AIMS Mathematics, 6(10): 10947-10963.
ATIMS Mathematics DOI: 10.3934/math. 2021636
% / Received: 01 April 2021

Accepted: 11 July 2021
http://www.aimspress.com/journal/Math Published: 29 July 2021

Research article

Existence and subharmonicity of solutions for nonsmooth p-Laplacian
systems

Yan Ning'>*, Daowei Lu?> and Anmin Mao'

! School of Mathematical Sciences, Qufu Normal University, Qufu, Shandong 273165, China
2 Department of Mathematics, Jining University, Qufu, Shandong 273155, China

* Correspondence: Email: ningkegood @ 126.com.

Abstract: In this paper we study nonlinear periodic systems driven by the vectorial p-Laplacian
with a nonsmooth locally Lipschitz potential function. Using variational methods based on nonsmooth
critical point theory, some existence of periodic and subharmonic results are obtained, which improve
and extend related works.

Keywords: p-Laplacian; locally Lipschitz continuous; nonsmooth saddle point theorem;
subharmonic solution; periodic solution
Mathematics Subject Classification: 37J12, 37J46

1. Introduction
Consider the nonlinear nonsmooth periodic system with p-Laplacian

- dit(m(t)w-zu(t)) € OF(t,u(t)) a.e. t€[0,T],
u(0) — w(T) = i(0) — i(T) = 0,

Y]

where T > 0, p > 1, F : [0,T]xRY — R is locally Lipschitz continuous in the vectorial variable x and
O0F (¢, x) denotes the generalized subdifferential of F with respect to x in the sense of Clarke (see [1]).

When the potential function F : R x RY — R is T-period with respect to the first variable,
problem (1) becomes the following Hamiltonian system with p-Laplacian

- %qu(t)V"Zu(r)) € 0F(t,u(t)), a.e.t € R. )

A function is called subharmonic solution if it is k7-periodic solution for some positive integer k
(see [2]).
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When the potential functional is continuously differentiable (i.e., F(z,-) € C'(R")), the existence of
periodic solutions and subharmonic solutions of Hamiltonian systems with p-Laplacian has been
widely concerned by mathematical physicists because of its strong practical significance and
theoretical research value (for example [3—12] and the references therein). In their papers, the
following assumption is always required:

(A) F(t,x)is measurable in ¢ for every x € R" and continuously differentiable in x fora.e. t € [0, T],
and there exist a € C(R*,R*),b € L'(0, T;R*) such that

|F (1, 0l + [VF(z, )| < a(|xDb(),

for all x € RV and a.e. € [0, T], where R™ is the set of all nonnegative real number.

In recent years, extensive researches on problem (1) have been conducted, for example Gasin’ski
and Papageorgiou [13] gave the existence and multiplicity of periodic solutions using the nonsmooth
mountain lemma and saddle point theorem; Researchers studied the existence and multiplicity of
solutions for nonlinear second-order periodic systems with one-dimensional p-Laplacian and
nonsmooth potentials [8, 14, 15]; Zhang and Liu [16] obtained the existence of three solutions for the
periodic eigenvalue problems driven by the p-Laplacian under a bounded interval for the parameter A;
In [17, 18], the authors discussed the existence of subharmonic solutions for problem (2).

Inspired by the above papers, we further investigate the periodic solutions and subharmonic
solutions for p-Hamiltonian systems with nonsmooth potentials. Since the potential is
nondifferentiable, the gradient is replaced by the subdifferential and the resulting problem is a
quasilinear second order periodic differential inclusion, known as hemivariational inequality.
Hemivariational inequalities arise in physical problems, when one wants to consider more realistic
models with nonsmooth and non-convex energy functionals. The hemivariational inequalities
formalism proved to be an efective analytical tool in the study of many complex mechanical
structures, such as multilayered plates, Vonkarman plates in adhesive contact with rigid support,
composite structures and others (see [7]).

