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1. Introduction

The Banach contraction principle generally known as Banach fixed-point theorem emerged in 1922
[1], and due to its coherence and effectiveness, it has turned out to be a very popular tool in several
branches of mathematical analysis for solving the existence problems. Numerous researchers studied
the Banach fixed point theorem in different directions and established the extensions, generalizations
and the applications of their findings. Among them, Wardowski [2] provided very interesting extension
of Banach’s fixed point theorem.

Definition 1.1. [2] Let a function F : (0, c0) — R satisfy the following conditions:
(F1) F is strictly increasing, i.e. for all @, 8 € (0, 00) such that @ < 8 = F(a) < F(B).
(F2) For each sequence {«,} of positive numbers lima, = 0 & limF(,) = —co.

n—o0 n—oo

(F3) There exists k € (0, 1) such that lirga/kF (a) =0.
The set of all functions F satisfying (F'1) — (F3) will be denoted by 7.
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Example 1.1. [2] Suppose that the functions F; : (0,0) — R, i = 1,2, 3,4 are defined by
(1) Fy:t—>Int

2) F,:t—>t+Int.

3) F3:t—> ‘—\2
(4)  Fy:t—In( +1).

Then, F],FQ,F3,F4 eF.

Definition 1.2. [2] Let (X, D) be a metric space. A mapping 7" : X — X is said to be a F'—contraction
on (X, D) if there exists F € ¥ and 7 > 0 such that for all u,v € X,

Tu+Tv=71+F(ODOTu,Tv)) < F(D(u,v)).

Note that we have D(Tu,Tv) < D(u,v) for all u,v € X with Tu # Tv concluding that every
F—contraction is a contractive mapping.

Wardowski [2] proved the existence of a unique fixed point in a complete metric space for every
F—contraction mapping 7. He also showed that F'—contractions are the generalizations of Banach
contractions.

Theorem 1.1. [2] Let T be a self-mapping on a complete metric space (X,D). If T forms a
F—contraction, then it possesses a unique fixed point u*. Moreover, for any u € X the sequence {7T"u}
1s convergent to u*.

After the development of F'—contractions, several authors looked into the necessity of the conditions
(F1) — (F3) and presented some weaken conditions by replacing or removing some of them.

We briefly present some existing cases. Secelean [3] suggested that the condition (F2) can be
replaced by a simple one:

(F2) inf F = —oo, or, also by
(F2") there exists a sequence {a,} of positive real numbers such that ll_)n; F(a,) = —c.

Secelean [4] also removed condition (F3) on the operator T by assuming some boundedness
condition. Moreover he also proved that (F3) can be dropped without any additional supposition on
T. Piri and Kumam [5] replaced condition (F/3) by the continuity of F. Vetro [6] replaced the constant
7 with a function and generalized the F—contraction. Secelean and Wardowski [7] introduced
Y F—contraction and weak ¢ F —contraction by weakening condition (F1) and introducing the class of
increasing functions . Further, Lukdcs and Kajant6 [8] found some results in b—metric spaces of
F—contraction by omitting condition (F2).  Alsulami [9] introduced generalized F-Suzuki
contraction in b—metric spaces and established the existence of fixed points by using the conditions
(F1) and (F2) only.

Definition 1.3. Let (X, D) be a metric space. A mapping T : X — X is said to be a F-Suzuki
contraction if there exist a real number 7 > 0 such that for all u,v € X,

1
ED (u,Tu) < D(u,v) implies 7+ F(ODTu,Tv))<F(DWu,v)),
where, F' € F.
On the other hand, in 2017, Gornicki [10] introduced a new type of mappings called F-expanding
mappings and proved some new fixed point results for this new kind of mapping, especially on a

complete G—metric space.
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Definition 1.4. [10] Let (X, D) be a metric space. A mapping 7 : X — X is called F—expanding if
there exist F € ¥ and 7 > 0 such that for all u,v € X

Du,v) >0= F(D(Tu,Tv)) = F(D(u,v)) + 1.

Theorem 1.2. [10] Let (X, D) be a complete metric space and 7 : X +— X be surjective and
F—expanding. Then T has a unique fixed point.

In 2001, James Merryfield [11] established a generalization of Banach contraction principal by
following conjecture named as generalized Banach contraction conjecture.
Theorem 1.3. [11] Let (X, D) be a complete metric space. Suppose 7 : X — X satisfies the following
condition:
There exists an integer p and a number k € [0, 1) such that for all u,v € X we have

min {Z) (Tiu, Tiv) i=1,.. .p} < kD(u,v).

Then, T has exactly one fixed point.

Following the Wardowski’s idea along with the conjecture presented by James Merryfield [11], in
this paper, we introduce some new generalizations of F—contraction, F-Suzuki contraction and
F—expanding mappings and prove the existence of their unique fixed points. Moreover, as an
application of our main result, we investigate the existence of unique solution of the nonlinear Caputo
fractional differential equations.

Recently Proinov [12] proved some fixed point theorems that extend earlier results of Moradi [13],
Geraghty [14], Amini- Harandi and Petrugel [15], Li and Jiang [16], Jleli and Samet [17], Wardowski
[2], Wardowski and Van Dung [18], Piri and Kumam [5], Secelean [7], Lukécs and Kajanto [8] and
others. He also proved that the fixed point theorems of Wardowski [2] and Jleli and Samet [17] are
equivalent to a special case of the well-known fixed point theorem of Skof [19].

Proinov established the following fixed point theorem for a self-mapping 7 on a complete metric
space (X, D).

