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Abstract: This paper investigates the problem of adaptive distributed consensus control for stochastic
multi-agent systems (MASs) with full state constraints. By utilizing adaptive backstepping control
technique and barrier Lyapunov function (BLF), an adaptive distributed consensus constraint control
method is proposed. The developed control method can ensure that all signals of the controlled system
are semi-globally uniformly ultimately bounded (SGUUB) in probability, and outputs of the follower
agents keep consensus with the output of leader. In addition, system states are not transgressed their
constrained sets. Finally, simulation results are provided to illustrate the feasibility of the developed
control algorithm and theorem.
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1. Introduction

Consensus control is one of the basic problems in the coordinated control of multi-agent
systems (MASs) and has wide application prospect in the fields of aerospace, robot and autonomous
ocean vehicle, which means that the state or output of the follower agents of MASs tend to contain
consensus with the state or output of the leaders through local communication. In recent years, the
consensus control of MASs has been become the hot research direction in the fields of control
engineering, and some critical results have been received, see [1-8]. The authors in [1] first
researched the observer-based distributed consensus control for multi-agent networks.  The
works [2,3] studied the consensus control problems for second-order multi-agent systems, and the
work [4] proposed the consensus control for linear MASs with directed topology. The authors in [5,6]
studied the adaptive consensus tracking control problems for high-order nonlinear MASs, and [7]
investigated the distributed adaptive asymptotically consensus tracking control problem. The authors
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in [8] developed the event-based robust adaptive consensus tracking control problem for nonlinear
MAS:s.

However, the above proposed control methods all do not consider the constraint control problems.
Generally, most physical systems have various forms of constraints, for example, safety
specifications, saturation and physical stoppages. If these constraints are violated in control design,
which will lead to system performance degradation, and even lead to serious security problems.
Hence, the researches of constraints control have great significance for the physical systems, the state
or output constraints control problems should be considered in control design. The authors in [9]
studied the output constraint control problem by adopting barrier Lyapunov function (BLF) technique.
Then, based on the proposed control approach in [9], the work [10] investigated the adaptive NN full
state constraint control problem, and the works [11,12] studied the adaptive constraint tracking
control problems for nonlinear system with stochastic disturbance and full state constraint. The
authors in [13] studied the observer-based adaptive optimal full state constraint control problem for
nonlinear systems. Since the finite-time control has the features of better robustness, fast transient
performances, the authors in [14] proposed the finite-time adaptive fuzzy full state constraint control
method for nonlinear system, and [15] developed the finite-time adaptive full state constraint control
method for stochastic nonlinear ones.

Most notably, the above presented constraint control approaches are all for single-agent systems,
which cannot be directly applied to solve the control problem for nonlinear MASs. In recently, some
adaptive constraint control schemes have been developed for nonlinear MASs, see [16-23]. The
authors in [16,17] developed adaptive fixed-time consensus control approaches for MASs with full
state constraints. Based on [15], the works [18] studied the adaptive optimal consensus control for
stochastic nonlinear MASs. Considering the unmeasured states, the authors in [19,20] studied the
observer-based adaptive output constraint control problems for nonlinear MASs. By using the unified
transformation functions, the authors in [21] proposed an adaptive containment constraint control
approach, and [22] developed distributed adaptive consensus constraint control approach for MASs.
The work [23] developed the distributed consensus for nonlinear MASs with output constraints. It
should be pointed out that there are no available works for robust adaptive consensus full state
constraint control design for nonlinear MASs with stochastic disturbances. Thus, it is necessary to
study the adaptive distributed consensus constraint control of stochastic nonlinear MASs.

This paper investigates the problem of adaptive robust consensus constraint control design for
nonlinear MASs with stochastic disturbances and full state constraint. BLFs are adopted in control
design to deal with the problem of full state constraint control. Compared with the existing works, the
major contributions of this paper can be highlighted as:

1. This paper first investigates the adaptive full state constraint consensus control design problem
for nonlinear MASs under undirected graphs with stochastic disturbances. Based on adaptive
backstepping technique, this paper proposed robust adaptive constraint consensus control
approach, which can ensure all signals in the considered system are semi-globally uniformly
ultimately bounded (SGUUB), and all states do not exceed their constrain bound.

