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1. Introduction

In this work, we consider the odd-order quasi-linear neutral differential equations of the form

(rOMEO+pOx@@)" 1) + ) 6O x" (@ (1) = 0, fort > 1, (1.1)

k=1

where n > 3 is an odd integer, « is a ratio of positive odd integers and m is a positive integer.

Throughout this work, we assume the following:

(H1) r € C'[ty, o) and 7’ (¢) > 0, where
f r Y (1) dt = oo
0]

(H2) p, g« € C [ty, ), p (1) € [0, po] such that p, is a constant and g, (t) > 0;
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H3) 1,0,€Clty,), 7(t) <t,o () <t,limy_,0, T(¢) = o0 and lim,_,, o (1) = o forall« = 1,2, ..., m.

By a solution of (1.1), we mean x € C ([T, o), R) with T, > £y, which satisfies the properties
(x+p-xo71) e C" V([T ),R)

and
r- ((x +p-xo ‘r)("_l)) e C' ([T, »),R)

and moreover satisfies (1.1) on [T, co). We consider the nontrivial solutions of (1.1) existing on some
half-line [7,, co) and satisfying the condition sup{|x (¢)| : t > .} > O for any ¢, > T,. If there exists a
t; > ty such that either x (#) > 0 or x () < O for all # > #,, then x is said to be a nonoscillatory solution;
otherwise, it is said to be an oscillatory solution.

Delay differential equations as a subclass of functional differential equations take into account the
dependence on the systems past history where the theory of delay differential equations has enhanced
our understanding of the qualitative behavior of their solutions and it has benefited significantly and
wide from it, where many applications showed in various fields as mathematical biology and
epidemiology (for instance, transport phenomena, distributed networks, interaction of species) and
other related fields, etc., see [1-3].

Neutral delay differential equations are differential equations with delays, where the delays can
appear in both the state variables and their time derivatives. There is considerable interest in studying
of this type of equation because they are deemed to be adequate prescribing tool in modelling of the
countless processes in all areas including problems concerning electric networks containing lossless
transmission lines (as in high speed computers where such lines are used to interconnect switching
circuits), in the study of vibrating masses attached to an elastic bar or in the solution of variational
problems with time delays, or in the theory of automatic control and in neuro-mechanical systems in
which inertia plays a major role, and in many areas of science as physical, biological and chemical, etc.,
see [4,5]. In addition, systems of delay differential equations were used to study stability properties
of electrical power systems also, properties of delay differential equations were used in the study of
singular fractional order differential equations, see [6,7] and the references cited therein.

As a matter of fact, quasilinear (i.e., half-linear) (neutral) differential equations with deviating
arguments (delayed or advanced arguments or mixed arguments) have numerous applications in
physics and engineering (e.g., quasilinear (i.e., half-linear) differential equations arise in a variety of
real world problems such as in the study of p-Laplace equations, porous medium problems,
chemotaxis models, and so forth), see [8—12].

For several years, an increasing interest in obtaining sufficient conditions for oscillatory and
nonoscillatory behavior of different classes of differential equations has been observed, see [13—18]
for second-order equations. While the development of the study of the second-order equations was in
turn reflected on the even-order equations in the works [19-28]. The development of the study of the
odd-order equations can also be traced through works [29-34], some of which are special cases of the
studied equation.

Many authors as Ladde and Zhang in [22,28] established a criterion for oscillatory behavior of the
higher-order differential equation

(x@" ™)) + g @ @) =0. (1.2)
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Grace [20] extended some new results to the equation
(ro(x®" ")) +q@ @ @) =0, (1.3)
under the assumptions that « is even,

f r V() dt = 00 and ¥ (¢) > 0.

fo

Agarwal et al. [19] studied Eq (1.3) under conditions
f (1) dr < oo and f g (t)dt = .

