AIMS Mathematics, 6(10): 10833-10845.
AIMS Mathematics DOI:10.3934/math. 2021629
% , Received: 27 January 2021
o Accepted: 12 July 2021
http://www.aimspress.com/journal/Math Published: 26 July 2021

Research article

Fast growth and fixed points of solutions of higher-order linear differential
equations in the unit disc

Yu Chen!** and Guantie Deng’

' School of Mathematics and Statistics, Jiangxi Normal University, 330022, Nanchang, China

2 School of Mathematical Sciences, Laboratory of mathematics and Complex Systems of Ministry of
Education, Beijing Normal University, 100875, Beijing, China

* Correspondence: Email: chenyugyi@sina.com.

Abstract: In this paper, we investigate the fast growing solutions of higher-order linear differential
equations where Ay, the coefficient of f, dominates other coefficients near a point on the boundary
of the unit disc. We improve the previous results of solutions of the equations where the modulus of
Ay is dominant near a point on the boundary of the unit disc, and obtain extensive version of iterated
order of solutions of the equations where the characteristic function of A, is dominant near the point.
We also obtain a general result of the iterated exponent of convergence of the fixed points of the
solutions of higher-order linear differential equations in the unit disc. This work is an extension and an
improvement of recent results of Hamouda and Cao.

Keywords: linear differential equations; unit disc; iterated order; characteristic function; fixed points
Mathematics Subject Classification: 30D35, 34M10

1. Introduction

In this paper, we assume that the reader is familiar with the fundamental results and the standard
notations of the Nevanlinna’s value distribution theory in the unit disc D = {z € C : |z] < 1} (see
[1-4]). As for the definition of the iterated order of meromorphic function, we know that for r €
[0,1), exp, r = " and exp,,, r = exp(exp, r), n € N, and for all r sufficiently large in (0, 1), log, r =
logr and log,,, r = log(log, r), n € N. Moreover, we denote by exp,r = r, logyr = r, exp_,r =
log, r, log_, r = exp, r. Then, let us recall the following definitions for n € N.

Definition 1 ( [5,6]). Let f be a meromorphic function in D. Then the iterated n-order of f is defined
by

_ o log! T(r, f)
T = gt -1
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where log] x = log" x = max{log x, 0}, log,,, x =log*(log; x). Forn = 1, o1(f) = o(f).
If f is analytic in D, then the iterated n-order is defined by
— log,,, M(r, )

() =1 .
Tun(f) s —log(1l —r)

Forn =1, op1(f) = ou(f).
Remark 1 ( [5]). It follows by M. Tsuji [7] that if f is an analytic function in D, then

o1(f) L omi(f) <o(f) +1,

which is the best possible in the sense that there are analytic functions g and h such that oy 1(g) = 01(g)
and o1 (h) = o1(h) + 1, see [8]. However, it follows by Proposition 2.2.2 in [3] that oy ,,(f) = o,(f)
forn > 2.

Definition 2 ( [5]). Let f be a meromorphic function in D. Then the iterated n-convergence exponent
of the sequence of zeros in D of f(z) is defined by

__ log, N(r, §)
A,(f) = lim ———,
f)=lm e =n
where N(r, }) is the integrated counting function of zeros of f(z).
Similarly, the iterated n-convergence exponent of the sequence of distinct zeros in D of f(z) is
defined by .
B _ lOg; N(r’ %)
A,(f) = lim ————,
)=l e =n
where N(r, }) is the integrated counting function of distinct zeros of f(z).

In [6], Heittokangas et al. investigated the fast growing solutions of the differential equations
fO+ALRFTD + -+ AQS + AoD)f =0, (L1

where the coefficient of f dominates other coefficients in the unit disc D. They proved the following
result.

Theorem 1 ( [6]). Let n € N and a > 0. All solutions of (1) ,where the coefficients Ay(2), ..., Ax-1(2)

are analytic in D, satisfy oy ,+1(f) < a if and only if oy ,(Aj) < a forall j=0,...,k — 1. Moreover, if

q €10, ...,k — 1} is the largest index for which o y,(A,) = Om%{xl{a'M,n(Aj)}, then there are at least k — g
<j<k—

linearly independent solutions f of (1.1) such that oy 1(f) = Tppe1(Ag).

