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Abstract: In this paper, the representations of meromorphic solutions for three types of non-linear
difference equations of form

@)+ Pa(z, f) = u(z)e’®,
(@) + Pa(z, f) = pre® + pre™

and
fn(Z) + Pd(Z, f) = pleo“z + pzeazz

are investigated, where n > 2 is an integer, P,(z, f) is a difference polynomial in f of degree d < n —1
with small coefficients, u(z) is a non-zero polynomial, v(z) is a non-constant polynomial, A, p;, @; (j =
1,2) are non-zero constants. Some examples are also presented to show our results are best in certain
sense.
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1. Introduction

In 1964, Hayman [6, P69] extended and improved the results of Tumura [16] and Clunie [1], and
obtained the following theorem.

Theorem 1.1. (See [6]) Suppose that f(z), g(z) are non-constant meromorphic function and satisfy the
equation

(@) + Qalz, f) = g(2), (1.1)
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where Qu(z, f) is a differential polynomial in f of degreed < n — 1. If

N(r, f) + N(r, é) =S, ), (1.2)

then g(z) = (yo(z) + f(2))", where yy(2) is a small function of f(z).

With the establishment of difference analogue of the lemma of the logarithmic derivative, the
Clunie and Mohon’ko lemmas, see Halburd and Korhonen [8], Chiang and Feng [5], more and more
researchers [2-4,13,15,17,20] come to study the properties of complex difference equations or complex
differential-difference equations. In particular, there has been a renewed interest [11, 12, 14, 17] in
solvability and existence for entire or meromorphic solutions of Eq (1.1). Replacing the differential
polynomial Q,(z, f) in Eq (1.1) by a differential-difference polynomial, and satisfying the condition
(1.2), Chen et al. [4] proved the following result.

Theorem 1.2. (See [4]) Let n > 2 be an integer. Suppose that f(z) is a non-constant finite order
meromorphic solution of

f'@) + Qulz, f) = u(2)e", (1.3)

where Qu(z, f) is a differential-difference polynomial in f with degree d < n — 2, u(z) is a non-zero
rational function, v(2) is a non-constant polynomial. If N(r, f) = S(r, f), then

u@)e"? = f'(z) and  Quz, f) = 0.

Remark 1.1. With other conditions fixed, if Q.(z, f) is a difference polynomial in f, the Theorem 1.2
is still valid. If the condition d < n — 2 is omitted, then the Theorem 1.2 is impossible. For example,
f(2) = 1 + € is an entire solution of equation f*(z) — f(z + In2) = €%, wheren =2, d =n—-1 = 1.
So it’s natural to ask what will happen to the solutions of Eq (1.3) when d = n — 1? In this paper, we
study this problem and obtain the following result.

Theorem 1.3. Let n > 2 be an integer, P,(z, f) be a difference polynomial in f of degree d < n — 1
with polynomial coefficients, u(z) be a non-zero polynomial, v(z) be a non-constant polynomial. If f(z)
is a transcendental meromorphic solution of equation

["@) + Pa(z, f) = u(z)e" (1.4)

and N(r, ) = S(r, f), then o(f) = degv(z), and one of the following holds:

(1) f"(z) = u(z)e"” and Py(z, f) = 0;

2) If p(z) = (W' (2) + w(2V'(2))f(z) — nu(z) f'(z) # O, then T(r, f) = Ny (r, }) + S(r, f). Furthermore,
if (2) is a non-zero polynomial, then f(z) = Yo(z) + p(2)e?®, where yo(2), p(z), q(z) are non-zero
polynomials satisfying p"(z) = u(z), nq(z) = v(z).

Example 1.1. f(z) = z + €° is a solution of the following difference equation
P @ —z2f@f(z+In3) + 22+ In3) f(z) — 2" = €.

Here, u(z) = 1,v(z) =3z, n =3, ¢ = (W +w') f —3uf’ = 3(z—1). It implies that the solution satisfying
Theorem 1.3 does exist.
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If g(z) = pi1e® + p,e™* and the condition (1.2) is not met, what will happen to the solutions of Eq
(1.1)? Li [11] obtained the following result.

Theorem 1.4. (See [11]) Let n > 2 be an integer, Q,(z, ) be a differential polynomial in f of degree
d <n—1, and let A, p, p> be non-zero constants. If f(z) is a transcendental meromorphic solution of
the equation

f'@) + Qulz, ) = pre® + pre™ (1.5)

and N(r, f) = S(r, f), then f(2) = co(z) + cleﬁZ + cze‘%z, where cy(2) is small function of f(z), c; are
constants satisfying ct=ppi= 1,2.