2. Noted that [16,17,22] are also studied the adaptive full state constraint consensus control
problems, but the stochastic disturbances are not be considered in control design, the proposed
control approaches cannot be applied to solve the control problem in this paper.
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2. Preliminaries and problem description

2.1. Graph theory

Algebraic graph G(A, E, Y), which is an undirected graph, can be used to depict the topology of
the interactions between leader and followers, where A = {0y, - ,0,} denotes the set of all nodes,
E = {(nj,m) € A X A} denotes the set of edges, if agent j can get the information from agent i, then
(0i,0)) € E. T = [a;;] is the adjacency matrix of leader, the element a;; is the communication weight,
which can be depicted as a;; = aj; = 1 © (0;,0j) € E,and a;; = a;; = 0 & (0;,0;) ¢ =, T 1s symmetric
and the diagonal elements a; = 0. Let ¢;; = (0;,0;) 1s the edge connecting between agents i and j and
the set of neighbors of node j is defined as N' = {jl(0;,0;) € E}. The Laplacian matrix L = [/[;;]yxy of
the digraph G can be defined as L = D — Y, where diagonal matrix 9 = diag{d,, - - - ,dy} denotes the

degree matrix of digraph G with d; = }} a;;.
JEN;

2.2. Stochastic nonlinear systems

Consider the nonlinear stochastic systems as

dy(t) = f@)dt + h(x(0)dw(t), x(0) = xo. 2.1)

where w denotes r-dimensional independent standard wiener process and the incremental covariance
E{dw - dw’} = o(t)aT (t)dt, y € R" denotes state. f : R" — R" and h : R" — R™", and satisfy f(0) =0
and h(0) = 0.

Definition 1: ([6,24]) For any function V(y) and stochastic nonlinear system (2.1), defining the
differential operator ¢ as

0 1 %
Vo) = 2 00 + S THO I () e b)), 22)
oy 2 ox*?
where Tr{A} is the trace of matrix A.

2.3. System description

Consider the ith agent of nonlinear MASs as

dxij = Xije1 + @l (00 )0 1dt + bl (5)dw
d)(,',n = [u; + ¢Zn(/%i,n)9i,n]dt + I’llTn(‘)_/)dW (2.3)
yi:)(i’l,lﬁl'SN, 1S]Sn—1

where yi; = [xi1, - s xij) (Cin = Xits - s xinl") is the state vector, u; is control input and y; is
systems output, j = [y;,--- ,yy]". 6;; is an unknown constant vector, and ¢; ;(-) is continuous nonlinear
function. hfj(-) is an unknown nonlinear function, w is an r-dimensional independent standard Wiener
process, and the disturbance covariance is bounded and assumes th ;hi.j = B with unknown constant j.
All stat variables are limited to a compact set, that is, I,yi,k| < K., with constant K., > 0.

Assumption 1: [7] The undirected graph G is connected. Assume that at least one follower agent
can obtain the information from leader.
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Assumption 2: [12] The reference signal function y,(¢) is bounded and satisfies |y,(#)] < M, with
constant M, > 0. In addition, its i— order derivatives are also bounded and satisfy |y2) < M,; with
constant M; > 0.

In this paper, we will develop an adaptive consensus full-state constraint control approach for
MASSs (2.3), such that:

1. All signals of the controlled system are SGUUB in probability;
2. All states in controlled system do not beyond the constrained sets;
3. The each agent outputs y; can keep consensus the leader’s output y,.

3. Adaptive consensus tracking control design

In this section, an adaptive distributed consensus constraint controller will be designed based on
the backstepping control technique. First, define the local synchronization error s;; of the follower
agent i as

si(0) = ) @ix(yi = y) + Wi = Ya), (3.1)
keN;
where ¢; > 0 is the edge weight from agent i to leader. if follower agent i can receive the information
from the leader, then ¢; > 0, or else ¥; = 0. y, is the output of leader.
Let s; = [s1.1, 521, » Sn.1]7, we have

51 =(L+B)( - 1ya), (3.2)

wherey = [y1, v, ,yn1t, 1 =[1,1,---, 1], define y—1y, indicates the actual tracking error between
each subsystem’s output and leader’s output y,.
Define the coordinate transformation as follows:

€i1 = Si1

3.3
€ik = Xik — Tik-1, (3-3)

where «;;_; is the local optimal virtual control and s;; is the synchronization error and defined in (3.2).
Step 1: According to definition of e; ;, de;; is