As a result of Theorem 1, by comparing the iterated n-order of coefficients, they obtained that if
g = 0,1e., oyu(Aj) < oma(Ap), for all j = 1,...,k — 1, then all solutions f # 0 of (1.1) satisfy
Oni1(f) = opa(Ap) (see [6, Theorem 1.2]).

Heittokangas et al. in [6] and others also investigated the fast growth of solutions by comparing the
iterated n-type of coefficients if oy,(A;) < oy ,(Ag) forall j=1,...,k—1.

Cao and Yi obtained some results similar to Theorem 1 in [9], and in [5] Cao proved the following
results in the cases of the modulus and characteristic function of the coefficient Ay dominating,
respectively, those of other coefficients.
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Theorem 2 ( [5]). Let H be a set of complex numbers satisfying densp{|z| : z € H C D} > 0, and let
Ao, Ay, ..., A1 be analytic functions in D such that

maX{O-M,n(Ai) = 1’2’ ’k - 1} < O-M,n(AO) =0 <™,

and for some constants 0 < 8 < a we have, for all € > 0 sufficiently small,

[Ao(2)] = exp, {a( : ) _ }
1 -1z

1 g—&
|Ai(2)| < exp, {,8( ) } i=1,2,..,k-1,
1 -z

as |z| = 17 for z € H. Then every solution f # 0 of (1.1) satisfies o,(f) = oo and 0 ,+1(f) = 0 p.n(Ao).

and

Theorem 3 ( [5]). Let H be a set of complex numbers satisfying densp{|z| : z € H C D} > 0, and let
Ao, Ay, ..., A1 be analytic functions in D such that

max{c,(A) :i=1,2,..,k—-1} < 0,(Ag) = 0 < 0,

and for some constants 0 < 8 < a we have, for all € > 0 sufficiently small,
1 g—=&
T(r,Ao) 2 exp,_; a/( )
1=z

1 g—&
T(r,A;) <exp,_, {,3(1 — |Z|) } i=1,2,....k—1,

as |zl = 17 for z € H. Then every solution f # 0 of (1.1) satisfies o,(f) = oo and ap, > 01 (f) =
on(Ao), where ay,, = max{oy,(A;) : j=0,1,...,k—1}

and

A result similar to Theorem 3 is given in Corollary 1 and 2.
In the case of the modulus of Ay dominating those of other coefficients, Hamouda obtained extensive
version and improved Theorem 2 in [10] as follows.

Theorem 4 ( [10]). Let Ay(2), ..., Ar_1(2) be meromorphic functions in the unit disc D. If there exist a
point wg on the boundary dD of the unit disc and a curve y C D tending to wq such that

k-1
5 14,1+ 1

J=

lim ———
= |Ag(2)I(1 = [z#
for any u > 0, then every solution f(z) # 0 of the differential Eq (1.1) is of infinite order.

=0, withz €y,

Theorem 5 ( [10]). Let Ay(2), ..., Ax_1(z) be meromorphic functions in the unit disc D. If there exist
wo € 0D and a curve y C D tending to wy such that

k-1
5 14,1+ 1
J:

. A
lim ———————exp, ( (

— | =0, withz €y,
o Aol - Izl)“) 4
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where n > 1 is an integer, (exp,(z) = exp(z), exp,,,(z) = exp{exp,(2)}), and A > 0, u > 0 are real
constants, then every solution f(z) # 0 of the differential Eq (1.1) satisfies o,(f) = oo, and furthermore
O-n+1(f) = M.

There arises a natural question: can we improve Hamouda’s results further, and what is the extensive
version releted to coefficient characteristic functions. The first aim of this paper is to investigate this
problem and obtain the following results of the fast growth of solutions of (1.1), where the modulus
and characteristic function of Ay dominates, respectively, those of other coefficients.

Theorem 6. Let Ay(2), ..., Ax_1(2) be meromorphic functions in the unit disc D. Suppose there exist a
point wg on the boundary 0D of the unit disc and a curve y C D tending to wq such that for any u > 0,

k-1

% A1+ 1
im 2 < (1.2)
o [Ag(2)I(T = 2]

€y
If the Eq (1.1) has a solution f # O, then fis of infinite order.