Theorem 1.4. [12] Let (X,9) be a metric space and 7 : X + X be a mapping such that
Fi(DO(Tu,Tv)) < F(D((u,v)) forall u,v € X,
where, the functions Fy, F : (0, c0) — R satisfy the following conditions.
1)  F; is nondecreasing;
i)  F(t) < Fy(t) fort > 0;
i) limsup,_ ., F(t) < Fi(e+) for any € > 0.
Then T has a unique fixed point u* € X and the iterative sequence {7"u} converges to u* for every
u € X.
Proinov also obtained the following improvement of Wardowski’s fixed point theorem.
Theorem 1.5. Let (X, D) be a metric space and 7 : X — X be a mapping such that

F(OTu,Tv)) < F(DO(u,v)) -, forallu,v € X, with®D (Tu,Tv) >0, (1.1)

where, 7 > 0 and the function F : (0,0) — R is nondecreasing. Then 7 has a unique fixed point
u* € X and the sequence {T"u} converges to u* for every u € X.

In this paper, we establish a fixed point theorem using a certain condition that generalizes the main
contractive-type conditions used by Wardowski and Proinov.
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2. Main results

We start this section by introducing some new types of generalized F'—contraction and generalized
F—Suzuki contraction mappings.
Let F : (0, c0) — R satisfy the following conditions:
(F}) Forsome t > 0and 0 < F(r) <t,if 0 < @ <, we have F(a) < F(B) and F(B) < F(a) + F(1).
(F7,)Forsomet>0and 0 < F(¢) < t,if 0 < @ < 3, we have F(a) < F(B).
(F3) leF (@) = —0 & 1i_>ma/n = 0, for each positive number sequence {a,}.
(F3) r}? ;; continuous on (6, :;).

Let us denote by & the set of all functions F satisfying the conditions (F7), (F3), (F%) and denote by
T the set of all functions F' satisfying the conditions (F7},), (F3), (F3).
Example 2.1. Define F : (0, ) — R by
P Inu, O<u<x<l

() = -1 us1

Note that F is strictly increasing with an upper bound F'(¢) = 1. Therefore, for some ¢ > 0,0 < F(¢) < ¢,
and 0 < @ < B, we have F(a) < F(B) < F(a) + F(t) and F € §. Further, we can easily check that the
conditions (F7,), (F3) and (F7) are also satisfied, hence F € T.
Definition 2.1. Let (X, D) be a metric space. A mapping 7 : X — X is said to be a generalized
F-contraction if there exist 7 > 0 and an integer p > 1 such that for all u,v € X,

D(T'u, Tv) > 0 = 7+ Fmin{D(T'u, TV)}) < F(D(u,v)), i=1,...,p, 2.1)

where F € §.
Definition 2.2. Let (X, D) be a metric space. A mapping 7 : X — X is said to be a generalized
F-Suzuki contraction if there exist 7 > 0 and an integer p > 1 such that for all u,v € X, withu # v

1 . . _
5D(Tl—‘u, T'u) < DT 'u,v)
= 7+ Fmin{D(T'u, Tv)}) < F(Dw,v)), i=1,..,p,

where, F € T.

Theorem 2.1. Let (X, D) be a complete metric space and 7 : X — X be continuous generalized F-
contraction mapping with p = 2. Then T has a unique fixed point #* € X and for every u, € X the
sequence {T"uy}> | converges to the fixed point.

Proof. Let uy € X be an arbitrary point and define a sequence {u,} C X by u,,; = Tu, = T" 'uy, for all
n €N.

Now, we will prove that li_)rgi)(un, Tu,) =0.

If u,, = Tu,, for some :lo € N, then D(u,, Tu,) = D1, Tu,) = --- = 0, for all n > ny and so
D(uy,, Tu,) converges to 0, as n — oo.

Assume that u,, # u,., forall n € N.

By the contraction assumption on 7', there exits 7 > 0 such that

7+ F(min{D(T*u,_1, T*u,), D(Tu,_y, Tu,)}) < F(D(Uy_1, 1)),
or

Fmin{D(T?u,_, T*u,), D(Tu,_1, Tuy)}) < F(D(ty-1, 1)) — T. (2.2)
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If D(u,—1,u,) = min{O(Tu,_,, Tu,), D(u,_1, u,)}, the inequality (2.2) will take the form as follows

F(min{D(Tzun—l’ Tzun)’ D(Tun—la Tun)})
< F(min{D(Tu,—1, Tup), D(y-1, un)}) — 7,

which also can be written as

F(min{D(Tzun—] ’ Tzun)’ z)(Tun—l s Tun)}) (23)
< F(min{D(T %o, T?up_1), DT, Tity-1)}) — 7.

If D(Tu,-y, Tu,) = min{ D(Tu,_y, Tuy,), D1, u,)}-
Then, by condition (F7), we have

F(D(un—l, un)) < F(D(Tun—la Tun)) + F(T)
The above inequality together with inequality (2.1) yields that

F(min{D(T?u,_,, T?u,), D(Tu,_1, Tu,)})
< F(D(Tu,_1,Tu,)) + F(r) — 1, (2.4)

which is equivalent to,

Fmin{D(T?u,_, T*u,), D(Tu,_1, Tu,)})
< F(min{D(T*u,_», T*tt_1), D(Tthp_, Tt_1)}) + F(7) — 7. (2.5

Combining (2.3) and (2.5) we have,

F(min{D(T?u,_y, T*u,), D(Tut,,_y, Tu,)})
< Fmin{D(T?u, o, T*u, 1), D(Tt_2, Tt 1)}) + 6,F(7) — 7,

17 D(un—la un) > @(Tun—la Tun) = D(un’ un+1)

07 Z)(un—la un) < Z)(Tl/ln_], Tun) = D(”n’ un+]) .
Repeating this process we get,

where, 6, = {

Fmin{D(T*u,-1, T*u,), D(Tut,—1, Tu,)})
< Fmin{D(T?u,_3, T*up_2), D(T 3, Titp_2)}) + (5, + 6,_1)F(T) — 2t
< F(min{D(T?uy, T*ug), D(Tuy, Tup)}) + (6p + 6pey + - + 1) F(T) — (n — DT

< F(D(uy, up) + (Y 6)F (1) = nt.

