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Abstract: In this paper, we address the existence, uniqueness, decay estimates, and the large-time
behavior of the Radon measure-valued solutions for a class of nonlinear strongly degenerate parabolic
equations involving a source term under Neumann boundary conditions with bounded Radon measure

as initial data.
u, = Ny(u) + h(t) f(x,tr) in Qx(0,7T),
oy(u) _

o g(bl) on 0Q X (O, 1),
u(x,0) = ug(x) in Q,

where T > 0, Q ¢ RM(N > 2) is an open bounded domain with smooth boundary dQ, 1 is an
outward normal vector on 9. The initial value data 1, is a nonnegative bounded Radon measure on
Q, the function f is a solution of the linear inhomogeneous heat equation under Neumann boundary
conditions with measure data, and the functions i, g and A satisfy the suitable assumptions.
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1. Introduction

In this paper, we study the existence, uniqueness, decay estimates, and the large-time behavior of
the solutions for a class of the nonlinear strongly degenerate parabolic equations involving the linear
inhomogeneous heat equation solution as a source term under Neumann boundary conditions with
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bounded Radon measure as initial data. This problem is described as follows:

u, = Ag(u) + h(t) f(x,t) in Q:=Qx(0,7),
’ﬁ—;) = g(u) on S :=0Qx(0,7T), (P)

u(x,0) = up(x) in Q,

where T > 0, Q ¢ R¥(N > 2) is an open bounded domain with smooth boundary 6Q, 7 is an unit
outward normal vector. The initial value data u, is a nonnegative bounded Radon measure on . The
functions ¢ and g fulfill the following assumptions

(i) Y eL*R)NC(Ry), ¥(0)=0, ¢ >0 in R,
(@) ¢, yv” e L°(R;) and ¥'(s) = 0 as s — +oo,

D
(iii) Y(s) >y as s = +oo,
(iv) "f’b—l <k in Rj, forsome e Rj,
and
(i) geL®R,)NC'(R,), g <0in R, and g>0 in R,, A)
(ii) g eL”>R,) and g(s) > 0as s — +oo,

where R, = [0,4+00), R} = (0,+) and y € R;. By ¢’ and ¢y we denote the first and second
derivatives of the function . The assumption (I)-(iii) stem from (I)-(i), hence we extend the function
¥ in [0, +00] defining y(+c0) = .

The typical example of the functions i and g are given

w(s) =y [1 — el_(lﬂ)m] and g(s) = "M, (1.1)

where 0 <m < 1.
The function 4 satisfies the following hypothesis

he C'RHONL'MR,), h(0)=0, ¥ >0 in R,. )

The function f is a solution of the linear inhomogeneous heat equation under Neumann boundary
conditions with measure data

fi=Af+p in Q:=Qx(0,7),
L=en on S := Q% (0,T), (H)

f(x,0) =up(x) 1n Q,

where y is a nonnegative bounded Radon measure on Q and g fulfills the assumption (A).

Throughout this paper, we consider solutions of the problem (P) as maps from (0,T) to the cone of
nonnegative finite Radon measure on Q, which satisfy (P) in the following sense: For a suitable class
of test functions & there holds

T T
fo <ur(-,t),§z(~,t)>gdl+fo h(@) (f (. 1), EC, D)q dt + (uo, £(, 0)) +
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T T
+f0 (g(ur(-,t)),§>agdt=f0 (VYlu,)(, 1), VEC, 1) dt (1.2)

(see Definition 2.1). Here the measure u(-, t) is defined for almost every ¢ € (0, T), u, € L'(Q).

The type of the problem (P) has been intensively studied by many authors for instance (see [5, 18—
20, 27, 28, 30]) few to mention. For the general form of the problem (P), we consider the following
problem studied in [18],

u, = div(Vo(x, t,u) + h(x, t,u)) + F(x,t,u) in Qr,
(Vo(x, t,u) + h(x,t,u)) - n = r(x,t,u) on >, (A.1)
u(x,0) = uy in (OQ\ X)r U Q x {0},

where Qr = QX (0,7), Y7 = 2, X(0,T), (0Q\ X)r = (0Q\ X)) X (0, T) with }] is a relative open subset
of AQ, Y, and dQ \ Y are C? surface with boundary which meet in C? manifold dimension N — 2 and
0<uyelL>((0Q2\ X)ru Qx {0}). The author in [18], proved the local existence, uniqueness and the
blow-up at the finite time of the degenerate parabolic equations (A.1). Furthermore, the existence and
regularity of the solutions to the quasilinear parabolic systems under nonlinear boundary conditions is
discussed in detail by the studies [28, 29]

u, + Alt,w)u = F(t,u) in Qx(s,7T),
Bt u)u = r(t, u) in 0Q X (s,T], (A.2)

u(s) = ug on Q,

where s < t < T and uy € W™ (Q, R")(r € [0, o)) and the definition of the operators A(t, u)u and
B(t, wyu are in [28]. Similarly, studies in [19, 20] showed the existence and regularity of the degenerate
parabolic equations with nonlinear boundary conditions and uy € L*(€2) as an initial datum. Thus, we
point out that the difference between the previous works (A.1), (A.2) and our work is on the following
points; firstly, the initial value uy € M*(Q) (the nonnegative bounded Radon measure on ), secondly,
the assumptions of the functions i, g given by (I) and (A). Finally, the source term f is a solution to
the linear inhomogeneous heat equation under Neumann boundary conditions with measure data.

Furthermore, the study of the degenerate parabolic problem with forcing term has been intensively
investigated by many authors (see [31-33]). In particular, [31] deals with existence solutions in the
sense distributions of the nonlinear inhomogeneous porous medium type equations

u, — divA(x, t,u, Du) = u in Q:=Qx(0,7T) (A.3)

where u is a nonnegative Radon measure on Q with u(Q) < oo and plgv+1\o = 0. In last decade,
some authors studied the existence, uniqueness and qualitative properties of the Radon measure-
valued solutions to the nonlinear parabolic equations under zero Dirichlet or zero Neumann boundary
conditions with bounded Radon measure as initial data (e.g. [1, 6, 7, 9-13, 15, 25] and references
therein). Specially, [6] discuss the existence, uniqueness and the regularity of the Radon measure-
valued solutions for a class of nonlinear degenerate parabolic equations

U, = AQ(M) in Q,
Ou) =0 on S, (A4)

up(x,0) =uy on €,
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where uy € M*(Q) and the function @ fulfills the assumptions expressed in [6]. The difference between
the abovementioned studies and the problem (P) is the presence of the nonzero-Neumann boundary
conditions and the source term which is a solution of the linear inhomogeneous heat equations under
Neumann boundary conditions with measure data.

In general, the study of the partial differential equations through numerical methods is investigated
by several authors (e.g. [47-50]). In particular, there are some authors who deal with the computation
of the measure-valued solutions of the incompressible or compressible Euler equations (see [47,
48]). Mostly, the authors employ the numerical experiment corresponding to initial data of the
partial differential equations and prove that the resulting approximation converge to a weak solution.
For instance, in [50], the authors study numerical experiment to prove that the convergence of the
solution to the nonlinear degenerate parabolic equations is measure-valued. Similarly, [49] employs
the numerical method to show that the resulting approximation of a non-coercive elliptic equations
with measure data converges to a weak solution. Hence, the numerical experiments represent the
straightforward application of the theoretical study of the type of the problem (P).

To address the large-time behavior of the Radon measure-valued solutions of the problem (P), we
construct the steady-state problem as a nonlinear strongly degenerate elliptic equations given as follows

-AYy(U)+ U =uy in Q,
W) _ (E)
{r’)_n =g(U) on 0L,

where 1y € M*(Q) and the function ¢ and g satisfy the hypotheses (/) and (A) respectively.

We consider solutions of the problem (E) as maps from Q to the cone of nonnegative bounded
Radon measure on € which satisfies (E) in the following sense: For a suitable class of test function ¢,
there holds

f Vu(U,)Vedx + f Ugdx = f pduo(x) + f o(U)edH(x)
Q Q Q oQ

(see Definition 2.6), where U, € L'(Q) denotes the density of the absolutely continuous part of U with
respect to the Lebesgue measure.

The nonlinear elliptic equations under Neumann boundary conditions with absorption term and a
source term has been intensively studied by several authors [26, 34, 38—40]. In these studies, the
authors dealt with the existence, uniqueness and regularity of the solutions. Furthermore, in [34], the
following problem is considered

{g] +B(U)=f, in Q, ws)
a t ClU)=g on 09,

where B(U) € L'(Q), C(U) € L'(0Q), f, € L'(Q), g, € L'(0Q) and the expression of the differential
operator L in [34, Section 2]. The authors proved the existence, uniqueness and regularity of the
solutions U € W'(Q) to the problem (A.5) (see [34, Section 4, Theorem 22 and Corollary 21). The
difference between the previous studies mentioned above and (A.5) is that we study the nonlinear
strongly degenerate elliptic equations and the solutions obtained are Radon measure-valued. However,
the existence, uniqueness, and regularity of the Radon measure-valued solutions of the quasilinear
degenerate elliptic equations under zero Dirichlet boundary conditions are discussed in detail [13] by

AIMS Mathematics Volume 6, Issue 11, 12182-12224.



12186

considering the following problem

(A.6)

—div(A(x, U)VU)+ U(x) =u in Q,
Ux)=0 on 0Q,

where u € M(Q) and A(x, U) satisfies the hypothesis in [13]. In this case, the difference between the
problem (£) and (A.4) is a boundary conditions with the assumptions on .

In this paper, we study a class of nonlinear parabolic problems involving a forcing term and initial
data is a nonnegative Radon measure. In the recent years, there are different papers that investigate
these kind of problems in the setting in which the solution is a Radon measure for positive time.
This type of study was done for parabolic and hyperbolic equations. One of the main tool is to search a
solution by an approximation of the initial data and then try to pass to the limit in a very weak topology.
The innovative part of this work is mainly the study of the large time behavior of the solutions. In my
opinion, it is essential to highlight that the explicit examples of equations study in this work have not
already been dealt with in literature and the novelties of the techniques that they introduced in the
work. Finally, the study of the asymptotic behavior is a novelty.

The main difficulty to study the problem (P) is due to the presence of the forcing term which depends
on the property solutions of the inhomogeneous heat equation (H).

The main motivation of this study comes from the desire to deal with parabolic equations in which
the forcing term can be either Radon measure or L”(Q) (1 < p < oo) functions. Whence, the idea to
consider the linear inhomogeneous heat equation solution with measure data as a forcing term.

To deal with the existence and the uniqueness of the weak solutions to the problem (P), we
use the definition of the Radon measure-valued solutions of the parabolic equations and the natural
approximation method. In particular, to show the uniqueness of the problem (P), we will distinguish
two cases for the forcing term f, either the function is in L*((0, T'), H'(Q)) or the Radon measure on
Q. Notice that when the linear inhomogeneous heat equation (H) does not admit an unique solution,
the problem (P) has no unique solution as well.

Furthermore, we prove the necessary and sufficient condition between measure data and capacity in
order to deal with the existence of the weak solutions to the problem (P).

To establish the decay estimates of the Radon measure-valued solutions to the problem (P), we
construct the suitable function and we use it as a test function in the approximation of the problem (P).
Then we easily infer the decay estimates after the use of some measure properties.

To address the large-time behavior of the Radon measure-valued solutions of the problem (P), we
first show that the problem (£) has a Radon measure-valued solutions in Q.

