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Abstract: Let f be a meromorphic function, R be a nonconstant rational function and k be a positive
integer. In this paper, we consider the Schwarzian differential equation of the form

lf/// 3 (f// )zlk
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We investigate the uniqueness of meromorphic solutions of the above Schwarzian differential equation
if the meromorphic solution f shares three values with any other meromorphic function.
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1. Introduction and main results

In this paper, we use the basic notions of Nevanlinna’s theory, see, e.g., [3,5, 10]. In addition, we
use the notation

p(f) = lim sup M.
00 log r
to denote the order of growth of the meromorphic function f. Let S (r, f) denote any quantity satisfying
S(r, f) =0 (T(r, f)) for all r outside of a set with finite logarithmic measure.

Let f and g be two meromorphic functions, a be a small function relative to both f and g. We say
that f and g share a CM if f — a and g — a have the same zeros with the same multiplicities. f and
g share a IM if f — a and g — a have the same zeros ignoring multiplicities. Nevanlinna’s four values
theorem (see [8,9]) says that if two nonconstant meromorphic functions f and g share four values CM,
then f = g or f is a Mobius transformation of g. The condition “f and g share four values CM” has
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been weakened to “f and g share two values CM and two values IM” by Gundersen [1,2], as well as
by Mues [7].
For Schwarzian differential equation

1444 144 2 k
-3 -

Ishizaki [4, Theorem 1] showed that if the Schwarzian Eq (1.1) possesses an admissible solution, then

!

d+ 2k ) o(a;, f) < 4k , where «; are distinct complex constants, and d = deg R(z, f). In particular,
j=1

when R(z, f) is independent of z, it is shown that if (1.1) possesses an admissible solution f, then by

some Mobius transformation w = (af + b)/(cf + d)(ad — bc # 0), R(z, f) can be reduced to some
special forms, see [4, Theorem 3]. Liao and Ye [6] considered differential equation, which is a simple
type of the Schwarzian differential equation, and gave the order of meromorphic solutions as follows.

Theorem 1. [6, Theorem 3] Let P and Q be polynomials with deg P = m and deg Q = n and let
R(z) = P(2)/Q(z) and k be a positive integer. If f is a transcendental meromorphic solution of the
equation

k

717 44 2
-3 -

then m — n + 2k > 0 and the order p(f) = (m — n + 2k)/2k.

In the follows, we apply the Nevanlinna theory and uniqueness of meromorphic functions to the
Schwarzian differential Eq (1.2), and investigate the uniqueness of meromorphic solutions if the
meromorphic solution f shares three values with any other meromorphic function. we obtain

Theorem 2. Let R be a nonconstant rational function and k be a positive integer. Suppose that f is a
transcendental meromorphic solution of the differential Eq (1.2) without single poles. If a meromorphic
function g shares a,b, oo CM with f, then f = g.

2. Lemmas

We now give some preparations.

Lemma 1. [9, Theorem 1.51] Suppose that n > 2 and let fi,-- -, f, be meromorphic functions and
g1, ,&n be entire functions such that

(i) X1 fiexpig;t = 0;
(ii) when 1 < j <k < n, g; — gk is not constant;
(iii) when1 < j<n,1 <h<k<n,

T(r’ f/) = O{T(r’ exp{gh _gk})} (r — 0o, r ¢ E)a

where E C (1, o) has finite linear measure or logarithmic measure. Then ;=0 (j=1,--- ,n).
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Lemma 2. Let f be a meromorphic solution of Eq (1.2), then f’ is a meromorphic solution of equation

W = oW,
where Q is a nonconstant rational function.
Proof. Set
f/l
0==—. (2.1)
f/

We then prove that Q is a nonconstant rational function.
Since f is of finite order by Theorem 1, (2.1) shows Q is also of finite order and

{ L e g (22)
=0+ 0 f =@ +0)f.
We see from (1.2) that
f/l/ 3 f/l 2
-] =R 2.
7oalp) TR 2
where R; is some nonconstant rational function. Thus (2.2) and (2.3) show that
@+ 3(ef\ _,
—f’ 2\ 1
that is,
’ 1 2
o - EQ =R,. 2.4)

Since R; is a nonconstant rational function, we deduce from (2.4) that Q cannot be a constant. We then
prove Q cannot be transcendental.