Throughout this paper, we always suppose that F : [0,T] X RY — R (N > 1) satisfies the following
assumption (A”):

(A’) F(t,x) is measurable in ¢ over [0, T] for each x € R" and is locally Lipschitz continuous in x
fora.e. t €[0,T], F(t,0) € L'(0, T).

We use nonsmooth critical point theories to prove the existence of periodic solutions for problem (1)
and subharmonic solutions for problem (2). In the proof of the existence of periodic solutions, we prove
that the energy functional satisfies the nonsmooth Cerami condition firstly, and then prove that it has
saddle points. Finally we prove that the obtained critical point of the energy function ¢ is the weak
solution of the problem (1) (See Theorem 3.1). In particular, in Theorem 4.1, we make use of a weaker
condition and prove the existence of the subharmonic solutions for (2), generalizing a result contained
in [12].

2. Basic definitions and preliminary results
We start with the subdifferential theory for locally Lipschitz functions. Let (X, || -||) be a real Banach
space. Denote by X the dual space of X, while (-, -) stands for the duality pairing between X and X".

A functional 4 : X — R is called locally Lipschitz continuous if for every u € X there corresponds a
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neighborhood V,, of u and a constant L, > 0 such that
I(z) = h(w)l < Lyllz—wll, VYz,weV,.

If u,v € X, we write h°(u;v) for the generalized directional derivative of & at the point u along the
direction v, i.e.,
h(w+1tv)—h
h°(u; v) := lim sup (w+ 1) (w).

w—u,t—0* t

It is known that A° is upper semicontinuous on X x X (see [1, Proposition 2.1.1]).
For locally Lipschitz continuous functionals 4y, i, : X — R, we have

(hy + ho)°(u;v) < 1wy v) + W(u;v), Vu,v e X.
The generalized gradient of the function 4 at u, denoted by dh(u), is the set defined by
Oh(u) := {(u* € X* : (u',vy < ho(u;v), Vv e X).

In view of [1, Proposition 2.1.2] dh(u) is a nonempty, convex in addition to weak™ compact subset of
X*, thus the function A(x) = min,eamy |Wllx- 1s well defined and lower semicontinuous, i.e.,
liminf, ) A(x) > A(xo).

If hy, hy : X — R are locally Lipschitz continuous, then

(9(h1 + hz)(x) - 6h1()€) + 6h2(x), VxeX.

A point u € X is said to be a critical point of 4 if h(u;v) > 0, Vv € X. In this framework, the functional
h is said to satisfy the nonsmooth (PS) condition if any sequence {x,} in X such that {A(x,)} is bounded
and A(x,) — 0 possesses a convergent subsequence. Moreover the locally Lipschitz functional % is said
to satisfy the nonsmooth Cerami condition if any sequence {x,}>", C X such that {i(x,)} is bounded and
(1+]|x,I)A(x,) — 0 (n — o) possesses a convergent subsequence. For more details on this subject one
could refer to [1, 19-24]. For convenience, in what follows we will denote various positive constants
asc;, i=1,2,3---.
Finally, we shall make use of the following well known results.

Lemma 2.1. ( /1, Theorem 2.3.7]) Let x and y be points in X, and suppose that f is Lipschitz on open
set containing the line segment [x,y]. Then there exists a point u in (x,y) such that

fO) = f(x) € 0f(w),y — x).
Lemma 2.2. ( [25, Theorem 7]) If X = Y @ V, with dimY < oo, there exists r > 0 such that
max[¢(x) : x € ¥, ||x|]| = r] < inf[p(x) : x € V]

and ¢ : X — R satisfies the nonsmooth (C).-condition where ¢ = inf er max g ¢(y(x)) withT' = {y €
C(E,X) : ylog = identity}, E={x€ Y :||lx|| <r}and OE ={x €Y : ||x|]| = r}, thenc > infy pand cis a
crucial value of . Moreover, if ¢ = infy ¢, then