fo To

Karpuz et al. [21] investigated the oscillatory behavior of linear neutral differential equations

x®+pOx@@ON™ +q®Ox(T 1) =0,
where 7 is an odd integer and 0 < p (¢) < 1.
Li and Thandapani [31] established some oscillation criteria for certain higher-order neutral
differential equation
x@®+p@Ox@a+b)” +q@)x(c+df) =0,
with 0 < p(f) < pp < oo.
Yildiz et al. [27] examined the oscillation of odd-order neutral differential equation

(x @)+ p@Ox@ON™ +q(@O)x* (T (1) =0,

where 0 < p(t) < p; < 1.
In the present paper, we aim to improve the results in previous studies and present some new
sufficient conditions which ensure that every solution of (1.1) oscillates or tends to zero.

2. Auxiliary lemmas

Here are some lemmas that we need during the next results.

Lemma 2.1. [I8, Lemma (2.3)] Let g (v) = Cv—Dv®*'/% where C,D > 0. Then g attains its maximum
value on R at v = (aC/ (a + 1) D)* and

a® Cw+1
= ) = ) 2.1
maxg () =§07) = —r .1
Lemma 2.2. [34] Assume that ¢y, c; € [0,00) and y > 0. Then
(c1+ ) <p(c]+c3), (2.2)
where
)1 ify<l
H= o ipy > 1,

Lemma 2.3. [35] Let f € C"([ty,),(0,00)). Assume that ™ (t) is of fixed sign and not
identically zero on [ty, o) and that there exists a t; > ty such that f" V@) f™ (t) < 0 forall t > t,.
If lim,_, f(2) # 0, then for every u € (0, 1) there exists t, > t| such that

H n— n—
f@) > (n—l)!t LD @) fort > 1,
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3. Main results

Through the rest of this paper, we will use the following definitions:

Z:=X+p-xorT,

n (1) ::fr_l/“(s)ds

and
o) =min{o, () : k=1,2,...,m}. (3.1

Lemma 3.1. Let x be a positive solution of (1.1). Then z(t) > 0, (r ((z)("_l))a)/ < 0 and there are two
possible cases for derivatives of 7 :

@D Z@®>0, 2 >0z"V@®)>0,7"(¢) <0
D) 7@ <0,7’®)>0, 77V >0, () <0.

Proof. Assume that x is a positive solution of (1.1) on [fy, o). Then, there exists #; > #; such that
x(@) > 0, x(o(r)) > 0 and x(7v(r)) > O, for + > ¢,. By the definition of z, it is easy to see that

z(#) > x(¢t) > 0. Furthermore, from (1.1), we have (r ((z)(”_]))a), < 0. The rest of the proof is similar to
proof of Lemma in [29]. Thus, the proof is complete. O

Lemma 3.2. Let x(t) be a positive solution of (1.1) and z (¢t) satisfy (IL). If
j‘ﬁﬁﬁmﬁs:m, (3.2)
4]

then lim,_,, x (t) = lim,_,, 7 (t) = 0, where

— 1 Y & g
n(t)=[%ft ;qxs)ds) :

Proof. Let x be a positive solution of (1.1) on [fy, o). Then, there exists #; > f, such that x () > 0,
x(o (1)) > 0 and x (7 (r)) > 0, for t > #,. Since the corresponding function z (t) > 0 and 7’ (¢¥) < 0, then
there exists a finite limit lim,_,, z(f) = ¢ > 0. Let ¢ > 0. Then for any € > 0, we have € + ¢ > z(¢) > c,
eventually. It is easy to see that

x(O)=z(O=-p@Ox(T(®)22(0)-p®)z(r(),

thus,
x(t)>2c—po(e+c)= %(ecm(e+c).
This implies that
x(t) = 0z(t), (3.3)

where o = ¢ — pg (e + ¢) /e + ¢ > 0, that s,
x* (o (1) 2 0°2% (o (1)) -
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Using (3.3) in (1.1), we obtain

(rO (@)Y + > g e (1) 0.
k=1

By (3.1) and o (#) < t, we see that

(r® (@)Y +o2 @ @) Y g, () 0.
k=1

Integrating last inequality from 7 to co, we get

r@ (@) ") 2" f (0 (5) ) g (s)ds.
k=1

t

By lim,_,, z (o (¢)) > c, it follows that
V@) > oc (1) . (3.4)

Integrating (3.4) twice from ¢ to co, we have

(@) > oc foo fooﬁ(s) dsdu = oc fmﬁ(s) (s —1)ds.