k=1

where, 0 < (Zn) o) < %
k=0

Therefore,

lim(Z §)F(T) — nt = —co.
n—oo k:0
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So that,

lim F(min{D(T2u_r, T*), DTty Ttt,)}) = —00. (2.6)

n—oo

Therefore, the results of (2.6) and condition (F7) implies,

lim min{D(T?u,_,, T*u,), D(Tu,_1, Tu,)} = 0,

n—oo

or,

lim min{D(Tw,, T*u,), D(u,, Tu,)} = 0. 2.7)

n—oo

If lim min{D(Tw,, T?u,), D(u,, Tu,)} = lim D(u,, Tu,) = 0, then

n—oo

HimD(Tu,, T?u,) = im D (i1, Tipey) = 0.

n—oo

If lim min{D(Tu,, T?u,), D(u,, Tu,)} = imD(Tu,, T*u,) = 0, then

lim D(w,, Tu,) = im D(Tu,_;, T*u, ;) = 0.
Therefore, Eq (2.7) implies
limD(u,, Tu,) = 0. (2.8)

Next, we claim that {u,} is a Cauchy sequence. Arguing by contradiction, we assume that there exist
€ > 0 and sequence {n(k)};”, and {m(k)};>, of natural numbers such that

I’l(k) > m(k) >k, D(Mn(k), I/tm(k)) > € and Z)(un(k)—la um(k)) <€, forall k € N. (29)
So we have

€ < DUy, Um(k))
< D(Unegys Un(y-1) + DWny-1> Um(i))
< D(niy, Uniy-1) + €
= D(T up(gy-1, Uny-1) + €.

It follows from (2.8) and the above inequality that
]}im@(un(k), I/tm(k)) = €. (210)

On the other hand, from (2.8) there exits N € N, such that

D(un(k), Tun(k)) < 2 and Z)(um(k), Tum(k)) < 2, forall kK > N. (211)
Next, we claim that
Z)(Tu,,(k), Tum(k)) = Z)(un(k)+1, l/tm(k)+1) >0, forall k> N. (212)
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Arguing by contradiction, there exists / > N such that
D(n(iye1, Umpy+1) = 0. (2.13)
It follows from (2.9), (2.11) and (2.13) that

€ < DUy, Unqr))
< D(ttnry, Un(ys1) + D(Un(rys1, Umry)
< DUy, Unpy+1) + Dyt Um@py+1) + DUmy+15 Umry)

= D(uniy, Tuunay) + DWnys1 Um@ye1) + DUy, T may)
<—-+4+0+ ¢
4

-

MBI m

which is a contradiction.
Therefore, it follows from (2.12) and the assumptions of the theorem that

7+ Fmin{D(T *unys T thni)s DT thniys Tthii)})
< F(D(thn(k), um(k>)), forall kK > N. (214)

From condition (F3), (2.10) and (2.14), we get
7+ F(e) < F(e),

which shows that {u,} is a Cauchy sequence. From the completeness of (X, D), {u,} converges to some
point u* € X.
Finally, the continuity of T yields that

D(Tu*,u*) = imD(Tu,, u,) = imD(u,, 1, u,) = Dw*,u*) = 0.
For uniqueness, we assume that ©’ is another fixed point such that 7u* = u* # ' = Tu’. Then we have

F(DW,u')) = F(min{D(T?u*, T*u), D(Tu*, Tu')})
< 7+ F(min{D(T*u*, T*u'), D(Tu*, Tu')})
< F(OWw",u)),

which is a contradiction.

Therefore, T has a unique fixed point in X.

Theorem 2.2. Let (X, D) be a complete metric space and 7 : X — X be a generalized F-Suzuki
contraction mapping with p = 2. Then T has a unique fixed point in X and for every uy € X the
sequence {T"ug} | converges to the fixed point.

Proof. Let uy € X be an arbitrary point and define a sequence {u,} C X by u,,; = Tu, = T" ' uy, for all
neN.

Now, we will prove that }i_)rgi)(un, Tu,) = 0.

If u,, = Tu,, for some ny € N, then D(u,, Tu,) = D(uy1, Tupyy) = --- = 0, for all n > ny and so
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D(uy,, Tu,) converges to 0, as n — oo.
Assume that u,, # u,,, for alln € N.
Since, forall n e N,

1
Eﬂ(un—l’ Tun—l) < D(un—la un)a

and .
ED(T”n—l ’ Tzun—l) < z)(Tun—lv Tun)’

so, from the contraction assumption on 7', there exits 7 > 0 such that
T+ Fmin{D(T -1, T? ), D(Ttty1, Tup)}) < F(D (o1, ),

or
Fin{D(T w1, T*tt), DTty 1, Tihn)}) < F(D(thy1, ty)) = 7.

As in the proof of Theorem 2.1, the above inequality gives that

lim D(u,, Tu,) = 0.

n—oo

Moreover, analysis similar to that in the proof of Theorem 2.1 shows the sequence {u,} . | is a Cauchy

sequence.
Since, (X, D) is complete, then the sequence {u,,}

[ee]
n=1

converges to some point u* € X, that is,
lim D(u,, u*) = 0.

Now, we will claim that

1 * 1 2 *

ED(M"’ Tu,) < D(u,,u”) or ED(T Uy, Tuy) < D(Tu,, u™)

1
or zz>(T2u,,, T u,) < D(T?uy, u).

Suppose, on the contrary, that there exists a m € N satisfying the following three inequalities,

1

Eﬂ(um’ Tum) > z)(Mm» M*)»
1 2 *
ED(Tum’ T um) > D(Tum’ u )’

1 .
ED(T:;um’ Tzum) = D(Tzuma I/t*).
Now, (2.17) along with triangular inequality gives

2D(uy,, ™) < Dy, Tuyy) < D(uyy,, u*) + D(Tu,,, u'),

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)
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which implies that
DUy, u*) < D(Tuy,, u*).
Also, (2.20) along with (2.18) gives
D(tty, ") < D(Tttyy, u") < %Z)(Tum, T?u,,).
Similarly, (2.18) yields
2D(Ttt, ") < D(Tthy, T?tty) < D(Tthyy, tt”) + D(T 1ty 10",
which implies
D(Ttty, ") < D(T*uy, u).
From (2.19) and (2.22), we have
D(T i, ") < D(T*u,, u*) < %D(Tzum, T3u,).