VNK, #0.
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Lemma 2.3. ( [22, Theorem 3.3]) Let X be a real Banach space, and let f be a locally Lipschitz
function defined on X satisfying the nonsmooth (PS) condition. Suppose X = X| ® X, with a finite
dimensional subspace X,, and there exist contants by < b, and a bounded neighborhood N of 0 in X,
such that

Sflx, 2 b2, flan < by

Then f has a critical point.
3. Existence theorems

In this section, we shall give the existence theorems for problem (1).
Theorem 3.1. Suppose F(t, x) satisfies assumption (A”) and the following conditions:

(l,) For every r > O there exists a, € L'([0,T)), such that for a.e. t € [0,T], all |x| < r and
& € 0F(t, x), we have |€| < a,(1);
(L) There exist u € (0, p) and M > 0 such that

FOt, x; %) < uF(t, x)

for almost all t € [0,T), all |x| > M;
(1) fOT F(t, x)dt — +00 as |x| = oo uniformly for a.e. t € [0,T].

Then problem (1) has at least one solution u € WL, where
W;’p = {u: [0, T] = R|u is absolutely continuous, u(0) = u(T), i € LP(0, T;RM)}

is the reflexive Banach space with the norm

T T 1/p
ll = ( fo ur)"dr + fo o)) .

Proof. We start by observing that, because of hypotheses (/;), using the mean value theorem, we have
that for a.e. t € [0, 7] and all x € R with |x| < r,

|F(2, 0| < br(t)a(|x]), (3)
where b,(t) = |F(t,0)| + a,(¢) and
{1, 0<s<l,
a(s) =
s, s> 1.

Let W}’p = {u € W}’p : fOT u(t)dt = 0}, then W;’P = W}’p ® RY, for every u € W}’p . Puta =
% fOT u(t)ydt, () = u(t) — i, thent e RV, i1 € W;’p and the following inequalities hold:

T
lla)ls, < C f i(2)1Pdt, (Sobolev inequality)
0

T T
f |i(0)|Pdt < C f li()|Pdt, (Wirtinger’s inequality)
0 0
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where C > 0 is a constant and ||u|., = mglx lu(2)).
1€[0.T]

Consider the energy functional ¢ : W}’p — R for problem (1) defined by

1 T T
ot = [ lucorar- [ e
P Jo 0

for all u € W,".
It is straightforward to verify that ¢ is well defined and locally Lipschitz continuous on W}”’ (see[1,
page 83]) under assumption (A”).

Claim 1. ¢ satisfies the nonsmooth Cerami condition.

Let{u,} C W}’p be a sequence such that |¢p(u,)| < M, for some M; > 0,V n > 1 and (1 +||u,|)A(u,) —
Oasn — oo.

Since dp(u,) C (W;’p )* is nonempty, weakly compact and the norm functional in a Banach space
is weakly lower semicontinuous, by Weierstrass theorem we can find u, € dp(u,) such that A(u,) =
llu;|lx-, n > 1, then (see [1, page 76]) there exist &, € LY(0,T), &(t) € OF(t,u,(t)) a.e. on [0,T]
such that

T T
(U, vy = f lit,, (0)|P 2 (1, (1), V(1)) dt — f (& (D), v()dt, Vv e W}’p.
0 0

From the choice of the sequence {u,} C W}’p , we have

Uy, ) = fT Iitn(t)l”dt—fT(fn(t), u,(1))dt

< (10+ lletnl[) A1) Soen,

where €, | 0. Since ) )
fo FO(t, u,(0); un(0))dt 2 fo (& (D), (D)),

we deduce

T T
f i (0Pt - f FOt, u,(0); u(1)d < &, @)
0

0
and since |p(u,)| < M;, we obtain

u (7 T
-= f li, (DI dt + f HE(t, u,(D))dt < uM,, (5)
P Jo 0
for all n > 1. Adding (4) and (5),we have then
u (7 T
(1- —)f lit, ()| dt + f [LF (2, un(1)) = FO(t, u(1); un(D))dt < €, + M.
P Jo 0

