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Abstract: In this paper, the idea of partitioning is used to solve quaternion least squares problem, we
divide the quaternion Bisymmetric matrix into four blocks and study the relationship between the block
matrices. Applying this relation, the real representation of quaternion, and M-P inverse, we obtain
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1. Introduction

Throughout this paper, the set of positive integers, the real number field and quaternion skew-field
are denoted by N, R and Q, respectively, the set of all real column vectors with order 7 and the set of all
real row vectors with order ¢ are denoted by R’ and R,, respectively, the set of all m xn real matrices and
the set of all m X n quaternion matrices are denoted by R™ and Q™*", respectively, the set of all n X n
real symmetric matrices, the set of all n X n real Persymmetric matrices, the set of all n X n quaternion
Hermitian matrices, the set of all n X n quaternion Persymmetric matrices, and the set of all n X n
quaternion Bisymmetric matrices are denoted by SR™", PR™", HQ™", PQ™" and BQ™", respectively,
the conjugate of quaternion a is denoted by @, the i—th column of identity matrix , is denoted by &',
the exchange matrix with order £ is denoted by V, the transpose, the conjugate transpose, M-P inverse
of matrix A are denoted by A", A and A", the Kronecker product of matrices is denoted by ® , the
Frobenius norm of a matrix or Euclidean norm of a vector is denoted by ||-||.

Block matrix is a common method in matrix theory. By properly dividing the matrix into blocks, a
high-order matrix can be transformed into some low-order matrices. At the same time, the structure of
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the original matrix become simple and clear, which can greatly simplify the operation steps or bring
convenience to the theoretical derivation of the matrix. There are many problems can be solved or
proved by block matrix. For example, when dealing with more complex constraint problems of matrix
equation, it will be easier to discuss the submatrices. In this paper, we will use block matrices to solve
quaternion matrix equation.

A quaternion g € Q is expressed as ¢ = a + bi + cj + dk, where a, b, c,d € R, and three imaginary
units i, j, k satisfy

iP=j =K =ijk=-1, ij=—ji=k, jk=-kj =i, ki =-ik =j.

Quaternion matrix equations and their least squares solutions are widely applied in many fields [1-5].
So many scholars have studied various types solutions of quaternion matrix equations [6—25]. For
example, Ivan I. Kyrchei got the minimum norm least squares solutions of quaternion matrix equations
AX = B, XA = Band AXB = D [7]; Zeyad Al-Zhour get the general solutions of three important
partitioned quaternions systems [9]; Zhang get the j-self-conjugate least squares solution of quaternion
matrix X — AXB = C [26]. But some matrices are difficult to be studied because of their complex
structure, for example, Bisymmetric. Bisymmetric matrix is widely used in information theory, Markov
process, physical engineering and other fields. But the process of studying it is very complicated due
to its complex internal structures. So in this paper, we divide the quaternion Bisymmetric matrix into
blocks and find out the relationship between the blocks. In addition, we apply it to solve the least
squares problem of quaternion matrix equation

AXB = C, (1.1)

by the real representation [26]. The specific problem is as follows.
Problem 1. LetA, B, C € Q™" and find out the set of least squares Bisymmetric solutions S gy, i.e.,

Spo = {XIIAXB — C|| = min, X € BQ™"}.
Find out the minimal form least squares solution Xpy € S pp, 1.€.,

X ||: min ||X]|.
[IXaoll = min 1|

This paper is organized as follows. In Section 2, we recall some preliminary results. In Section 3,
we find out the relationship between the Bisymmetric matrix, Hermitian and Persymmetric matrix,
which will be used to solve Problem 1. In Section 4, we provide numerical algorithms for computing
the minimal norm least squares Bisymmetric solutions of (1.1), and provide some experiments with
different dimensions. Finally in Section 5, we make some concluding remarks.

2. Preliminaries

Definition 2.1. [17] Let A = (a;)) € Q™" A* = (a;) € Q™", AY = (@y_jr1-is1) € Q" Then
1
A® =V, A*V, in which V, =

I
(1) A € Q™" is called Hermitan if A = A*.

(2) A € Q™" is called Persymmetric if A = A™.

