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Abstract: Let R be a commutative ring with identity and N be a submodule of an R-module M. We
say a nonnil submodule N of an R-module M is a Φ-powerful (resp., Φ-strongly prime) submodule, if
Φ(N) is a powerful (resp., strongly prime) submodule of a module Φ(M). We show that a nonnil prime
submodule N of an R-module M is a Φ-powerful submodule if and only if it is a Φ-strongly prime
submodule. Similarly, if every prime submodule of an R-module M is a Φ-strongly prime, then we call
it a Φ-pseudo-valuation module (Φ-PVM). We also prove that a faithful multiplication R-module M is
Φ-PVM if and only if some maximal nonnil submodules of M are Φ-powerful. In this perspective, we
analyze that M is Φ-PVM if and only if R is a PVD. In due course, we provide some characterizations
of these submodules along with their relationships under certain conditions.
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1. Introduction

A prime ideal P of a commutative ring R with identity is said to be divided if P is comparable to
every principal ideal of R. Any two ideals I and J of a commutative ring R are said to be comparable if
I ⊆ J or J ⊆ I. If every prime ideal of R is divided then R is said to be a divided ring. Similarly, Nil(R)
is said to be divided if it is comparable to every principal ideal of R. If Nil(R) is both divided and prime
ideal then R is said to be a φ-ring. The name φ-ring is derived from the natural map φ from a total
quotient ring T (R) to a ring R localized at Nil(R). In this perspective, φ-Prüfer, φ-Bezout, φ-Dedekind,
φ-Krull, φ-pseudo-valuation and φ-Mori rings have been introduced [2, 3, 5, 6]. We will denote the
class of all φ-rings by H . Recently, many terms have been shifted from ring theory to module theory
such as Dedekind rings towards Dedekind modules [17], Prüfer rings towards Prüfer modules [4]
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etc. Further to this, Motmaen and Darani [16] generalized the notions of Dedekind modules, Prüfer
modules, Bezout modules and valuation modules towards Φ-Dedekind modules, Φ-Prüfer modules, Φ-
Bezout modules and Φ-valuation modules, respectively. These all motivate us to generalize powerful
submodules and strongly prime submodules towards Φ-powerful submodules and Φ-strongly prime
submodules. If Nil(M) is both divided and prime submodule then we call M as Φ-module. Throughout
we will denote the class of all Φ-modules by H.

In our work, we introduce and discuss the terms Φ-powerful submodules, Φ-strongly prime
submodules and Φ-pseudo-valuation modules. During our study, we also shift some results which
have been discussed in the literature about powerful submodules and strongly prime submodules
towards Φ-powerful submodules and Φ-strongly prime submodules. In addition, we provide numerous
characterizations and relationships of our newly established submodules. A nonnil submodule N of a
module M ∈ H is said to be a Φ-powerful submodule if Φ(N) is powerful submodule of module Φ(M).
In other words, a submodule N of M ∈ H is a Φ-powerful submodule if abΦ(M) ⊆ Φ(N) implies
a ∈ R or b ∈ R, where a, b ∈ K. We also introduce the concepts of Φ-strongly prime submodules and
Φ-pseudo-valuation modules along with few of their characterizations. A nonnil submodule N of a
module M is a Φ-strongly prime submodule if Φ(N) is strongly prime submodule of Φ(M). Similarly,
a nonnil module M is said to be a Φ-pseudo-valuation module if each one of its submodules is a
Φ-strongly prime submodule. We also provide some generalizations of strongly prime submodules
and pseudo-valuation modules in the setting of Φ-strongly prime submodules and Φ-pseudo-valuation
modules.

Throughout the paper, by R we mean a commutative ring with identity unless otherwise specified.

2. Preliminaries

In this section, we provide some useful terminologies, discussions and results.

Definition 2.1. [6] A commutative ring R is said to be a φ-ring if its nilradical Nil(R) is both prime
and comparable with each principal ideal.

