strong solution of Naiver-Stokes equations of non-Newtonian type
with p > 11/5, namely b = 0 in (1.1)—(1.4). Then

(A) lim;_o||lu(t)||;2 = 0, whenever ug € L?T,
(B) lu®llz < c(1 + £)2GD), whenever uy € LNl (1<r<?2).

Remark 1.4. Comparing to [4], since the result of Corollary 1.3 is about the time decay rate for
strong solution to Naiver-Stokes equations of non-Newtonian type, the restriction to the range of p can
be slightly relaxed.

Let us rewrite the abstract formulation of (1.1),

u; + Asu + Bi(u, b) = 0,u(0) = uy,
(1.9)

b, + Au + By(u,b) = 0,b(0) = by,

where the Stokes operators A; and Laplacian operator A to be specially considered the boundary
conditions (1.4) are defined as follows:

A =—PAu, ueDA):=WHR) N W AR,
and
Ab =V x(Vxb), beD(B,)=1{beWR)NW, 2R} |(Vxb)xn=0ondR3}.
(see [14, page 262]). And also the bilinear operator B; and B, is defined as follows:

Bi(u,b) := (u-Vyu—(b-V)b—V - (Du|">Du),

AIMS Mathematics Volume 6, Issue 12, 13423-13431.



13426

and
B(u,b) .= (u-V)b—(b-V)u.

Here P is the orthogonal projection mapping L/(R?) onto LL(R?) (see, e.g. Ukai [15]).

Lemma 1.5. (2, Theorem 3.6]). Let either | <r < g<ooorl <r<g<ooandv e L:NL" Then
we have the L'-L1 estimate
IV el < 20Dl k 2 0,

and

l_l_,
lle™V]|s < o 3677 f |xnu<x)|

where e~ denotes the analytic semigroup generated by the Stokes operator A. Here P is the orthogonal
projection mapping L{(R?) onto LL(R?) (see, for example, Ukai [12]).

2. Proof of Theorems

Lemma 2.1. Suppose that (u, b) is a strong solution of (1.1)—(1.4). Then
IEQ)B, (u, || < cllullz, + 11, + IVull}, i,

and
5
IEQ)B>(u, bl < c(llull2, + 1B117,)A%, V¥ 1> 0.

Proof. Following [2, Theorem 3.6], we note that for 1 < r < co, @ > 0and 0 < [l] = } -25<1

3
Z 10,0 VIl < CIAVIL VIl < CIUA VI, [Vllze < CIAL V]I, (2.1)
i,j=1

The proof is almost same to that in [4, Lemma 2.3]. For the convenience of readers, we give a proof.

Indeed, a proof is based on (2.1) and Gagliardo-Nirenberg inequality as follows:

KE()B(u,b),v)| = I<E(/1)(P(u V)u—P(b-V)b— PV - le(w) _2e(u)), vl
= (PG Vyu=P(b - V)b = PV - e’ e(w)), EQOV)
< Ku, (u - VYEQOW)| + Kb, (b - VYEQOW)| + Kle@)"*e(u), VE())|
< cllul 2 IVEQVIz + clllFIVEQVIs + cllVull?, L IVE@V]g

(2.2)
< c(lull7, + IBIE, + IVully,DIVEQWI, IV EQVI
< e(llullf, + I + IV ull], “DIAL > EQUVIIAEQOV
< el + DI, + 1VallZ; DAL EQMILIAL B2
= c(ljull2, + 1B, + 1IVull? )3 .2
Similarly, we have
KE)B(u, b), v} = KEQ)((u - V)b = (b - Vyu), v} < c(llully, + 1BIF) A3 M2,
which is complete of the proof. O
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Proof of Theorem 1. Following the argument in [4], we will prove Theorem. From the energy
inequality, we know

—||<u DO g, + 2AY 20l g + 1B bl 5 < 0. 2.3)

[AR3) =

To obtain a lower bound of the second term in (2.3), we get for p > 0,

IAY 22> = f AIEQ)z(t)II* > f MIEQ)zII* = p f ﬁdllE(ﬂ)z(t)llz2g(llz(t)llz—IIE(p)z(t)Ilz),

0 p p

and

IB'?2]1* = g(llz(t)llz ~ IE@)z(0)IP).