[ X1+ ¢ 1011 = Y A,
de;y = (L+98B) : dt+ (L + B) D ldw
+ @l Oy =) ht
[ XN1 T Py PN T)’d . il (3.4)
@i teat e 01—y h
=(L+8) : dt+| : [dw].
any +ena + ¢y On = Ya hy
Choose the Barrier Lyapunov function as
ul 1 Kgil 1T -17
V] = Z{Z log K: ;341 + 581-”71]ri’1 Hi,m]}’ (35)
= il b
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where I';; = FiTl > 0 1s a gain matrix. K, = K,,, — M, and the consensus tracking error ¢;; satisfies

Q1 = {eil |e,-,1| < Ky, }. 61 1s the estimation of 6;,; and 6;,,; = 6;,,1 — 6;,,1 18 the estimation error.

gi,ml = 01’,1~
From (3.4) and (3.5), we have

3 (L+B)

tv, = ZlK—l(CYzl‘i'ezz""P,l i1 = Ya)

(L+B)BK; +ei))

2 T
2( b | l_,l)z h Z 0 lml'

Utilizing Young’s inequality a’ b < %Cllallc + ﬁllb”d from, we have

2B 3 ,1(£+5) 414
K 4 = ( ’ Zei,Z’

ll_ell

4 4 42
(£+B)(3K e 1) 2 hT h ](£+g) ei,1(31(bi’] +e;)) L4B o0
2(K; b1~ i,l)2 Bl= K4 _‘3,41 S(Kli . _eil)z )

Inserting (3.7), (3.8) into (3.6) gets

oV, < Z l(£+B)

(78] +ezl(K _ell) +Q0,m191m1

) e,1(3 +ef))? e\ (L+B)
_yd+W) glmlrll( : lrzlsptml

A B 02
—Oim1) + Zei,z + £+ ==p°}.

Design the virtual control law «;; and adaptive law 9,-,,,11 as

2
_ - en(L+B)} . ek el
@i = —(L+B) ke + m + Qolmlgt,ml —Yat W},

A 3 (L+B) ~
— 1I
Oimi = Kt e, il = Ti10im1,

where ¢; 1 = ¢i1, ki1 > 0and o;; > 0 are design parameters.
From (3.9)—(3.11), we have

4
Ki1e;,

{- l(4 e4 +0—119

i=1 bip il

Step j(j=2,--- ,n—1): From (2.3) and (3.4), we have

'Mz

1.4 L+B 2
v, < Orm + 1€h + 5B

iml

deis = Dijer +¢1,00,)0: = Lai1di + []5) - ; T hia(5) N

3)(k

= lejjs1 +aij+ ‘P,-Tj()?i,j)Q lpij1]dt + [ (Y) - g 6;;’klhlk@)]dw

j 82 ; (')a/,
[el j+1 +90, mjgl mj 2 Z L lhT hl,l + 07 dt+[hT Z - lht k]dW,

3)( i

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)
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where
y; _ i -1 301/ 1 (k+1) N O j-1 50’1, 1 i Payjo W h
$ij-1 = Z T Wikt + @1 (X)) + Z + 21 is 0, O + 7 6 + 3 122 in sl
_ 611” 1 5&,4_1 T 6(1,1 1 6&,"!‘_1 T
%,mj—[%,p (')X”l‘p,] 107" a)(i B L le,]"" s T i Xi,Z] > zm] [911’9,] 1" ,91',171"" s
J-
T _ Oaij-1 _ (k+1) daij dai j-1
1] andH,-,j—Z a]’f vy +Za,s J 0 + ae], 6
oose the Barrier a unOV unctuon as
Ch the B L f ti
N K4 -
Vj = Vj—l + Z log 4 + Hlij Hlmj}’ (3.14)
i=1 by ;i

where @,-,m j 1s the estimation of 6; ,,;, éi,m i = Oimj — 9,-,,,1 j 1s the estimation error, I'; ; = FT > (0 is gain
matrix. Ky, = K.,; — M (|cxl~ i 1| < M; ; with positive constant M, ;) and the consensus tracklng error
e satlsﬁes Qi ={eijl |e,]| < Kp, ;}.