Definition 2.2. [15] A proper ideal I of R is said to be φ-prime if for a, b ∈ R with ab ∈ I\φ(I), a ∈ I
or b ∈ I.

Definition 2.3. [11] Let R be a domain with quotient field K. A prime ideal P of R is called strongly
prime ideal, if for a, b ∈ K, ab ∈ P implies either a ∈ P or b ∈ P.

Definition 2.4. [11] A domain R is called a pseudo-valuation domain if every ideal of R is strongly
prime.

Definition 2.5. [9] An ideal I of a ring R is said to be a powerful ideal if, whenever x, y ∈ T (R)
(quotient ring of R), xy ∈ I, then x ∈ R or y ∈ R.

Definition 2.6. [14] A submodule N of M is called prime if N , M and for an arbitrary r ∈ R and
m ∈ M, rm ∈ N implies m ∈ N or r ∈ (N :R M), where (N :R M) = {r ∈ R | rM ⊆ N}.

Definition 2.7. [16] A prime submodule P of M is said to be a divided prime if P ⊆ (x) for every
x ∈ M\P. Thus a divided prime submodule is comparable to every submodule of M.
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Definition 2.8. [10] A nonzero element m of an R-module M is said to be a nilpotent element of degree
k if there exist “a”∈ R and “k”∈ N such that akm = 0 and am , 0. We take every zero element of a
module to be nilpotent.

Theorem 2.9. [1] Let R be a ring and M a faithful R-module. Then
(1) Nil(M) is a submodule of M.
(2) Assuming M is multplication then Nil(M) = Nil(R)M =

⋂
Qprime Q.

Definition 2.10. [16] A submodule N of a module M is said to be nonnil submodule if N * Nil(M).

Definition 2.11. [16] An element r ∈ R is said to be a zero-divisor on M if rm = 0 for some nonzero
element m ∈ M.

The set of all the zero-divisors of a module M denoted by Z(M) need not be an ideal of ring R.
However, Z(M) has a unique characteristic i.e., for x, y ∈ R and xy ∈ Z(M) implies x ∈ Z(M) or y ∈
Z(M) [16].

Definition 2.12. [12] Let R be an integral domain with quotient field K and M be an R-module. We
define a non-zero submodule N of M to be powerful if, xyM ⊆ N, for elements x, y ∈ K, we have x ∈ R
or y ∈ R.

Definition 2.13. [12] A submodule N of a module M is referred as a strongly prime submodule of M,
if xyM ⊆ N for x, y ∈ K implies xM ⊆ N or ynM ⊆ N for n ≥ 1.

Recall from [14], for any integral domain R with its quotient field K and M being a torsion-free
R-module. A prime submodule N of a module M is said to be a strongly prime submodule, if for any
y ∈ K and x ∈ MS , yx ∈ N gives x ∈ N or y ∈ (N : M), where MS = { at | a ∈ M, t ∈ S } and S = R \ {0}.

Lemma 2.14. [14] Let P be a strongly prime submodule of M, then (P : M) is a strongly prime ideal
of R.

Definition 2.15. [14] An R-module M is termed pseudo-valuation module if each of its prime
submodule is a strongly prime submodule.

Let M be an R-module and T = (R \ Z(M)) ∩ S then T ⊆ S , in general. However, if M is a
torsion-free module then T = S . Specifically, if M is a faithful multiplication R-module then T and S
coincide [16]. Let ξ(M) = T−1M, where M is an R-module with M ∈ H and P = (Nil(M) :R M) then
the mapping Φ : ξ(M)→ MP defined by Φ(x/s) = x/s is a module homomorphism.

Proposition 2.16. [16] Let R be a ring and let M be a finitely generated faithful multiplication R-
module. Let M ∈ H. Then the following assertions hold.
(i) Nil(MP) = Φ(Nil(M)) = Nil(Φ(M)).
(ii) Nil(ξ(M)) = Nil(M).
(iii) Φ(M) ∈ H.