Theorem 7. Let Ay(2), ..., Ax_1(2) be meromorphic functions in unit disc D. Suppose there exist wy € 0D
and a curve 'y C D tending to wy such that

k—1
IYEIRS .
. J=
A ((1 W) <h (1)

z€y

where n > 1 is an integer, and 1 > 0, u > 0 are real constants. If the Eq (1.1) has a solution f # 0,
then f satisfies o,(f) = oo and 0,41 (f) = .

Remark 2. Obviously, Theorems 4 and 5 are direct results of Theorems 6 and 7.

Theorem 8. Let Ay(2), ..., Ax_1(2) be analytic functions in the unit disc D. If there exist wy € 0D and a
curve y C D tending to wq such that for any u > 0,

k—1
] 7040
. Jj=1
Iim — <1, 1.4
7wy eT(F,AO)(l — |Z|)ﬂ ( )

€y
then every solution f # 0 of (1.1) is of infinite order.
Theorem 9. Let Ay(2), ..., Ax_1(2) be analytic functions in the unit disc D such that
max{oy,(4;) :i=1,2,..,k=1} < oy(Ap) =1 (0 < p < ).

If there exist wy € 0D and a curve y C D tending to wy such that
k=1
] 704

tim = A )y (1.5)
AN oA A ’ :

z€y

where n > 1 is an integer, and A > 0 is a real constant, then every solution f # 0 of (1.1) satisfies
ou(f) = co and 741 (f) = O ya(Ao).
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Corollary 1. Let Ay(2), ..., Ax_1(2) be analytic functions in the unit disc D such that
max{oy.(A;) 1 i=1,2,...k—=1} < oy.(Ay) =0 (0 < 0 < ).

If there exist wy € 0D and a curve y C D tending to wy such that for some constants 0 < 8 < a and
any given € (0 < € < o), we have

T(r,Ap) > exp,_, {a (;) _ }
1 -z

1 g—&
T(r,A;)) <exp,_; {ﬁ(l — |Z|) }, i=1,2,..., k-1,

as z — wy for z € vy, then every solution f # 0 of (1.1) satisfies o,(f) = oo and 0 ,,1(f) = 0 p..(Ao).

and

In fact, from the assumption of Corollary 1, for any given € (0 < € < 0), taking 0 < 1 < @ — 3, we
can easily obtain

k-1
I] "4
=1

. A

&y

Since ¢ is arbitrary, we can substitute u by o — ¢ in the assumption (1.5) and the proof of Theorem 9,
and then easily obtain the result.

Corollary 2. Let Ay(2), ..., Ax_1(2) be analytic functions in the unit disc D such that
max{c,(A) :i=1,2,..,k—-1} < 0,(Ag) =0 (0 < 0 < ).

If there exist wy € 0D and a curve y C D tending to wy such that for some constants 0 < 8 < a and
any given € (0 < € < o), we have

1 o—&
T(r,Ap) > exp,_; {a/(l — |Z|) }

1 o—&
T(I’,Ai) < €Xp,_ {ﬁ(l——lzl) }, i=1,2,....k—1,

as z = wy for z € vy, then every solution f # 0 of (1.1) satisfies o,(f) = oo and ay, = Tp(f) =
on(Ao), where ay, = max{oy,(Aj) : j=0,1,...,k—1}

and

Remark 3. Corollary 1 improves Theorems 3 with an accurate value of o,,(f) instead of a range of
it.

Example 1. Consider the following differential equation

2 2
f” + H\(z) exp, {(%_Z) }f’ + 2Hy(z) exp {2 exp {(%_Z) }}f =0,
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where Hy(z) and H(z) are meromorphic functions in the unit disc D and analytic at the point wy = 1.
We choose the curve 7y to be the ray argz = 0 in D.
We note that if max{o,(Hy), 02(H,)} < 2, then the coefficients have the same 2-order and 2-type. It
is easy to see by Theorem 6, every solution f # 0 of this equation satisfies o(f) = oo and o3(f) > 2.
We also have that if 1 < |H (2)| < |Hy(2)|, then every solution f # 0O of this equation satisfies
o(f) = 02(f) = o0 and o5(f) = 2. For example, if Hy(z) = H,(z) = %, then the assumption (1.3) holds

since A . . .
+

lim&exp{ 2}——<1

=wo A2 (1 =1z 2

z€y
Therefore, from Theorem 7, every solution f # O of this equation satisfies o(f) = oo and o5(f) > 2.