Repeating this procedure, we arrive at

-7 (1) = . 363)' f 7(s) (s — )" ds.

Now, integrating from #, to co, we see that

Z(tl) = (n ?CZ)V f E(S) (S - tl)n_2 ds > %‘[2‘ ﬁ(S) Sn_zds.

This contradicts (3.2). Then we have lim,_,,, z(¢) = 0. |

In the following lemma, we will use the notions

G () := min {g, (1), 4, (T ()}, G (0 1= min g, (7' @) g (o7 (x (1))}

and
T > 19>0; (3.5)
(@) > oo>0. (3.6)
Lemma 3.3. If x(¢) is a positive solution of (1.1) and z(¢t) satisfy (I), (3.5) and o, o T = 7 o 0 hold,
then
-1 ()" 4 PO (n-1) o\ (0 = 0 37
(r 0L ) + 2o (7 @ @) ) +— 21 g (1) < 0. (3.7)
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Moreover, if (3.6) and (O‘K o 0"1) oT=To (O‘K o 0"1) hold, then

\ o o)) o

25 (r(e™ @) (2" (o o))))

0070
() o —
+ o 2 da ).
k=1

Proof. Let x be a positive solution of (1.1). Then, there exists t; > #, such that x () > 0, x (o (¢)) > 0
and x(7(¢)) > O for ¢t > t;. By Lemma 2.2 , we see that

(o () < pu(x" (o (1)) + pgx” (r (o (D)) .- (3.9)

From (1.1), (3.5) and property o, o7 =7 o o, We get

+

0 = (t) (r (t (t))( (D) (7 (t)) g 2 Z g (T () x* (7 (7 (1))

> (r @) (" @)} +p§ Y g @) & @ (0, ).
k=1
Using (1.1) with above inequality and taking (3.9) into account, we have

0

\%

(ro (Vo)) + ’j—;’ (re (@)

£ 4 02 @) + 5 Y 4 (D) (7 (0 (1)
k=1 k=1

v

(ro " o)) + "T’—O (re@) " @@)) + = Ga 02 (0 ®)

1
n
1

n

Ms iMs

(r(r)(z<"—”<r>)“ —5(r(r<r>)( "D (z (1)) )) + =) Ga () (0 ().

1l
—_

K

By (3.1), we see that
o a o ’ 1 m _
0> (r 0 (" @) + i—;’ (r @) (2" @ @) )) + 22 (@) > G,
k=1

Using (3.1) and (3.6) in (1.1), we are led to
= A O )Y = Sl ) (o )
S (r(e! @) (" (¢! (z)))“)' + qu ' )2 (o (7! 0)). (3.10)
1

%

0o
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Also, using (3.1) and (3.5) in (1.1), we obtain

Py . g m )

0 = T C@) (e L)) Z o (@) ¥ (o (o7 )

k (fogm (@ @) (e )} + 05 Y (o7 @) (07 @) G1D)
k=1

Combining (3.10) with (3.11) and taking into account (3.9), one can see that

(04

0 > i(r(a- ) (& (o (t)))“)'+ap . (r(e @) (2 (o @ @)

oo 060
LS e 0(slen o ) x(elen (o @)
k=1
That is,
- aio (o~ 0) (& (o 0))7) + %8;0 (r(o™ @ @) (" (o e )Y

+ Zl i@a 02 (o (07 ®)).