3. Φ-powerful submodules

In this section, we introduce and discuss the concept of Φ-powerful submodules which is closely
related to the class of powerful submodules.
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Definition 3.1. A nonnil submodule N of an R-module M ∈ H is said to be a Φ-powerful submodule of
M if Φ(N) is a powerful submodule of Φ(M).

We may say that a nonnil submodule N of an R-module M ∈ H is a Φ-powerful submodule of M, if
abΦ(M) ⊆ Φ(N) then a ∈ R or b ∈ R, where a, b ∈ K.

Lemma 3.2. Let N be a submodule of an R-module M. Then N is a powerful submodule of M if and
only if N/Nil(M) is a powerful submodule of M/Nil(M).

Proof. Let N be a powerful submodule of an R-module M. Let x, y ∈ T (R) and xyM/Nil(M) ⊆
N/Nil(M). It implies that xyM ⊆ N. Since N is a powerful submodule, we have x ∈ R or y ∈ R and
hence N/Nil(M) is a powerful submodule of M/Nil(M).

Conversely, suppose xyM ⊆ N and let N/Nil(M) be a powerful submodule of M/Nil(M). Then
by [12, Corollary 2.19]

√
N/Nil(M) : M/Nil(M) is a powerful ideal. Since (N/Nil(M) : M/Nil(M)) �

(N : M), we have that
√

N : M is a powerful ideal. Since xyM ⊆ N implies xy ∈ (N : M). Since
I ⊆ rad(I) for any ideal I implies xy ∈ (N : M) ⊆

√
N : M. Finally, as

√
N : M is a powerful ideal so

x ∈ R or y ∈ R and hence N is a powerful submodule of M. �

Theorem 3.3. Let M ∈ H be an R-module M and N be its nonnil submodule. Then N is a Φ-powerful
submodule if and only if x−1(Φ(N) : Φ(M)) ⊆ R for every x ∈ K \ R.

Proof. Let N be a Φ-powerful submodule of an R-module M ∈ H and x ∈ K\R. Then, for a ∈ (Φ(N) :
Φ(M)), we have xx−1a = a ∈ (Φ(N) : Φ(M)) it implies x−1a ∈ R so x−1(Φ(N) : Φ(M)) ⊆ R.

For the converse, let yzΦ(M) ⊆ Φ(N), for x, y ∈ K, where y < R. Then, z = y−1yz ∈ y−1(Φ(N) :
Φ(M)) ⊆ R⇒ z ∈ R. Hence N is a Φ-powerful submodule of M. �

Lemma 3.4. Let M ∈ H be a faithful, finitely generated and multiplication R-module. Let N be a
nonnil submodule of M. Then N is a Φ-powerful submodule if and only if N/Nil(M) is a powerful
submodule of M/Nil(M).

Proof. Let N be a Φ-powerful submodule of M. Then, by definition Φ(N) is a powerful submodule of
a module Φ(M) and by Lemma 3.2, Φ(N)/Nil(Φ(M)) is a powerful submodule of Φ(M)/Nil(Φ(M)).
Since M is a finitely generated, faithful and multiplication R-module, by [16, Lemma 2.6] N/Nil(M) is
a powerful submodule of M/Nil(M). By the similar argument, we can easily prove the converse. �

Theorem 3.5. Let M ∈ H be an R-module and N be its Φ-powerful submodule. Then, if Q is a
submodule of N then N/Q is a Φ-powerful submodule of M/Q.

Proof. Since we know that (N/Q : M/Q) = Ann((M/Q)/(N/Q)) � Ann(M/N) = (N : M), and N is a
Φ-powerful submodule of M implies N/Q is a Φ-powerful submodule of M/Q. �

Corollary 3.6. Let P = (Φ(N) : Φ(M)) be a prime ideal of ring R. Then N/Q is a Φ-powerful R/P
submodule of M/Q.