Now, by the contraction assumption on 7, there exists 7 > 0 such that

7+ Fmin{ D(T ty, T* 1), D(T*tyy, T2 1)) < F(D(tty, Tth)).

If min{D(Tu,,, T*u,), D(T?ut,y, T3u,)} = D(Tu,,, T?u,,), we have
T+ F(O(Ttt, T ) < F(D(thy, Tity),
which yields,
F(D(T thn, T?)) < F(D(ty, Thi)).
From condition (F7},), we have

DTt T th) < Doty Tty
< Dy, u’)+ Dw*, Tu,,)

1 1
< E1)(Tu,,,, T?u,,) + Ez)(Tum, T?u,,)
= z)(Tum7 Tzum)a

which is a contradiction.
Likewise, if min{D(Tu,,, T*u,,), D(T?u,,, T3u,)} = D(T?u,,, T3u,,), we have

D(T?u,y, T tt) < D(Ttty, T?ut,)
< D(Tu,, u") + Dw*, T?u,,)

1 1
< 51)(T2u,,,, T3u,) + EZ)(Tzum, T3u,,)

(2.20)

(2.21)

(2.22)

(2.23)
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= D(Ttt, T,

which is a contradiction. Hence, (2.16) holds true.
Again, from (2.16), we have

T+ F(min{D(Tu,, u*), DT, u*)}) < F(D(ut, u")).
Using (2.15) and condition (F7), we can write
3i_)r£10F(Z)(Tun, u)) = —oc0  or ’}i_)rgF(Z)(Tzun, Tu")) = —oo,
and

BimD(Tu,,u*) =0 or limD(T*u,, Tu*) =0.

n—oo

Hence, u* is a fixed point of 7.

For uniqueness, let us suppose that 7" has another fixed point «’, such that Tu* = u* # v’ = Tu'.

Since, 0 = 1D, Tu') < DW',u*) and 0 = 1D(Tw', T*u') < D(Tw,Tu*), from the contraction
assumption on 7', there exists 7 > 0 such that,

F(DW' ,u")) = F(min{D(T*u', T*u"), D(Tu', Tu*)})
<FODOW,u)) -7
< F(OW' ,u")),

which is a contradiction. Therefore, 7" has a unique fixed point.

In the next definition, we introduce some new notions of generalized F'—expanding mappings.
Definition 2.3. Let (X, D) be a metric space. A mapping 7 : X — X is said to be a generalized
F—expanding mapping of type (A), if there exists 7 > 0 such that for all u,v € X,

D(u,v) > 0 = F(min{D(T?u, T*), D(Tu, Tv)}) > F(D(u,v)) + 7,

where F € §.
Definition 2.4. Let (X, D) be a metric space. A mapping 7 : X — X is said to be a generalized
F—expanding mapping of type (B), if there exists 7 > 0 such that for all u,v € X,

D(T*u, T>) # D(u,v), D(u,v) > 0
= F(min{D(T?u, T*v), D(Tu, Tv)}) > F(D(u,v)) + T,

where F € §.

Theorem 2.3. Let (X, D) be a complete metric space and let 7 : X — X be continuous surjective and
generalized F—expanding of type (A). Then T has a unique fixed point in X and for every uy € X the
sequence {T"uy}> , converges to the fixed point.

Proof. Firstly, we will show that T is bijective, which only needs to show that
uzv (or Du,v)>0)=>Tu+Tv (or D(Tu,Tv)>0). (2.24)

AIMS Mathematics Volume 6, Issue 11, 12718-12742.
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If D(u,v) > 0, from the assumption on 7, there exits 7 > 0 such that
F(min{D(T*u, T*v), D(Tu, Tv)}) > F(D(u,v)) + 1,
or
F(min{D(T?u, T*u), D(Tu, Tu)}) > F(D(u,v)) + 7.
The second above inequality together with condition (F7) implies,
FO) > F(D(u,v)) + T,

which yields that 0 > D(u, v), a contradiction.

So, we have Tu # Tv or D(Tu,Tv) > 0, hence T is injective and then bijective. Consider a mapping S

such that 7S = ST = I,, where I, is identity mapping on X.
Letu = S%u,v=_S%,sothat Tu =Su,Tv=Svand T?u=u,T*>v = v.
If min{D(T%u, T*v), D(Tu, Tv)} = D(Tu, Tv), there exits 7 > 0 such that
F(DOTu,Tv)) 2 F(D(u,v)) + 7.
Condition (F7) yields
D(Tu, Tv) > D(u,v) >0,
which together with (2.25) implies that
F(D(T?u, T?v)) > F(D(u,v)) + 1.
Using the inverse mapping S, the above inequality takes the form
F(D(u,v)) = F(D(Su, S*v)) + .
Moreover, we have
F(DWw,v) > F(DSu,Sv)) + 1.
Combining (2.27) and (2.28), we have
D(u,v) > 0= F(D(u,v)) = F(min{D(Su, Sv), DS u, S*v)}) + 7.
Again, if min{D(T?u, T*v), D(Tu, Tv)} = D(T?u, T?v), there exists 7 > 0 such that
F(D(T?u, T*v)) > F(D(u,v)) + 1,
and

F(D(u,v)) > F(D(S*u, S*)) + .

AIMS Mathematics Volume 6, Issue 11

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

, 12718-12742.



12729

From condition (F}) we have,
D(u,v) > D(S*u, $*v) > 0.
Combining (2.29) and (2.30), together with the assumption on 7', we have

F(D(u,v)) > F(min{D(S u, Sv), DS *u, S*v)}) + T,

which shows that § is the generalized F'—contraction defined in Theorem 2.1. From the conclusion of

Theorem 2.1, S has a unique fixed point, so does 7.