It’s natural to ask: what will happen to the solutions of Eq (1.5) when Q,(z, f) is a difference
polynomial in f of degree d < n — 17 In this paper, we consider this problem and obtain the following
result.

Theorem 1.5. Let n > 2 be an integer, Py(z, ) be a difference polynomial in f of degree d < n — 1
with polynomial coefficients, A, p, p» be non-zero constants. If f(z) is a transcendental meromorphic
solution of equation

(@) + Pa(z, f) = pre® + pre™™ (1.6)

and N(r, f) = S(r, f), then o(f) = 1, and one of the following holds:
(1) f(2) = cren + cre™;
Q) If p(z) = 2f —n’f” £ 0, then T(r, f) = Ny (r, j%) + S(r, f). Furthermore, if ¢(z) is a non-zero

polynomial, then f(z) = yo(2) + cren® + coe”i%, where Yo(2) is a non-zero polynomial, c; are constants
satisfying ¢ = p;, j = 1,2.

Example 1.2. f(z) = z + €* + e % is a solution of the following difference equation
F2(2) + 2z2f(z + in) — (322 + 2inz + 2) = ¥ + e =,

Here, A =2,n =2, ¢ = A>f —n’f" = 4z. It implies that the solution satisfying Theorem 1.5 does exist.

If g(z) = p1e™* + pre®* and the condition (1.2) is not met, what will happen to the solutions of
Eq (1.1)? Liu et al. [14] obtained the following result.

Theorem 1.6. (See [14]) Let n > 2 be an integer, Q,(z, ) be a differential polynomial in f of degree
d < n— 1 with polynomial coefficients, and let p;,a; (j = 1,2) be non-zero constants satisfying

t
ﬂe{—,ﬁzlétén}. 1.7
(07%) nt
If equation
(@) + Qu(z, f) = p1e™* + pre™* (1.8)

admits a meromorphic solution f(z) satisfying N(r, f) = S(r, f), then one of the following holds:

(D f(2) = y1(2) + 1”5, Z—; =1,
(2) f(2) = 72(2) + 2™, Z—; = L where y;(z) are small functions of f(z), c; are constants satisfying
crf :pjaJ: 1,2.

J
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What will happen to the solutions of Eq (1.8) when Q,(z, f) is a difference polynomial in f of
degree d < n — 1? In this paper, we study this problem and obtain the following result.

Theorem 1.7. Let n > 2 be an integer, P,(z, f) be a differential polynomial in f of degree d < n — 1
with polynomial coefficients, and let p;,a; (j = 1,2) be non-zero constants satisfying the condition
(1.7). If f(z) is a meromorphic solution of equation

f'(@) + Py(z, ) = p1e”* + pre™™ (1.9)

and N(r, f) = S(r, f), then o(f) = 1 and T(r, f) = N (r, )%) + S ). If(2) = a1af(2) — n(a; +
@) f"(z) + n* f”(2) is a non-zero polynomial and then one of the following holds:
(1) f(2) = yo(2) + cle7lz, Z_; — ?’.

2) f(2) = yo(2) + czeTZZ, Z—; = L where yy(z) is a non-zero polynomial, c; are constants satisfying

ct=pjJ= 1,2.
Remark 1.2. The condition (1.7) in Theorem 1.7 is necessary, see example 1.3.

Example 1.3. f(2) = ¢° + €% is a solution of the following difference equation

A2 - %f(z +In2) + f(2) = e¥ + 26

@ _ 2n

Here, a; =4, o =3, n =2, & = el

Remark 1.3. The following examples 1.4 and 1.5 show that the solution satisfying Theorem 1.7 does
exist.

Example 1.4. f(z) = 1 + €% is a solution of the following difference equation

@) +2f@)f(z +im) = 3f(2) = &* + €&,
Here, ay =3, 0y =2, n =3, 7 = 245, ¢ = aqanf —n(ay + @) f’ +n’f" =6.

Example 1.5. f(z) = 1 — €% is a solution of the following difference equation

@) - fz+In3)f(2) + fz+in) — 1 = 265 — €.

-2
Here,a; =1, @y =3, n=3, ;’—; === 0= o f - n(a +a)f +ntf" =3.