Lemma 3.7. Let M ∈ H be an R-module and N be its nonnil submodule containing a submodule Q.
Let Φ(N) be a strongly prime submodule of Φ(M). Then, Q is a Φ-powerful submodule of M.
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Proof. Since (Φ(Q) : Φ(M)) ⊆ (Φ(N) : Φ(M)) ⊆ R. Consequently, xy ∈ (Φ(Q) : Φ(M)), for x, y ∈ K
implies xy ∈ (Φ(N) : Φ(M)). Since, Φ(N) is a strongly prime submodule of Φ(M) implies x ∈ (Φ(N) :
Φ(M)) or y ∈ (Φ(N) : Φ(M)). Thus, x ∈ R or y ∈ R and hence Φ(Q) is a powerful submodule of Φ(M).
Particularly, Q is a Φ-powerful submodule of M. �

Corollary 3.8. Let N be a Φ-powerful submodule of an R-module M ∈ H and Q ⊆ N. Then Q is a
Φ-powerful submodule of M.

Proof. Since (Φ(Q) : Φ(M)) ⊆ (Φ(N) : Φ(M)). Thus, xy ∈ (Φ(Q) : Φ(M)) implies xy ∈ (Φ(N) :
Φ(M)), for x, y ∈ K. As N is a Φ-powerful submodule of M implies x ∈ R or y ∈ R. Thus, Q is a
Φ-powerful submodule of M. �

Theorem 3.9. Let N be a Φ-powerful submodule of an R-module M ∈ H. Then
(1) If K is a nonnil submodule of M, then (K : M) ⊆ (N : M) or (N : M)2 ⊆ (K : M).
(2) If K is a nonnil prime submodule of M, then (N : M) and (K : M) are comparable.
(3) The nonnil prime submodules of M contained in Rad(N) are linearly ordered.

Proof. (1) Let K be a nonnil submodule of M and (K : M) * (N : M). Then (Φ(K) : Φ(M)) * (Φ(N) :
Φ(M)). Choose Φ(k) ∈ (Φ(K) : Φ(M)) \(Φ(N) : Φ(M)) and suppose that Φ(m), Φ(q) ∈ (Φ(N) : Φ(M)).
Then Φ(m)Φ(q)

Φ(k)
Φ(k)
Φ(m) ∈ (Φ(N) : Φ(M)). Since N is Φ-powerful submodule with Φ(k)

Φ(m) < R, we have
Φ(m)Φ(q)

Φ(k) ∈ R. It means Φ(m)Φ(q) ∈ Φ(k)R ⊆ (Φ(K) : Φ(M)). Hence (Φ(N) : Φ(M))2 ⊆ (Φ(K) : Φ(M))
and therefore by [7, Lemma 3.3], (N : M)2 ⊆ (K : M).
(2) Let K be a prime submodule of M. Then (K : M) is a prime ideal of ring R. By (1), we have (K :
M) ⊆ (N : M) or (N : M)2 ⊆ (K : M). Since (K : M) is a prime ideal of R implies (K : M) ⊆ (N : M)
or (N : M) ⊆ (K : M).
(3) Let P and K be two nonnil prime submodules of M properly contained in Rad(N). Then, P and K
are contained in N and hence by Corollary 3.8, both are Φ-powerful submodules and by (2), both are
also comparable. �

Theorem 3.10. Let N be a submodule of a finitely generated, faithful and multiplication R-module
M ∈ H. Then, a submodule N is a Φ-powerful submodule of M if and only if Φ(N)/Nil(Φ(M)) is a
powerful submodule of Φ(M)/Nil(Φ(M)).

Proof. Let N be a Φ-powerful submodule. Let x, y ∈ K such that xyΦ(M) /Nil(Φ(M)) ⊆
Φ(N)/Nil(Φ(M)), it implies that xyΦ(M) ⊆ Φ(N). Since N is a Φ-powerful submodule implies x ∈ R
or y ∈ R. It proves that Φ(N)/Nil(Φ(M)) is a powerful submodule of Φ(M)/Nil(Φ(M)).