If Hy(z) and H,(2) above are analytic functions in D, then, from Theorems 8 and 9, the same results

hold, and we can easily obtain o3(f) = 2 further.

In addition, Cao also investigated the fixed points of homogeneous linear differential equations in
D in [5].

Theorem 10 ( [5]). Under the h_ypothesis of one of Theorems 2 and 3, if A1(2) + zAo(2) # O, then every
solution f # 0 of (1.1) satisfies A, 1(f — 2) = Tp1(f).

The second aim of this paper is to investigate the fixed points of solutions of higher-order equation
further. We obtain the following result.

Theorem 11. Let Ay(2), ..., Ai_1(2) be finite iterated n-order analytic (or meromorphic) functions in
the unit disc D. If all non-trivial solutions f of (1.1) satisfy o,(f) = oo and 0,.1(f) < oo, then

/_1n(f - Z) = O-n(f) = oo and /_ln+1(f - Z) = O-n+1(f)~

Remark 4. By removing the condition A((z) + zAo(z) # 0, and as a general result, Theorems 11
improves Theorems 10.

Corollary 3. Assume that the assumptions of one of Theorems 2, 3, 9, Corollaries 1 and 2 hold. Then
every solution f # 0 of (1.1) satisfies A,.1(f — 2) = T p1(f).

2. Preliminary Lemmas

Lemma 1 ( [8]). Let k and j be integers satisfying k > j > 0, and let € > 0 andd € (0,1). If fis a
meromorphic function in D such that ' does not vanish identically, then

f(k)(Z) 1 2+¢ 1 k—j
FO(z) = ((1 — Izl) max {logl L , T(s(lz2D), f)}) . |2 ¢ E,

where E C [0, 1) with finite logarithmic measure fE ld—_’r < oo and s(lz]) = 1 —d(1 — |z|]). Moreover, if
o1(f) < oo, then

(k) (k=)o 1(f)+2+¢)
molsmm) e
while if o,(f) < oo for n > 2, then
f(k)(z) 1 on(f)+e
f(J)(Z) _1 {(1——|Z|) }, |zl ¢ E.
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Lemma 2. Let f : D — R be an analytic or meromorphic function in the unit disc D. If there exist a
point wy € D and a curve y C D tending to w, such that

lim f(z) <a, a€eR,

7w
€y

then there exists a set E C [0, 1) with infinite logarithmic measure fE % = oo such that for all |z| € E,
we have f(z) < a.

Proof of Lemma 2. Set
lim f(z) =b<a, a, beR.

yamd )]
€Y

Then for any € = a — b > 0, there exists 6 > 0 such that for all z € y and 0 < |z — wy| < 9, we have
f@<b+e=a letg:z—-lz, zeyand E = {|z] : z € ¥y N D’(wy, 9)}. It is easy to see that g
is continuous and E C [0, 1) is of infinite logarithmic measure. For all |z| € E, we have z € y and
0 < |z — wp| < 6. Hence, for all |z| € E, we have f(z) < a. O

Lemma 3 ( [4]). Let f be a meromorphic function in the unit disc, and let k > 1 be an integer. Then

(k)
mr, f7> = S p),

where S (r, f) = O(log" T(r, f) + log(ﬁ)), possibly outside a set E C [0, 1) with fE % < +oo. If fis of

finite order of growth, then
f(k) 1
m(r, 7) =0 (log (:)) .

Lemma 4 ( [11]). Let f be a meromorphic function in the unit disc D for which i(f) = p > 1 and
o,(f) =B < +oo, and let k > 1 be an integer. Then for any & > 0,

f(k) 1 B+e
m(r, 7) = O(expp_z(:) ),

holds for all r outside a set E C [0, 1) with fE ld—_rr < 00,

Lemma S ([12]). Let f be a solution of (1.1) where the coefficients Aj(z) (j =0, ...,k — 1) are analytic
functions in the disc D = {z € C : |zl < R}, 0 < R < o0, let n. € {1,...,k} be the number of nonzero
coefficients Aj(z), j =0, ...k — 1, and let € [0,2n) and € > 0. If zy = ve" € Dg is such that A (zg) # 0
for some j=0,...k—1,then forallv <r <R,

r

[f(re”)l < Cexp (nc

v J=0

where C > 0 is a constant satisfying

j=0,...k—1 max |A,(zg)//*-m )
0,..k—1

()
C<(l+& max ((nC)J' . |f(z0)|
=
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The next lemma follows by Lemma 5.