In this paper, we assume familiarity with the basic results and standard notations of Nevanlinna
theory [6,9, 19]. f is meromorphic function in the whole complex plane C. In addition, we use
o(f) to denote the order of growth of f. For simplicity, we denote by S (7, f) any quantify satisfying
S f) =o(T(r, [)), as r — oo, outside of a possible exceptional set of finite logarithmic measure. A
meromorphic function ¢ defined in C is called a small function of f if T'(r,¢) = S(r, f). Let Ny, (r, %)
denote the counting function of those zeros of f (counting multiplicity) whose multiplicities are not
greater than &, and let N (r, %) denote the counting function of those zeros of f (counting multiplicity)
whose multiplicities are not less than k.
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2. Some Lemmas

Lemma 2.1. (See [5, Corollary 2.6]) Let i1, 17, be two complex numbers such that n; # n, and let f(2)
be a finite order meromorphic function. Let o be the order of f(z), then for each € > 0, we have

fz+m) o—lte
0 )
m( f(Z+772)) r )

Lemma 2.2. (See [7, Corollary 3.3]) Let f be a non-constant finite order meromorphic solution of

["@P(, f) = 0, /),

where P(z, ) and Q(z, f) are difference polynomials in f with small meromorphic coefficients, and let
c € C, 6 < 1. If the total degree of Q(z, f) as a polynomial in f and its shifts is < n, then

T(r+lcl, f)

m(r, P(z, f)) = 0 ( w:

) +o(T(r, f))

for all r outside of a possible exceptional set E with finite logarithmic measure f £ < oo,

Using the same methods as in proof of [9, Lemma 2.4.2] and Lemma 2.1, we have a similar
conclusion as follows.

Lemma 2.3. Let f be a non-constant finite order meromorphic solution of

"@Pz, ) = 0@, f),

where P(z, f) and Q(z, f) are differential-difference polynomials in f with small meromorphic
coefficients. If the total degree of Q(z, f) as a polynomial in f and its derivatives and its shifts is
< n, then

m(r, P(z, f)) = S(r, f)

for all r outside of a possible exceptional set with finite logarithmic measure.

Lemma 2.4. Suppose that a(z), 5(z), ¢(z) are non-zero polynomials and satisfy the differential equation

() f (@) + B[ (@) = @), (2.1)

where deg ¢(z) > dega(z) > degB(z). Then Eq (2.1) has a special solution yy(z) which is a non-zero
polynomial.

Proof. Now we distinguish two cases below. Case 1: deg a(z) = deg(z); Case 2: deg a(z) > deg 8(2).
Case 1. In this case, we consider three subcases. Subcase 1.1. If @, , ¢ are non-zero constants,
then yy = g. Subcase 1.2. If @, 8 are non-zero constants, and ¢ is non-constant polynomial. Let

0(2) = a, " +a, 77+t ag, n> 1,

where a,(# 0),a,-1, .. .,ay are constants. Assuming

yO(Z) = bnzn + bn_lzn_l + ..+ bO’
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and using the method of undetermined coefficients, it follows from Eq (2.1) that

{ by = %
a~—néa-1 .
b; = %, j=n-1,n-2,...,0.
So, we get the expression of the special solution yy(z) and degyy(z) = degy(z). Subcase 1.3. If
@, 5 are non-constant polynomials, then ¢(z) must be non-constant polynomial. Using the method of
undetermined coeflicients and Eq (2.1), similar to the proof of subcase 1.2, we can also obtain the
expression of the special solution y((z) and deg yo(z) = deg (z) — deg a(z).

Case 2. If dega(z) > degf(z), then ¢(z) must be are non-constant polynomials. By using the
method of undetermined coefficients and equation (2.1), similar to the proof of subcase 1.2, we can
also obtain the expression of the special solution y((z) and deg y((z) = deg ¢(z) — deg a(z).

O

Lemma 2.5. (See [3, Lemma 2.6]) Let n > 1 be an integer, A be a non-zero constant and ¢(z) be a
non-zero polynomial. Then the differential equation

P f@)—nf"(2) = ¢(2)

has a special solution yy(z) which is a non-zero polynomial.

Lemma 2.6. Let n > 2 be an integer, P,(z, ) be a difference polynomial in f of degree d < n — 1 with
small meromorphic coefficients, and let p;,a; (j = 1,2) be non-zero constants satisfying a, # as. If
f(2) is a meromorphic solution of equation

'@ + Pa(z, ) = pre™ + pre™ (2.2)

and N(r, ) = S(r, f), then o(f) = 1.