Conversely, let Φ(N)/Nil(Φ(M)) be a powerful submodule of Φ(M)/Nil(Φ(M)). For x, y ∈ K, let
xyΦ(M) ⊆ Φ(N). Then, for (x + Nil(Φ(M))), (y + Nil(Φ(M))) ∈ K/Nil(Φ(M)), (x + Nil(Φ(M))) (y +

Nil(Φ(M))) ∈ (Φ(N) : Φ(M))/Nil(Φ(M)) implies (x + Nil(Φ(M))) (y + Nil(Φ(M)))Φ(M)/Nil(Φ(M)) ⊆
Φ(N)/Nil(Φ(M)). Thus, (x+ Nil(Φ(M))) ∈ R/Nil(Φ(M)) or (y+ Nil(Φ(M))) ∈ R / Nil(Φ(M)), so x ∈ R
or y ∈ R and hence N is a Φ-powerful submodule of M. �

Remark 3.11. Let R be a ring and K be its ring of fractions. Let N be a powerful submodule of an R-
module M. For x, y ∈ K, if xy ∈

√
(N : M) then there exists a positive number n such that xn ∈ (N : M)

or yn ∈ (N : M).

AIMS Mathematics Volume 6, Issue 10, 11610–11619.



11615

Theorem 3.12. Let N be a nonnil Φ-powerful submodule of a module M ∈ H. Then,
√

(Φ(N) : Φ(M))
is a φ-powerful ideal of ring R.

Proof. Let N be a Φ-powerful submodule of M. Let xy ∈
√

(Φ(N) : Φ(M)), it implies that (xy)m ∈

(Φ(N) : Φ(M)), for some m > 0. Consider ( x3m

xmym ) · ( y3m

xmym ) = xmym ∈ (Φ(N) : Φ(M)). Since N is

a Φ-powerful submodule of a module M it implies ( x3m

xmym ) ∈ R or ( y3m

xmym ) ∈ R. Thus, we have either
x3m ∈ (xmym)R or y3m ∈ (xmym)R implies x3m ∈ (Φ(N) : Φ(M)) or y3m ∈ (Φ(N) : Φ(M)). Hence
x ∈
√

(Φ(N) : Φ(M)) or y ∈
√

(Φ(N) : Φ(M)) which completes the proof. �

Theorem 3.13. Let N be a nonnil powerful submodule of an R-module M ∈ H containing a submodule
Q. Then N/Q is a Φ-powerful R/P-submodule of M/Q, where P = (Φ(N) : Φ(M)).

Proof. Let N be a powerful submodule of an R-module M containing Q. Let xyΦ(M/Q) ⊆Φ(N/Q), for
some x, y ∈ K. Then, xy ∈ (Φ( N

Q ) : Φ( M
Q )) = Ann(Φ( M

Q )/(Φ( N
Q ))). Since Φ(A)/Φ(B) � A/B, if B ⊆ A.

It implies Φ( M
Q )/Φ( N

Q ) � (( M
Q )/( N

Q )), so Ann(Φ( M
Q )/(Φ( N

Q ))) � Ann(( M
Q ) /( N

Q )) � Ann( M
N ) = (N : M).

Hence xyM ⊆ N. Since N is a powerful submodule of M implies x ∈ R or y ∈ R. Thus, N/Q is a
Φ-powerful submodule of M/Q. On the other hand, let P = (Φ(N) : Φ(M)). Then, P is a prime ideal
of ring R and hence by Corollary 3.6, N/Q is a Φ-powerful R/P-submodule of M/Q. �

4. Φ-strongly prime submodules and Φ-pseudo-valuation modules

Recall that a submodule N of an R-module M is a strongly prime submodule, if xyM ⊆ N, for
x, y ∈ K implies xM ⊆ N or ynM ⊆ N, for n ≥ 1. In this section, we generalize this concept toward
Φ-strongly prime submodules. In our study, we show that a nonnil submodule N is a Φ-powerful
submodule if and only if N is a Φ-strongly prime submodule. Consequently, we introduce and discuss
the notion of Φ-pseudo-valuation modules.