To the best of our knowledge no existing result of decay estimates and large-time behavior of Radon
measure-valued solutions obtained as limit of the approximation of the problem (P) are known in
the literature. Hence, this interesting case will be discussed in this paper. This paper is organized
as follows: In the next section, we state the main results, while in Section 3, we present important
preliminaries. In Section 4, we study the existence and uniqueness of the heat equation (H). Finally,
we prove the main results in the Sections 5-8.
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2. Statement of the main results

To study the weak solution of the problem (P), we refer to the following definition.
Definition 2.1. For any uy, € M*(Q) and u € M*(Q), a measure u is called a weak solution of problem
(P), if u € M*(Q) such that
() u € L¥((0, T), M*(Q)),
(i) (u,) € L*((0,T), H'(Q)),
(iii) g(u,) € L'(S),
(iv) for every & € C1((0,T), C'(Q)), £(-, T) = 0 in Q, u satisfies the identity

T T
£<u("t)’§’("t)>9dt+£ h(@) (f (0, EC, D)q dt + Cuo, (-, 0))q +

T T
+ fo (8@, 1)), E)gq dt = j; (Vi(uy), V&) dxdt 2.1)

where u, is the nonnegative density of the absolutely continuous part of Radon-measure with respect to
the Lebesgue measure such that u, € L*((0, T), L'(€)) and the function f is the solution of the problem
(H).

Throughout this paper, we assume that Q is a strong C"! open subset of R". Also, we assume that
there exists a finite open cover (B;) such that the set Q N B; epigraph of a C"! function ¢ : R¥! - R
that is

QNB;={xeBj/xy>{®} and 0QNB;={xe B/ xy={(®}

where x = (X, xy), the local coordinates with X = (x, x2, ..., xy-1). We denote ¢ = {x, x € QN B;} C
RN-!, the projection of Q N B ; onto the (N — 1) first components, and . = {x, x € supp(s) N Q}.
If a function ¢ is defined on S, we denote ¢g the function defined on (B; N Q) X [0, T] by &s(x, 1) =
&(x, L(%), 1). Notice that the restriction of &g to [0, T) X ¢

The next definition of the trace is corresponding to the problem (P) adapts to the context of [36,
Theorem 2.1].
Definition 2.2 Let ¥ € [L*(Q)]¥*! be such that divF is a bounded Radon measure on Q. Then there
exists a linear functional 7, on W%’Z(S ) N C(S) which represents the normal traces # - v on S in the
sense that the following Gauss-green formula holds:

(i) For all £ € C(Q),

(7,,6) = ffdiv77+fV§-?'
Qo Qo
where (7, &) depends only on &.

(i1) If (B}, s, f) is an above subsequence localization near boundary, then for all £ € C2([0,T) X ﬁ)
there holds

1 T [(X)+s _Vé/(}) 1 X 0
(7,,6) = -lim - f ff F - 1 éodxydxdt ; —lim —f f?- 0 |€odxdt (2.2)
208 s Jo Jiw 0 205 Jo Jo 1
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where the divergence of the fields,

F(x,1) = ( u(x 1) )

Vip(u,(x, 1))

is a bounded Radon measure on Q.

The following result states the existence of the trace of the boundary condition to the problem (P).
Lemma 2.1 Let Q is a strong C*! open subset of RV. Then there exists an unique trace 7, : W"1(Q) —
L'(09Q) such that

(T €)= f glup)édH (x)dt (23)
S
where the function g(u,) € L'(S) and & € C([0,T) x Q).
To prove the uniqueness of the solution to the problem (P), we define the notion very weak solution
of the problem (P) as follows.

Definition 2.3. For any u € M*(Q) and u, € M:;’Z(Q), a measure u is called a very weak solution to
problem (P) if u € L*((0, T), M*(€2)) such that

T
f(u(-,t),ft(-,t)>9dt+f¢(u,)A§dxdt+fh(t)f(x, t)§dxdt+fg(u)§d7{dt+(uo,f(O))g=0 (2.4)
0 0 0 s

for every & € C%!'(Q), which vanishes on dQ x [0, T], forr = T.
To prove the uniqueness of the problem (P) when f lies in M*(Q), we consider the following every

weak solution gives below:
Definition 2.4 Let uy € M ,(€2) and u € M*(Q) such that

uo = fo—divGo, fye L'(Q) and Go € [LX(@)]".
A function u is called a very weak solutions obtained as limit of approximation, if
U, — u in M*(Q) (2.5)
where {u,} € L*(Q) N L*((0, T), H'(Q)) is the sequences of weak solutions to problem (P,,) satisfies

Uon = ﬁ)n - FOn € CSO(Q),
Fo, — divGy in (H1 Q)" (2.6)
fon = fo in LY(Q).

We denote (H'(Q))* the dual space of H'(Q) and the embedding H'(Q) c L*(Q) c (H'(Q))* holds.
Definition 2.5 Let ug € M ,(€2) and u € M;,(Q) such that

wo = fo—divGo. foeL'(Q) and G € [L@)] .

p=fi—divG +¢,. fieL'(Q), Ge[LXQ] and e LX(0.T),H Q).

AIMS Mathematics Volume 6, Issue 11, 12182-12224.
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A measure f is called a very weak solutions obtained as limit of approximation, if

fo = f in M*(Q) @2.7)

where {u,} and {f,} € L~(Q) N L*((0, T), H'(Q)) are the sequences of weak solutions to problem (P,)
and (H,) respectively satisfy

Hn = fin— Fn + gu € CZ(0),

Uon = fon — Fon € C (L),

fin = fi in LY(Q),

F, = divG in L*((0,T),(H'(Q))"), (2.8)
@n = ¢ in L*((0,T), H'(Q)),

Fo, — divGy, in (H'(Q))*,

Jon = fo in L'(Q).

Then, the function u is very weak solutions of the problem (P) obtained as limit of approximation if the
function f is a very weak solutions of the problem (H) obtained as limit of approximation.
Notice that

Uy > u in MYQ), py—p in MT(Q) and up, — uy in M(Q).

M ,(Q) denotes the set of nonnegative measures on Q which are diffuse with respect to the Newtonian
cap’acity and the definition of the diffuse measure with respect to the parabolic capacity M;,(Q) will
be recalled in the Section 3.

Before dealing with the existence of the problem (P), we first prove the existence and uniqueness
of the solutions to the problem (H) given by the following result.
Theorem 2.1. Assume that 1y € M*(Q) and u € M*(Q) hold.
(i) Then, there exists a nonnegative Radon measure-valued solution to the problem (H) in the space
L*((0,T), M*(€)) such that

! !
ren = [ Gy [ [ Grevi-oduror [ [ Guteyi-ogon oo
Q 0 Q 0 o0Q (29)
for almost every ¢ € (0, T). Furthermore, the Radon measure-valued solution f satisfies the following
estimate
I £C0 @< e (i liaeo + 1l o L) (2.10)

for any C = C(T) a positive constant.
(i1) Suppose that u, € M;’Z(Q), u € M;’Z(Q) and g(f) = K almost everywhere on § (K is a positive
constant) are satisfied. Then, the nonnegative weak Radon measure-valued solution to the problem (H)
obtained as limit of the approximation is unique in L*((0, 7), M*(Q)).

We denote by Gy(x — y,t — s) as the Green function of the heat equation under homogeneous
Neumann boundary conditions. By [4], the Green function satisfies the following properties

Gy(x—y,t—5)>0, xyeQ,0<s<rt<T, 2.11)

AIMS Mathematics Volume 6, Issue 11, 12182-12224.
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fGN(x—y,t—s)dle, yeQ,0<s<t<T. (2.12)
Q
There exist two positive constants 71 and 7, such that
1 —To(t—s)
GN(x—y,t—s)—@ < T , XyeQ,l+s<t (2.13)
tim [ G = 3.1 = 600y = 62 2.14)
—S Q

for any ¢ € C.(Q2) and | Q2 | is a Lebesgue measure of the set Q.
Remark 2.1 (i) For any test function & € C!((0, T), C'(Q)) such that £&(,T) = 0 in Q and % =0onsS,
the inner product (f(-, 1), &(-, t))q in (2.1) is given by the following expression

a1 = fg fg Gx - y, D O)dug(y)ddx+
+ f f fGN(x -y, t—0)(fér — 2V FVE — fAE) dydodx+
Q J0 Q

+ff fGN(x_y’t_O-)f(y’o')d,u(y,O')dx+
Q JO Q

+ f f f; Gy(x =y, t —0)éy,n)g(f(y,0)dH(y)dodx (2.15)
o Jo Jag

where &, is a first derivative order of & with respect o

(i1) By the regularity properties of the Green function Gy(x — y,t — o) in [42], the solution of the
problem (H) given by (2.9), f € L*((0,T), H'(Q)).

(ii1) By virtue of the assumptions (J), (2.11) and (2.12), the term Ah(?) f(x, t) is well-defined at r = O.
Indeed, the function # > [ Gy(x—y,1—)h(@)du(y, o), t = [ Gy(x—y,t—()g(f(y,o)dH (y)
and t — fQ Gy(x—y,t—0)f(y,0)h (0)dy are continuous in R,. Then there holds

lirél h(t) f(x,t) = lirgl f f Gy(x =y, t — o) f(y, o)W (o)dydo+
=0 =07 Jo Ja

+ lim f f Gy(x =y, t —o)h(o)g(HdH(y)do + lirél f f Gy(x —y,t —o)h(o)du(y,o) = 0.
0 Joa =07 Jo Ja

t—0+

Hence we extend the function A(?) f(x, ¢) in [0,T] defining 2(0) f(x,0) = 0. Furthermore, the presence
of the function 4 is to well-defined the forcing term of the nonlinear parabolic problem (P).

In order to study the existence and uniqueness of the solutions to the problem (P), we give the
necessary and sufficient condition on the measures u and u, for the existence of the weak solutions to
the problem (P) with respect to the parabolic and Newtonian capacity respectively. This result is given
by the following theorem.

Theorem 2.2. Suppose that the hypotheses (1), (A), u € M*(Q) and uy € M*(Q) hold. For any
function £ satisfying (J), there exists ¢ € (0, T') such that fot h(o)do = 1 and u is a weak solution to the
problem (P). Then u and u, are absolutely continuous measures with respect to the parabolic capacity.

AIMS Mathematics Volume 6, Issue 11, 12182-12224.
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Notice that Newtonian and parabolic capacity are equivalent, then p and u, are absolutely
continuous measures with respect to C,-capacity as well.

In the next theorem, we present the result of the existence Radon measure-valued solutions to the
problem (P).
Theorem 2.3 Suppose that the assumptions (1), (J), (A) u € M*(Q) and uy € M*"(Q) are satisfied.
Then there exists a weak solution u to problem (P) obtained as a limiting point of the sequence {u,} of
solutions to problems (P,) such that for every ¢ € (0, T) \ H*, there holds

Il u(-, 1) ||M+(Q)S C(|| M ||M+(Q) + |l uo ||M+(Q))- (2.16)

The result of the uniqueness of the problem (P) is given by the following theorem:
Theorem 2.4 Assume that the hypotheses (1), (J) and (A), u € M;,(Q) and uy € M;,(2) hold. Then
there exists a unique very weak solution obtained as the limit of approximation u of the problem (P), if
g(u,) = L almost everywhere in S, whenever L is a positive constant.

To establish the decay estimate of the solution to the problem (P), we recall two particular problems
of the problem (P). Now we consider the following problem.

v, = AD(V) in O,
Zl =g on S, (Po)
v(x,0) = ug in Q,

The functions ¢ and g satisfy the assumption (/) and (A) respectively and have the same properties
with the functions 9} and g, given as follows

9(s) =y

(m>0) and g(s)=

(2.17)

1
[1 (1 + s)m

where m > 0 and s > 0. Therefore, by Theorem 2.3, the problem (P,) possesses a solution in the space
L=((0,T), M*(Q)), such that

(1+ s)"

1 v(, D) M@= C Il uo lIpme@

for almost every t € (0, T).
Similarly, we consider the following problem

wr = Ay(w) + (D f(x,1)  in O,
) = g(w) on S, (P1)
w(x,0)=0 in Q,

By Theorem 2.3, the problem (P;) admits a solution in L*((0, T'), M*(€2)), such that

I w0 llm@=< C Il 1 lime

for almost every t € (0, T).