By the fact 7/ > 0, we note that z (O’K (0"1 (t))) > z(t) which implies that
Lo ) o 0) ) + L e ) 0 (o))

0o

m 1~
#2102 (.
k=1

0 >

The proof of lemma is complete. O

Theorem 3.1. Assume that (3.2), (3.5), o (t) < 1(t), 0’ (t) > 0 and o o T = T o 0, hold. If there exists
a function 6 € C! ([ty, ), (0, 0)), such that

. (s) (-2 AMAOICHO) C e
hl?lillpf[ Z n ) ue (a+1)“”( T To)(é(S)U"‘Z(S)U’(S))“ ds=co G2

then every solution of (1.1) is oscillatory or tends to zero.

Proof. Let x be a positive solution of (1.1). Then, there exists #; > ¢y such that x(¢) > 0, x (o (¥)) > 0
and x (7 (¢#)) > O for t > #,. Let z satisfying case (I). Define the positive function w (#) by

@) ("0 ()
a)(t) :5(t)w. (313)

Hence, by differentiating (3.13), we get

AIMS Mathematics Volume 6, Issue 10, 11124-11138.
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n-D\? A (20D (¢ ay’
r(@"") vo (ro(="" o))
2% (o (1) 2 (0 (1)
a8 (1) r () (<70 () 2 T ) (T (1) o (1)
- 29 (07 (1)) '

W' () = 60

(3.14)

Since 7 > 0,7 > 0, we see that lim,_,., 7 # 0, using Lemma 2.3 with f = 7, we see that

2> ﬁzn—zzm—“ 0.

for every u € (0, 1). By 7" (¢) < 0, we get

E @)y 22 @) > —E— (22" ). (3.15)

(n-2)! (n-2)!
Substituting (3.13) and (3.15) into (3.14) implies

-1 (A =1 ()Y
t)r(t)(z () Lot (r@ (2" @))
2 (o (1) 2 (o (1))
_ (z<"‘1> 0) )““ as () r (1) po" 2 () 07 (1)
(0 (1) (n-2)!

(n-1) a\/’ ,
o)) s,
2 (o (1) (1) (n—-2)!

7 ()=

w' (1)

IA

IA

a5 rpe o (t)( w(® )
or@

that is,

(r (3) (Z(”_l) (t))a)’ & (1) auc" 2 (1) o’ (t)
+ w () -
2% (o (1)) 0 (1) (n=2)16Y () ri/e (1)

w (1) <6(1) W@V (p) (3.16)

Now, define another positive function v (¢) by

(@) (2 @ @)

v(t)=0(t) = @)

(3.17)

By differentiating (3.17), we get

N’/

ra@) (@ V@) 6@ (r@@) (@ @)
“@0 @ (@)
a8 (1) r (7 (0) (2" (¢ (1) 2 (T (N (o (D) (1)
B 2 (o (1)) ‘

Vi) = 80

(3.18)

From (3.15), o (¥) < 7(¢) and 7" (r) < 0, we have

E ey 2"V (o@)> —L-

n=2 _(n—1)
(n—-2)! Z - 2)] (@)™ Z" (T ®). (3.19)

Z (o) =

AIMS Mathematics Volume 6, Issue 10, 11124-11138.
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Substituting (3.19) and (3.17) into (3.18), implies

re) @ ao) (ree) T ao))
awm o T ®)
2D )\ @s @) r (r () uo 2 () o (1)
_(wa)) (n—-2)!
s IEDECO)) so aé(ﬂr(r(ﬂ)#om_z(D(T’U)( V) )ﬁ?_
) @) 5() (n-2)! 50T D)
By r (f) > 0, we get

Vi) £ 80

(ra " e@)) & oo™ (10 (1)
722 (o (1) 5 (1) v(t) — (n — )16V (1) ri/a (1)

Now, using inequalities (3.16) and (3.20), we get
(r@ (@ ®)) + L (r@ o) ("0 @ @)Y

V(1) <6(t) platbie gy (3.20)

a)’(t)+p—gv'(t) < 6(p)