Definition 4.1. A submodule N of an R-module M ∈ H is said to be a Φ-strongly prime submodule if
Φ(N) is a strongly prime submodule of Φ(M).

In other words, a submodule N is a Φ-strongly prime submodule if xyΦ(M) ⊆ Φ(N), for x, y ∈ K =

RNil(R) implies xΦ(M) ⊆ Φ(N) or ynΦ(M) ⊆ Φ(N) for n ≥ 1.

Lemma 4.2. Let M ∈ H be a module over an integral domain R and N be its submodule. Then N is a
strongly prime submodule of M if and only if N/Nil(M) is a strongly prime submodule of M/Nil(M).

Proof. Obvious from [12, Theorem 2.6] and Lemma 3.2. �

Theorem 4.3. Let N be a nonnil prime submodule of an R-module M ∈ H. Then N is a Φ-strongly
prime submodule of M if and only if it is a Φ-powerful submodule of M.

Proof. Let N be a Φ-strongly prime submodule of M. Let x ∈ K \ R and n ∈ (Φ(N) : Φ(M)), then
n = nx−1 x ∈ (Φ(N) : Φ(M)), hence nx−1 ∈ (Φ(N) : Φ(M)) or x ∈ (Φ(N) : Φ(M)). Since x < R, we
must have nx−1 ∈ (Φ(N) : Φ(M)). Thus, x−1(Φ(N) : Φ(M)) ⊆ (Φ(N) : Φ(M)) ⊆ R. Hence by Theorem
3.3, N is a Φ-powerful submodule of M.

Conversely, let N be a Φ-powerful submodule of an R-module M. Let xy ∈ (Φ(N) : Φ(M)), for
x, y ∈ K. Since (Φ(N) : Φ(M)) is an ideal of ring R implies x2y2 ∈ (Φ(N) : Φ(M)). Let x < R and y ∈ R.
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Now if x2 ∈ R and since x < R, we assume x2 < (Φ(N) : Φ(M)). By definition, x2y2 ∈ (Φ(N) : Φ(M)),
and y2 ∈ (Φ(N) : Φ(M)) implies y ∈ (Φ(N) : Φ(M)). However, if x2 < R then y2

xy x2 ∈ (Φ(N) : Φ(M))

implies y2

xy ∈ R. We have y2 =
y2

xy xy ∈ (Φ(N) : Φ(M)) implies y ∈ (Φ(N) : Φ(M)). �

Theorem 4.4. Let N be a nonnil Φ-powerful submodule of an R-module M ∈ H. Then φ(P) =⋂
k(Φ(N) : Φ(M))k is a strongly prime ideal of ring φ(R) ∈ H .

Proof. Following Theorem 4.3 and Corollary 3.8, we only have to prove that P is φ-prime ideal. For
x, y ∈ T (R), let xy ∈ φ(P) with x < φ(P). Hence x < (Φ(N) : Φ(M))n, for some n > 0, following
Theorem 3.9 (1), (Φ(N) : Φ(M))2n ⊆ xR. Thus, for each k > 0, we have xy ∈ φ(P) ⊆ (Φ(N) : Φ(M))2n+k

⊆ x(Φ(N) : Φ(M))k. Hence, y ∈ (Φ(N) : Φ(M))k, for each k > 0. It implies that y ∈ φ(P), it proves that
φ(P) is a prime ideal, and hence by definition P is a φ-prime ideal of ring R ∈ H . �

Theorem 4.5. Let N be a nonnil submodule of an R-module M ∈ H. Then N is a Φ-strongly prime
submodule if and only if for some fractional ideal I of a ring R and for some fractional submodule U
of a module M, IU ⊆ Φ(N) implies U ⊆ Φ(N) or I ⊆ (Φ(N) : Φ(M)).

Proof. Let N be a Φ-strongly prime submodule of an R-module M. For x ∈ U \Φ(N) and y ∈ I, we
have xy ∈ IU. Since IU ⊆ Φ(N) for x ∈ MS \N and y ∈ K. Thus we have y ∈ (Φ(N) : Φ(M)), it
implies that I ⊆ (Φ(N) : Φ(M)).