By comparing the poles of the both sides of (1.2), we get that f has only finitely many zeros and
poles under the assumption that f without single poles. Thus Q has only finitely many single poles. If
Q is transcendental, then

T (r, o - %Qz) =T(r,Q) + O(log r),

contradicting to (2.4). Hence, Q is a nonconstant rational function. O
Lemma 3. Let a, b be two distinct constants, 3,7y be nonconstant polynomials with deg 5 # degy, and

f=a+(b—a)eﬁ_1. (2.5)

er—1

Then f cannot be a meromorphic solution of Eq (1.2).
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Proof. Assume that f is a meromorphic solution of Eq (1.2). Lemma 2 shows

1 =of

(2.6)

Without loss of generality, we assume Q is a nonconstant polynomial. Otherwise, we just multiply the

dominator of Q to both sides of (2.6). We now divide our proof into two cases.
Case 2.1. deg 8 > degy. Rewriting (2.5) as

f= ameﬁ + doo,

where

e =1’ - er—1

Obviously,

plaor) = plagy) = degy < degp.

Since ¢? is of regular growth order degB, we see dagy,ag are small functions of €.

from (2.7) that

= a1 e + aj,
where

an = ay, +apf,

{ aio = gy,

and

7= az € + an,
where

— ’ ’
{ ax =d}, +anp,

ayy = 61’10.
We deduce from (2.9), (2.11) and p(a;,,) = p(ao), p(ay,) = p(ag) that

{ plar) < max{p(ag,), p(ao), p(B)} < plaor) < degpB;
plai) = play,) = plap) < degp.

We assert that a;; # 0. Otherwise, (2.11) shows

’ /
ag + amﬁ =0.

2.7)

(2.8)

(2.9)

We conclude

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

Applying the method of separating variables to Eq (2.15), we have ag; = ce™ , thus p(ag;) = degf,

contradicting to (2.9). Similarly, we also get

plax) <degB, play) < degp

(2.16)
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and a,; # 0. Substituting (2.10), (2.12) into (2.6), we obtain

Apé® + Ay =0, (2.17)
where
(R e
By (2.14), (2.16), (2.18) , we have
{ p(A11) < max{p(az1),p(an)} < degp, (2.19)
p(Ao) < max{p(ax), p(aip)} < degp.
Thus, p(A;;) < degB (j = 0, 1). Since € is of regular growth order deg 3, we obtain
T(r,Ay)) = o{T(r,é")}, j=0,1.
Applying Lemma 1 to (2.17), we have
A1 =0, App=0.
Thus, we obtain from (2.13), (2.18) that
ay +aup —Qay =0, aj,— Qayp =0.
Applying the method of separating variables to the above equations, we have
ay = c1e P10y = cpel 0%,
that is
ap = cePay. (2.20)
By (2.7), we also have
a), = (b—a)%, )y = (b—a)(eyy’%yl)z. (2.21)

Substituting (2.11), (2.21) into (2.20), we obtain
B -y -Bef —cy =0.

Applying Lemma 1 and deg8 > degy, we have —cy’ = 0, then ¢ = 0, thus a;; = 0, a contradiction.
Case 2.2. deg 83 < degy. Rewriting (2.5) as

bOO
= 2.22
f=a+ 1 (2.22)
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where
boo = (b —a)(® - 1). (2.23)
Obviously,
p(byo) = degB < degy. (2.24)
Thus, we conclude from (2.22) that
bney + bl()
N —— 2.25
f=y (2.25)
where
by = b(')o’— booy’, (2.26)
blO = _bOO’
and
b22627 + bz]éy + b20
"= , 2.27
f Y (227)
where
by = b'” - by,
by = bjy—2y'bio— b}, = b}V, (2.28)
b20 = _bIIO'
We deduce from (2.24), (2.26) that
{ p(bll) < max{p(bao)’p(bOO)’p(yl)} < p(bOO) < deg Y (2 29)
p(b1o) = p(by,) = p(boo) < degy. '
We assert that b;; £ 0. Otherwise, (2.26) shows
byy — booy'(z) = 0. (2.30)

Applying the method of separating variables to Eq (2.30), we have by, = ce”, and p(by) = degvy.
contradicting to (2.24). Similarly, we also get

p(byn) < degy, p(by) <degy, p(byn) <degy, (2.31)
and by, £ 0.
Substituting (2.25), (2.27) into (2.6), we obtain
Azzezy + A21€y + Ay = 0, (232)
where
Ay = by — Qbyy,
Ay = by + Qb — Oby, (2.33)

Ay = by + Oby.
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By (2.29), (2.31) , we have

p(Ax) < max{p(bx),p(b11)} < degy,
p(Az1) < max{p(by), p(b11),p(b1o)} < degy, (2.34)
p(Az) < max{p(by), p(b1o)} < degy.