To 2 (0 (1)
5, (t) ( ) _ a,uo-n_2 (t) o’ (t) (a+1)/a (I)
5(t) (n=2)'\6Y () rt/e (1)
Po o (1) 3 auc™ 2 (1) o’ (1) (a+D)/a )
. (6(0 T I IO M (32D
By (3.7), we obtain
Z 4l (t) FY -2 ’
p() ’ _ () _ 0//10'” (l')O' (t) (a+1)/a
SO0 S O e O e O
N A O NN Tl O Y O N
. (6(t) YO e O
Applying the following inequality inequality (2.1) with
_aua (o’ (1) _5®
TR IN YA R
we get
P_o , IORS (n=2)"  r(E @)™
w (t) + 7o (1 < L Kl ( ) e (@ + l)m—l (6(1‘) P (1) o (t))w
Po (=) r@® @& @)™
Toy (a+ D) (@) o2 (1) o (1))
Integrating the last inequality from ¢, to ¢, we obtain
o (s) _ ((mn=2))" AMRAOICIO) S Py
f ( Z Kl( ) Iu (a’-f-l)(Hl ( + T())(d(S)O'n_Z(S)O'/(S))Q dSSa)(Iz)-i- Tov(tZ)-
The proof is complete. O
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Theorem 3.2. Assume that (3.2), (3.5), (3.6), c (t) <t () and ovo o ot =100, 00" hold. If there
exists a function 6 € C' ([ty, ), (0, 0)), such that

: m e a 5 (sHH!
lim supf [%S) Z?jkz (s) — ((n=2)" (1 L P ) V(O' (s))( (s)) ]ds o, (3.22)

00 Teton (Q’ + l)af+l To (5 (S) sn—Z)"
then every solution of (1.1) is oscillatory or tends to zero.

Proof. Let x be a positive solution of (1.1). Then, there exist #; > #; such that x (¢) > 0, x (o (t)) > 0
and x (7 (1)) > 0 for t > ¢;. Let z satisfying case (I). Define the positive function by

-1 n-1) (1 @
w®) =60 I"(O‘ (t)) (Z (0- (t))) . (3.23)
¥ ()

Hence, by differentiating (3.23), we get

e o) i, bl o) o))
z (1) z (1)
as (O r (o 0) (2" (o wm)almzm
- 2 (1)

Since 7 > 0,7 > 0, we see that lim,_,., 7 # 0, using Lemma 2.3 with f = z, we obtain

w () = 8@

(3.24)

' H n—2_(n—-1)
z ()2 o)1 2)!t "D, (3.25)

for every u € (0, 1). Thus, by o~! () > tand 7" (t) < 0, we get

720D (1) > (nLt"-Z 2D (071 ). (3.26)

{02 Gy 2!

Substituting (3.23) and (3.26) into (3.24) implies
r (0_—1 (t)) (Z(n—l) (0__1 (t)))“ e (r (o-—l (t)) (Z(n—l) (0.—1 (t)))a)/
2% (1) % (1)
[z("‘” (o (t))]"” as (1) (o7 (1) =2

w' (1)

IA

o' (1)

z(1) (n—-2)!
(rle )" (' 0)) s
=) 50

ad () r (0"1 (t)) ut"? w (@) ot
B (n—2)! (5(r) r(o! (r))) :

IA

o)

w (1)

that is,

(r (0_—1 (t)) (Z(n—l) (a-‘l (t)))a), 0) a'/Jt”_z
w (1)

W (t) < 6(0 - (t) + 6(I) - (n _ 2)!61/‘1 (t) yl/a (0-—1 (f))

w(a+1)/oz ([) .