Conversely, as submodule N is a prime submodule of a module M. Let yx ∈ N for y ∈ K and
x ∈ MS . Take I = Ry, a fractional ideal of ring R and U = Rx, a fractional submodule of a module
M. Since IU ⊆ Φ(N) implies either I = Ry ⊆ Φ(N) or U = Rx ⊆ Φ(N). Thus, x ∈ Φ(N) or
y ∈ (Φ(N) : Φ(M)). It implies Φ(N) is a strongly prime submodule of Φ(M). Hence N is a Φ-strongly
prime submodule of M. �

Corollary 4.6. Let N be a nonnil submodule of M ∈ H. Then N is a Φ-strongly prime submodule if
and only if for any element y ∈ K and any fractional submodule U of module M, yU ⊆ Φ(N) implies
U ⊆ Φ(N) or y ∈ (Φ(N) : Φ(M)).

Definition 4.7. An R-module M ∈ H is said to be a Φ-pseudo-valuation module (Φ-PVM) if each one
of its prime submodules is a Φ-strongly prime submodule.

Theorem 4.8. Let M ∈ H be a faithful and multiplication R-module. Then M is Φ-PVM if and only if
M/Nil(M) is a PVM.

Proof. Let M be a Φ-PVM and P/Nil(M) be a prime submodule of M/Nil(M). Let (x + Nil(M))(y +

Nil(M)) ∈ (P : M)/Nil(M), for x + Nil(M), y + Nil(M) ∈ K/Nil(M). Since P is a nonnil prime
submodule of M, (x + Nil(M)) M ⊆ P + Nil(M) or (yn + Nil(M)) M ⊆ P + Nil(M), for n ≥ 1. Hence
P/Nil(M) is a Φ-strongly prime and M/Nil(M) is a pseudo-valuation module. The converse is easy to
prove. �

Proposition 4.9. Let M ∈ H be a faithful and multiplication R-module. Then M is Φ-PVM if and only
if Φ(M) is a PVM.

Proof. Let M be Φ-PVM and L be a nonnil prime submodule of Φ(M). Then, L = Φ(N), for any nonnil
prime submodule of module M. Hence Φ(N) is a strongly prime submodule of module Φ(M). It means
Φ(M) is a PVM.
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Conversely, let every nonnil prime submodule of Φ(M) be a strongly prime submodule. Then, for any
nonnil submodule N of R-module M, Φ(N) is a nonnil prime submodule of R-module Φ(M). Thus,
Φ(N) is a strongly prime submodule of Φ(M). By definition, the submodule N is Φ-strongly prime
submodule, it implies M is a Φ-PVM. �

Proposition 4.10. Let M ∈ H be a Φ-PVM. Then {(Φ(P) : Φ(M)) | P ∈ S pec(M)} is totally ordered.

Proof. Let M be Φ-PV M. By Proposition 4.9, Φ(M) is PV M. Following [14, Lemma 3.3] {(Φ(P) :
Φ(M)) | P ∈ S pec(M)} is totally ordered. �

Corollary 4.11. Let M ∈ H be a faithful and the multiplication R-module. Then M is a Φ-PV M if and
only if some maximal nonnil submodules of a module M are Φ-powerful submodules.

Lemma 4.12. Let M ∈ H be a faithful and multiplication R-module over an integral domain R. Then
M is Φ-PVM if and only if R is a PVD.

Proof. Let M be Φ-PVM. Following the definition, Φ(M) is PVM. Let U ∈ S pec(R). Since M
is multiplication R-module, UM ∈ S pec(M). Since Φ(M) is PVM, U(Φ(M)) is a strongly prime
submodule of Φ(M). Following [14, Proposition 2.10], U is a strongly prime ideal of R and hence R is
a PVD.