Now we state the decay estimates in the next theorem:
Theorem 2.5 Suppose that (1), (J), (A), u € M*(Q) and uy € M*(Q) are satisfied. The measure u is
the weak solution to the problem (P). According to Theorem 2.3, v is the weak solution to the problem
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(Pp) and w is the weak solution to the problem (P;). Then for every ¢t € (0, T) \ H* with | H* |= 0, there
holds

C
| uC-, 1) = v(, ) llme@< T -0 (H e v + 1 o lIme ) » (2.18)
Il uC, 1) = w(, 1) < clto lea (2.19)
(T -1
and c
Il u(-, 1) ||M+(Q)S t_“(” Uo ||M+(Q) + |l p ||M+(Q)) (2.20)

for any positive constant C and « > 1.
To deal with the large-time behavior of the Radon measure-valued solutions to the problem (P), we
first extend (0, T') to (0, +00), then we assume that the hypothesis

limsup [| u(, ) lye@< C (2.21)

t—+00

where C is a positive constant.

To analyze the large-time behavior of the Radon measure-valued solutions, we first study the
existence of the Radon measure-valued solutions corresponding to the steady state problem (E) by
considering the following definition.

Definition 2.6 Assume that the hypotheses (1), (A) and uy, € M*(Q) are satisfied. A measure U is a
solution of the problem (E), if U € M*(Q) such that

i) w(U,) € W"(Q),

(i) g(U,) € L'(0%),

(iii) for every ¢ € C!(Q), the following assertion

fg V(U (x))Ve(x)dx + fg U(x)e(x)dx = fg @(x)duo(x) + j; Qg(U(JC))QD(X)dW(X) (2.22)

holds true.

The existence result of the problem (E) is given by the following theorem:
Theorem 2.6 Suppose that the hypotheses (1), (A) and uy, € M*(Q) are satisfied. Then there exists
a weak solution U € M*(Q) of the problem (E) obtained as a limiting point of the sequence {U,} of
solutions to the approximation problem (E,) such that

I U lIm@= €l uo llme) (2.23)

where C > 0 is a constant.

The result of the large-time behavior of the Radon measure-valued solutions of the problem (P) is
given by the following theorem
Theorem 2.7. Suppose that the assumption (I), (A), (J), uy € M*(Q) and u € M*(Q). U is a Radon
measure-valued solutions of the steady-state problem (E) in sense of Theorem 2.6 and « is a Radon
measure-valued solutions in the sense of Theorem 2.3 such that (2.21) holds. Then there holds

uG,t) > U in M"(Q) as t— (2.24)
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3. Preliminaries

In the following section, we define the truncation function for k£ > 0 and s € R,
Ti(s) = min{| s |, k}sign(s).

To prove the main results from the previous section, we need to recall the preliminaries about
capacity and measure collected in [9-16]. Likewise, we recall some important notations as follows:
For any Borel set E C €, the C,-capacity of E in Q is defined as

C,(E) = inf { f (ul+|VuPdx/ue Zg}
Q

where Zg denotes the set of u which belongs to H'(2) such that 0 < u < 1 almost everywhere in Q,
and u = 1 almost everywhere in a neighborhood E.
Let W = {ue L*(0,T), H'(Q)) and u, € L*((0,T),(H'(Q))")} endowed with its natural norm |
u llw=Il u ll2qor.m @)y + Il e 2011 @)+ @ Banach space. For any open set U C Q, we define the
parabolic capacity as
Cap(U) = inf {|| u llw /u € V§}

where Vg denotes the set of u belongs to W such that 0 < u < 1 almost everywhere in Q, and u = 1
almost everywhere in a neighborhood U.

Let M(B) be the space of bounded Radon measures on B, and M*(B) c M(B) the cone of
nonnegative bounded Radon measures on B. For any 4 € M(B) a bounded Radon measure on B,
we set

Il 4 lim:=l 1 | (B)

where | ¢ | stands for the total variation of u.
The duality map (-, -)5 between the space M(B) and C.(B) is defined by

(M. @) = f edy.
B
M (B) denotes the set of nonnegative measures singular with respect to the Lebesgue measure, namely
M(B) :={u e M*(Q)/qaBorel set F C Bsuchthat | F|=0,u = u.B}

we will consider either | . | the Lebesgue measure on RY or RM*!. Similarly, M .(B) the set of
nonnegative measures absolutely continuous with respect to the Lebesgue measure, namely

M (B) = {u e M (Q)/u(F) =0, for every Borel set F C Bsuch that | F |= 0}

Let M?,(B) be the set of nonnegative measures on B which are concentrated with respect to the
Newtonian capacity

MZ,(B) := {u € M*(B)/3 aBorel set F C B, such that u = . F and C(F) = 0}
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M ,(B) denotes the set of nonnegative measures on B which are diffuse with respect to the Newtonian
capacity

M ,(B) := {u € M*(B)/u(F) = 0, for every Borel set F C B such that C(F) = 0}.

It is known that a measure u,, € M;’Z(Q) (resp. pan € M:;’Z(Q)) if there exist f, € L'(Q) and

Go € [L2(B)]" (resp. if paz € M;,(Q), there exist f € LI(Q), g € LX(0, T), H'(Q) and G € [L%(Q)]")
such that
Hgr = fo—divGy in  D'(Q) (resp. pgp = f —divG + g, in  D'(Q)). (3.1

For any 4 € M*(B), if there exists a unique couple 442 € M;,(B), A.2 € M,(B) such that
A= A4+ Aen. (3.2)
On the other hand, there exists a unique couple A, € M?.(B), A, € M} (B) such that
A= Age + A (3.3)

where either B = Q, C(F) = C,(E) or B= Q, C(F) = Cap(U).

By L* ((0,T), M*(Q)), the set of nonnegative Radon measures u € M*(Q) such that for every
t € (0, T), there exists a measure u(-,1) € M*(Q) such that

(1) forevery é € C (é) the map

t = (u(-,1),£(-,1))q 1s Lebesgue measurable

and .
<u(-,t),§(-,t)>g=f0 (u(-, 1), &C, 0)q dt

(i1) there exists a constant C > 0 such that

ess sup || uC-, 1) [[m+@< C
te(0,T)

with the norm denotes

| |0, 1) M@= €ss sup || u(-, 1) [y - (3.4)
te(0,T)

4. Existence and Uniqueness results of the problem (H)

In the literature, many authors dealt with the existence, uniqueness, blow-up at finite and infinite
time, decay estimates, stability properties and asymptotic behavior of the solutions to the heat equation
under Neumann boundary conditions with a source term and initial data, such as (see [2-5, 42, 43] and
references therein). Moreover, most of the authors employed the maximum principle theorem through
the monotonicity technique and semi-group method to show the existence, blow-up, stability properties
and asymptotic behavior of these solutions. Meanwhile, in this section we prove the existence and
uniqueness of the linear inhomogeneous heat equation (H) by using the fundamental solution of the
heat equation (see [2—4, 42]). Also, we use the definition of the Radon measure-valued solutions in
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[9] and some properties of the Radon measure provided in [24, 44]. Moreover, we consider for every
n € IN, the approximation of problem (H) such that

fnt = Afn + Un in Q’
% = g(f) on S, (H,)
Jo(x,0) = up,(x)  in Q,

Since uy € M*(Q), the approximation of the Radon measure u, is given by [9, Lemma 4.1] such
that {up,} € C°(Q) satisfies the following assumptions

*

Uon — U in M+Q),
Ug, — Uy, a.ein Q, 4.1

I uon 121 =<Il uo M+ -

Moreover u € M*(Q), the approximation of the Radon measure y is given by [15] such that {u,} C
C(Q) fulfills the following hypotheses

Mo =g in MH(Q),
Hn = aein  Q, 4.2)
It o) =N e Nty

for every n € IN. By [21, 22, 43], the approximation problem (H,) has a unique solution f, in
C'((0,7), L*(€)) N L*((0, T), H'(Q)) N L*(Q).

In the next proposition, we establish the relationship between the approximation solution f,, and
any test function in (P,).

Proposition 4.1. Suppose that £ € C!(Q) such that % = 0 on S, the test function in (H,) and
f» the approximation solution of the problem (H,,). Then, the following expression holds

£, DECE 1) = fQ Gy (x v, 1) 0. Oton(¥)ly + fo fg G(x=y, t= ) iy — 2VF,VE - f,AE) dydors

. fo fg (X =y, 1= ), Ppan(ys )y + fo fa G310 R0 IHON (43)

where &, is first-order derivative order of ¢ with respect to o.

Remark 4.2. Assume that the test function & = p € C2(Q), then we obtain
t
Ja(x, Dp(x) = f Gy (x =y, 1) p(yY)uoa(y)dy — f f Gn(x =y, 1 =) 2V, Vp + fuldp} dydo+
Q 0 Jo

+ fo fQ Gl =y, 1 = PpO)ptn(ys )dlydor + fo fg G(x =yt = PP f(y ONAHor. (44)
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On the other hand, we suppose that the test function & = 6(t) € C'(0, T) then (4.3) reads
!
7000 = [ G =0 00y + [ [ Gt =yt = 00 (dyders
Q 0 Ja

+ fo fg Gl =y, 1 = Py, )dyder + fo fg G(x =yt = D). ONdH ). (4.5)

Proof of Proposition 4.1. Assume that & € C'((0, T), C*(Q)) such that % =0 on S, a test function in
(H,), then the following equation

(Fi€)r = Afil) + il = 2V ,VE = fLAE + ¢ in Q% (0,T),
M) = o(fé on 9Q x (0, T), (Hy)

fn(x, 0)¢(x, 0) = upé(x,0) in Q,

is well-defined. By [35, Chapter 20, Section 20.2], the problem (H,) admits a unique solution f,&
expressed in (4.3). O

Proof of Theorem 2.1 (1) We argue this proof into two steps:

Step 1. We show that {f,(-, )} is a Cauchy sequence in L'(Q) a.e in (0, 7). To attain this, we use the
expression (4.3) to prove the Cauchy sequence. Indeed, for any m,n € IN there holds

T 1) = fn(x, 1) = fg Gn(x =y, Dluon(y) — uom(y)ldy+

. f f Grx — &, — o, ) — pim(y, ]dyds+
0 Q

+ fo fa G =31 = OIS = 8l ) KHONs. @6
From the assumption (2.12), the Eq (4.6) yields

f 6D = fulnd) | dx < f o) = tton) | dy + f f | o) = () | dydor
Q Q 0 Q

; fo fa Gyl = &1 - HE) ( fg | (fa(x, $)) = 8(fu(x, ) | dx) ds. @7)

Furthermore, by using the mean value theorem, we find that there exists a function (x, s) which is

continuous in Qr, such that a; < 6(x, s) < @2, §(fu(x, 5)) = g(fu(x, $)) = &' (OCx, ([ (x, 8) = fulx, 5)),
where g’(6(x, s)) € L (R, )(see assumption (/)-(i)) and 0 < @; < a, are constants, therefore we obtain

T
1t =g dr [ Tun0) = uon®) 1 dy+ [ [ 100 = ) 1 dys
Q Q 0 Q

+C(T1)f f | fu(x,0) = fu(x,0) | dxdo, (4.8)
0 Ja

whenever C(T) = SUD(¢ )0, faa Gy(x — &,T)g' (0(x, 5))dH(&) > 0. By the property (2.13) of the
Green function Gy(x — &,t — o) of the heat equation with nonhomogeneous Neumann boundary and
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the fact that g’(6(x, s)) € L*(R,), then C(T)) is a constant depending on 7. From the Gronwall’s
inquality, the inequality (4.8) yields

f | 6 0) = fue.) | dx < C(T, T) f | ton(3) — ttom() | dy+
Q Q

+C(T,T)) fg | a5, @) = (3, ) | dyder 49)

forae0<t<T; <Tand C(T,T)) =1+ C(T))Te“TT > 0 a constant.
Since the sequences {ug,} and {u,} are satisfying the assumption (4.1) and {w,} and {u,} are
verifying the assumption (4.2), then by passing to the limit as n and m go to infinity, there holds

lim | fux, 1) = fn(x, 1) [ dx < C(T, Ty) lim Supf | uon(y) — o (y) | dy+
Q Q

n,m—>+00 H—s 400

+C(T, T,) limsup f | uom(y) — uor(y) | dy+
Q

m—+oo

+C(T, Tl) lim sup f | ,Un(y, O-) - :ur(Ya 0-) | dyd0-+
Q

n—+00

+C(T, Ty) lim sup f | tm(y, &) — oy, o) | dydor < 0. (4.10)
Q

m—+0oo

Hence the sequence {f,(-, 1)} is Cauchy in L!(Q) for almost every ¢ € (0, T).
Step 2. We show that f,(:, 1) BN fC,0)in M*(Q)a.ein (0,7).