Thus, p(Az;) < degy (j =0,1,2). Since e is of regular growth order degy, we obtain
T(r,Az) = o{T(r,e™)} = o{T(r,e")}, j=0,1,2.
Applying Lemma 1 to (2.32), we have
Ay =0, Ay =0, A = 0.
Thus, we obtain from (2.28), (2.33) that
by, —bny —Qay =0, —bj,+ 0by=0.
Applying the method of separating variables to equation ,we have
bi =115 by = el 0,
that is
by = ce’byy. (2.35)
By (2.23), we have
b, = (b—a)B'é. (2.36)
Substituting (2.26), (2.36) into (2.35), we obtain
cBe’ + (B -y =0.
Applying Lemma 1 and deg8 < degy , we have ¢’ = 0, then ¢ = 0, thus by; = 0, a contradiction. In
conclusion, f of the form (2.5) cannot be a meromorphic solution of Eq (1.2).
O
3. Proof of Theorem 2
Proof. Since f and g share a, b, co CM, we can get
N(r, : ) = N(r, L), N(r,L) = N(r,L), N(r, f) = N(r, 9).
f—a g—a f-b g—b

By applying the second fundamental theorem to function g, we obtain

)+ N(r, !

T(r,g) < N(r,g) + N(r,
g—a g—b

)+S8(r,8)
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= N(r, f) + N(r, ]%a) + N(r, ]%b) +S(r,8)
<3T(r, )+ S(r,g).

Similarly, we can get T(r, f) < 3T(r,g) + S(r, f), so T(r,g) = O(T(r, f) + S(r, f)), and then p(g) =

p(f) < oo by Theorem 1.
Furthermore, there exist polynomials a and g such that

g - a (07
=e
f-a ’
and
8=b _ s
f=b '
Assume, to the contrary, that f # g. Then from (3.1) and (3.2), we obtain
e"z1, PLz1, ez azp
Again by (3.1) and (3.2), we get
-1
=a+(b-
fra+b-a .
or
|
=a+(b- ,
f=a+b-a)——

where y = 8 — a is a nonzero polynomial.

3.1

(3.2)

(3.3)

(3.4)

We now suppose that @ and S are not all constants. Otherwise, we easily obtain a contradiction

by (3.3). Thus, we split our proofs into two cases.
Case 1. « is a constant and S is non-constant polynomial.
Denote e™® = B(# 0). then B # 1, (3.3) shows

-1
f:a+(b_a)Beﬁ— T
which yields
’ _ﬁ/eﬁ
=b-a)(l -B)———,
f'=b-a =B

B(BQ _ﬂ//)eZﬁ + (B// +ﬁ/2)eﬁ

f// = (b — a)(l - B) (Beﬁ _ 1)3

Substituting (3.6), (3.7) into Eq (2.6), we conclude that

A31€2ﬂ+A3oeﬁ =0,

AIMS Mathematics
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where
{ Ast = B(1 = BYB® ~ ") + OB(1 - B)S, 39)
Az =(1-B)B"+(-B)pB"-(1-BOpB.
By (3.9), we have
p(Asz1) < degB, p(As) < degp.
Thus, p(As;) < degy(j = 0, 1). Since €* is of regular growth order deg 3, we obtain
T(r,Asj) = o{T(r,e™)} = o{T(r,e")}, j=0,1,2.
Applying Lemma 1 to (3.8), we have
Az =0, Az = 0.
By Ajzp = 0, we obtain
B +B*-BQ=0.
Applying the method of separating variables to equation, we have
B = cse IOk, (3.10)
By (2.6), we have
f = cqel 0, (3.11)
Substituting (3.6), (3.11) into Eq (3.10), we conclude that
(B - 1) =c. (3.12)

Thus, we have S is a constant, a contradiction.
Case 2. S is a constant and « is non-constant polynomial. Similar to the proof of Case 1, we also get a
contradiction. We deduce from (3.4) and Lemma 3 that deg 8 = degy, and

B =y =pef +ye

f=-a = ,
AR
+w—af%w”—mwtgii¥2+%hﬂf”
+ (b —-a) o - Y/Z)(Zzyyj 1()ﬁ3ﬁ A
—w—m%%%%ﬁ (3.13)
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Substituting (3.13) into Eq (2.6), we conclude that
A44€ﬁ+27 + A43€B+7 + A42€27 + A41€ﬁ + A40€7 =0,

where

Au=B"=y"+B -v) - 0B -7,

Az ==2B"+vy" =287 +y?+ 28y + Q2B -,
Ap=y"-y* -0y,

Ay =p"+p*- 0B,

Ap=—y" =7+ QY.

Obviously, we obtain that

p(Agy) < degp = degy,
P(Ag3) < degp = degy,
P(As) < degf = degy,
P(A4) < degp = degy,
P(Ayg) < degp = degy.

Thus,
p(Ayj) <degB =degy(j=0,1,2,3,4).
Therefore, Eq (3.14) can be rewritten as
Ape® + Apé® + Ape” + A’ + Ay = 0.