And thus, we have
%Il(u, bYDI7. + pliw, DY < pllE@u®I;. + plIlE@)b@)I;. (2.4)
To estimate the right-hand side of (2.4), we consider the integral form of (1.9),
u(t) = e oup + fo t e Y B (u,b)ds,

and t
b(t) = e "ug + f e 98B, (u, b) ds.
0

Applying the operator E(p) to the both sides of this integral equation and integrating by parts, we
obtain

E(p)u(t) = E(p)e " uy + f f " e IVA(E)B, (u, b))ds
0 0

= E(p)e ™ ug + f e P(E(p)B(u))ds + f (t = $)(e " (E)B) (u, b)dA)ds
0 0

This together with Lemma 2.1 implies

t t
E(u(t)- E(p)e™ uo]| < cp? f I[P +HIVull?Z} )+ f (t=)(e (P +1Vall "} ))dA)d s
0 0

!
5 i
<cpt [ e ulP + 19l ),
0

where we use Korn’s inequality and the following inequality in the last inequality: For < p<3,

! ! 7-p st
f IV2(o)lly, ds < f el E V()" ds
0 0
5q-11

! @ I92—§5p 5 -
< C IIZ(S)II o 5"dS Z(f)IIdel) (2.5

14-2p I985p
f llz()ll5 5”ds
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and for p > 3

r(p=3) 9(q-3)

f IVz(s)I 3 ds < € f IV IV ds < CIVAR. Vel iy <0 (26)

Hence, we have

14-2p 19-5p

IIE(p)u(t)IleSlle_’A"uollLHCPif||M(t)||deS+CP fIIZ(S)II'9 S”ds Taept. @)

o

In the same way, we get

IE@)bD|l2 < lle™Bboll,2 + cp f G, DY@, ds + cpF. (2.8)
Using (2.7), (2.8) and the energy inequality, it implies

d _ -
2110 LY, + pllu, YOI, < lle™uoll7, + lle™Pboll},

19-5p

5 t 14-2p
+cp3( f (oI ds) + ol f I DY "ds) * | +ep
0

S
< lle™ugllz> + lleBboll + ot +cp?, Vp>0.

[STie]

Here, we use the following estimate
14-2p 19851’ 2(14-2p) |9g5p
f (Il ™ ds) f lz()l,2" dst)

2(14— 2(14-2p) s
f Ilz()ll,,™ dst + C < f llz(s)IPdst + C < £+ C.
0

Now let p = 3(1 + #)~! and multiply both sides above by (1 + #)* to obtain

d 3 S
(A + D DYOIT:) < e1+ 0 (alle™ uoll7, + allePbol; + (1 +0'% + (1 +1)7%)

—tA

< (1 +D2lle s ugl, + (1 + 0%le BholZ, + (1 + 02 + (1 + 172

And thus, we get
3 7
[|(u, b)(z‘)lli2 <c+c(l+)2+c(l+01)2. (2.9)

Since [l u|?, — 0 and [le"Pby|2, — 0 as t — co, we conclude that u(r) — 0 and b(r) — 0 as t — oo
and thus it complete the proof of first part in Theorem 1.1.
For second part, it follows from (2.9) and Lemma 2.2 that

3.3 _3 _1

I, BYOII7> < C(f(f Do, bl + (L + D77 + (L +1) 2)- (2.10)

Since % - % < %, the desired assertion is obtained if % - % < % It remains to consider the case % - % > %
Hence (2.10) implies that

(e, YOI, < (1 + 172 (2.11)
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Using (2.11), through the same method as before, we have

d 3
Ell(u,b)(l)lliz + Pl YOI < pt™ N0, bo)II, + cp?t + cp?.

Let p = 3+! and then multiply the both sides of this equation by £ to get

3_3
(z 1, YD) < pr2 =% + ep? + cp™

Since 1 < r < 2 implies % - % < % , we have
e, YOI, < e(1 +57F7 for
and complete the proof of Theorem 3.1.

Proof of Theorem 2.

d - -
L bYDIl7. + pliw, BYD)IIT, < lle™boll7, + lle™Pull7,

+op| f I BYOIP ds) + 1] + o f (sl

Let p = 3¢7! and multiply both sides above by #* to obtain

—(t , YD) < e (D2 4 13 f e, BYOIE, ds) + 173 f (IS
0

1
!

< (T f e, DO, ds) + 17 f ()11 ds)

where we have used Lemma 1.5 and the assumption (1.8). Integrating with respect to 7, we get

3

e BYOIR: < er Gt 4 3 f lucolP ds)’ + e f O

-1

t>1,

14-2p

14-2p

73
3_3 5
<o Gy i f ||u(r)||§2ds +173 f lu()II2.ds) +
0

From Theorem 3.1(ii), we know

G, BYDOIP, < (1 + )26,

A If %(% - %) > 1 we have
!
f I, BY(S)II7, < 0.
0

Substituting this equation into (2.13) yields

3

2 —(3-3)-1
1, YOIIF, < et 7727 41

+1

(1)
[SI[%)
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14-2p 19-5p

Fay T

N\m

3
195pds ]

e

(2.12)

(2.13)
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1, BYOI, < e(1 + 1D 4 (1 + 73 (Un(1 + 1))

+(L+ DL+ 0+ <1+ D

e 301 1 1
C.if E(; - 5) < 3, W€ have
I, YOIE, < 1+ D 4 e+ 0D 4 e+ 077 +c(1+073 <e(l 1) G770

The proof is complete.
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