Since the function f,(x,) is a solution of the approximation problem (H,) and w,(x) > 0 in Q,
upn(x) > 0in Q, g > 0 in R,, then we apply the maximum principal theorem in [22, 43] and then the
solution of the approximation problem (H,,) is nonnegative in Q. Likewise, we assume that £(x, 1) = 1,
then we obtain

fu(x,0) = f Gn(x =y, t — )up,(y)dy + f f Gn(x =y, t — o), (y, o)dydo+
Q 0 Q

!
+ [ [ Gute- - s odHO e @11
0 Joa
By the assumptions (A), (2.12), (2.13), (4.1) and (4.2), we infer that
t
f Jn(x, Ddx <|| up Im@) + 11 1 lImeo) +C f f Ju(x, 0)dxdor. (4.12)
Q 0 Ja
By Gronwall’s inequality, we deduce that

I G0 @< e (Huo llme@ + 11 2 lme) » (4.13)

for almost every t € (0, T).
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By Step 1, the sequence {f,(-,7)} is Cauchy in L'(Q), then we infer that f,(-,f) — f(-,f) a.e in
(0, T). Hereby we argue as in [9, Proposition 5.3], one proves that f(-,7) € M*(Q) and the following
convergence

£HGD = G in MIQ) (4.14)

for almost every ¢ € (0, T') holds.
From [44, Chapter 5, Section 5.2.1, Theorem 1], the estimate (4.13) yields

G0 = 1im+infffn(',f)dx < e (Il uo v + 11 1 llme)) -
n—+oo Q

The estimate (2.10) is achieved.
(i1)) Now we show the uniqueness solutions to the problem (H).

To attain this, we consider f; and f, two every weak solutions of the problem (H) in sense of
Definition 2.5 with initial data uy; and ug, respectively.

Let {fi,}, {fon) € L®(Q)NL*((0,T), H'(Q)) be two weak solutions given by the proof (i) of Theorem
2.1. Assume that {ug,}, {to2.} {10}, {H2n} are approximating Radon measures in sense of Definition
2.4 and fi,, fo, In (4 11) hold. Since we have assumed that g(f) = K almost everywhere in S, thus
g(fin) = g(fon) = KonS. For any & € CL(Q) such that 3 f = 0 on S, there holds

T
fo [fin(: 0) = f2u (s D]EQy, Dt = f Lfin(x, 1) = fan(x, D16,(X)E(x, d xdt
Q

T
_ f f G (0, 1) (torn(y) — ttoonOECy, Ddydi+
0 Q

T t
+ f f f Gn(0, 1 — o) (p1a(y, 0) = pon(y, )&, dydo =: I + b. (4.15)
o Jo Ja
Let us evaluate the limit of /; and I, when n — oo. To attain this, we begin with the expression /;:

T
I = [ f (1o1n(y) = oL YED, r)dy] [ f G (0,1) dt] .
Q 0

Taking &(y, 1) = p(y)h(t) with p € C2(Q) such that % = 0onoQ and /1 € C,(0, T), then we have

T~
_ fo (G (0.1 dt fg (ot (y) — ttoan())PG)dy

T~
_ fo R(G (0,1 dt [ fg o) = fomp()dy — fg Fo(y) - Fozn@))p(y)dy].

Passing to the limit when n — oo, there holds

lim7; = 0. (4.16)

n—oo

Now we consider the expression /5,

T !
L= [ f f (1n(, 1) = p2n (v, DED, t)dydt] [ f G(0,7 - o)do ]
0 Q 0
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According to Definition 2.4, it is worth observing that

12 = f G(O,t_ O')dO' f(flln(y9 t) - fl2n(y’ t))é:(y9 t)dydt -
[ JO 1LJo

- f (0,1 - 0)dor f (Fun(y 1) — Fanly, 0)EG Ddydt| +
| JO 11LJ0 )

n f GO, 1 - )dor f (@10 1) — ©anys DY, Dyt | +
| JO 1LJ0 |

+

. . .
f G0,r - o)do [ f (@1a(y, 0) = @2,(y, 0)&(y, 0)dy| .
0 11Ja l

We pass to the limit when n goes to infinity, therefore

lim I, = 0. (4.17)

n—oo

By (4.16), (4.17) and Dominated Convergence theorem, we obtain

f(f] (x, 1) = fa(x,0)é(x, )dxdt = 0, (4.18)
Q

which leads to

fin = fi M(Q) and fo, = o M*(Q).

Hence f; = f; holds. O
Remark 4.1 (i) Since f € M*(Q), then it is worthy observing that f,, in (4.11) is a sequence of the
approximation Radon measure f satisfying the following properties

fo=f in MY(Q),

fa—=f aein O,

Il fa ||L1(Q)S Cl uo ||M+(Q) + |l u ||M+(Q)),
f isgivenin (2.9),

(4.19)

for every n € IN and C > 0 is a constant.
(i) By (2.11)—(2.13) and the assumption (A), we deduce from the compactness theorem in [23] the
approximation problem (H,) possesses a weak solution f in L?((0, T), H'(€2)) such that the properties

fn = Tn(f)a
fo— f aein O, (4.20)
| IS

hold true.
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5. Existence results of the problem (P)

Proof of Lemma 2.1. To prove this result, we use Definition 2.2 and we recall the Gauss-green
formula given by the functional

<7’,,,.§):f§divT+fV.f-T (5.1)
Q Q

Since there exists a linear continuous functional 7, on W%’Z(S) N C(S) which stands for F - v, then we
define a notion of the normal trace of the flux Vi/(u,) - v such that

(ﬂ,é‘)=<7'v,§>+fgf(x,o)duo(X)+fh(t)f(x,t)§dxdt‘ (5.2)
0

The definition make sense because of the definition of the weak solution when we assume that the
value of the initial data

limlfsfu(x, NE(x, t)dxdt:fcf(x,O)duo (5.3)
0 Ja Q

s—0 5

s—t

holds, for any = y(o.)(1)¢ as a test function in (2.1). In particular (7, o) depends only on & and from
(2.2), we infer the formula

T J(x)+s _ —
(T &) = _Jim & f f f Vl//(u,)( Ve )ggdedzdt (5.4)
s—0 § s & Je@ 1

forany £ € C([0,T) X ﬁ). We denote {vs} a boundary-layer sequence of C*(Q) N C (ﬁ) such that

limvs=1 aein Q, 0<vs<1, vs=0 on 0Q. (5.5

0—0*

For more properties concerning the boundary-layer sequence {vs} (see [37, Lemma 5.5 and Lemma
5.7). ¢ € (H'(@)', then

lim [ Vv, = - lim fg div(sé)vs = - fg div(sé) = - fa Gt i (5.6)

-0+ Q

The previous statement (5.6) explains that for any function-valued F : Q — RY, then —F - Vv
approaches the normal trace F - 5. Let £ € C2([0,7) X Q) and & = &(1 — vs) on S, it implies that
(T, 6¢) = (T,,5&(1 — vs)). By Definition 2.2 and the equation (5.2), the Gauss-Green formula yields

(T3 5€) = (T 6E(1 = v5)) + f £(x, 0)s(1 = vo)dug + f IO f(x, DECx, D6 (1 = vy)dxdt
Q 0
= L &e(1 —vp)divF + fQ V(és(l —vs) - F + fﬂ &(x, 0)s(1 — vs)duo+

+ f h(t) f(x, é(x, t)s(1 — vs)dxdt.
0
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Since 0 <vs < landvs; — 1 a.ein Q as 6 — 0, then Dominated Convergence Theorem ensures that
lim ffg(l —vs)divF =0 and <7',7,§g‘> = — lim fV(f(ur)Vv(;fgdxdt 5.7
6—-0* 0 50+ 0

On the other hand, we consider £é¢(1 — vs) as a test function in the problem (P) then the following
expression holds

- f d(x,0)s(1 — vs)duy + f u(x, T)Yé(x, T)s(1 — vs)dx — f u(x, H&é(x, tH)s(1 — vs)dxdt
Q Q o

= - f Vi (u,)V(ES)(1 — vs)dxdt + f Viy(u,)Vvségdxdt + fg(u,)ggdﬂ(x)dt +.
0 0 N

+ f h(®) f(x, )é(x, )s(1 — vs)dxdt.
Q

Since 0 <vs < 1andvs — 1 a.ein Qas § — 0%, then Dominated Convergence Theorem yields

f g )ésdH (x)dt = —(Slir(r)l+ f Vy(u,)Vvségdxdt. (5.8)
s —VJo

By combining the assertions (5.7) with (5.8), the statement (2.3) is satisfied. O

Proof of Theorem 2.2. Assume that for any compact set K = Ky x [0,7] c Qx (0,T) c RY x R,
(resp. for any compact set Ky € Q C RY) such that u=(K) = 0 (resp. uy (Ko) = 0) and Cap(K) = O (resp.
C>(Kp) = 0). To show that u and u, are absolutely continuous measures with respect to the parabolic
capacity, it is enough to prove that u™(K) = 0 (resp. u;(Ky) = 0). To this purpose Cap(K) = 0 (resp.
Cy(Kp) = 0), there exists a sequence {¢,(1)} ¢ C(RY x R,) (resp. {¢,(0)} ¢ C>(RRY)) such that
0<g,(t) <1in Q (resp. 0 < ¢,(0) < 1in Q), ¢, (t) = 1 in K (resp. ¢,(0) = 1 in K;) and ¢,(f) — 0 in
W as n — oo (resp. ¢,(0) — 0in H'(Q) as n — o0). In particular || Ap,(f) llLi(gy— 0 as n — oo.