Theorem 2.4. Let (X, D) be a complete metric space and let 7 : X — X be continuous surjective and
generalized F—expanding of type (B). Then T has a unique fixed point in X and for every u, € X the

(o)

sequence {T"uo};. , converges to the fixed point.
Proof. Firstly, we will show that T is bijective, which only needs to show that

uzv (or Du,v)>0)=>Tu+Tv (or D(Tu,Tv) > 0).
If D(u,v) > 0, from the assumption on 7', there exits 7 > 0 such that
F(min{D(T?u, T*v), D(Tu, Tv)}) > F(D(u,v)) +,
or
F(min{D(T?u, T*u), D(Tu, Tu)}) = F(D(u,v)) + 7.
The second inequality together with condition (F7) implies,
F0) > F(D(u,v)) + T,

which yields that 0 > D(u, v), a contradiction.

So, we have Tu # Tv or D(Tu,Tv) > 0, hence T is injective and then bijective.
Consider a mapping S such that 7S = ST = I,, where [, is identity mapping on X.
Letu=S%u,v=_S?v,sothat Tu = Su,Tv=Svand T?u = u, T*>v = v.

If min{D(T?u, T*v), D(Tu, Tv)} = D(Tu, Tv), there exists 7 > 0 such that

F(DO(Tu,Tv)) > F(Du,v)) + T,
so that
F(D(Su,Sv)) = F(D(S*u, S*v)) + .
From condition (F7}), we have
D(Su,Sv) = D(S?u, ).
Again, if min{D(T?u, T*>v), D(Tu, Tv)} = D(T?u, T?v), there exists 7 > 0 such that

F(D(T?u, T*v)) > F(D(u,v)) + T,

(2.31)

(2.32)
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and
F(D(u,v)) > F(D(S*u, S*)) + 1. (2.33)
From condition (F7), we can write
D(u,v) = DS *u, S*v).
Since T is bijective, we have
D(Su,Sv) > D(S*u,$?v) and  D(u,v) > D(S*u, S*v).

Combining (2.32) and (2.33), together with the assumption on 7', we have

F(D(u,v)) > F(min{D(S u, Sv), D(S*u, S*)}) + 1,
which is equivalently stated as there exists 7/ > 0 such that

F(D(u,v)) > Fmin{D(Su, Sv), D(S*u, S*)}) + 7/,

which shows that S is the generalized F'—contraction defined in Theorem 2.1. From the conclusion of
Theorem 2.1, S has a unique fixed point, so does 7.

Theorem 2.5. Let (X, D) be a complete metric space. Suppose a continuous mapping 7 : X — X
satisfy

Fy (min{(D(Tty,1, T*10,)), (DT ttyr, Tt)}) < F( Dttt ) = T, (2.34)
where, non-decreasing functions F, F'; € §§ and for all 7,7, € R,, there exist v > 0,7 > 2v, such that
Fi(t) < F(t) < Fi (1) +v. (2.35)

Then T has a unique fixed point in X and for every uy € X, the sequence {T™u}'>, converges to the
fixed point.
Proof. As, F, F, : (0,00) — R, are non-decreasing functions, so that we can write

Fy (min{(DT 2ty 1, Tu)), (DTt 1, Ttt)})
= min{Fy (DTt 1, T’ ), Fr(D (Tt 1, Tt )} < F(Dtyy1, ) = 7. (2.36)

If, F (D (-1, up)) < F1 (D (-1, un)) , we have
min (Fy (D (721, %)) Fy (D (Tityer, T)) < Fr (D (o1, 4)) = .

Ifa F (D (um—la Mm)) > Fl (z) (um—la I/lm)) ’
Using condition (2.35) , we can write (2.36) as follows

min{F] (D(Tzum—] 5 Tzum))a FI(D(Tum—l > Tum))} < FI(D(um—l, Mm)) tU—T (237)
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Then, we have either
Fi(D(um-1, ) = min{ Fy(D(T -1, Tt)), Fr (Dt Um))}s (2.38)
or
Fi(D(Tup-1, Tuy)) = min{ F{(D(T w1, Ti)), F1( D1, Un))}- (2.39)
If inequality (2.38) holds true, the inequality (2.37) will take the form

min{F (DT ty-1, T*tt)), Fr (D(T ity Tity,))} (2.40)
< min{F{(D(Tuy—1, Tuy)), F1( D1, up))} + v — 1.

If inequality (2.39) is true, we have F{(D(Tuy,_1, Tu,,)) < F1(D(uy-1, Uy)).
From condition (A), we have

Fi(D(Tup—1, Tuy)) < Fi(O(up-1, up) < Fi(O(Tuy-1, Tuy)) +v. (2.41)
Using inequality (2.41) in (2.37), we can write
min{F (DT 1, T ), Fy(D(Tthy—1, Ttt)) < F1(D(Ttho1, Tth)) + 20 — 7.
Moreover, from (2.39), we have

min{Fy(D(T*up_1, T* ), F1(D(Ttty,_y, Tity,)) (2.42)
< min{F] (D(Tum—l’ Tum)), Fl (D(um—la um)) +2u-1.

Combining both inequalities (2.40) and (2.42), we have

min{F (DT -1, T*t))s F1(D(Tthy1, Tthy,)) (2.43)
< min{Fl(D(Tum—la Tum))a Fl (D(um—la um)) + 5mv - T,
1 it Fi() > Fi(t)

where 6,, = . ,H,h ERL, ) # 1.
2 it Fi(n) < Fi(t)

The above inequality can be written as

min{ F (DT -1, T ), F1 (D(T 1, Tthyy))}
< min{Fl (D(Tzum—Z’ Tzum—l))’ Fl (Z)(Mm—Za um—l))} + 6mv - T

Repeating this process, we have

min{ Fy (DT *up_r, T*t)), F1(D(T ey, Tit))}
< min{ F1(D(T 3, T* Xpy-2))s F1 (D (U3, )}
+ 0, + 0,1V — 2T
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< min{Fy(D(Tu, T*x0)), Fy(D(Tx1, Txo)} + Y 8,0 = mr.
=1

So that

min{F] (D(Tzum—l 5 Tzum))a Fl (Z)(Tum—l > Tum))}

< Fi(D(uy, up) + ) v = (m+ .