From (3.13) and (3.14), we have

3 j-1

6 @, 1
tV;=tVi_i + Z K A [el]+1+‘701m191mj LiT 2 Z 6)(36])(1 lsh’l
i=1 hl] ’J —ll 1 3 15
4 et s : (3.15)
i bl @i, j-1 nT
+ai,j]+—2(K4 EaLty ,] Z_: Oxir I’l Hlmjr lej}
By using Young’s inequality, we have
3 j-1 5 3 3
1 % 0°qij-1 1T i i 50,]1 102
T2kt -4 Z Ay sOxi hi,shial < K4 4 4(K4 —e*) Z (()XvaXl + Zﬁ ) (316)
bij “ij s=1,l=1 i b s=1,1
Gl 3 e 414
Ky —¢f; — Z(K;ju—e;*f) + 1% j+10 (3.17)
i,j g i
2
4 4
bl/+e’f 2 Z Oaij- 1
2(K4 e ) i ”
& l-,,-(sK,,. et )Pl g
<(j—1)24”’4 4”’43 Z( =)
= et —e Ay
K, e B, i (3.18)
ez'3j e”(3 +e )2 _1 Oaij-1\2 2
+ K} _—e;*j 4(1(4 —e? )3 kZ( OXik ) +2’8
L] ’
B3 e ,(31< +e )2
+ = <L py 7] 3
Kb,-’j_ei,j S(Kbl_’j—ei,j)
Substituting (3.16)—(3.18) into (3.15) yields
NS e o) | 8y
ZV Z{Z[_W-i_o-lkelmkelmk-i_( + ):8 }
i=1 k=1 ik i
l N &3 4 &3 | _
+Z{Kb 4 [a'zj+ el}(K _e )+4(K4 _84_)3_Hi,j (319)
i= i, j ij

+ 0; ] +0r F —‘p”’”r” = )+ Let ),
Pim mj LM LmjtiLj N K} —el lmJ 4 z]+1
L]

L]
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here H o Paij1y2 2GRy )" I ey g COKy 4 I 3%,1
where H; ; = H, j - WFZ (Gron ) —U-D KL~ kZ( o) T g 5 kZ( aor)
e ,(31( +e A
N 8(K;fi’j—ei,j)3 .
Design the intermediate control law «; ; and adaptive law Oim jas
| A
;= —K;j€ij— Zei,j(K,‘,‘i’j - e?,j (K4 o )3 + Hlj (Pi]:mjgi,mj (3.20)
A cp.T .63. N
Oimj =T KT _J_e’z_{j = 0j0imj (3.21)
ij b
where «; ; > 0 and o ; > 0 are design parameters.
By invoking (3.19)—(3.21), we have
NoL e 901 3 1
0V < XUR =g +Tualimbim+ T+ SR + e, ) (3.22)
i=1 k=1 ik
Step n: From (2.3) and (3.4), we have
6 1,1 e
detn - [ul + QD Qtn fa’tn 1]dt + [hT (y) - Z g)( klhzk()’)]dW
_ k=1 ) (3.23)
1 (1/,,, @i n—
= [I/t,' + szmnelmn 3 Z; Axs 5)”1 hT h Hi,n]dt + [hz: Z 1htk]dwa
. -1
¥in— a Oin-1 k+1 a in— A 1 " 62 in— a in—
where &pzn 1= Z 1(th+1+90,k(/vl k)ezk)+2 = 1 (+ )+Z Ais 39 191‘,s+§ Z 5;3)(; h,Tshzl' > 19
b s=Ll=1 **
8(1,,,1,1 T aal,n*l T 601}1 1 601,7:71

— T —
SDi,mn—[QDi,n’_aXn 190,-” R 5)(1 9051’ in len"" s it Xi,2] ) ei,mn_ [Hi,n’gi,n—la"' ,91’,1,1,"' ’
n—

T — aalﬂ (k+1) aall‘l 8aln
1] andH,;n—Z aklyr +Z Qs 10 + 16
k=0 s

Choose the Barrier Lyapunov functlon as

2 imn

N Kb .
V=V, + zl {5 1og = + 567, L0 Bimn), (3.24)
1= i.n W1
where 9,;,",, is the estimation of 6;,,,, é,-,m,, = Oy — 91-,,,,” is the estimation error, I';,, = FiTn > 0 is
gain matrix. K, = K., — M;, (|a,~’,,_1| < M;, with positive constant M;,) and error e;, satisfies
Qi,n = {ei,nl €in < Kb[,,,}-
From (3.23) and (3.24), we have