Lemma 6 ( [5,10]). Let n € N. If the coefficient Ay(z), A1(2), - ,Ak-1(2) are analytic in the unit disc
D, then all solutions of (1.1) satisfy o1 (f) < max{oy,(A;): j=0,--- k= 1}

Lemma 7 ( [9]). If f and g are meromorphic functions in the unit disc D, n € N, then we have
(i) ou(f) = ou(1/f), oula- f) = ou(f) (@ € C—{0});
(ii) o (f) = ou(f");
(iii) max{o,(f + &), ou(f - &)} < max{oa(f), ou(®)};
(v) if ou(f) < 0u(8), then o (f + 8) = 07u(&), Tu(f - &) = 0u(g).

Lemma 8 ( [11]). Let Ay, Ay, ...,As_1 and F (# 0) be finite iterated p-order analytic functions in the
unit disc D. If f is a solution with o ,(f) = 00 and o .1(f) = p < oo of the equation

SO+ AL+ + A f +Af = F,

then A,(f) = 4,(f) = op(f) = 00 and Apir (f) = Aps1(f) = 0pr (f) = p.

Lemma 9 ( [13]). Let Ay, Ay, ...,Ax—1 and F % O be meromorphic functions in the unit disc D and let f
be a meromorphic solution of the differential equation

O+ AL @Y+ + ARF + A f = F(2),

such that
max{o,(F), 0,(A;)) (j=0,1,...k=1)} <o,(f).

Then A,(f) = 4,(f) = o (/).
3. Proofs of Theorems

Proof of Theorem 6. Suppose that f # 0 is a solution of (1.1) with finite order o(f) = 0 < co. From

Lemma 1, for a given £ > 0 there exists a set £; C [0, 1) with fEl A < oo, such that for all z € D

1-r
satisfying |z| ¢ E, we have

fﬁﬁif) - IZI;f(‘T+2+8> =10 G-D
From (1.1) we can write
Ao(2)] < f](f()g) A @I (;(Z)@ fo ) ’;((ZZ)) (32)
By (3.1) and (3.2), for all z € D satisfying |z| ¢ E;, we have
o
402 = () 4+ DG (33)

J=1
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By the assumption (1.2) and Lemma 2, for any ¢ > 0, there exists a set £, C [0, 1) with infinite
logarithmic measure sz % = oo such that for all |z| € E,, we have

k-1
MIYORS
J:

— <1
lAo(2I(1 = |z
It yields that for any u > 0,

Z |A;(@)] + 1
|A0(2)| > (3.4
’ (1= Iy
as |z € E; \ Ey, where E, \ E; is of infinite logarithmic measure. Obviously, (3.4) contradicts (3.3) in
{zeD:lzl € Ex\ Ey}. O

Proof of Theorem 7. Suppose that f # 0 is a solution of (1 1) with o,(f) = 0, < c0. From Lemma

1, for a given € > 0 there exists a set E5 C [0, 1) with fE 1= < oo, such that for all z € D satisfying
lz| ¢ E5,if n = 1, we have

f(J)(Z) 1 ) ‘
7@ | = (1 e (G=1,..k); 3.5)
and if n > 2, we have
(j) 1 opte
ff(i)) exp,_ {(—1 — |Z|) } (G=1,..k). (3.6)
Using (3.5) and (3.6) in (3.2), we have
k-1
1
Aol < ()" 1A, + D= @ = D 3.7)
j=1
and
k-1 1 oute
|Ao(2)| < (Z |A;(2)| + 1)exp,_, {(1_—|Z|) } (n>2), (3.8)
j=1

for all z € D satisfying |z| ¢ E3. By the assumption (1.3) and Lemma 2, there exists a set £, C [0, 1)
with infinite logarithmic measure fE4 % = oo such that for all |z| € E4, we have

k-1

2 A+ 1

! exp { A } <1
|Ao(2)] "L =z

k-1
A A; 1 E,. 3.9
| o(Z)|>(JZ‘| @+ )exp,,{(1 H)ﬂ} 2 € Eq (3.9)
Obviously, (3.9) contradicts both (3.7) and (3.8) in {z € D : |z| € E4 \ E3}. So, 0,(f) = c0. Now by
Lemma 1 and since o,(f) = oo (n > 1), we have