Let us consider the nonnegative function ¢,(f) € C(RY x R,) such that ¢,(T) = 0 in Q and

a%(t) =01in S as a test function in the problem (P), then there holds

f (0o + f wn(D)dxdt = - f () Agn(Ddxdt — f h(O)f (. Dpn(t)dxdi—
Q Q 0 0

- fs 8(u)pn(dH (x)dt. (5.9)

By (4.3)(Probably # is large enough), the following statement holds
f J(x, DD, (Ddxdt = f f f Gn(x =y, 1 = o) f(y, ) (o) pn(0))odydordxdt
0 0Jo Ja
[ [ [ Gvtx=rt=on2vsviioran(on + saheren(oldvdodsars
0Jo Ja

+ f f f Gy(x —y,t — o)h(o)p,(o)du(y, o)dxdt+
0Jo Ja
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" f f fa G = yu1 = (@ pn( g f (. PNAH)derd
Q0 JO Q

Combining the Eq (5.9) with (5.10), we obtain

[[] Gl 3.1~ Oy, ) + [ o0 -
o Jo o .
- fQ fo t [ WA=yt = 2T V) + £
- fQ fo t fQ G(x = y,1 = ) £, YW@ dyderd -
- fQ fo t fa G =3t = M0 OWH M=

- f on(Dun)dH ()t — f W) Agn(Ddxdr — f ugn(t)dxd.
S 0 0

(5.10)

(5.11)

By (2.14), f € L*((0,T), H(Q)) (see Remark 4.1-(ii)) and letting o — t, fot h(c)do = 1 and dropping
down the nonnegative terms on the left hand-side of the previous equation. Therefore (5.11) yields

f‘ﬁn(t)dﬂ(x, 1)+ fgon(O)duo(x) <N w20y, m1 @l @n() lw +
9

Q

C()’)f | A, (1) | dxdt+ || f 20,051 @)ll @a(0) llw -
o

Since the following assertions are valid, then
i (K) < f n(Ddp(x, 1) + f u(D)dp (x, 1)
0 0
where u*(K) = u(K) + u~(K) and
Uy (Kp) < f ©n(0)duo(x) + f ©n(0)dug (x)
Q Q
with uj(Ko) = uo(Ko) + ug(Kp). In view of (5.13) and (5.14), the inequality (5.12) reads as
1 (K) + ug (Ko) <l u 20,1 @pll €a() llw +C()’)f | Apu(t) | dxdt+
0

+ I f 201 @pll @a(0) llw + f e (Ddp (x, 1) + fgon(O)dua(x).
o Q

Since ™ (K) = 0 (resp. u,(Kp) = 0), then for any € > 0 one has

f eudp(x,1) < 5 (resp. f u(0)duty (1) < g)
0 Q

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)
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Then, the limit in (5.16) as n — oo, the following holds u*(K) + u;(Ky) < €. Therefore, u*(K) = 0 for
any compact set K C Q (resp. u;(Ky) = 0 for any compact set Ky C ). O
To prove the existence and decay estimates of the solutions, we consider the following problem

Uy = AYa(tt) + h(Of, (6 1) in Q,
e = g(uy) on S, (P,)
ul’l(-x9 0) = uOn 111 Q,

where the sequence {u,} C C"(€2) satisfies the assumption (4.1) and the sequence {f,} C CZ?“(@) fulfills
the hypothesis (4.19). We set

1
Yn(s) = y(s) + P (5.17)

By [8, 18, 21, 22], the approximating problem LP,,) has a solution u, in C((0, T), L'(€))NL>(Q). Then,
the definition of the weak solution {u,} € C*(Q) of (P,) satisfies the following expression

T T
f()(un(-,t),fz(-’t)>gdt+fo h(@) (fa (. 1), €C, D) dt + (uon, £C, 0))a+

T T
+j; (g(un),§>mdt:j(; (VY (uy), VE), dxdt (5.18)

for every £ in C'(Q) such that &, T)=01in Q and g—i =0onsS.

Now we establish some technical estimates which will be used in the proof of the existing solution.
Lemma 5.2 Assume that (1), (J), (A), u € M*(Q) and uy € M*(Q) are satisfied. Let u, be the solution
of the approximation problem (P,), then

| a0 < C (o lIpe@ + 1l 1 llme o) - (5.19)

I V() o) + Nl W) 2= € (o lme@) + 11 1 1w 0) - (5.20)

for almost every t € (0, 7T) and C is a positive constant.
The sequence {[¥/,(,)];} is bounded in L2((0, T), (H'(Q))*) + L'(Q).
Proof of Lemma 5.2. To prove the estimate (5.19), we consider the approximation problem (P,) such
that
Ups = A, (uy,) + h(s) f(x, s) in QX(1r,7T+1),

ng;un) = g(u,) on O0QX(1,7T+1), (5.21)
Un(X, T) = Upp(x) in Qx{t},

where t+¢t<TandT,t € O, 7).
Let us consider & € C"?(Q X [, T + t]) such that g—‘f] =00ndQ X (r,7+1)and £, 7+1) =0in Q as
a test function in the above approximation problem (5.21), then we have

f u,é,dxds + f V() Aédxds + f g(uy)édH (x)ds+
QX(1,7+1) QX(1,7+1) OQX(T,7+1)

+ f h(s) f(x, $)E(x, s)dxds + f U (X)é(x, T)dx = 0. (5.22)
QX(1,7+1) Q
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By the mean value theorem and the assumption (I), the Eq (5.22) yields

f u, (& + 0,A8)dxds + f g(u)édH (x)ds+
QX(1,7+1)

OQX(1,7+1)

+f h(s) fu(x, s)dxds + f,un(x)f(x, T)dx =0, (5.23)
QX(1,7+1) Q

where 6,(x, 1) = [ ¥/, (au,)da.
On the other hand, we consider the following backward parabolic equations

¢ —0Ap=1  in O, =Qx 7+,

g—i =0 on S;=0QX(1,7+1), (5.24)
o, T+ =0 in Qx{r+1},

has an unique solution ¢ in C"*(Q,)NC(Q,) and 0 < ¢ < C for any 7,7 € (0, T) (see [18, Lemma 4.2]).
Then for & = ¢, there holds

1 f " f u(x, s)dxds = f Hn(X)P(x, T)dx + f " f g(u,)pdH (x)ds+
i “ Q T 0Q

+fT+ fh(s)fn(x, s)pdxds (5.25)
T Q

By the assumptions (A), (J), (4.19) and (4.1), there exists a positive constant C such that the expression
below is satisfied

1 T+
: f f i, )dxds < CQl o I + 1 2 Iatecon): (5.26)
T Q

By letting 7 — 0, we obtain the estimate (5.19). Where C = C(W(T), || gu,) llz=mw,),| S 1) > 0. To
prove the estimate (5.20), we consider T, (¥,(u,)) as a test function in the approximation problem
(P,), then we have

10y (X)
f | V) 12 ddt = f ( f Tm(wn(s))ds)dx—
(x0T [Yn(up)<y+1} Q\Jo

uy(x,T) T
_ f ( f Tw(wn(s))ds)dﬂ f f )T (Wt dH () +
Q 0 0 oQ

T
o [ [ TGt e (5.27)
0 Q

where 7,(s) = min{4, s}. It follows that there exists a positive constant C such that

f V() [ dxdr

{(x,)EQT /Yy (uy)<y+1}

<o+ f L (Odx + Cy + 1) 1| gltn) i, +h(T) f F(x, Ddxdr.
Q 0
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For the suitable positive constant C = C(h(T), v, || g(un) Il I & me@)s || o lipe@), | S 1) > 0, the
following estimate holds

f | Vi, (u,) |* dxdt < C. (5.28)
{(x.NEQT [Yn(un)<y+1}

On the other hand, we assume that G,(s) = max{4, s} and we choose G,.1(¢,(u,)) as a test function in
the approximation problem (P,), then we have

105 (X)
f | Vi, (u,) P dxdt = f ( %u(tﬁn(S)))dS)dx—
{(e,)eQT [Yn(un)>y+1} Q \Jo

1, (x,T) T
- ( | gy+1<wn<s>)ds)dx+ [ [ sunGeiwunaricods:
Q 0 0 oQ

T
+ fo f(; h@®) fu (X, DG 1 ()Y dH (x)dt. (5.29)

It implies that

f | Vipu(u) I dxdt
((eDEQ/n(un)>y+1)

S+ l)fg,un(X)deL (y + DM || g(up) |l +h(T)Lfn(x, 1dxdt

It follows that
f | Vo, () |* dxdt < C. (5.30)
{(eNEQ/Yn(un)>y+1}

Combining the inequality (5.28) with (5.30), we deduce that
f | Vg, (u,) |* dxdt < C (5.31)
o
By the assumption (I), then v, (1,) € L*(Q), whence the estimate (5.20) holds.

To end the proof of this Lemma, we consider that for every & € C!(Q) such that if we choose
¢ =y (u,)¢ arbitrary as a test function in problem (P,), then the following stands true

f L) dxdlt = — f 0 (un)div (Vi () dxclt — f WO LG D0, (uédxdt (5.32)
0 (@) 0
It follows that

f Lt dxdt = f 0 () V() VEdxdt — f h(O) o, Db xdi—

0 0 0

W, (i)
o ¥ ()

Now we estimate each term in the right hand side of (5.33), we obtain

| Vi, () | Edxdt. (5.33)

- fs 8, (uy)edH (x)dt +

L U, ) Vi (un) VEdxdt| <I| ¢, Nl fQ | V&N Vi(uy) | dxd. (5.34)
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From Holder’s inequality and (5.31), the inequality (5.34) reads as

f W, () Vi, (u, ) Véd xdt
0

By the assumption (J) and (4.19), we deduce the estimate

< Cl € llx (5.36)

f WD) f(x, Hédxdt
o

where C = C(W(T), || p Ipm+@» || to llpm+y) > 0 is a constant.
By the assumptions (A) and (I), there exists a positive constant C = C(|| g(u,) llr=w.) |
W (uy) llz=w,)) > 0 such that

f g (u)EdHx)dt < C || & llr=~cs) - (5.37)
N

Furthermore, one has

o (Un)
w, | V() [ édixdt] < k11 € llz=(o) f | Vi (u) | dixdt.
In view of (5.28), the expression below holds true
l//;z’(un) 2
——— | V() | &dxdt] < C || € |l (5.38)
o (i) ¥ & & (o)

where C = C(«, || uo lIpm+@), Il & lIpmo) > 0. By (5.35)—(5.38) and (5.33), we infer that the sequence
{[¥u(u)];} is bounded in L*((0, T), (H'(Q))") + L'(Q). O

Now we study the limit points of the sequences {u,} and ¥, (u,) as n — oo.

Proposition 5.1 Suppose that the assumptions (/), (A) and (J) are satisfied. Let u, be the solution of the
approximation problem (P,). Then there exists a subsequence {u,,} € {u,} and v € L*((0,7),H'(Q)) N
L*(Q) such that

U () — v in L2(Q). (5.39)
U () = v in  L*(0,T), H(Q)). (5.40)
[, (un)le = vi in L2((0,T), (H'(Q))"). (5.41)
Un(Up,) = v aein Q, (5.42)

where v, € L'(Q) and v < .

Proof of Proposition 5.1. The convergences (5.39) and (5.40) are the consequence of assumption
(D-(1) and estimate (5.20) respectively. By Lemma 5.1, the sequence {[v,(u,)];} is bounded
in L2((0,T),(H'(Q))") + L'(Q). By [45], there exists a subsequence {u,} C {u,} and v* €
L2((0,T), H'(Q)) N L¥(Q) such that

U, () = v aein Q.
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Furthermore, by [9, Proposition 5.1] and (5.41) holds true and we have

Vo (y,) = v aein Q

with v = v* which leads to (5.42) be satisfied. In view of the assumptions (I)-(i) and (5.17), we get

1 W ) — ) ligr= —
ny

Therefore the following convergence y(u,, ) v in L>*(0) holds true. O

Remark 5.1 For any subsequence {u,, } C {u,} and v the function given in Proposition 5.1, the following
assertions

wt(v) € L((0,T), L"(Q)), u,, » ¥~ '(v) aein Qandu, — g7 '(v) aein S hold.