N n- K, e
Z Z - +0—z kHl mket mk+(9(k > + L+B)ﬁ2 }

i=1 k btk zk

N _—

* Ll + iein(Ky —el)—Hip (3.25)

K4
=1 b
3 .
T A AT _ ‘plmnrl,ne*, A
tm 91 mn] + 61 mnrt K4 _ez_tm - ei,mn)}7

in b

AIMS Mathematics Volume 6, Issue 11, 12051-12064.



12058

6”1(31( et ncl

— ei,n(3Kb +e, ,,)2 &3 — &a; in da; e,-,,,(3Kg_ +€?n)2
where H;,, = H; ,— in in=1Y2 _(h—1)2 i1 ) i i
b b 8(K2i‘n—et,n)3 4(1(;}1 ) s:1z,z: 1( Ay sx1 )7=( ) 8(1(4“” e,n)3 kZ( ax,k 4(1<;ji,n—e;{n)3
Z (aaln 1
aXlk
Design the control law u; and adaptive law 6, ,, as
_ 1 4 4 7 T )
Ui = —Kin€in — Zei,n(Kb[‘n - ei,n) + Hi,n - Soi’mnei,mn (326)
T e3 ~
llni‘l Irl
01 mn — Fln K4 - O-i,ngi,mn (327)

[7l nobn

where «;,, > 0 and o, > 0 are design parameters.
Substituting (3.26), (3.27) into (3.25) yields

HMz

Z Klk lk +0—l kel mkgl mk+(9(k D + £+B)ﬁ2 } (328)

bz,

Stability analysis

Based on m-step backstepping design, the properties of the proposed adaptive distributed consensus
control method can be described as the following Theorem.

Theorem 1: Consider the nonlinear stochastic MASs (2.3), the designed adaptive consensus
controller (3.26), virtual controllers (3.10), (3.20), adaptive laws (3.11), (3.21) and (3.27), cannot only
ensure all signals of the controlled system are bounded in probability, and the outputs y; of follower
agents can keep consensus with leader’s output y,. Finally, all states do not beyond their
constrained sets.

Proof: By adopting Young’s inequality, we have

TisBimiOie < —ZLOT Oppic + 20T 0, . (3.29)

i,mk i,mk

Thus, (3.29) can be rewritten as

N n Kik€}, o ~
fvn < Z { Z [_ K44'k_e 'AQ,kaez mk T Di,n]}a (330)
i=1 k=1 bij ik
where D, = Z4607 0, u+(Z52 + £8)3%,
K4
According to [11], we have, log ke4 < K4 — holds for |e,k| < K, thus, (3.30) can be further
i,k ik b; ik lk
rewritten as
tV, < -CV,+ D, (3.31)

where C = manZ4K,k,o'lk/1max{F "W and D = Z Zle
i=1 k=1 i=1 k=1

From Definition 1, we have

E(V, (1) < V,(0)e ¢ + g. (3.32)
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Thus, form (3.32), it impled that all signals of controlled system are SGUUB.
In addition, since |e,-,1| <K, ande, =[ey;, - sena]lt = H(y — 1y,), we have

ly = Lyall < 75 lleall. (3.33)

where H = L + B and A, (H) is the minimum singular value of H.

From |y,| < M,, we have |e,~,1|+|yd| < Ky, +My, since K., = Kj,,, +M,, thus, IXU| <K,,,. From (3.32)
and the definition of 6;,,;, we have 6, ,,; 1s bounded, since 6, ,,; 1s bounded and 91 ml = Oim1 — 6im1, thus,
0,,,,1 is needed to be bounded. Thus, we have «;; is bounded because of ¢; , 0,,,,1 and y, are bounded.
Similarly, it can be seen |th| < K.,,. Obviously, it impled that e; 1, - - , €4, Xi1,*** s Xin» H,ml, . 9, .
and u; are all bounded.

4. Simulation example

In this section, the numerical example is provided to illustrate the feasibility of the proposed control
method.