Now set A, = {t € [0, T |u, () < M} and B, = {r € [0, T]| lu, ()| > M}. From (/;), (I») and the
properties of F (see [7, page 545]) we obtain

f (WF (2, un(1)) = FO(2, un(2); un(0))dt > 0,
B,
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while
| fA (UF (2, un()) = FOt, un(2); un(1)))d1]
< f (u(|F(t,0)| + ay(H)M) + c;M]dt < c;.
An

It follows that
(1= BN l2 < &+ uMy + ¢, Vn> 1,
p

then by Poincare-Wirtinger inequality, {i, } is bounded in W;"’ and by Sobolev inequality, we get ||i,||c
is bounded.
We claim that the sequence {i,} is bounded, otherwise, there is a subsequence, again denoted by
{u,}, such that |iz,,| — oo as n — oo.
Thus
(D = i, (2) + | 2 ity| — ||iin|lcc — 00, asn — oo,

for all r € [0, T']. From the condition (/3), we have
1 (7 T
o(u,) = —f |it, (D|Pdt — f F(t,u,()dt - —co asn — oo,
P Jo 0

which contradicts the choice of {u,}. Hence {u,} is bounded in W}’p . By the compactness of the
embedding W}’p C C(0, T;RM), the sequence {u,} has a subsequence, denoted by {u,} again, such that
u, — u weakly in W;’p and u,, — u strongly in C(0, T;R™).

Note that

T T
<I/t:;, Uy, — M> = ‘fov |I;ln(t)|p_2(l;ln(t), un(t) - M(t))dt - \f(; (fn(t)a ull(t) - M(I))d[,

and
(W u, —uy > 0 as n — oo.

Since {u,} is bounded and
- _ _ ~ _ L.
letn (D] = |8, (0) + | < Nitn] + |[nlloo < itn] + CPllinllp,
there exists M, > 0 such that |u,(7)] < M, for a.e. t € [0,T] and n > 1. By (/;), we have

T T
| f (&), (1) — u(t))d| < fo ant, (Dl () = w(Dldr < eslluty — ulls
0

for some positive constants c;.
Hence one has

T
f lit, (D721, (1), 10,(£) — 12(£))dt — 0 as n — oo.
0

Besides it is easy to drive from u, — u strongly in C(0, T;R") that
T
f |t (D17 (1 (1), un (1) — u(t))dt — 0 as n — oo.
0
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Since ||u||” = ||u||§ + ||b't||§ and the norm in a Banach space is weakly lower semicontinuous, we have
|l < Tim inf [|d,||7.
Using the Holder inequality, we have
0 < (letall”~" = N~ )Uetall = lleall)
T T
< f | (D1~ (D), (1) — u())dt + f it (D172 (0), i1(1) = i6(1))dt — 0,
0 0
which yields ||u,|| — |lul|. Since u, — u weakly in W}’p and i, — @ in LP(T,R") and the latter space

is uniformly convex, by the Kadec-Klee property, we have i1, — i in LP(T,R"). Therefore u, — u in
W;’p and ¢ satisfies the nonsmooth Cerami condition.

N . . F71,
Claim 2. ¢ is coercive on W,”.
=1,
For every u € W, we have

1 T T
o) = = f jir)Pdr - f F(t, u(0)dt
P Jo 0

T
= l f li(D)|Pdt — f F(t,u(t))dt — f F(t, u(t))dt,
P Jo A B

where A = {t € [0,T] : |u(t)) < M}and B ={t € [0,T] : |u(t)| = M}. Note that from the mean value
theorem and (/,), for |[x| < M and a.e. ¢ € [0, T], it is possible to find r € [0, 1] and & € JF(t, rx) such
that

|F (@, x)| < |F(,0) + K& 0 < |[F(,0)| + au(®)M.