(3) A € Q™" is called Bisymmetric if a;j = Qp—js1p-js1 = Qji.
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Definition 2.2. [26] For A = A + Aji + Asj + A,k € Q™" its real representation matrix AX is defined
as below:

A] A2 A3 A4

A, A A, A;

—A3 A4 Al —A2

—A4 —A3 A2 A]

AR =

Now, we denote the i-th row block and column block of A% as AY, AX, respectively.
The Frobenius norm of the quaternion matrix A = Ay + Ajl + Asj + A4k is defined as

IAI = VAR + A2]P + 1A3]P + A4,

and it is not difficult to verify ||A|| = %llARll = |IAR| = AR), i=1,2,3,4.
The follows are some properties about Af_ and Afl_ which can be used in this paper.

Lemma 2.1. [26] Suppose A, B € Q™", C € Q™P, | € R. The following properties hold.
(JA=B o AR = BR & AR = BF o AR = BR i=1,2,3,4.

(2)(A+BF = AR+ BE, (A+ B = AR+ BE i=1,2,3,4.

(3) (1AF = IAR, (1A)F =1AR, i=1,2,3,4.

(4) (AC)F = ARCR, (AC)F = ARCE, i=1,2,3,4.

For the real matrix equation, the ‘vec’ which arranges each column of a matrix into a vector in order
is an important tool, the following result gives the relationship of vec(X®) and vec(Xf] ).

Lemma 2.2. [26]Suppose X € Q™" Then vec(X®) = F vec(Xf] ), where

F
F = F; c Rlenxélmn
Fs ’
F,
and
I, 0 0 o o0 - 0 0 - 0 oO-01/4--020 -~ 0 0 0
0 - 0 -1y, o o0 - 0 0 - 0 Ly~ 00020 - 0 00
0 0 0 0 -L,~ 0 0 - 0 oO-00-=-020 - 01,0
0 0 0 o 0 - 0 -, O 0 00--0-L,~ 0 0 0
e O L N L e P A R
0 -1, 0 - o - 0 0 - O 0 00-00 I, 0 0
o-020 - 0 -~ 0 0 - O 015,000 0 0 0
o-020 - 0 0 - -, 0 - O 0 00--00 0 0 - Iy
oO-0 0 -~ 0 0 - 0 0 - =Iy 0 0000 I, 0 - 0
0 00— 0Ly~ 0 0 0 00 0 0 0 01y 0
0« 00 00 0 —I, 0 0 0 0 0 Iy~ 00~ 0
Iy~ 00 00 0 0 0 0« 0 Ly~ 0 0 00 0
0 0Ly~ 000 0 ~ 0 Ly~ 0 0 = 0 0 000
e N 1L P U T R

000001 0 - 00 0 « 0 0 00 I,
000000 0 - —I, 00 0 « 0 01,0 0
0«15, 0000 0 - 0 0« 0 0 « =1, 0 00 - 0
0 00-—1,0~0 0 ~ 0 0 Iy, 0 - 0 0000
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3. The solution of Problem 1

In this section, we will introduce the block matrices of Bisymmetric matrix, then we analyze the
relationship between the internal elements of a Bisymmetric quaternion matrix, and solve Problem 1
according to this property and the real representation of quaternion matrix. Since the internal structures
of Bisymmetric matrices are different in odd and even cases, we first consider the even case.

Theorem 3.1. Let X € BQ*™*", and X is divided into four parts with the same dimension

_ Xa Xb
(3 x)

where X, and X, are two Hermitian matrices, X, X, are two Persymmetric matrices, satisfy
X, =V, X,;V,, 3.1

Xp =V, X V. (3.2)

Proof. The proof of (3.1) and (3.2) are similar, so we only prove (3.1).
LetX =[¥ %] e Q™ and (x) = x, € Q™" k=a, b, ¢, d,“X"” and “x/” are the element of ith
row and jth column in X and x, respectively,l < i, j < n, then

VoDV, = (1, and oy 2 i i
, .