Proof. Set
lu
Piz )= ) @@ | | flz+ o), (2.3)
uel j=1
where [ is a finite set of the index u, 7, [, (uw € I,j =1, o t,) are natural numbers, 6,; (u € 1, j =
1,...,t,) are distinct complex constants. Denote g,;(z) := % and substitute this equality into (2.3)
yields
Iy d
luj .
Pz f)= ) (aﬂ(z) [ 1s (z>] @)=Y b f* @), (2.4)
nel j=1 k=0

M 1y .
where [, = '21 L, d = IESIX{I#}’ bi(z) = le (a,l(z) ngffj’.(z)) (k =0,...,d). By applying Lemma 2.1,
J= = Jj=

we get m(r, bi(z)) = S(r, f) (k =0,...,d). Differentiating (2.4) yields

, , 5 aw @b @+ S )\ T | o
oS o

el j=1 j=1

(@) f (). (2.5)

d
k=0

AIMS Mathematics Volume 6, Issue 11, 11708-11722.
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By using Lemma 2.1 and the lemma of the logarithmic derivative, we get m(r, c,(z)) = S(r, f) (k =
0,...,d). Noting that m(r, b (z)) = S(r, f) (k =0,...,d) and by induction, we obtain

m(r, Py(z, ) < dm(r, f) + S, f). (2.6)
Combining (2.2) and (2.6), and noting that N(r, f) = S(r, f), we get

Yﬂ("’plea]Z +p2e0zzz) = T(r’fn +Pd(Z’f))
m(r’fn +Pd(Z,f))+S(r,f)
nT(r, f)+S(r, f),

IA

and

T(r, p1e™* + pre™)

T(r, f" + Pa(z, [))

m(r, f* + Pu(z, [)) + S (1, f)

m(r, ") — m(r, Pa(z, ) + S (r, f)
(n—=dT(r, )+ S, ).

v

\%

From the above two inequalities, we have

nm—d)T(r,f)+S(r, f) <T(r,p1e" + pe™) < nT(r, )+ S(r, f).

Then o (f) = 1.
O

Lemma 2.7. (See [14, Lemma 2.5]) Let n > 1 be an integer, @, a, be non-zero constants satisfying
) # @y, and let ¢(z) be a non-vanishing polynomial. Then the differential equation

0122 f(2) = nlay + @) f'(2) + n° f7(2) = ¢(2)
has a special solution yy(z) which is a non-vanishing polynomial.

Lemma 2.8. (See [7, p.247]) Suppose that f(z) is a transcendental meromorphic function and K > 1.
Then there exists a set M(K) of upper logarithmic density at most §(K) = min{(2eX~1 —1)7!, (1 + e(K —
1))exp(e(1 — K))} such that for every positive integer k, we have

. T f)
limsup ———— < 3ekK.
rooo - T(r, f®

s (r, f©)
Remark 2.1. By Lemma 2.8, we see that if f is a transcendental meromorphic function, and if ¢
satisfying T(r, ®) = S |(r, f), then T(r,p) = S ((r, f), where S |(r, f) is defined to be any quantity such
that for any positive number € there exists a set E(g) whose upper logarithmic density is less than &,
and S (r, f) = o(T(r, f))asr — oo, r ¢ E(&).

Lemma 2.9. (See [18, Theorem 1.51]) Suppose that fi, f>, ..., fu(n > 2) are meromorphic functions
and g1, 2, . .., &, are entire functions satisfying the following conditions:

AIMS Mathematics Volume 6, Issue 11, 11708-11722.
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(1) il fiei = 0.
e

(2) g; — gk are not constants for 1 < j < k < n.
B)For1<j<nl<h<k<n,

T(r, f;) = o(T(r,e" 8)) (r = oo,r ¢ E),

dr
"

where E C [1,0) is finite linear measure fEdr < oo or finite logarithmic measure fE < oco. Then

fi=0@G=1,...,n).

Lemma 2.10. (See [10, Lemma 3]) Suppose that h is a nonconstant meromorphic function satisfying
— —( 1
N(r,h) + N(r, ;z) = S(r,h).

Let f = aoh? + aih?™" + -+ + a,, g = boh? + bih?™" + --- + b, be polynomials in h with coefficients
ap,ai,...,a,,bo,by,...,b, being small functions of h and apboa, # 0. If ¢ < p, then m(r,g/f) =
S, f).