Conversely, let N ∈ S pec(M). Since M is a multiplication R-module, it implies that Φ(N) =

U(Φ(M)), for any prime ideal U of a ring R. Again, since R is a PVD, U is a strongly prime ideal of R.
Following [14, Proposition 2.10], Φ(N) is a strongly prime submodule of M. Thus M is a Φ-PVM. �

Theorem 4.13. Let M be a finitely generated, faithful and multiplication R-module. Then the following
statements are satisfied.
1) If a ring R ∈ H is a φ-PVR, then the module M is a Φ-PVM.
2) If an R-module M ∈ H is a Φ-PVM, then the ring R is a φ-PVR.

Proof. 1) Let R ∈ H . Then by [8, Proposition 4], M ∈ H. If a ring R is φ-PVR, then by [9, Theorem
21] R/Nil(R) is a pseudo-valuation domain (PVD). Hence, by [14, Lemma 3.6], M/Nil(M) is a pseudo-
valuation module (PVM). Finally, by Theorem 4.8, module M is a Φ-PVM.

2) If M ∈ H, then by [8, Proposition 4], R ∈ H . And if a module M is a Φ-PVM then by Theorem
4.8, M/Nil(M) is a pseudo-valuation module (PVM). Also, following [14, Lemma 3.6], R/Nil(R) is a
pseudo-valuation domain (PVD). Finally, by [9, Theorem 21] ring R is a φ-PVR. �

Theorem 4.14. Let M ∈ H be a multiplication and faithful module over an integral domain R and I
be a prime ideal of R. Then I is a strongly prime ideal of R if and only if IM is a Φ-strongly prime
submodule of a module M.

Proof. Let M be a multiplication and faithful R-module over an integral domain R and I be a strongly
prime ideal of R. Then by [14, Proposition 2.10], IM is a strongly prime submodule of a module M.
Since M/Ker(Φ) � Φ(M) and by [16, Proposition 2.1 (1)], Ker(Φ) is a subset of Nil(M). Since R
is an integral domain we have Nil(M) = Nil(R)M = {0} it implies that M � Φ(M). Since IΦ(M)
is a strongly prime submodule of Φ(M), Φ(IM) is a strongly prime submodule of Φ(M). Hence, by
definition IM is a Φ-strongly prime submodule of module M.

Conversely, let IM be a Φ-strongly prime submodule of M. Then, by definition of Φ-strongly
prime submodule, Φ(IM) is a strongly prime submodule of Φ(M). Since Φ(IM) = IΦ(M), IΦ(M) is
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a strongly prime submodule of Φ(M). Hence by [14, Proposition 2.10], I is a strongly prime ideal of
ring R. �

Theorem 4.15. Let M ∈ H be a finitely generated, faithful and multiplication R-module and MS be a
Φ-PV M, where S = R \ Z(R). Then, if T is an extension of R with S pec(R) = S pec(T ) then M is a
Φ-PVM.

Proof. Let M ∈ H. Then, by [8, Proposition 4], R ∈ H . Suppose that T = S −1R = RS , where
S = R \ Z(R) is the ring extension of R. Let MS be a Φ-PVM and every nonnil element of M lies in
finite number of maximal submodules of M. Following Theorem 4.13, T = RS is a φ-PVR. Again,
since T = RS and Spec(R)=Spec(T ) then by [13, Proposition 2.4], R is a φ-PVR and hence M is a
Φ-PVM by Theorem 4.13. �

5. Conclusions

In this manuscript, we have introduced and discussed Φ-powerful submodules and Φ-strongly prime
submodules which are the generalizations of powerful and strongly prime submodules. Numerous
associated concepts of powerful submodules and strongly prime submodules are shifted towards Φ-
powerful submodules and Φ-strongly prime submodules. During our study, we explored that a nonnil
prime submodule N of an R-module M is Φ-powerful submodule if and only if it is Φ-strongly prime
submodule of M. In this pursuance, the notion of Φ-pseudo-valuation module is also presented. Based
on the obtained results, one can further discuss the other types of submodules in the same setting such
as strongly primary submodules, almost strongly prime submodules, almost strongly prime submodules
and almost pseudo-valuation modules.
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