If X is an Bisymmetry matrix, then

(x;]) — (le) — (X2n—i+1,2n—j+l) — x:li—l'+l,n—j+l) — Vn(x;j)Vn,
(3.1) holds. ad

Obviously, the study of Bisymmetry matrix is transformed into Hermitian matrix and Persynmetric
matrix by Theorem 3.1. In order to simplify the operation, we extract independent elements in
Hermitian matrix and Persynmetric matrix.

Definition 3.1. For X € R™", let

ap = (X1, 5 Xp1), @2 = (X2, , Xp2)y 0, Qe = (x(n—l)(n—l),xn(n—l)), @y = Xpn-

Bi = (a1, 5 xa1), Bo = (X320 5 Xn2), s Bz = (K= 1)(1=2)s Xnn=2)) Br-1 = (Xn(n-1))-
@] = (Xins 5 Xn)y @ = (X2(n=1)s " 5 Xn(ne)s ** s A1 = (X(u=1)25 Xn2)s @)y = X1

By = (x2ns 5 Xan), By = (X3(a=1)s "+ s Xntn1))s =5 By = (Xn=1)3> X3)s B, = (Xn2).
and

n

V€d3(X) = (ﬁl’ e aﬁn—l)T, V€d4(X) = (ﬁlla U ’181,1—1)T'

The following theorem introduces the relationship of independent elements and ‘vec’ of Hermitian
matrix and Persymmetric matrix, respectively.

ved(X) = (a1, ,a,)", vedy(X) = (), ,al),
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Theorem 3.2. For A € SR™", B € PR™", C and D are constructed by letting the diagonal elements of
A and anti diagonal element of B be 0, respectively, then

vec(A) = Wived (A), vec(B) = Whved>(B), vec(C) = Wiveds(C), vec(D) = Wyveds(D),

in which
6,28 ol 00 0 0 0 0 O 000~ 0600 0 62 0 &1
00— 0 0828~ 0 0 0 000~ 8 000 & 0 &1 &
006 0 006~ 0 0~ 0 00 . .
Wy =1. L Wo=| oo Do : ,
: s B ST 006~ 0 008~ 0 0~ 0 0 0
000 s, 000 &2 0 - st 060~ 0 0828~ 0 0 0
000 0 6,00 0 62 0 &1t 6,28 00 0 0 0 0 0
2 & ol 0 0 0 - 0 0 0« 0 -6, 0 « 0 —62. -5t
-0 0 0 & ol 0 0 0 - -6 0 0 « -2 0 - &
0 6~ 0 0 -2 0 0 - 0
W= . o . Wa= e
Do R Do : 0 =6~ 0 0 =&~ 0 0 -~ 0
0 0 -6 0 0 - -2 0 - & -0 0 0 & ol 0
0 0« 0 -6, 0 - 0 —62- 5! 2 & ol 0 - 0 0 - 0

Next, we give the relationship between ‘vec’ of a matrix and its four blocks.

Theorem 3.3. Let X = Xa Xy € Q™" X, € QP k < n, then
Xc Xd
vec(X,)
_ | veexo)
vec(X) =P vee(Xy)
vec(Xy)
in which P" = diag(P;, P,), and
8 55; e 0 - 0 5ﬁ+1 e e 0 0
Pl:[: R : : E]ERnkxnk’
0 0 86k 0 o 0 gk g

5’11 5ﬁ e 0 - 0 5§+1 e 0 0
P2 — [ . . . . . . ] € Rn(n—k)xn(n—k).
0 o 0 e 8 e 66 0 e 0 e T g
Theorem 3.2 and Theorem 3.3 can be obtained by direct verification, so we omit the concrete
proving process.