3. Proof of Theorem 1.3

Proof. Combining (1.4), (2.6) and N(r, ) = S(r, f), we get

T(r, u(z)e"™)

T(rafn +Pd(Z9f))
m(r7fn+Pd(Z,f))+S(r’f)
< nT(r, )+ S, f),

and

T(r, u(z)e"®) T(r, f" + Pa(z, f))
m(r’fn+Pd(Z7f))+S(r’f)
m(r,f")—m(r,Pd(z,f))+S(r,f)

(n—=dT(r, )+ S ).

vV v

From the above two inequalities, we get
(n—dT(r, )+ S(r, ) < T(r,u(z)e’®) < nT(r, f) + S (r, f).

Then o (f) = deg v(2).
Denote P,(z, f) = P. By differentiating (1.4), we have

nf"l P =W+ w)e'. (3.1)
Eliminating e” from (1.4) and (3.1), we have
" lo=uP — W +u)P, (3.2)

AIMS Mathematics Volume 6, Issue 11, 11708-11722.
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where
=W +w)f—nuf. (3.3)
By Lemma 2.3, we have
m(r,¢) = S(r, f).
Noting that N(r, ) = S(r, f), then T(r, ) = S(r, f). We consider two cases as follows.

Case 1. If ¢ = 0, then (' + w')f = nuf’, that is f7 = ”:% = }l(% + v'). By integration,
we get f" = cue’ (¢ # 0). Substituting this equality into (1.4) yields (1 - %) ff=-P Ifc #1,
by Lemma 2.2, we have m(r, f) = S(r, f). Noting that N(r, f) = S(r, f), then T(r, f) = S(r, f),
a contradiction. Therefore ¢ = 1, and f(z) = p(2)e?®, where p(z),q(z) are non-zero polynomials

satisfying p"(z) = u(z), nq(z) = v(z).
Case 2. If ¢ # 0, and 7, is a multiple zero of f, it follows from (3.3) that z, is a zero of ¢. Then

Ne (r, ]lc) =S, f). (3.4)

We claim that ' + wv" # 0, otherwise f" = _n_i’ then T'(r, f') = S1(r, f), by Lemma 2.8, we have
T(r, f) =S (r, f), which is impossible. Rewrite (3.3) as )lc = %0 [(u’ +u') — nuf—f'], by the lemma of the
logarithmic derivative and T'(r, @) = S(r, f), we get ' ‘

4

m (r, ]lc) <m (r, }0) +m(r,u’ +w') + m(r,nu) + m (r, f7) +0(1) =S f). 3.5

Combining (3.4) and (3.5), we get

T(r, f)= m(r, ]lc) + N(r, %) +0(1) = Ny (r, %) + S(r, ).

If ¢ is a non-zero polynomial and deg(u’ + uv’) > deg(nu), by Lemma 2.4, we have

@) = v0(2) + p(2)e?®, (3.6)

where y(z), p(z), g(z) are non-zero polynomials. Substituting (3.6) into (1.4), and using Lemma 2.9,

we get p*(z) = u(2), nq(z) = v(2).
This completes the proof of Theorem 1.3.

4. Proof of Theorem 1.5

Proof. Suppose that f is a transcendental meromorphic solution of finite order of Eq (1.6) and N(r, f) =
S(r, f), by Lemma 2.6, we get o(f) = 1. Denote P,(z, f) = P. Differentiating (1.6) gives

nf"l f + P = A(pre® — pre ™). 4.1)
Differentiating (4.1) yields

nn=Df"F +nf" 7+ P = A(pie® + pre ). (4.2)

AIMS Mathematics Volume 6, Issue 11, 11708-11722.
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Combining (1.6) and (4.1), we get

A= POV 282 Pf" = 20P [ 1+ PP - (P)) - 44%pipy = 0. (4.3)
Combining (1.6) and (4.2), we get
Af" —nn = D" (fY =nf" f" + 2P - P’ =0. (4.4)
Eliminating (f’)? from (4.3) and (4.4), we have
e = 0@ 1, (4.5)
where
o= 2f —n*f” (4.6)
and

0z f) = [(n = 2P +nP"1f* = 2n(n = DP' f~' f' + (n = DIAPP* = (P')* =48pipal,  (47)