Therefore we can see that for all |x| < M and a.e. t € [0, T]
F(t’ X) < ﬁM(t)a
where By (¢) € L'(0, T),. Immediately we have
f F(t,u(0)dt < Bull;- (6)
A

By (L), for ae. ¢t € [0,T], all [xy > M and all s > 1, one has F(t,sx) < s'F(t,x)
(see [26, Theorem 3.14]), then

f F(t, u(t))dt < |()|“ F, MO,  Muls f . Mu(t)

B B |u (l)l

and so )
fF(l,u(t))dt< lelto 18wl o
B

Now from (6) and (7), using the Poincaré-Wirtinger inequality again, we obtain

. |
() 2 il = calllly = .
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. . . ~ 1, .
Since u < p, we conclude that ¢ is coercive on W,” as claimed.

Claim 3. ¢ is anticoercive on RV,

Since for x € RY, ¢(x) = — fOT F (¢, x)dt, the claim is a direct consequence of hypothesis (/3).

From the claims proved we are in the position of applying Lemma 2.2 and obtaining the existence
ofauce W}’p such that 6 € dp(u). Moreover, there exists £(¢) € dF (¢, u(t)) a.e. t € [0, T'] such that

T T
0= f (0P~ 2(ia(t), v(2))dt — f (&), v()dt, Vve W}”’ ,
0 0

which implies

T T d T
f (O (i(z), v(1)dt = — f (= QO 2ie), v(e))dr = f (&), v(D)dt,
0 0 0

thus
—%(|u(z)|1"2u(t)) € 0F(t,u(t)) a.e.on [0,T].

Souce W}’p is a solution of problem (1). ]
Example 3.2. Let F : [0,T] X R — R be defined as

2—1xl, ¥ <1,
Fit,x)=4¢x", x>1,
[xF+1, x<-1.

where u € (0, p). Then

- %I 0< <1,
[-1,1], x=0,
OF(t,x) = { [-Lul, x=1,
[-u, -1, x=-1,
ux“_l, x> 1,

ulxx, x < 1.

It is easy to verify that F(t, x) satisfies the condition of theorem 3.1.
4. Subharmonic solutions

Consider problem (2)
d
—d—t(|u(t)|f"2u(t)) € OF(t,u(t)) ae. t €R,

where p > 1 and F : R x RY — R is T-periodic (T > 0) in its first variable for all x € RV,

Theorem 4.1. Suppose F(t, x) satisfies the assumption (A") and the following conditions:

AIMS Mathematics Volume 6, Issue 10, 10947-10963.
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(hy) There exist a € C(R*,R*),b € L'(0, T;R™") such that
|F(2, )| < a(|x))b(2),

forall x € RN and a.e. t € [0,T];
(hy) There exist constants C* > 0, K| > 0, K, > 0, a € [0, p—1) and a positive function h € C(R*,R*)
with the properties:
(i) h(s) < h(t) forall s <t, s,t € R,
(ii) h(s +1t) < C*(h(s) + h(?)) for all s,t € R,
(iii) 0 < h(t) < K1t* + K, for all t € R,
(iv) h(t) > +oo ast — +oo,
Moreover, there exist f,g € L'(0, T;R"Y) such that for a.e. t € [0,T), all x € RN and & € OF (¢, x),
one has

€1 < F(Oh(x]) + g(0);

(h3)
1

ha(]x)
uniformly for a.e. t € [0, T], where 11—7 + é =1L

T
f F(t, x)dt —» +00 as |x| > oo,
0

Then problem (2) has kT-periodic solution u; € W,:’Tpfor every positive integer k such that ||uy||cc — +00
as k — +oo, where ||ul|lo = maxo<<ir|ur(t)| and

Wkl’Tp = {u: [0,kT] = R"|u is absolutely continuous, u(0) = u(kT), it € L”(0, kT;R")}

is the reflexive Banach space with the norm

kT kT
lull = ( f lu(r)lPdr + f li(r)|Pdr)”.
0 0

Proof. Foru e Wy, seti = 1 [ u(de, a(t) = u(t)—wand W = {ue W| [ u(t)dt = 0}, then