Example: The following stochastic nonlinear MASs are considered in this paper, which contain
five follower agents and one leader, and can be depicted as

dyii = [xiz + @) | (i)0ialdt + hiy (F)dw

dyiz = [ + @}, (xi2)0i21dt + hix(7)dw 4.1)

Vi = Xia
where fio = Dvinxial = 1,--,5), 5 = [y Lys17s @i = X3, ¢io = [xipcos(xn), Xiaxial”,
61 = 0.2,0;5 =[0.1,0.6]" hy; = sin(0.5y1y4+y2ys +y3ya), h12 = y1y2y3¥ays, hay = 0.5sin(0.2 %y ys) +
cos(y2+y3ya)—1, hyp = 0.5 cos(y1y2y4+y3ys), ha 1 = 0.5(y1ya+2y2+y3y5), hsp = 0.5(y1+y1y2y3+y4+ys),
hay = 0.2y, COS(Y1Y2)+Y3+Y4+Y3Ys, hap = SiNY1Y2y3+Yays, hsi = 0.5y1y2Y3y4Ys, hsa = yiy2+y3+yays.

The dynamic of the leader is depicted as y, = 0.5(sin(¢) + sin(0.5¢)). The communication graph is

as Figure 1.

Figure 1. Communication topology.

The adjacency matrix N and Laplacian matrix £ as

01100 2 -1 -1 0 O
1 0010 -1 2 0 -1 O
N=|100O0T1T]ad L=(-1 0 2 0 -1
01001 0O -1 0 2 -1
00110 0O 0 -1 -1 2
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The design parameters in virtual control, controller and adaptive laws are selected as K., = 1.7,
Kbi,k = 07, F,"l = 0.16I5x5, 1“,-,2 = 0.1815><5, Oix = 01, Ci1 = 12, Cip = 15, Gl = 18, Cro = 12,
C31 = 15, Cq1 = 12, Cqp = 15, C51 = 12, C5n = 15.

The initial values are chosen as y;x = 0, 81,1 = 0.03, 8, = [0.2,0.1,0.2,0.3], 85, = 0.01, 8,0 =
[0.1,0,0.2,0.2], 83,,1 = 0.02, 83,,» = [0.2,0.1,0.21,0.2], Oy,n1 = 0.04, 04,» = [0.2,0.3,0.1,0.2],
675,,,11 = 0.05, 95,,,,2 = [0.1,0,0.2,0.1]. Thus, the simulation results are displayed by Figures 2-7.
Figure 2 is the curves of y;, y, and constraint bound; Figure 3 is the curves of tracking errors e;;
between followers and leader; Figure 4 is the curves of states y;»(i = 1,---,5) and constraint bound;
Figure 5 is the trajectories of control laws u;; Figure 6 is the curves of adaptive parameters 6;,,, and
Figure 7 is the curves of ||9,',m2||.

3

§

0 10 20 30 40 50
Time (Sec.)

Figure 2. Curves of states y;, ys and constraint bound.

1

o8+ e €11 i

0.6

0.4 - =Ky, H

0.2r 1

0

0.2f |
—0.4} |

0.6 1

0.8r |

_1 1 1 1 1
0 10 20 30 40 50
Time (Sec.)

Figure 3. Curves of tracking errors ¢;; between follower and leader.
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Figure 4. Curves of states y;, and constraint bound.
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Figure 5. Curves of control laws ;.

Figure 6. Curves of @3,,,,1(1' =1,---,5).
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Figure 7. Curves of ||9,',m2|| (i=1,---,5).

Obviously, it can be seen from the simulation results in example that the proposed adaptive
consensus control method can ensure all signals of controlled system are bounded in probability, and
the states are not beyond their constrained sets.

5. Conclusions

We have investigated the adaptive consensus constraint control problem for stochastic nonlinear
MASs under undirected topological graph subjected to the full state constraints. Based on the
adaptive backstepping control and BLF theory, an adaptive consensus constraint control method has
been proposed. It has proved that all signals of controlled system are all bounded in probability, and
the leader-follower consensus has been achieved. In addition, it also has proved the states do not
beyond their constrained sets.

Since the convergence time in fixed-time control does not depend on the initial conditions of
nonlinear systems, thus, inspires by this point, our future research direction will focus on the
fixed-time consensus adaptive robust control for stochastic MASs under directed topological graph or
switched systems similar to [25-28].
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