0(z, f) 1s a differential-difference polynomial in f of of degree 2n — 1. By Lemma 2.3, we have
m(r, ) = S(r, f). Noting that N(r, f) = S(r, f), then

T(r,p) =S f). (4.8)
We distinguish two cases below:
Case 1. If ¢ = 0, that is
/12f _ an// — 0, (4.9)
which has two fundamental solutions fi(z) = e%Z, L) = ¢4, Then the general solution of Eq (4.9)
can be expressed as
a1 a
f@) =cren +ce™n.
Substituting the above formula into (1.6), and applying Lemma 2.9, we obtain ¢} = p;, j = 1,2.
Case 2. If ¢ # 0, and zj is a multiple zero of f whose multiplicities are not less than 3, it follows
from (4.6) that 7 is a zero of ¢. Then

1
Ng (r, ]7) =S, f). (4.10)
Rewriting (4.6) as % = Sla (/12 - n2f7) by the lemma of the logarithmic derivative and (4.8), we get
1 1 5 2 f
m r,]—t <m\r,—|+m(r,A°) +m r,n7 +0(1) =S, f). 4.11)
¥

It follows from (4.10) and (4.11) that

T(r, f)= m(r, %) + N(r, %) + 0(1) = Ny (r, ]lc) + S(r, f).

If ¢ is a non-zero polynomial, by Lemma 2.5, we have
f@ = y0(2) + c1eh* + cre 7, (4.12)

where vyy(z) 1s a non-zero polynomial, ¢; (j = 1,2) are constants. Substituting (4.12) into (1.6), and
using Lemma 2.9, we get c;? =pj,j=12
This completes the proof of Theorem 1.5.
O
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5. Proof of Theorem 1.7

Proof. Suppose that f is a transcendental meromorphic solution of finite order of Eq (1.9) and N(r, f) =
S(r, f), by Lemma 2.6, we get o(f) = 1. Denote P,(z, f) = P. Differentiating (1.9) gives

nf"_lf' + P = ape® + appre. (5.1)

Eliminating e*'* and e*** from (1.4) and (4.1), respectively, we have

arf' =nf" f + @ P - P = () — ax)pre™, (5.2)
O f" —nf" f + P — P = (@) — ay)pre™. (5.3)

Differentiating (5.3) yields
na/zf”_lf’ —n(n - 1)f"_2(f’)2 - nf”_lf" +arP' — P" = ay(ar — ay)pre®'~. (5.4)

Eliminating e*'* from (5.3) and (5.4), we have

i ft —n(a; + @) " f +nn = D +nf 7 = -0 f), (5.5)

where
0z, f) = ajarP — (@) + an)P' + P” (5.6)

is a differential-difference polynomial in f of degree n — 1. It follows from (5.2) and (5.3) that
amanf* —n(ay + a) fU 2 () = (- @ pipe ™ =R ), (5)
where
R(z [) = (a1 f" = nf"" f)a2P = P') + (aof" = nf"" f')@1P = P') + (1P = P')(@,P = P')  (5.8)

is a differential-difference polynomial in f of degree 2n — 1. Eliminating (f”)? from (5.5) and (5.7), we
have

7o = (- D@1 — @)’ pipe ™ + T(z, f), (5.9)
where
¢ =aionf —n(a; +a)f +n’f”, (5.10)
and
T(z,f)=(n—-1DR(z f)—nf"0(, f) (5.11)

is a differential-difference polynomial in f of degree 2n — 1. It follows from (1.9), (2.6) and N(r, f) =
S(r, f) that

O(T(r,€9)) = T(r, p1e™* + p2e™*) = T(r, " + Pa(z, [))
=m(r, " + Pa(z, ) + S(r, f)
> m(r, ") = m(r, Pa(z, 1)) + S (1, f)
>m—-aA)T(r,f)+S[).