=1
Since, 7 > 2v and )} 6; <m+ 1, we have
j=1
lim oju—(m+ 1)t = —c0.
m—+co =
So that we can write
lim min{Fy (DT, T ), Fr(D(T ity Tity,))} = —00. (2.44)

m—+oo

Now, Eq (2.44) further has two possible cases.

lim Fy(D(T*u,_;, T?u,,)) = —co. (G)
m—+0o
Iim Fi(D(Tu,,—1,Tu,,)) = —oo. (H)
m—+oo

Condition (F3) among case (G) yields

lim D(T?u,,_1, T*u,,) = 0.

m—+oo

or equivalently,

im D(T?uy1, T?uy) = Hm D(upsr, Thsr) = Hm D(uyy, Tiy) = 0.
m—+0o

m—+00 m—+o00

Condition (F3) among case (H) yields

lim D(Tu,,_;,Tu,) = lim Du,,, Tu,,) = 0.
m—+oo

m—+oo

Therefore, from (2.44), we get

lim O(u,,, Tu,,) = 0. (2.45)

m—+oo
Now, we will prove that the sequence {u,,};~, is a Cauchy sequence.
Suppose, on the contrary, that there exist & > 0 and sequences {g(m)}'>, and {h(m)} > of natural
numbers such that for all m € N,

g(m) > b(m) > m, D(ugimy, Uyim)) = €, D(Ugmy-1, Upim)) < E, (2.46)
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So that we can write

& < D(Ugmy, Uiom))
< D(Ugmys Ugmy-1) + Dttgmy-1, Uyomy)
< D(ugmy; Ugm-1) + €
= D(Ugim)-1, T Ugm)-1) + €.

That is,
e Z)(ug(m), ub(m)) < D(ug<m)_1, Tl/tg(m)_l) + &. (247)
Inequalities (2.45) and (2.47) yield

lim D(ug(m), MI)(m)) = €&.

m—+oo

Further, from (2.45) there exists N € N such that for all m > N,
e £
D(Ugimy> Thgmy) < 7 D(utymy, Ttymy) < T (2.48)
Next we claim that for all m > N,
D(Ugmys Unim) = D(Ugmy+15 Upimy+1) > 0. (2.49)
Suppose, on the contrary, that there exist r > N, such that
D(ugrye1 Uyry+1) = 0. (2.50)
It follows from (2.45), (2.46) and (2.50) that

& < Dugr), ()
< D(ug(rys Ugry+1) + D(Ugry+15 Un(r)
< z)(Mg(r), Mg(r)+1) + Z)(Mg(r)+1 > Mb(r)+1) + Z)(MI)(r)H , ul)(r))
= D(ug(r), Tuag(r) + D(giryer Uir1) + Dty Tityry)

& &
<=-+0+-
4 4
=2
2

Which is a contradiction. Therefore, (2.49) together with the assumption of the theorem gives

7+ min{ Fy (DT *ugimy T )y F1 (D(Tthgmys Thiim))) (2.51)
< F(D(ug(m)’ ub(m))-

From (F3), (2.45), (2.51) and the assumption of F-contraction, we get 7 + min{F(¢), Fi(e)} < F(¢),
which yields 7 + F(¢) < F(g). Then the condition (2.35) allows us to write 7 + F; (¢) < F (&) + v.
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That yields a contradiction as 7 > 2v. The completeness of (X, D) proves that {u,,} >, converges to
some point #* in X. Now, the continuity of 7" implies

D(Tu,u) = lim D(Tu,,,u,) = lim D(u,q,u,) = Dw*,u*) = 0.
m—+oo m—+00

Therefore, T has a unique fixed point u*.
Here is an example to show the validity of Theorem 2.1.
Example 2.2. [20] Let B be closed unit ball in /; space of all absolutely summable sequence u =

(uy, uy, - - -) with a metric inherited from the standard norm ||u|| = D] ||ul|.
i=1
Consider a function 4 : [-1, 1] — [—1, 1] given by
1+2w, —-1<w<-1/2
h(w) = 0, -1/2<w<1/2

-1+2w, 1/2<w<1
It is easy to observe that, for all w, w, € [-1, 1], we have

|h(w2) — h(wi)| < 2lwz — wyl,
and
lh(w)] < [wl.
Further, let us define a surjective mapping 7' : B — B by
Tu=T,u,- )= (h(u), §M3,M4,M5, )

Then for i > 2, we have

. 2 2
T'u = (W(Zis1), SUiso, Wis3, Uisas ).
3 3
For each u = (u1,us,---),v=(v{,v2,---) € B, we have

| Tu— Tv||

2 (o)
= h(u2) = B + Sl = val + ) s = vl
k=4

2 o0
< 2up —vo| + §|M3 -3l + Z |y — Vi
=2
< 2llu — v||.
and fori > 2,
T'u — T
2 2 2
= |h(§ui+1) - h(§Vi+1)| + §|Mi+2 - Vis2|
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(o]
+ Z |utge — Vil

k=i+3
4 2 -
< §|Mi+1 — Vi1l + §|Mi+2 — Vipo| + Z |ue — i
k=i+3
< zllu—vll.
3

Then, we have for all u = (uy,us,---),v=(v{,v2,---) € B,

1 1
E||Tu — TV + E||T2u - T

5 (o]
<lup — vol + uz — v3| + —|ug — v4| + Z |ute — i
6 k=5

< lu—=vll,
which implies that,
| Tu—Tv|| + |IT?u — T?|| < 2|ju — V.
If |Tu — Tv|| # ||T?>u — T?V||, there exists 7 > 0, such that
e" min{||Tu — TvI|,IT?u = T*V}} < [lu = vll,
or
7+ In(min{||Tu — T, ||IT?u — T*||}) < In(|ju — v|)).