@)
f D(z)

It yields that

2+¢ k=j
< (( 1 ) max {log 1 s T(s(lzD), f)}) , |zl ¢ Es, (3.10)
1 -z 1 -z’
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where Es C [0, 1) with finite logarithmic measure and s(|z]) = 1 — d(1 — |z]) (d € (0, 1)). By (3.2) and
(3.10), for all z € D satisfying |z| ¢ E5, we have

1 k(2+g)
|Ao(2)] < (Z A2 + 1)( T I) (T (s(lzD), f))"- (3.1

By (3.9) and (3.11), for all z € D satisfying |z| € E4 \ E5, we have

A aVk2+e) k
e Pn{(l — IZI)"}(I |z]) < (T(s(lzD), S)" (3.12)

Set 5(Jz)) = R. We have 1 — || = d(l -R) andf - < 00. S0, (3.12) becomes

Ad* 1-R
exp, {(1 — R)ﬂ}( y Y < (TR, ), Re d(Es\ Es) + 1 —d. (3.13)

Obviously, d(E4 \ Es) + 1 — d is of infinite logarithmic measure. Then by (3.13), we get

10gn+1 TR, ) 5

O-n+1(f)_ - —1lo (1—R)

O
Proof of Theorem 8. Suppose that f # 0 is a solution of (1.1) with finite order o(f) = o < co. From
Lemma 3, we have

0} 1
m(r, fT) = (log(1 )) (J=1,..,k). (3.14)
From (1.1), we can write
(k) (k=1) y
—Ao—fT-i-Ak lff -|-AIJ;C
It follows that
0]
m(r, Ag) < Z m(r,A;) + Z m(r, fT) +0(1). (3.15)

j=1

By the assumption (1.4) and Lemma 2, for any ¢ > 0, there exists a set E4 C [0, 1) with infinite
logarithmic measure such that for all |z| € Es, we have

k=1
] 704
s <1
AN (T = 2]y
It yields that for any u > 0,

k-1

T(r,A;) —T(r,Ap) +/,tlog(1 — |Z|) <0, |z| € Es. (3.16)

J=1
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Using (3.14) and (3.15), we get

k-1
1
T(r,Ag) = m(r,Ap) < Z T(r,Aj) + 0(10g( yp |)) (3.17)
j=1
It is easy to see (3.17) contradicts (3.16) in {z € D : |z] € E¢}. Therefore, o(f) = oo. |

Proof of Theorem 9. Suppose that f # 0 is a solution of (1.1) with o,(f) < co. If n = 1, we have 3.17.
If n > 2, from Lemma 4, for any &€ > 0, we have

£ 1 \ohre
m(r, 7) = O(expn_2 (:) ) (G=1,..,k), (3.18)

holds for all r outside a set E; C [0, 1) with f 1= < 00. By (3.15) and (3.18), we have

k-1 on(f)+e
T(r,A) < ) T(r,A) + O(expn_2 (1—) ) re E.,on>2. (3.19)
- r

=

By the assumption (1.5) and Lemma 2, there exists a set Eg C [0, 1) with infinite logarithmic measure
such that for all |z| € Eg, we obtain

k-1
I] &)
J=1

Pl
L — _)<1
el (rAo) CXPn ((1 — |Z|)ﬂ) <

It yields that
k=1

T(r,Ap) — T(r,A; Es. 2
(r, 0) JZI (r’ j) > expn—l ((1 | |)ﬂ) | | re 8 (3 0)
Obviously, (3.20) contradicts (3.17) and (3.19) in {z € D : |z] € Eg \ E7}. So, 0,(f) = co. Now by
Lemma 3 and since o,(f) = oo (n > 1), we have
Jal 1
m(r, 7) = O(log" T(r, f) + 10g(:)), (3.21)

possibly outside a set Eq C [0, 1) with f - < oo, Using (3.21) in (3.15), we obtain

k=1
1
T(r,Ap) < E T(rA)+0O (logJr T(r, f)+log (1—)) r¢ Eo. (3.22)
-r
=1
By (3.20) and (3.22), we have