WkI’Tp = W,i’T” @® R". By [2, Proposition 1.1], there exists a constant C;, > 0 such that

kT
llullE, < Ckf li(0)|dt,
0

kT kT
f ja(n)de < C f ja(e)"dt,
0 0

kT kT
f l()|Pdt < ||ull” < (1 + Ck)f li(t)|Pdt, Yu € VV,:’T”.
0 0

and

Lp
for every u € W,7". Hence

By assumption (A’), the corresponding energy functional ¢y : W,i’Tp — R of problem (2) defined by
| (kT kT
r(u) = — f lie(0)|Pdt — f F(t,u(h))dt, ueW,?,
P Jo 0
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is locally Lipschitz continuous on WkI’T” and for every u € W,:’T” and u* € Opi(u) there exists & €
LY(0,kT), &(t) € OF(t, u(t)) a.e. on [0, kT] such that

kT

kT
Ww,v) = f |a(t)|P‘2(u(t),v(t))dt - (&), v()dt, Vve W,:,;’ .
0

0

First, we prove that ¢y satisfies the nonsmooth (PS) condition on W;’Tp .

Let{u,} C W,:’Tp be a sequence such that {¢;(u,)} is bounded and A;(x,) — 0 as n — oo, where
Ax(x) = minyeag, (o (W]

Since dgi(u,) C (Wkl’Tp )* is nonempty, weakly compact and the norm functional in a Banach space
is weakly lower semicontinuous, by Weierstrass theorem we can find u; € dgi(u,) such that A, (u,) =
lle;|lx-, n > 1, then there exists &,(¢) € dF (¢, u,(t)) such that

kT

kT
(uy,v) = f it (12 (1 (1), W(8))dlt — &), v@)dt, Vv e W,
0 0

Since ¢y (u,) is bounded and A;(u,) — 0 as n — oo, there exists M3 > 0 such that |p(u,)] < M3 and
llz;]l < 1 when n is large enough, hence [(u;, v)| < ||v|| for large n.
By condition (%;), Sobolev inequality and Young inequality, we have

kT
|| &, @,(0)d]
OkT
< ; (fOha, + sty (D)) + gO)lit,(D)ld1

kT

kT
< f(t)C*(h(lﬁnl)+h(lftn(t)|))|ﬁn(t)ldt+IIftnlloof g(ndt
0 0

kT

kT
<C*(h(|in]) + h(litn(OD)Nitnlloo f(t)dt+||b7n||oof(; g(n)dt

0

1 . kT kT
<C* i, |2 + 2pC*CYYr T hi(|i1,, tdtq+~nwf Ndt
[2PC*Cf”u %, + 2pC™Cy) (122,)( ; S@dn)*] + |||l ; g()

+ C"h(]|itnlloo )|t oo ; f(de

1 kT
S@f lit,()|Pdt + csh?(|it,]) + C* (K ||itn]|%, + Ko)liinlloo f(dt
0

0
kT
il f o)t
0

1 kT kT . kT 1
<— lit, (DI dt + cch?(Jit,]) + a(f i, (DIPdt) 7 + cg( i, (DI dt)r .
2p Jo 0 0

Hence,
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kT kT
[l Z(”f,,ﬁn>=fo lit, (DI dt — ; (&n(0), 11, (1))dt

kT kT

1 u
>(1——) | | (Ot — ceh®(itn]) — c2( | lia(OIPdt) >
2p 0 0

KT 1
- Cs(f lit, (D) di)»
0

for large n.
Since @ < p — 1 and by Wirtinger inequality
kT

il < (L +Cor( | ()P dr)r,
0

we obtain
kT
coh(fiy]) > f i (O di — e,
0

for all large n, which implies that

kT
1 _
llitylloo < (Ckf i, ()P dt)r < Ci(cohi(lit,]) + c10)
0 1
< e (Ji, " + 1)7.