Therefore, F(a) = Ina represents generalized F-contraction mapping, hence Theorem 2.1
guarantees the existence of a unique fixed point of 7'.

Note that, F(@) = In @ does not contract, whenever max{||Tu — Tv||, |T?u — T?v||) > ||u — V||

That is, 7 + In(||Tu — Tv||) > In(J|u — v||), for all u,v € B.

Therefore, T does not represent F-contraction mapping defined in [2].

Hence Theorem 1.1 does not guarantee the existence of a fixed point.

Similarly, for F'(@) = Ina + @, we can write

7+ In(min{||Tu — TV, IT*u — T*||}) + (min{||Tu — Tv|, ||IT*u — T*||})
< In(llee = V) + [l = VI,
SO,
e(min{nTu—Tv||,||T2u—T2v||})+T(min{”Tu — Ty, ||T2u _ T2v||})
< el Mju — .
This can be written as,
min{||Tu — TV, |1T*u — T*v||}
< elIu—VII—(min{IITM—TVII,IITZM—TZVIII—Tl|u —. (2.52)
Therefore, for
lu — V|| < min{||Tu — TV||, ||T?*u — T*||} + 7,

inequality (2.52) shows that T is a generalized F'-contraction mapping.
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3. Applications to Caputo fractional differential equations

As an application of our work, we will study the existence of solutions to Caputo fractional
differential equations of the fractional order in (1,2) and the integral boundary condition. The main
condition in the problems studied in [21,22] is associated with sufficient small Lipschitz constant. We
will use a less restrictive condition than the Lipschitz condition by applying our obtained fixed point
theorems. t

For, 1 < [ < 2, and a Caputo fractional derivative gl Dﬁz(t) = ﬁ f (t — 5)''z”(s)ds, consider a

9
nonlinear Caputo fractional differential equation:

5, D)(z(0) = u(t,2(1)), fort € (9y,9,), (3.1)

with an integral boundary condition:

A

20) = 0, 2(85) = f As)ds, (0 <A< D), (32)

%

where 7 € R, 9, ¢}, are the given real numbers such that 0 < ¢ < .
Let Q = C([81, 0], R) with a norm [2lls, 5, = SUP,cqp, 251
For any z,v € Q, we define D(z,v) = ||z = V9, 9,]-

Consider the linear fractional differential equation:

§ Diz(t) = g(t) for, t € (9, 9>), (3.3)

with the integral boundary condition (3.2) where g € Q.
Lemma 3.1. For g € Q, following function represents the solution of boundary value problem
(3.1),(3.2).

(1) = L (t—9)"g(s)ds

ON
2(t — %) ) o
¥, - d
A0 =20 — D) o, 2TV SO
A
_ - ff - &) g(&)Ded 3.4
((/1—191)2_2(192_191))1"(1) . ” (s —&) g)Déds. (3.4)

The proof of Lemma 3.1 is based on the presentation of the solution

1 !
(1) = 50 J, (t — 5) 'g(s)ds — Dy — Dy(t — ),

given in [23].
Next, we will define a mild solution of (3.1) and (3.2).
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Definition 3.1. The function z € Q is a mild solution of the boundary value problem (3.1) and (3.2) if
it satisfies:

z2(t) = % ﬂ | (t — )7 u(s, z(s))ds

.\ 2(t - ) &
(A= 91)* = 2(02 — )T Js,

- 2(t —9) fx $ (s — O u(E, 2(&)Déds, t € [9, 9] (3.5)
((1- ﬁl)z - 2(192 - 191)1“(1) 9 J ’ > 1,U2]. .

(9 — 8)u(s, z(s))ds

For any function u € Q, we define a mapping Y : Q — Q by

Y(u)(t) = 1 (t — ) u(s, u(s))ds

0 Jy,
2(t =) & -1
% — , d
A0 =2 — 0Ty, 7S s
2t - 9)

A s
_ = &) (&, u@)Deds, 3.6
T 202 ZTTD oy =6 906 (3.6)

for t € [, 9,]. Now, we establish the existence result as follows.
Theorem 3.1. Suppose that,
(1) There exists a constant K > 0, such that,

ST AN (O EEC H
I(1+)) QW 9D - @-9))\ 1+ o

(3.7)

and a function u € C([¢, ¥,] X R, R) such that
lu(t,z) —u(t,v)| < Klz —vI", z,v € R, 1 € [#,D];

Where, r € (0, 1],

(i) There exists a function zy € Q such that D(zy, T(z0)) > 0, where the operator T is defined by

(3.6);

(iii)) For any two functions u, z € Q, such that D(u, z) > 0, the inequality D(Y(u), T(z)) > 0 holds.
Then the boundary value problem (3.1), (3.2) has a mild solution.

Proof. Note that any fixed point of the mapping Y is a mild solution of the boundary value problem

(3.1) and (3.2). Now, let z, v € Q be such that D(z,v) > 0. By condition (i) of the theorem, we obtain

1 !
IT(2)(@) = YWD < = f (t = )" u(s, 2(s)) = u(s, v(s))|T's
L) J,

2(t — 109 )
e ﬁf-ﬁoﬁdanb 9(1_”HW“*“»—MGWOMTS
2 — V1) — - U Ey
2(t — 9 A s
"o ﬁitC;)ﬂVHU)J;(ﬁ(S_NAWUJU»‘”UWUWTde
2V~ Yl vl U
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(t = )" z(s) = v(s)l'ds

.\ 2K(t — ) 72
Q2@ — 1) — (A= I)HTWD) Iy,

s 2K(t —9y) 4 (
Q2 — 91) = (A = I)HTA) o, \Jo

< —
RO

(D, — )" Vz(s) — v(s)|"ds

(s =& (6) - V(f)lrﬂf)ds

1

! 1 _ 1+]
S(K(t_ﬂl) + 2K =) ((ﬁz_ﬂl) A Clinkl) ))Ilz—vllﬁo

(1) 2@, — %) — (A =9)HA) l I(1+1)
l —
< K@, —9) (1 N 2K(19 — %) : (1 N A= )) T
I+ 2@, - ) — (A=) I+1
=Allz =V, .t € [P, 7]

where,

K@@ — %) ( 2K(9, —9) ( -1 ))
ra+h \ Qw-o)-a—em\ 1)) O
Therefore,
1T — YWl < Allz = VI, .