(3.27)
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11134

Now, define another positive function v (7) by

r(o7 @) (& (e (x (1))

[02

v(t)=6(1) . (3.28)
Z(z (t)
By differentiating (3.28), we get
r(e @)@ (e o)) s (r(e @)@ (o @)Y
Vi) = 6 +
7% (1) z* (1)
s @r(o (@) (z<"-;> (e @) 2 (02 O 529
2 (1)
From (3.25), 0! ( (1)) > t and 2" (f) < 0, we have
! H n=2_(n— M n-2_(n— —
) 2 o 0 2 Y (™ ). (3.30)
Substituting (3.30) and (3.28) into (3.29), implies
v < oo (e @) (2 (o @ @) 90 (r(e™ @) (0 (e @)Y
z (1) % (1)
2D (o @) @ (@ r (o7 (7 () i
- 10 (n—2)!
5 ([) (l’ (0_—1 (T (l))) (Z(n—l) (0'—1 (T (I))))Q)/ 5 (l)
< v (1)
7% (1) 6 (1)
s () r (o (x (1)) " v (@) o
- (n—-2)! (5 Or(c"(t (t))))
By r (1) > 0, we get
v O ) C)) v W g,
% (1) 6(1) (n=26"> @) r!/e (o1 (1))
(3.31)
Now, using inequalities (3.27) and (3.31), we get
o 1 -1 (n=1) (1 @y’
Lw’ (t) + p_OV, (t) < 50) a0 (I" (O- (t)) (Z (O- (t))) )
oy} O0To bl (t)
ooy 2 ) ) )
00T 2 (1)
0@ _ aput"> (@+D)/a
706 (1) ® o (n = 2167 () T (o (1) ®
Py (6D B aut"? (@+D)/a )
+a'o7'0 ( 6 (1) v @) (n—2)16e (t) rl/e (o1 (t))v @)

By (3.9), we obtain

AIMS Mathematics Volume 6, Issue 10, 11124-11138.
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1, e 5 (1) o' (1) aut">
o OF o O S T e 0 T G D () T (o @)

0o OoTo
p_g 5’ (t) _ a,'utn—Z ((I+1)/(l )
(0'06 (t)V(t) oo (n— 216V (1) r/a (o1 (¢ (t)))v @®|.

(a+1)/a (l)

Applying the following inequality (2.1) with

3 aut"? 0
D O X ) R Tk
we get
1P 5 (-2 (e @)@ o)
O-O(,l) (t) + O'OTOV (t) < 1 Z K2( ) 120 (Q + 1)a+1 (6 (t) tn_z)a

P (=20 (e @)@ @)
Tooou® (a + 1)*! (6 () m2)*

Integrating last the inequality from ¢, to ¢, we obtain

16(s) & — —2)l)” oy (o7 (5)) (6 ()" 1 o
f ﬁzqkz(s)— ((n=2)) +1(1+p) (' ) —|ds < —wm) + v,

n| M = ueog (a +1)° To (0 (s) s2) 0o 00To

The proof is complete. O

Example 3.1. Consider the odd order neutral delay differential equation
17 1\ g [t
HN+— —x|—=|=0,n>3,t>1, 3.32
(x()+ 18x(b)) +; tnx(bg) " (3-32)

we note that

u=a=rt)=1,b=b; > 1, gu(s) = o) = (1) = é and set 5 () = "\,

ﬁa
It is easy to see that the conditions (3.5), (3.6) and (3.2) hold.

Applying Theorem 3.2, we have that every solution of (3.32) is oscillatory or tends to zero ast — oo
when

_ | _1)\2 j2n-2
S n-=-2)!'(n-1)b 17b
4m 18

Remark 3.1. If we consider the special case (x (1) + x (t/ 2)) x(t/ 22) = 0, then every solution
is oscillatory or tends to zero if qo > 46.22, while by using the result in [21], we have that every
solution is oscillatory or tends to zero if qo > 144. Consequently, our results apply to the equation

(x (1) + Zx (t/2))(3) + Dy (t/22) = 0, while the other results fail to study thi ]
18 3 =Y, 'y this equation.
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4. Conclusions

In this study, oscillatory properties of a class of odd-order quasi-linear neutral differential equations
are established. By introducing some Riccati substitution, we obtained new conditions that guarantee
that all nonoscillatory solutions of (1.1) converge to zero. Our results extend and complement the
previous results in the literature. An interesting issue is obtaining new criteria that ensure that all
solutions of (1.1) oscillate.
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