(5.12)
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It follows from (2.4), (2.5) and (5.2) that

T(r,e™) = m(r,e"™™)

, d
< m[r, ((a/l - an)f + Z(a/lbk - ck)f")) +0(1) (5.13)
k=0
<nT(r, )+ S, f).
Combining (5.12) and (5.13), we have

S(r, f)=S(r,e€). (5.14)

Substituting (2.4) into (1.9) yields

d 1 n—k 1 n
n - =(=]. 5.15
pre®s + PzeW by Z pie®c + pze“ﬂ by (f) (f) e

=1

Without loss of generality, we assume that by = P,(z,0) £ 0. Otherwise, we make the transformation
f = f — c for a suitable constant c satisfying ¢" + P;(z,c) # 0. Then (1.9) is changed to the form
(f)'(2) + P(z, f) = p1e™* + pre™?, where P(z, f) is a difference polynomial in f of degree at most
n — 1 with polynomial coefficients, and P)(z,0) = ¢" + P4(z,c¢) # 0. Noting that by = P4(z,0) # 0, by
applying Lemma 2.10, it follows from (1.7) that

m (r, ! ) = S(r, &),

p1e®? + pre®* — b

0 (5.16)
e’
, =S(r,e), j=1,2.
m(r p1evi + pre®i — bo) (r,e), j
It follows from (5.14) — (5.16) that
( 1)<< n ( 1)+S( »
nm|r,=|1<(m-Dm|r,— r, ),
f f
( eozjz)<( D ( 1)+S( £ =12
m|r, <(n-1m|r,— r,f), j=12,
I f
then
1 e(ljZ .
ml|r,—|=S(f), mlr,—|=Sf), j=1,2. (5.17)
f f"
Without loss of generality, if Z—; =L forsomer € {1,2,...,n— 1}, then
plar+a)z |ea2zlw e |5 1
f2n—1 |f|n”—“+n -t fn Ifln—l_t.
From (5.17) and the above equality, we have
elaitar)z
m(f’,w):S(l’,f). (518)
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By applying Lemma 2.1 and the lemma of the logarithmic derivative, from (5.9), (5.17) and (5.18), we
get m(r, ) = S(r, f). Noting that N(r, ) = S(r, f), then T(r, ) = S(r, f).

We consider two cases as follows.

Case 1. If ¢ = 0, thatis @jas f —n(a; + @) f'+n*f” = 0. The corresponding characteristic equation

aja; — n(a; + a)A +n*A* = 0 has two roots <, %2, we get
o o
f(2) =cren"* +cren”, (5.19)

where ¢; (j = 1, 2) are constants. Noting that f(z) is a transcendental meromorphic solution of equation
(1.9) and satisfies m(r, 1/ f) = S(r, f), then c;c; # 0. Substituting (5.19) into (1.9) yields

n—-1 /. ) »
(c] = pe™™ + (c5 — pr)e™ + Z (])c{cg_je(ﬁ‘“*/‘“)z + Py(z, f) = 0.
n
=1

From (1.7) and Lemma 2.9, at least one of (i)c{c;_"e(ﬁ“1+%“2)z (j=1,...,n—1)is zero, then c|c, =0,
which is impossible.

Case 2. If ¢ £ 0, and zj is a multiple zero of f whose multiplicities are not less than 3, it follows
from (5.10) that z, is a zero of ¢. Then

Ng (n %) =5 0. (5.20)

It follows from (5.17) and (5.20) that
T(r,f) ( 1)+N( 1)+0(1) N ( 1)+S( )
rf)=m|r,— r,— =Ny |r, = r, f).
f f "\
If ¢ 1s a non-zero polynomial, by applying Lemma 2.6, we have

@ = %@ +c1ent + e, (5.21)

where yy(z) is a non-zero polynomial, ¢; (j = 1,2) are constants. Noting that f(z) is a transcendental
meromorphic solution of Eq (1.9) and satisfies m(r, 1/f) = S (r, f), then ¢y, ¢, are not complete zeroes.
If cic, # 0, substituting (5.21) into (1.9) yields

n-1 /.
(c] = pe®* + (c) — pa)e™ + Z (])C{C;_Je(ﬁaﬁnu]az)z +
R
n

2 (i)m’;(z)(cle”n'z + 02T+ Pyz, ) = 0.

J=1

From (1.7) and Lemma 2.9, at least one of (i)c{c;_je(%“””%“z)z (j=1,...,n—1)is zero, then c;c, =0,

which is impossible. Then we get f(z) = yo(2) + cren? or f(2) = yo(z) + crewe,
This completes the proof of Theorem 1.7.
]

AIMS Mathematics Volume 6, Issue 11, 11708-11722.



11721

6. Conclusions

Using the Nevalinna theory of meromorphic functions, this paper study the meromorphic solutions
of three Clunie-Tumura types of non-linear difference equations and get the exact forms of the
meromorphic solutions of these difference equations with some added conditions. Improvements and
extensions of some results in the literature are presented.
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