Proposition 5.2 Assume that the hypotheses (1), (J), (A), u € M*(Q) and uy € M*"(Q) are satisfied.
Let {u,} be the subsequence and v the function mentioned in Proposition 5.1. Then there exist a
subsequence {u,, (-, )} € {u,(-, 1)} and u, , u(-, 1), uy(-, 1) € M*(Q) such that

Up, (-, 1) BN u(-, 1) ;= u,(-, ) + up(-,1) in  M*(Q), (5.43)
U (1) 1) = Yup)(, ) in - ME(Q), (5.44)
() (1) = glup)(, 1) in L9 (5.45)
Moreover, there hold
up(-, ) = u,(-,1t) aein Q and wu,(-,1) = u,(-,1) in M (Q) (5.46)

for almost every ¢ € (0, T). Furthermore u € L*((0,T), M*(Q)) and for almost every t € (0, T), there
holds

| u, ) lpme < CUl 1 vy + 1 uo I me@)- (5.47)

Proof. By the assumption (I)-(?), Y, (u,,) € L*(Q) and using Holder’s inequality, we have

f | Vi, () | dxdrt < [f Ma’xdtr [f(l + Y () dxdt :
0 e o (I + Wy (tn)? 0 e

< c[ f | Vi, () | dxdt]z :
0

From the estimate (5.20), there exists a positive constant C = C(|| ¥, (un) llz=w)s Il 2 lmec) Il
uo ||m+@) > 0 such that

f | Vi, () | dxdt < C. (5.48)
o

According to Lemma 5.1, the assumption (I) and (5.48), we infer that

| @, (1) ”BV(Q):H U, (Uty,) ||L1(Q) + || Vi, (1) ”L‘(Q) + | [, () 1 ||L1(Q)S C. (5.49)
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By Fatou’s Lebesgue Lemma, we obtain

T
f likrninf f U ) |+ | Vi () | + | [ ()]s 1} < C. (5.50)
0 - Q

Then there exists zero Lebesgue measure set Ny C (0, T) such that

h?lglffg“ W, () | + 1 Vi () |+ | W )] 1} (x, 1) < C (5.51)

for every t € (0, T)\N;. In view of (5.51), the sequence {¢,, (ui)(:, 1)} € BV(Q) for every t € (0, T)\N;.
By [44, Chapter IV, Section 1.1, Proposition 5], there exists a subsequence {¢,, (1, )(-, )} and v(-, ) €
M*(Q) a.e in (0, T) such that the convergence

U () D) = V() in MT(Q) (5.52)

holds true. Furthermore, from the assertions (5.19), (5.52) and the Prohorov Theorem (see [44, Chapter
IT, Section 2.6, Theorem 1] or [25, Proposition A.2] or [17, Proposition 1]), there exists a sequence
{77} of the Young measures associated with the sequence {u,,} C {u,} converges narrowly over QX]R to
a Young measure 7 which the disintegration y, is the Dirac mass concentrated at the point U v(-, 1)
for a.e in Q (see [17]). By [25, Proposition A.4], there exist sequences of measure sets Ay C Q,
Ay € Ayyq and | Ag |— 0, such that

u, (s Dxava, — up(, 1) 3:f Adp. (1) in L'(Q), (5.53)
[0,+00)

where u, € L*((0,T), L'(Q)), u, > 0 is a barycenter of the limiting Young measure M., associated
with the subsequence {u,, (-, )} and suppy,. , C [0, +oo0) for almost every 7 € (0, T).

By (5.19) and the compactness result, the sequence {u, xq\4;} is uniformly bounded in L'(Q).
Therefore, there exists a Radon measure u,(-, 1) € M*(Q) such that u,,(-,?) = u-,r) in M*(Q).
Finally, the sequence u,, is of u, (-,1) = u,, (-, )xa, + Uy, (s X o\A, - u,(-, 1) + up(-,1) in  MH(Q).
Hence u(-,t) := u,(-, 1) + up(-, ) in M*(Q) and the statement (5.43) is completed. By the assumption

(I)-(iii), there holds

I Yn ()
im —— =

s—+00 S

By the assertion (5.54) and [45, Proposition 5.2] or [25], we obtain

0. (5.54)

Y ) (1) = 0,1 in MA(Q) (5.55)

where y*(-, t) € L'(Q) and
(1) = Y(Ddp . (D). (5.56)

[0,+00)

Furthermore, we also obtain the next result via (5.55)

Y n = Y(Ddp (D) = lﬁ(j[; )ﬂdﬁ<.,z)(/l)) = Y(up)(, 1).

[0,+0c0)
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By combining the assertion (5.53) and the previous equality, we conclude that y¥(u)(-, #) = v(-, 1) a.e in
(0, T), when the convergence (5.44) is satisfied.
By virtue of the convergence (5.53), the next convergence result

g(u,) = g '(v)) := g(uy) aein S (5.57)

holds true. Since the function g(u,, ) € L*(R,) (see assumption (H)-(i)) and from Fatou’s Lebesgue
Lemma, then there exists a positive constant C such that

T
f lim inf f g(uy, )dxdt < C. (5.58)
0 kot Jsa
Therefore, there exists a zero Lebesgue measure set N, C (0, T') such that
liminff guy )(x,)dx < C (5.59)
k=+eo - Jan

for every t € (0,T)\N,. In view of (5.59) and (5.57), there exists a function z(-,7) := g(u,)(-,1) €
L>(0Q) such that the convergence (5.45) is achieved.
To show (5.46), we consider the functions F, G : R, — R, defined by setting

0 if s<1,
—1)2 .
Fe(s) = { & if 1<s<i+1,
s—=1-1 if s>141,
€ 2 €

and G.(s) = s — F.(s) for every € > 0. It is worthy observing that F.(s) > 0 in R, and
0 < F/(s) < x1,(s). According to the above results, there exists a subsequence {u, } in Lemma

5.1 and Proposition 5.1. For any nonnegative function p € Cz(ﬁ), we choose F.(u,, )p(x) as a test
function in the approximation problem (P,), then we obtain the following identity

f Fe(u, )(-, T)p(x)dx < f Fe(uon )p(x)dx — f T f FL(un )V, () Vp(x)d xdt+
Q Q 0 Ja

+fjkwﬁmmmwmwﬁffwmmwmmth (5.60)
0 oQ 0 Q

where v € (0,T). Since the sequence {F_(u,, )} is uniformly bounded in L*(Q), then F.(u,) — 0
as € — 0" and F.(u,) — 0as e — 0". By Lemma 5.1 and Proposition 5.1, and by applying the
Dominated Convergence Theorem, results to

lim TfF’E(unk)ank(unk)Vp(x)dxdt:fTfF’E(w_l(v))Vva(x)dxdt. (5.61)
0 Ja 0 Jo

k—+00

Similary, we get

lim fo fa Qg(unk)Fé(unk)p(X)dW(X)dydt = fo fa N W MFW ™ (Mp()dHdr,  (5.62)

k—+o00
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By the statement (4.19) and Proposition 5.1, we have

lim f ' f h(t) fo (5, OF .ty yo(x)dxdt = f ' f () f(x, DF. (" ())p(x)dH (x)dt. (5.63)
0 Q 0 Q

k—+o00

Given the properties of the sequence {F.(u,, )} and passing to limit in (5.61), (5.62) and (5.63) when
€ — 07, then the following holds

lim lim f () VW, (1 )V () xdt = 0. (5.64)
0 Q

e—0" k—+oc0

Similarly we obtain

lim lim f ' f 8ty )F. (u )p(x)dH (x)dt = 0. (5.65)
0 Joa

e—0% k—>+oc0

And

e—0% k—+c0

lim lim f ' f h(t) fo, (x, OF.(u,, )p(x)dxdt = 0. (5.66)
0 Ja

On the other hand, we have
Fe(uOnk) = Uon, — Ge(”Onk) = Uorn, + Uosn, — GE(MOnk)-

Since ug,, — o, in L'(Q), Upsn, - ups in M*(Q) and the sequence {G.(uo,, )} is uniformly bounded in
L>(Q), then we deduce that

Uorn, — Ge(”Onk) — Upr — Ge(”Or) = Fe(u()r) in LI(Q) (567)

According to the convergence statement (5.43), we have
Feltn)(51) = (1 0) = Gelttn ). 1) = (s + 47 0) = G 0)C,0) in MA@ (5.68)

where Fe (™' ), 1) := ¢~ ()G, D) = G ), ).
Furthermore, from the Eqs (5.43) and (5.66) we obtain the following

lim Hm | Fe(u,)(, Dp(x)dx = (ug(, 1), plg + lim f F(y™ (), Dp(x)dx. (5.69)
Q 0" Ja

e—0% k—+c0

It follows that
lim lim f Fe(un ), Dp(x)dx = (uy(-, 1), p)g - (5.70)
Q

e—0" k—+c0

Likewise, from (5.67) one has

lim lim | Fe(uo,)(, Dp(x)dx = {ugs, p)g + lir(l)fl f Fe(up)p(x)dx.
Q 0" Jo

e—0" k—+c0

It implies that
lim lim f Fe(uon )p(x)dx = (uos, p)g - (5.71)
Q

e—0% k—>+c0
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Combining the statements (5.64)—(5.66), (5.70), (5,71) with (5.60) yields

<Lta(', t)’p>Q < <u0s,p>§2 .

Since u,(-, ) is a singular measure with respect to the Lebesgue measure u,(-, 1) = [u,(-, )]y = u(-, 1)
for a suitable 7 € (0, T) \ H*, where H* is zero Lebesgue measure in (0, T'). Hence the assertion (5.46)
is obtained.

From [44, Chapter 5, Section 5.2.1, Theorem 1], the estimate (5.19) yields

I uC, 1) [ @< likm+inff U (- D)dx < C(l| uo Iy + 11 1 lla0)- (5.72)
—+00 Q

The estimate (5.47) is completed. O
Proof of Theorem 2.2. By Proposition 5.1 and Proposition 5.2, we have y(u,) = v a.e in Q. Hence the
problem (P) has a weak Radon measure-valued solution u in L*((0, T), M*(Q)). O
Remark 5.1 By Theorem 2.2, the result holds

[u(-, 0]y < ups in - M (Q) (5.73)
for almost every t € (0, 7). By (5.73), there exists zero Lebesgue measure set N3 C (0, 7) such that
[u(-, D]c2(E) < [uglea(E) in MT(Q) (5.74)

for all Borel sets E C Q, with C,(E) = 0 and ¢ € (0, T)\N53.
Proposition 5.3. Suppose that the assumptions (/) and (A) are fulfilled. Let {u, } be the subsequence
and v the function given in Proposition 5.1. Then the following sets

S={xn e\ pu)x,n =7} and N = {(x,1) € 0\ gw)(x,1) = 0}

have zero Lebesgue measure. Moreover S € N and 8 = S U N has zero Lebesgue measure.
Proof of Proposition 5.3. By [9, Proposition 5.2], the set S has zero Lebesgue measure. Assume that

Aj:{(x,t)eé\v(x,t)s %}

Then, it is worth observing that

A 24, N={ 4, [ Nl= lim |4 (5.75)

j=1
To prove that | N [= 0, it is enough to show that | A; [— 0 as j — +oo.
Since the function g’ < 0 in R, (see the assumption (A)-(i)), then we have
2 (2 —
8uy,) < ; S Uy =8 ; ((x,1) € Q). (5.76)

It follows that )

g—l(—_)f Xl )<;]dxdt§ funk(x, Hdxdst. (5.77)
J [(XJ)GQ\V(x,t)SH )= 0
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By the estimate (5.19), we have
(2
8 ; |A; IS CT || p lIme ) - (5.78)

Since g™ (2) — +oo as j — +oo, then (3.62) yields | A, |- O as j — +oo.