Theorem 3.4. Let A, B, C € Q™" denote A = (BX ®A§1)F PKLW, in which
P = diag(P',P,P,P), K = diag(K,, K, K, K)), Ki = diag(l2,1.,VF ® V,VT @ V),

I, 0
L =diag(Ly, Ly, Li, L), Ly = | ¢ ,° | W = diag(Wy, Wa, W3, Wa, W3, Wa, W3, Wa), we can obtain
I, 0
(Vedl(Xla))
VedZ(Xlzr) ~ o )
S o = {Xlved(X) = : ,ved(X) = Avec(CR) + (Iyp_zn — ATA)y, ¥y e R} (3.3)
(V€d3(X4a))
veds(Xac)
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And then, the minimal norm least squares Bisymmetric solution Xgg of (1.1) satisfies
ved(Xpg) = ATvec(CR). (3.4)
Proof. By Lemma 2.1, we get

IAXB - C|| = || AR X"B® - C¥|
= |(B® ® A% vec(X®) — vec(CH)I|
= [|[(B® ® AR )Fvec(X®) — vec(C®)|.
Xia Xib
Let X® =(X; X X3 Xi)and X, = ( % x. )
The next work is removing the repeated elements in vec(X).

X 1 X 1w " X4 X4b
vec(Xfl) = vec [X “ ¥ ¥ “ ¥
lc d °°° 4c 4d
vec(X1q) vec(X1q) vec(Xiq)
P vec(Xie) vec(Xic) K vec(Xic)
W_,L.(Xla le) vec(X1p) vec(VX.V) W vee(X1c)
Xie X4 vec(Xia) vec(VX14V) vec(Xia)
m(&{a Xo) vec(Xaq) vee(Xay) vec(Xag)
Xae Xaa /| vec(Xae) vec(Xyc) vec(Xyc)
vec(Xap) } vec(VXs. V) } 1[ vec(Xye)
vec(X4q) vec(VX4,V) vec(X4a)
vec(X1,)
vec(X :l»)
vec(Xie) L (VEC(Xla)) (W?C(Xla)) (VEdl(Xm))
vec(Xi4) Nvee(X.) vec(Xic) vedy(X1c)
vec(Xag) . (veé(m)) (vec-<'x4a)) (vedsma))
VEC(X4e)) Nvee(Xye) vec(Xyc) vedy(Xyc)
vec(Xae)
vec(X4a)
Thus
|AXB — C|| = min,
if and only if

lAved(X) — vec(CR)|| = min.

For the real matrix equation
Aved(X) = vec(Cfl).

According to the classical matrix theory, its least squares solutions can be represented as

ved(X) = ATvec(CR) + (uyz 0 — ATA)y, Vy e R*

Corollary 3.5. Let A, B, C € Q™" (1.1) is compatible over BQ™" if and only if
(AA" - L2 ) vec(CE) = 0. (3.5)
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Moreover, if (3.5) holds, the solution set of (1.1) over BQ™" is
Spo = {X | ved(X) = A'vec(CF) + (Ip_, - A'A)y, ¥y e R}, (3.6)
in which A and ved(X) are described in Theorem 3.4.
Proof. (1.1) has a solution X if and only if
IAXB - C|| = 0.

By Theorem 3.4 and the properties of the M-P inverse, we get

IAXB - C|| = ||AATAved(X) — vec(CE)

| = ||AATvec(Cfl) —vec(CY)

| = [|AA" = Iige)vec(CF)

Therefore for Xpg € S pg, we obtain

IAXB - C|| = 0 & ||(AA" - Lg,2)vec(CE)

| =0 = (AA" - Ls,2)vec(CK) = 0.
Thus (1.1) is compatible over BQ™" if and only if
(AAT = Lig)vec(CR) = 0.
Moreover, according to the classical matrix theory, the solution Xp satisfies
ved(Xgo) = Atvec(CR) + (Iyyoy — ATA)y, y e R,
So the formula (3.9) holds. O

Next, we discuss the case of odd Bisymmetric dimension.

By studying the odd dimensional Bisymmetric matrix, we find that for any X € BQ®@~Dx@=D,
after dividing X into four blocks, X; € Q™", X, € Q"D X; € QD X, € Q=D Gince
Xi(i =1,2,3,4) do not have the same order. So we add the new n — th row between the original n — th
row and the original (n + 1) — th row, and add the new n — th column between the original n — th column
and the original (n + 1) — th column, then we can get the new matrix X’ € BQ*™".

We can use Theorem 3.4 to solve the problem. Finally, we delete the added elements.

Define some matrices: (i) Z; = [0, I,,_1)] € R"D*"; (ii) Z, € R™" is n X n zeros matrix; (iii) Z; €
R®=DX1 i (n — 1) X n zeros matrix.