Then
- _ _ - _ _ 1
[, (D] = ity (1) + 1| > k] = il > litn] — 11|, " + 1)7

for all large n and every ¢ € [0, kT].
We claim that |iz,| is bounded, if not, without loss of generality we may assume that

|it,| = o0 asn — oo.

Since0<a<p-— 1,% + - =1, we have % < 1. From (9), one has

1
q

| (0)] = : |it,|

Uy 2 ~|Upnl,

2
for all large n and every t € [0, kT']. Then we have
h(li)) < h2lu,(0))) < 2C" h(|u, (D).

In virtue of (h3) and the T-periodicity of F(t, x), for every 5 > 0, there exists M4 > 1 such that

1 kT K T
ha(|x]) fo F@, xdt = () fo F(t,x)dt > kB,

for all |x| > M,. By (9) and (10), when n is large enough, one has

|lu, ()| > My a.e.t €[0,kT].

®)

€))

(10)

(1)
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Thus
1 kT kT
or(u,) = — f [it, (DI dt — f F(t, u,(1))dt
P Jo 0
1
< ;(@h"(lﬁnl) + c10) — kB (Ju, (1))

ks
h(|i
°C (T

1
< —(eoh(lita]) + c10) —
p
for all large n. So by the arbitrariness of 8, one has

) 1
llgfgp m‘pk(”n) = —co.
Since |it,| — oo, by (iv) of (h,) and (h3), h(|i,|) — +oo0 asn — oo, thus ¢y (u,) = —oco, which contradicts
the boundedness of ¢, (u,). Hence {|i,|} is bounded. Furthermore, by (8) and (iii) of (h,), we know {u,}
is bounded. Arguing then as the proof of Theorem 3.1, we conclude that ¢, satisfies nonsmooth (PS)
condition.
Next we verify the following condition:

(I1,) @i() — +o0 as ||ul] — oo in W7

(IL) @i(x + ex(f)) = —co as |x| — oo in RY, where ex(t) = kcos(k™'wt)xg € W7, xo € RY, |xo| = 1 and
kT
2
w=2Z

~ Lp
For every u € W, o,

OF (¢, su(t)) such that

it follows from the Sobolev inequality that there exist s € [0, 1] and &(¢) €

1 kT kT kT
or(u) = ; f li(D)|Pdt — f [F(t,u(t)) — F(t,0)]dt — f F(t,0)dt
1 OkT OkT OkT
> — f li(0)|Pdt — f |F(t,u(t)) — F(t,0)|dt — f F(t,0)dt
P Jo 0 0
1 kT kT kT
> — f li(0)|Pdt — f [(&(2), u(t))|dt — f F(t,0)dt
P Jo 0 0
1 kT kT kT kT
> 1—) f li(0)|Pdt — F(@Oh(su(t))|u()|dt — f g(Olu(t)|dt — f F(t,0)dt
0 0 0 0

1 kT kT
> » f ()" dt — FOEK u@®|* + Ko)lu(0)|dt
0 0

kT kT
—wmf wm=f F(t, 0)ds
0 0

kT kT

1 (kT
> — f (O dt — K ||ullg, f@Odt — Ks||ulle f@drt
P Jo 0 0

kT kT
—wmf ww~f F,0)dr
0 0

| T KT " kT 1
2 ;f ()P dr — Clz(f la(nPde) » - C13(f (P dr)? — cua.
0 0 0
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Since p > 1 and @ < p — 1, then (1) — +o00 as ||u|| — oo in WkI’T”, which proves (I1).
For all x € R", it follows from (11) that

1 kT kT
or(x + e(1) = — f lex(DPdt — f F(t;x + kcos(k ' wt)xy)dt

P Jo 0
1 kT

< - f lw(sink™ wt)xo|Pdt — Bkh(|x + kcos(k™ wt)xol)
P Jo

< c15k — kBh1(Ms5),

for all |x| > M3 + k. By the arbitrariness of 3, one has
or(x + ex(t)) = —oo0 as |x| = o inRY.