Assume that (xg,%)) € 8, then ¥(u,(x9,1))) = v for every y € (0,+00). Since g(u,(xo,t)) =
%f;")(xo, o) = a%()/) = 0. Therefore, (x¢, %)) € N, thatis S C N holds true. The fact that S C N, then
B = N. Consequently, B is zero Lebesgue measure set. O

6. Uniqueness results of the problem (P)

Proposition 6.1. Under assumptions (/), (A) @d (J). Let u be a very weak Radon measure-valued
solution to the problem (P) and for every p € C*(Q) such that g—)’; = 0 on 0L, there holds

ess lim (u(,1),p)q = (o, p)q (6.1)

Proof of Proposition 6.1 Let us consider that for every 7 > 0, the smooth function 1, € C'(0,T),
0 < i, < 1 such that

0 if 0<r<t —r,
Lt+t-1) if h—-1<t<1,
n() =41 if 1 <t<t, (6.2)
L-t+7+0) ifth<t<t+r,
0 if b+7<r<T.

Let us choose p j(x)n.(t) as a test function in (P), there holds

T
fo fg {—uo,0m, (1) = D800} dxdr =

T T
f f 8u)p j()n(DdH (x)dr + f f h(®) fn-(D)p j(x)dxdt. (6.3)
0 Joa 0 Jo

It is worth observing that the first term on the left hand side of the equality (6.3) gives

T il
f f —up (xX)n(t)dxdt = ! f f u(x, t)p j(x)dxdt+
0 Jo T Jn-rJa

WL f o f u(x, 0 (x0dxdt. (6.4)

T 15 Q

Let us consider a zero Lebesgue measure set D; in (0, T) such that for any #;, #, € (0,T) \ D;, one has

T
limf f—upj(x)n;(t)dxdt:—fu(x,tl)pj(x)dx+fu(x,tz)pj(x)dx. (6.5)
0o Ja Q

-0 Q
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We assume that a sequence {p;(x)} of test functions in € such that
peCHQ) , pix) > px) with p(x) € CH(Q)

and
Apj(x) — Ap(x) uniformlyin Q.

Then for every t € (0,T) \ D;, there holds

fu(x Dpj(x)dx — fuopj(x)dx—fftp(ur)ApJ(x)dxds+

f j;g g(u)pj(x)dH (x)dt + f fh(t)fp](x)dxdt (6.6)

By Dominated Convergence Theorem, we obtain

f u(x, Hp(x)dx — f upp(x)dx = f f Y(u, ) Ap(x)dxds+

ff g(u,)p(x)d?-((x)dt+f fh(t)fp(x)dxdt (6.7)

forevery t € (0,T) \ D with D = |50 D;
Since ¥(u,) € L*(Q), for every p € CZ(Q) and for every sequence {¢;} € (0,7)\ D, t; = 0" as j — oo

such that .
f u(x, t))p(x)dx — f upp(x)dx = f f Y(u,)Ap(x)dxds+
Q o) 0 Jo
+ f : f gu)p(xX)dH (x)dt + f j f h(t) fp(x)dxdt (6.8)
0 Joo 0 Ja
holds true.

Since u € L*((0, T), M*(Q)), then we have

sup || u(-, 1)) lIm-@< C. (6.9)
J

So that there exists a subsequence {¢;,} € {¢;} and a Radon measure py € M () such that
u(-, t]m) o in M"(Q) as j, — oo. (6.10)
By the standard density arguments, one has

ess lim (u(t;,),p) = (uo,p)g (6.11)

Jm—

where o = ug, hence (6.1) is obtained. O

Proof of Theorem 2.4 Let u; , u, be two very weak solutions obtained as limit of approximation of
(P) with initial data ug;, and ug,, respectively . Let {uy,}, {us,} € L=(Q) N L*((0,T), H'(Q)) be two
approximating sequence solutions to the problem (P,). We consider a test function & € C>!'(Q) such
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that £(-,7) = 0 in Q and g—f; = 0 on 9Q X (0, T) in the approximation problem (P,) in the sense of the
Definition 2.3, then there holds

f (uln - u2n)§thdt = - f (lpn(uln) - l//n(MZn)) Aé:dxdt_
0 o

- f W(O) fin — fon) Edixdt — f (G1n — gon) ECH (i~
0 S

fg (tto1n — o) E(x, 0)dx, 6.12)

where {f1,}, {f2n}, {101}, and {up,,} are two approximating functions.

By the assumption g(u,) = L a.e in S, then for any sequences {u1,}, {#2,} one has g(u;, = g(uz,) = L
on S. Consequently the third term on the right hand-side of the equation (6.12) vanishes.

For almost every (x, 1) € Q, we consider the function a,(x, ) defined as

W (U1 (X,1) —Yn (uon (X,1)) :
a,(x,t) = U1 (X,1)—t2n (X,1) it uin(x, 1) # u2n(x, 1), (6.13)
Y (u1(x, 1)) if (X, 1) = upy(x, 1).
Obviously a, € L*(Q) and for every n € IN there exists a positive constant C,, such that

ess inf a,(x,r)>C, > 0. (6.14)
(x,neQ

This ensures that for every z € C Z(Q), the problem

En+a, A +272=0 in Q,

‘;i; =0 on S, (6.15)
£G.T)=0 in Q,

has a unique solution &, € L*((0, T), H*(Q)) N L*((0, T), H'(Q)) with &,, € L*(Q) (see [18, 21]).
Moreover, it can be seen that
| £, ) IS (T =) || 2 |l - (6.16)

Let us consider the function § such that forany ¢, + 1 < t, and ¢, , 1, € (0,7T)

0 if 0<r<1,
B =li—1,  ifn<i<m, 6.17)
h—14 if t>1,.

Choosing SAE, as a test function in (6.15), then we obtain

f EuB(OAEdxdt + f B(D)an(x, HIAE,2dxdt + f BA)AE,dxdt = 0. (6.18)
0 0 0

It follows that |
3 f | V&, [ dxdt + f a,(x, DA dxdt < Co(T, z) (6.19)
o 0
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holds, for some constant Cy(7, z) independent on .
From (6.16) and (6.19), there exists a constant C (7, z) such that

I & ll2qommn@)y + I VanAé, iz < Ci(T, 2). (6.20)
On the other hand, multiplying (6.15) by A&, and we obtain

- f VEVE, + f an[AE,Pdxdt = — f &, Azdxdt
o 0 o

% f | V&, P (x,0)dx + f a,[AEPdxdt < Cy(T, 2), (6.21)
Q 0

which leads to

where C»(T,z) = C (II En o) Il 2 IICz@) > (. Therefore, we get

I €2, 0) [l + |l Va,A¢, l20)< Co(T, 2). (6.22)

By standard density arguments, we can choose & = &, as a test function in (6.15). It implies that (6.12)
yields

f (U1, — Uzy) zdxdt = fh(t) (fin — o) En(x, )dxdt+
o (9]

+ f (o1 — Uo2n) En(x, 0)dx. (6.23)
Q

Letting n to infinity in (6.23). Then it enough to observe from (6.20), there exists &, €
L>((0,T), H*(Q)) N L*((0, T), H'(Q)) which is obtained by extracting the subsequence of the {&,} such
that

Ex, ) = Ex, 1) in LY(Q). (6.24)
&(x, 1) = &x,0) in L*((0,T), H'(Q)). (6.25)
Since &, € L*(Q) and the compactness theorem states in [21], we deduce that

En(x,1) = £(x,1) in L*((0,T), (H'(Q))"), (6.26)
E(x, 1) = &E(x, 1) aein Q. (6.27)

By (6.16) and (6.22), there exists £(+,0) € L¥(Q) N H'(Q) such that the following statements
£(x,0) = £(x,0) in L2(Q), (6.28)
Ex(x,0) = &(x,0) in H'(Q) (6.29)

holds true. By Theorem 2.1, the solutions of the problem (H) are unique in M*(Q). Therefore f, = f

in M*(Q) and f, = f in M*(Q). Furthermore, the sequences {ug;,} and {uy,} satisfy the assumption
(2.6). By combining the above assumptions and Dominated Convergence Theorem, the Eq (6.23) reads

f (u; — up)z(x, H)dxdt = lim f [A()(f1n — fon)] E(x, D)dxdt+
0 n=tee Jo

+ lim f (foin = foon) £(x, 0)dxdr — lim f (Foin = Foon) £(x, 0)dx = 0
n—oo Q n—o0o Q

It follows that u; = u, in M*(Q). O
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7. Decay estimates solutions of the problem (P)
In this section, we prove the result of decay estimate solutions.
Proof of Theorem 2.5. We consider u, and v, two solutions of the approximation problems (P,) and

(Py,) respectively. For any & € C'((0,T), C'(Q)) such that £(-,7) = 0 in Q and % =0on S as a test
function of the approximation problem (P,) — (Py,), then there holds

f (4, — vp)é,(x, Ddxdt = f VIy(u,) — 9(v,)Védxdt — f h(t) f(x, Hédxdt—
(Y] 0 0

- fs (g(un) — g1(v))sdH (x)dr. (7.1)

For every € > 0, we consider {z.} be a sequence of smooth functions such that || z¢ [|,10)< C and
Ze(1) BN 0, in M*(0,T). Let us choose &(x, 1) = sign(u,(x,t) — v,(x,1)) f[T 2(s)(T — 5)*ds(a > 1) into
the Eq (7.1), then (7.1) reads

T
[f ze(O(T — l)“dt] [f | un (- 1) = V(- 1) | dX]
0 Q
T T
= - [f h(t) (f z2(s)(T — s)“ds) dt] [f Susign(u,(x, 1) — v, (x, t))a’x] -
t 0 Q

T T
—[ f ( f ZE(S)(T—S)“dS)dt] [ f <g<un>—glwn))sign(un(x,t)—w(m))dﬂ(x)] (7.2)
t 0 0Q

Letting € — 0% in the previous equation and using the properties of the Dirac mass at ¢, then we have
the following expression

(T - t)“f | u, (-, ) = v (-, ) | dx < C f JoCe, (T — 1)*dxdt (7.3)
Q Q

forany 7 € (0,7)\H" with | H* |= O and C = C(| S ||l 8(us) llz=r,)s I 810vn) llzow,), T%) > 01 a
constant. On the other hand, by (4.5) we have

Jae, (T =) =T fg Gn(x =y, Duon(y)dy + f fa N Gy(x =y, 1 = )g(fu)(T — o) dydo+
0

+ f f Gy(x—y,t—0) {—a/fn(T — o) 4 (T - 0')“} dydo.
0o Ja

By (2.11)—(2.13) and the properties of the Green function Gy , we get the following result

ffn(x, (T — )%dxdt < TV f uo,(y)dy + a/f ffn(y, o) (T — o)*dydodt+
0 Q 0 Jo

t T
+ f fﬂn(T — o)*dydodt + f fg(f,,)(T — o0)*dydodt.
0 Jo 0 Js
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By the assumptions (A), (4.1) and (4.2), there exists a positive constant C = C(T**L, || g(f,) | Lo(R,)s |
S |) > 0 such that

ffn(x, (T = 0)%dxdt < C(|| uo llm + Il 1 lIm@) + ozf (f Jfulx, )T - a)“dxdt) do. (7.4)
0 0 0

By Gronwall’s inequality, (7.4) yields

ffn(x, D(T = 1)*dxdr < Ce*" (Il uo lm-@) + Il 2 lme@) (7.5)
0

where C = C(T“, || g(f,) llz=®.)>| S |, €®") > 0 is a constant. Combining (7.3) with (7.5), we deduce
that

(T - t)“f L a5 1) = v (1) [ dx < C(I] o Ime + 1l 1 [T (7.6)
Q

By [24, Chapter V, Section 5.2.1, Theorem 1], the semi-continuity of the total variation yields,

n—oo

(T =" | uC,0) =v(, D) lIme@= (T — ) lim inff | un( 1) = v 0) [ dx
Q

< Clluo v + 11 llme0))- (1.7)

Hence (2.18) holds.