Theorem 3.6. Ler X € BQ@DXC=D thep

vec(Xy) vec(X?)
vec(X3) | £ vec(X})
vee(Xo) |~ 7! vec(X5) |’
vec(Xy) vec(X})
where
H Z 5
El :( H Hs ), H1 = nz,HZZ( )ER(n—l)nxn’
Hy Z)
Z Iy Z3 7,
H3 = ( : ) € R(n—l)nxnz’ H4 = ( . ) € R(n_l)zan.
Z I, 73 7
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The next work is to deal with independent elements.
In the following theorem, we associate the vec of X € BQ®" D@D with the vec of a newly
constructed matrix X’ € BQ*>?",

Theorem 3.7. Let X € BQ®*C D \ve can obtain

vec

Xia Xup - Xsa Xy

vec(X®) =vec
X) (ch Xig 0 Xae Xaa

):PE : ,

vec

E)
in which E :( 2 E ),
E)

Proof.
R Xia X Xsa Xap
vec(X) = vec

! Xie X Xae Xag

Xill Xiﬂ

N P X,

. ¢ vec| +, vec| +,°

P’'vec Xl; X}b X}b

Xia X4 X4

- - : - PE|

X X, X,

’ c X/ X/

Pvec Xap Evec| X‘,‘" vec| X‘,‘"

Xag lelb thb

O

Theorem 3.8. Let A, B, C € BQ® " ® D denote A = (B ® AR)FPEKLWG, in which
a1\ T
[Face)

Lugnsny2 Lun-1)2

G :
(tidntl=i) \T .
G=| %, |.Gi=|"6 .G =| G ,G; = (awg ) ,Gy4 = Gs(n — 1), the role of G is
2 G Ln-1)2 Tn-1n-2)12 2

T
(‘sz(n-v-l) )
2

to delete added elements. We can obtain

(Vedl(Xla))
ve o) e R TR 4n’—6n+3
S o = {Xved(X) = : ,ved(X) = A'vec(CY) + (Iy2_gnsz —A"A)y, VyeR °1.
(Vedz(sz))
veds(X4c)

And then, the minimal norm least squares Bisymmetric solution Xpg of (1.1) satisfies

ved(Xpo) = Alvec(CR). 3.7)
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Corollary 3.9. Let A, B, C € Q®=D*C=1 (1 1) is compatible over BQ®""*"=V "if and only if

(AA" = L2 ) vec(CR) = 0. (3.8)

Moreover, if (3.8) holds, the solution set of (1.1) over BQZ"~ V<=1 jg

Sho = {X | ved(X) = Alvec(C) + (yp-gns = A"A)y, ¥y € YO}, (3.9)
in which A and ved(X) are described in Theorem 3.8.

4. Algorithm and numerical experiments

In this section, we propose the corresponding algorithms based on the discussion in Section 3.

Algorithm 4.1. (For Problem 1)

(1) Input A, B, C € Q™" output A®, BX, CX. o

(2) Input F, P, E, K, L, W, G, output the matrix A or A.

(3) Output the minimal norm least squares solution Xpy according to (3.4) or (3.7).

Example. The following tables are the test of different dimensions of the minimal norm least squares
solution of Problems 1 according to Algorithm 4.1. The specific steps are as follows: first, generating
the appropriate A, B and X of the corresponding structure randomly in MATLAB, and calculate C =
AXB, then use the method in this paper to calculate the numerical solution, and then compute the error
between the real solution and the numerical solution. As shown in Figure 1.The below figure shows
the effectiveness of the method in Section 3.

348

281+ :

errar

D 1 1 1 1 1
10 15 20 25 30 35 40
size

Figure 1. The errors of Problem 1 with different sizes.
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5. Conclusions

In this paper, we use internal relations between block Bisymmetric matrices, the real representation
of quaternion matrix and the properties of M-P inverse to study the least squares Bisymmetric solution
of AXB = C. We obtain the least squares Bisymmetric solution of this quaternion matrix equation and
its compatable conditions. This method is effective and it is more convenient to analyze the problems
of solution with special structures of quaternion matrix equation.
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