Thus (I1,) is satisfied. By (I1;), (Il;) and the nonsmooth saddle point theorem, there exists a critical
point u; € W;’Tp for ¢, such that

—oo < inf ¢ < @r(ur) < sup .
Wklf RN +¢;

For fixed x € RV, set
Ag = {t € [0,kT1|Ix + kcos(k™ wt)xol < M3}

Then we have measA; < % for all large k. In fact if measA; > %, there exists #; € A; such that

kT 3kT
o = tl S )
8 8
or
5kT kT
—<Hh £ —.
8 8
Moreover, there exists t, € A; such that
kT
|t — 1] > 3 (12)

and T
[ty — (KT — 1,)| > e

It follows that

1 B 1 1
|§(k W+ k') - 5T| > ET, (13)
and 1 1 15
ET < 5(k‘lt1 +kn) < ET. (14)

From (13) and (14) we obtain
1
[sin(G ('t + K)o 2 sin(g).
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Furthermore, by (12) we have
| cos(k'wty) — cos(k™ wty)|
1 1
=2 sin(E(k‘ltl + k"))l sin(i(k_ltl -k 'n)w)|
>2sin(2) > 0.
8
But due to 1, t, € A, one has
| cos(k~ wty) — cos(k™ wty)|

1
:%Ix + k(cos(k™'wty))xg — (x + k(cos(k™ wtz))xp)]
SZ%/[ — 0 ask — oo,

which is a contradiction for large k. Hence

1
meas([0,kT]\ Ay) > EkT >0

for large k. From (h;) and (h3), we have

kT
kK i(x + e(t)) = 119 f (O dt — f F(t, x + e(0))dt — f F(t,x + e(0))dt
0 Ag

[0.KTT\A,
< c16 — BhI(M3),

for every x € R" and all large k, which implies that

lim sup sup K op(x + en(?)) < c16 — BhI(M3).

k—+oco  xeRN

By the arbitrariness of 3, we obtain

lim sup sup k' gp(x + ¢;) = —co,
k—+00  xeRN
which follows that
lim sup k™' @y (1) = —co. (15)

k—+oc0

Now we prove that |[u||l.c — +00 as k — oo. If not, going to a subsequence if necessary, we may
assume that

llztellco < €17,

for all k € N. Hence, by (k) we have
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10961

kT

kT
kK op(uy) > =k f F(t, u(1))dt > =k max a(s) b(t)dt
0

<s<c17 0

T
= — max a(s)f b(r)dt,
0

0<s<ci7

it follows that
lim inf k™ () > —o0,
—+00

which contradicts (15), therefore by Lemma 2.3 the proof is completed. O

Remark 4.2. Theorem 4.1 generalizes [12, Theorem 1.2] and the conclusion in the document [17].
There exists function F satisfying the conditions in Theorem 4.1 but not satisfying conditionsin [12,17].
For example, let

F(t,x) = sin[(1 + [x?)? InZ (e + |x®)] + | sin wi| InZ (e + [xI?) + |,
forall x e RN and t € R, where w = %’r It is clear that F is locally Lipschitz continuous in x and

€] < InZ(e + |x?) + 11, V& e OF (1, x).

Moreover, one has

F(t,x) = 0 as |x| - +oo,

|x|2a

for any a € (%, 1) and t € R. Hence this example can not be solved by the results in [11, 15,27, 28]
even when p = 2.

5. Conclusions

In this paper we investigate the existence and subharmonicity of solutions for two nonsmooth
p-Laplacian systems. We use nonsmooth critical point theories to prove the existence of periodic
solutions for problem (1) and subharmonic solutions for problem (2). Since the potential is
nondifferentiable, the gradient is replaced by the subdifferential and the resulting problem is a
quasilinear second order periodic differential inclusion, known as hemivariational inequality. In
particular, we make use of a weaker condition and prove the existence of the subharmonic solutions
for (2), generalizing the results of the reference. Thus the results we obtain could be applied more
widely.
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