Further, relation (3.8) yields
2
2@ = 0|, < A Iz = Vil -

(5]

As, Iz =VIZ < lz =i, re©,1].
The inequality (3.9) can be written as

%@ = O], < A Iz = Vil

Relations (3.8), (3.10) can be combined in one of the following forms
Min {D(1%(2). T2(v)) . D(T(), T0)} < A (D (v)), if A<1.
Min {z) (Tz(z), T2(1)), D (1), T(v))} <AD(v), ifA>1.
If relation (3.12) holds, we can write

In Min {1) (Tz(z), TZ(V)) D (T(Q), 'r(v))} <InA+rinD(v).

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

Define, F(tf) = rInt—Inp € &, and F,(f) = Int € §, where p € (0,1), pA < 1 and pA™! < 1, so that

the relation (3.13) can be written as
Fy (Min{D (%), T’(). D (T(). T»)}) < I PA + Fd z.v),

or,

in{ |+ P (in D (0. P 0) D1 0D < Fae.
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If relation (3.11) holds, we can write
In Min {D(12(2), (). D (YE), TG} < -+ DInA+ rInD (2, v). (3.14)
The relation (3.14) can be written as
Fi (Min{D(1%(2), T2(v)), D (Y(2), Y0)}) <A™ p + Fd (z,v).

So that,

In (pAlr+1 ) + Fy (Min{D(1@), T*(1), D (1), TW)}) < Fd z.v).

Therefore, T : Q — Q is a generalized F-contraction mapping and the operator Y has a fixed point
in Q. That is, there exists a function z* € C([¢9, 9»], R) such that z* = Y(z*). The function z* is a mild
solution of the boundary value problem for (3.1) and (3.2).

Remark 3.1. In comparison with the result of [24], we used a weaker condition A € (0, 00) to prove
the existence of solution to (3.1) and (3.2) instead of A € (0, 1).

Moreover, one can easily observe that the use of multiple functions in the generalized F-contraction
also allows us to define a function u € C([%%,%,] X R,R) in Theorem 3.1 with a weaker condition
lu(t,z) —u(t, V)" < K|lz—Vv|",z,v € R, T € [}, ¥,], where m, r € (0, 00).

Example 3.1. Consider the nonlinear Caputo fractional differential equation

gDijs(z(T)) = ﬁ arctan( m +e"cosT)+sint, fort € (2,3) (3.15)
with the integral boundary condition:
25
=0, 20 = [ xods (3.16)

0

In this case,

u(t, u) = arctan ( \/IEI +e'cos T) + sin T,
T+14
and .
lu(t,2) — u(t,u)| < (Z + 1) Viz =Vl
where,

I
el weer (e
1+ QR =) —(A=173)) +

C(z+) [1 ) 2(2+1)325

_ € (0, 00, hthat A > 1.
T(2.75) 175 2.75) (U,00),  such tha

Therefore, Theorem 3.1 guarantees the solution of boundary value problem (3.15) and (3.16).
Remark 3.2. Note that the boundary value problem (3.15) and (3.16) are also studied in [22] (see

Example 5 therein) and [24] (see Example 3.3 therein). Based on the obtained fixed points theorems
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we used the weaker conditions for the right hand side part of the equation and found the existence of
fixed point for K > 0 and A > 1.

Remark 3.3. Wardowski obtained some fixed point theorems (see; Theorem 1.1) assuming that T
satisfies the following contractive-type condition

T+ F(D(Tx,Ty)) < F(D(x,y)), (3.17)

where, F : (0, ) — R is nondecreasing. Whereas, the condition that we used in Theorem 2.1 is of the
following form
7+ F (min {(D(Tx, Ty)), (D(T?x, T*Y))}) < F (D(x,)). (3.18)

One can easily observe that relation (3.18) represents a generalization of (3.17).
Moreover, the following Proinov’s condition represents a generalization of Wardowski’s contraction
condition.
Fi(D(Tx,Ty)) < F(D(x,y)). (3.19)

The main condition we used in Theorem 2.5 is of the form
Fy (min{(D(Tx, Ty)), (DT, T%))}) < F(D(xy)), (3.20)

where, F(D(x,y)) = F'(D(x,y)) — 7. In (3.19), function F; cannot exceed F. Whereas, the condition
in (3.20) allows F; to exceed F for different iterates.

4. Conclusions

Although, Proinov [12] claimed that being a special case of Skof’s result [19], the F'— contraction
type mappings and their generalizations do not add a valuable work in the literature anymore, we
found some new generalizations that extend Wardowski [2], Skof [19] as well as Proinov’s idea [12]
of F—contraction type mappings. Moreover, with the use of multiple functions and the idea of
generalized Banach contraction principal [11], we applied less restrictive conditions on Caputo
fractional differential equations than the sufficient small Lipschitz constant studied by Mehmood [22]
and Hanadi [24]. The new generalizations of F-contraction, F-expanding type mappings and the
corresponding results will break open new grounds for the research workers as they will be able to
find the existence of solution to an extensive range of differential equations (see [25-31]) with some
weaker conditions.

5. Questions

In this research, the new generalizations of F-contraction mapping, F-Suzuki contraction mapping,
F-expanding mapping and the corresponding results will provide a new direction of metric fixed point
theory for the research workers. They may try to find the existence of fixed point for the further
extensions of certain generalized mappings.

1) One may find the above results with p > 2, for the generalizations of F-contraction, F-Suzuki
contraction and F-expanding mappings.

2) One may work on the idea of introducing new generalizations of F-contraction, F-Suzuki
contraction and F-expanding mappings.
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3) There may exist the possibility of finding fixed points for these generalized mappings in other
generalized metric spaces.
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