We consider u,, and w, two solutions of the approximation problems (P,) and (P,,) respectively.
For any ¢ € C'((0,T),C'(Q)) such that £&(-,T) = 0 in Q and g—f; = 0 on S as a test function of the
approximation problem (P,) — (Py,). Therefore, we have the following equation

f (un = wa)&i(x, Ndxdt = f Viy(un) — y(w,)Védxdr - f Uuoné(x, 0)d xdt (7.8)
0 0

Q

Taking &(x, t) = sign(u,(x, 1) —w,(x, 1)) ft ’ Z(s)(T — s)*ds(a > 1) into the equality (7.8), then we obtain

T
[ f ze(t)(T—t)“dt] [ f | un<-,r)—wn(-,r)|dx]
0 Q

T
=- [ f 2e(s)(T - S)"df] [ f UonS1N(1t, (X, 0) — Wy (x, 0))]-
0 Q

Letting € — 0" in the previous equation and using the properties of the Dirac mass at 7, then we have

(T - t)“f | u, (-, 1) = wyu(,8) | dx < T f Ugndx. (7.9)
Q Q

By (4.1), the above inequality (7.9) yields

(T - t)af | un(, 1) =wa(,0) | dx < C [l ug [me) - (7.10)
Q

By [24, Chapter V, Section 5.2.1, Theorem 1], the semi-continuity of the total variation yields,
(T = 0 1) =) € (T = 0 imint [ [ ,0) = i)
n—00 )
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< Cll up llme

where C = C(T, @) > 0 a constant. Hence (2.19) is achieved. Now we consider the auxiliary function
‘W, such that
W, (x,t) = t“u,(x, t)sign(‘W,) (7.11)

for every @ > 1. The derivation of the expression ‘W, with respect to the variable ¢ gives
Wu(x, 1) = at™  u,(x, )sign(W,) + t¥ 1, (x, H)sign(‘W,). (7.12)

Since u,, = AY(u,) + h(t) f,(x, ) and we multiply the Eq (7.12) by the function sign(‘W,) and then we
integrate the result over Q X (0, r)(for any ¢ € (0, T")), then we obtain

fI(WHI(x,t)dx:aff s"_lfun(x, s)dxds+ff g(u,,)s"cﬁ-((x)ds+f fs"h(s)fn(x, s)dxds.
Q 0 Q 0 Joo 0 Jo

(7.13)
By replacing the expression of ‘W, in (7.13), we deduce that

t”fun(x, t)deaT"fun(x, t)dxdt+T"fg(un)d?((x)dt+h(T)T"ffn(x, Hdxdt. (7.14)
Q 0 N Q

By assumptions (A), (J), (2.16) and (4.19), there exists a constant C = C(aT**", (T)T?, || g(u,) llz=r,)
) > 0 such that

t“fun(x, Ndx < C(|| uo [mr@ + Il 4 llme)- (7.15)
Q

According to [24, Chapter V, Section 5.2.1, Theorem 1], we conclude from the estimate (7.15), the
following estimate

N ul, 1) Ipe @< linminff u, (-, dx < C(|| up llm + Il 1 llme0)-
—00 Q

Hence the estimate (2.21) is completed. O
8. Asymptotic behavior solutions of the problem (P)

To show the existence of the problem (E), we employ the natural approximation method. Therefore,
the solution of the problem (P) is constructed by limiting point of a family {u,} of solutions to the
approximation problem. To this purpose, we consider the function ¢ € C°(Q2) such that 0 < ¢ < 1 and
¢ = 1in K, (for any compact set K, C Q c R"), then we get

—Agy(U)) + ¢U = dup + &(¢) in D'(Q)
where &(¢) = —(U)A¢p — 2VpViy(U) and &(¢) = 0 in K, with &(¢p) € L'(Q).

Now we consider the approximation of problem (E)

{—Aw(Un) +U, =uy, in Q, )

W) = g(Uy) on 9Q,
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where ug, = (¢uy + £(¢)) * p, and {p,} a sequence of standard mollifiers. Furthermore, the sequence
{up,} € C w(ﬁ) satisfies the assumption (4.1).

Then for every n € IN, there exists U, € H'(Q) N L*(Q) solution of the approximation problem
(E,).

In the next Lemma, we state the technical estimates important for the proof of the existing solutions.
Lemma 8.1 Assume that (/), (A) and uy, € M*(Q) are satisfied. The sequence {U,} be a weak solution
of the approximation problem (E,). Then, there holds

Il Un llevey= €l uo lime s 8.1)

| V(U 2@ + 1 ¥(Un) M2y C, (8.2)

where C > 0 is a constant. Moreover, for every 1 < p < % there holds

I Vi(U,) o) + Il (U llr=< C, (8.3)

where C = C(p) > 0 is a constant. .
Proof of Lemma 8.1 We consider ¢ € C'(Q) as a test function in the approximation problem (E,), then
we have

fVl//(Un)V(pdx+fUngadx:fu0ng0dx+f g(U,)edH (x) (8.4)
Q Q Q o)

Assume that Q_ = {x € Q/ U,(x) <0 in the sense of Ll(Q)} and
@(x) = inf (U, (x), 0}. It is worth observing that ¢(x) € L'(Q). To show that U, > 0 in Q, it is enough
to prove that ¢(x) = 0 in Q. Indeed, we choose ¢(x) = sign(U,(x)), then we get

f | Un(x) | dix = f Uon()sign(Un(0)dx + f USign(U,(NdHX <0 (8.5)
Q_ Q_ 0Q_

where ug, > 01in Q and g > 0 in R, (see the assumption (A)). Therefore ¢(x) = 0 a.e in Q. Hence the
solution of the approximation problem (E,), U,(x) > 0 a.e x € Q.
Now we consider the regularizing sequence {7} € C'(RR,) for every € > 0 such that
DO0<LT(s)<1inR,;,T(s)=0,7.>0in R4,
(i) 7<(s) — 1 as € — 0" for every s # 0.

We choose 7.(U,) € H'(Q) N L*(Q) as a test function in the approximation problem (E,) and by
employing the assumptions (A) and (/), then we get

fQ‘TQ(Un)W(Un(X)) | VUL (x) > dx + fg Un()T (Up)dx < C || uo lime (8.6)

where C = C(|| g(U,) lle=mw.), | 022 |) > 0. Since T/ (Uy'(U,(x)) = 0 in R, (see the hypothesis (1)),
then (8.6) reads

f Un()T (Un)dx < C || ug v (8.7)
Q

Again, by considering the limit when € — 07, the estimate (8.1) holds true. Now we consider another

regularizing sequence {T.} € C'(R,) for every € > 0 such that T(s) = 1if 0 < s < é, T(s) = es if
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é < s < %, T(s) =2if s > % It is obvious to see that 1 < T.(s) < 2 in R,. We take the function
w(s) = fos T.(o)do and we choose ¢(y(U,)) as a test function in (E,), then we obtain

fQIVl//(Un) & Te(l//(Un))dX+LUnSO(l//(Un))dx:fgtp(l//(Un))uondX+j;gg(Un)w(l//(Un))dW(X)-

(8.8)
Since 1 < T(Y(U,)) <2 and Yy(U,) < o(U,)) < 2¥(U,), therefore there exists a positive constant C
such that

f | V(U,) P dx < C [l uo v (8.9)
Q

where C = C(|| ¥(U,) llz=w,y ll 8WUy) llem,y.| 02 ) > 0. By the assumption (), the statement
Ww(U,) € L*(Q) holds. Whence the estimate (8.2) is achieved.
Again, recalling the Holder’s inequality, we get

RUATIE 7
fg | Vy(U,) P dxs[ fQ s w(Un»zdx] [ fg <1+w<Un>>‘fdx]

’

where g := % and ¢’ := 27217. Therefore, there exists a positive constant C = C(p, || ¢(U,) llL~mw,)) > 0
such that

f | Vy(U,) |? dx < C (8.10)
Q

By the assumption (/), the statement ¥/(U,) € LP(L2) holds. Hence the estimate (8.3) is achieved. O
Proof of Theorem 2.6. From the estimate (8.2) and assumption (A), we can extract from {{(U,)} a
subsequence {y/(U,,)} such that

yWU,)—V in H'(Q) and yWU,)—V aein Q (8.11)

gU,) >V L°0Q) and gU,)—V aein 0O (8.12)

By (8.3), the sequence {y/(U,,)} € BV(Q) and applying [44, Chapter IV, Section 1.1, Proposition 5],
there exists a subsequence {y/(U,,)} and V; € M"(Q) such that the convergence

W(U,) — V; in M*(Q). (8.13)
By repeating the same method as in the Proposition 5.2, we deduce that
U, = U:=¢ (V) + 1, in M(Q) (8.14)

where U, = ¢! (V) a.ein Q, Uy = A, in M*(Q) and U, = g7 (V) a.e in Q.
By [24, Chapter V, Section 5.2.1, Theorem 1], the estimate (8.1) yields

U llm @< liminff Un()dx < C || uo llme) -
n—00 Q

Hence the estimate (2.23) is completed. O
Remark 8.1 The sets

So = {x € Q\ (U@ =y} and No = {x € @\ g(U)() = 0]
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have zero Lebesgue measure. Moreover Sy € N, and supp(Uy) C So.
Proof of Theorem 2.7. We choose &(x, t) = sign(u,(x, t) — U,(x)) ft ’ z.(s)s%ds(a > 1) as a test function
in the approximation problem (P,) — (E,), then we have

T T
f f | a(x,1) = Un(x) | 2e(0)1"dt = f f | ton(x) = U, (x) | ze(0)t" dtdx+
QJO QJO

T T
+ f f [g(un) — (U, 1sign(u,(x, 1) — Un(x)) f zZe(8)s"dsdtdH (x)+
QJO0 t
T T
+ff u,(x,t) — U,(x)]sign(u,(x, t)—Un(x))f z(8)s%dsdtdx+
QJ0O t

T T
+ f f h(t) f,(x, )sign(u,(x, 1) — U,(x)) f z.(8)s"dsdtdx.
Q JO t

By the previous proof mentioned above, we deduce that

T
ff | un(x, 1) = Up(x) | ze(O1"dt < C(|] t [Im+) + 1| 12 lme0) (8.15)
o Jo

where C = C(aT*"', (T), T, || g(u,) Iz~ | S ) > 01is a constant. By letting € — 0%, then (8.15)
reads

t"f | un(x, 1) = Up(x) | dx < C(ll uo llm) + 11 1 lIme0)- (8.16)
Q

By virtue of [24, Chapter V, Section 5.2.1, Theorem 1], then the semi-continuity of the total variation
yields

N uC, 1) = UC) Im-@=< 1im+inft”f | un(x, 1) = Up(x) | dx < C(ll uo e + 1 1 llme @) (8.17)
n—+oo Q

for almost every t € (0, T) and @ > 1. By considering to the limit as # — +oo in the following inequality

C
|| u(-,0) = U() ||M+(Q)S t;(” Uo ||M+(Q) + |l p ||M+(Q))-

Hence the statement (2.24) follows. O
9. Conclusions

In this paper, we study the existence, uniqueness, decay estimates, and the asymptotic behavior of
the Radon measure-valued solutions for a class of nonlinear parabolic equations with a source term
and nonzero Neumann boundary conditions. To attain this, we use the natural approximation method,
the definition of the weak solutions, and the properties of the Radon measure. Concerning the study
of the existence and uniqueness of the solutions to the problem (P), we first show that the source
term corresponding to the solution of the linear inhomogeneous heat equation with measure data is a
unique Radon measure-valued. Moreover, we establish the decay estimates of these solutions by using
the suitable test functions and the auxiliary functions. Finally, we analyze the asymptotic behavior of
these solutions by establishing the decay estimate of the difference between the solution to the problem
(P) and the solution to the steady state problem (E).
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