A 1
€xXp,_1 (m) < 0(10g+ T(r, f) + log (:)) s |Z| =rec Eg \ Eg. (323)

Obviously, Eg \ Ey is of infinite logarithmic measure. Then by (3.23), we get

10gn+1 rwf

O-n+l(f) - —lOg(l ) =

AIMS Mathematics Volume 6, Issue 10, 10833-10845.
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By Lemma 6, we obtain 0,+1(f) < o y,(Ao) = . Therefore, 0,41(f) = o ma(Ao) = . We complete the
proof. O
Proof of Theorem 11. Suppose that f # 0 is a solution of (1.1). By the assumption, we have

on(f) = 00, 0pi1(f) < 00 (3.24)
Set g(z) = f(z) — z, z € D. Then by (3.24), we get
ou(8) = 0u(f) = 0, 0441(8) = i1 (s A1 (8) = Auii (f = 2). (3.25)
Substituting f = g + z into (1.1), we get
gV + A g D+ Al + Agg = —A — ZA,. (3.26)

Next we prove that —A; — zAg # 0. Suppose that —A; — zA; = 0. Hence Eq (1.1) has a solution f;
satisfying f; = —z and 0,(f;) < oo. This contradicts (3.24). Hence, —A; — zAo # 0. By Lemma 7, we
have

max{o,(=A| — zAp), 0,(A)) (j =0,1,...,k = 1)} < co.

Hence, by (3.25), (3.26) and Lemma 8 or Lemma 9, we deduce that ﬁn(g) = 0,(g) = oo, z,m(g) =
0 ,+1(g). Therefore, we obtain

Zn(f - Z) = zn(g) = O-n(g) = O-n(f) = 09,

Aot (f = 2) = 40s1(8) = Tur1(8) = i1 (f).

Acknowledgments

This work was supported by the National Natural Science Foundation of China (No. 11971042,
12071035 and 11561031).

Conflict of interest

The authors declare no conflicts of interest in this paper.

References

1. W. K. Hayman, Meromorphic functions, Oxford: Clarendon Press, 1964.

2. L. Yang, Value distribution theory, Berlin: Springer-Verlag, 1993.

3. L. Laine, Nevanlinna theory and complex differential equations, Berlin, New York: Walter de

Gruyter, 1993.

4. J. Heittokangas, On complex differential equations in the unit disc, Ann. Acad. Sci. Fenn. Math.
Diss., 122 (2000), 1-54.

AIMS Mathematics Volume 6, Issue 10, 10833-10845.



10845

5. T. B. Cao, The growth, oscillation and fixed points of solutions of complex linear differential
equations in the unit disc, J. Math. Anal. Appl., 352 (2009), 739-748.

6. J. Heittokangas, R. Korhonen, J. Rittyd, Fast growing solutions of linear differential equations in
the unit disc, Result. Math., 49 (2006), 265-278.

7. M. Tsuji, Potential theory in modern function theory, New York: Chelsea, 1975.

I. E. Chyzhykov, G. G. Gundersen, J. Heittokangas, Linear differential equations and logarithmic
derivative estimates, P. Lond. Math. Soc., 86 (2003), 735-754.

9. T. B. Cao, H. Y. Yi, The growth of solutions of linear differential equations with coefficients of
iterated order in the unit disc, J. Math. Anal. Appl., 319 (2006), 278-294.

10. S. Hamouda, Iterated order of solutions of linear differential equations in the unit disc, Comput.
Meth. Funct. Th., 13 (2013), 545-555.

11. B. Belaidi, Oscillation of fast growing solutions of linear differential equations in the unit disc,
Acta Univ. Sapientiae Math., 2 (2010), 25-38.

12. J. Heittokangas, R. Korhonen, J. Rittyd, Growth estimates for solutions of linear complex
differential equations, Ann. Acad. Sci. Fenn. Math., 29 (2004), 233-246.

13. T. B. Cao, Z. S. Deng, Solutions of non-homogeneous linear differential equations in the unit disc,
Ann. Pol. Math., 97 (2010), 51-61.

©2021 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

@ AIMS Press

AIMS Mathematics Volume 6, Issue 10, 10833-10845.


http://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminary Lemmas
	Proofs of Theorems