In the following, we divide our proof into four cases.

(3.14)

(3.15)

(3.16)

(3.17)

Case A. deg(8+7y) < degy. Combining this with deg 8 = degy, we get deg(8—7y) = degy, deg(8—2y) =

degy. Thus, é®, e”, &7, €#727 are of regular growth order degy. Equation (3.17) shows that
A + Ape? + Ay + By = 0,
where
Boo = A’ + Ayg.

By this and (3.16), we obtain p(Byy) < max{p(A44), p(Ag), deg(B + y)} < degy = degB. Then

T(r,A4j) = ofT(r, P} = o{T(r,e")} = o{T(r, )} = o{T(r,é*»)} (j=0,1,2,3),
T(r, Boo) = o{T(r,€")} = o{T(r,€")} = o{T(r, ")} = o{T(r, &)}
Together with (3.18) and Lemma 1, we have
B()()EO, A4jEO (]:1,2,3)

By A4 = 0 and (3.15), we have

(3.18)
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Yy —y?*-0y =0. (3.19)

In Case A, we again split two subcases.
Subcase A.1. If degy > 2. Applying the method of separating variables to equation, we have

y = csert] 0, (3.20)
Substituting (3.11), (3.13) into Eq (3.20), we conclude that
c(B =YL +(c—1ye? +2ye" — (y +cBP)e’ = 0. (3.21)

By (3.21), deg(8+y) < degy and Lemma 1, we obtain y'(z) = 0, thus y(z) is a constant , a contradiction.
Subcase A.2. If degy = 1. Let y(z) = mz + ny, where m # 0, n; are constants. Hence, y' = m,y” = 0.
Substituting these into Eq (3.19), we get

-m? - Om =0,

that is Q = —m, a contradiction.
Case B. deg(B8 — y) < degy. Equation (3.17) shows that

Ay + (Ape’ ™ + Ap)e” + (A’ + Ay)e’ = 0. (3.22)
Together with (3.16), (3.22), deg(8 — v) < degy and Lemma 1, we have
Aué®? =0,A53"7 + Ay = 0,A0%7 + Ay = 0.
Substituting (3.15) and 8 = @ + v into the last equality A4 €%~ + A4 = 0, we have
B +B% = 0B)e" + (=" =y + 0y)e’ = 0. (3.23)
Together with (3.23) and Lemma 1, we have
-y —y*+Qy =0. (3.24)

In Case B, we again split two subcases.
Subcase B.1. If degy > 2. Applying the method of separating variables to equation , we have

y = cge ] 0% (3.25)

Substituting (3.11), (3.13) into Eq (3.25), we conclude that

Yy e — 2y —c(B - )P’ + (¢BeF + (1 —c)y)e’ = 0. (3.26)
By (3.26), deg(8 — y) < degy and Lemma 1, we obtain y’ = 0, a contradiction.
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Subcase B.2. If degy = 1. Let y = mz + n;, where m # 0,n; are constants. Hence, y' = m,y” = 0.
Substituting these into Eq (3.24), we get

mz—Qm:O,

that is Q = m, a contradiction.
Case C. deg(B — 2y) < degvy. Equation (3.17) shows that

Aué® + Az + Age™ + (Agp + Ay 872 = 0. (3.27)

By deg8 = degy and deg(5—2y) < degvy, we have deg(8—v) = deg(B+7y) = degy. By this and (3.16),
we have

T(r,Asj) = o{T(r,é")} = ofT(r, ")} = o{T(r, ")} = o{T(r,e**")} (j=0,3,4),
T(r,As + Ag1€°72) = o{T (1, %)} = o{T(r, )} = o{T(r,e*)} = o{T(r, &’*7)}.

Together with (3.27) and Lemma 1, we have
A44 = 0, A43 = 0, A40 =0.

By A4 = 0 and (3.15), we also have (3.24). Using the same method as the above Subcase B, we get a
contradiction.

Case D. deg(B8 + y) = deg(B — y) = deg(B — 2y) = degy. By this and (3.15), for j = 0,1,2,3,4, we
have

T(r,Aqj) = o{T(r,é%)} = o{T(r,e")} = o{T(r, ")} = o{T(r, &)} = o{T(r, &)}
Combining this with Lemma 1, we have
A4jEO, j:1,2,3,4.

By A4 = 0 and (3.15), we also have (3.24). Using the same method as the above Subcase B, we get a
contradiction. O

4. Conclusions

Together with the Nevanlinna theory and uniqueness of meromorphic functions, this paper considers
the certain type of Schwarzian differential equation, and investigate the uniqueness of meromorphic
solutions if the meromorphic solution f shares three values with any other meromorphic function.
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