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Abstract: Let f(z) be a transcendental meromorphic function of finite order and ¢ € C be a nonzero
constant. For any n € N*, suppose that P(z, f) is a difference polynomial in f(z) such as P(z, f) =
apf(z+nc)+a,.1f(z+(n—1)c)+---+a f(z+c)+ayf(z), where ap(k =0,1,2,--- ,n) are not all zero
complex numbers. In this paper, the authors investigate the uniqueness problems of P(z, f).
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1. Introduction

Let f(z) be a function meromorphic in the complex plane C. We assume that the reader is familiar
with the general conclussion of the Nevanlinna theory (see [1-3]). The order of f(z) is denoted by
o(f). For any a € C, the exponent of convergence of zeros of f(z) —a is denoted by A(f, a). Especially,
we denote A(f,0) by A(f). Suppose that f(z) is a transcendental meromorphic function of order o (f).
If A(f,a) < o(f), then a is said to be a Borel exceptional value of f(z).

Recently, some well-known facts of the Nevanlinna theory of meromorphic function and their
applications were extended for the differences of meromorhic functions (see [4-23]).

For any ¢ € C\{0} and n € N*, we define a difference polynomial in f(z) as follows (see [19])

P(z, f) = anf(z + nc) + a1 f(z+ (n = Do) + -+ - + a1 f(z + ¢) + aof(2), (1.1)

where ai(k = 0,1,2,--- ,n) are not all zero complex numbers. Following [4], we denote the forward
difference of f by Al f(z). i.e.

Acf@) = fz+0) = f@, AN (@) = Alf(z+¢) - ALf(2).
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Observe that .
Af@) = ) (1)L f + ko),
k=0
and i
D ek =o,
k=0

where C¥(k = 0,1,2,---,n) are the binomial coefficients. If @, = C*(~1)"*(k = 0,1,2,--- ,n) in

P(z, f), then P(z, f) = AL f. Therefore, P(z, f) is a more general difference polynomial than A” f. Noting

that for A"f, Y ar = Y. (=1)"*C* = 0, we assume that ¥, a; = 0 for some a; of P(z, f) in this paper
k=0 k=0

- = k=0
(see [19]). The main purpose of this paper is to study uniqueness of the difference polynomial P(z, f).

Let a € C, f(z) and g(z) be two nonconstant meromorphic functions in the complex plane. If f — a
and g — a have the same zeros counting multiplicities, then we say f(z) and g(z) share the value a
CM. We say that f(z) and g(z) share the value co CM if f(z) and g(z) have the same poles counting
multiplicities (see [24]). For the uniqueness of entire function f(z) and its difference operator A.f,
Chen and Yi [15, 16] had proved the following theorems.

Theorem A. [15] Let f(z) be a transcendental entire function of finite order that is of a finite Borel
exceptional value S, and let ¢ be a constant such that f(z + ¢) # f(2). If A.f(z) and f(z) share a(a # )
CM, then,

Acf(z) —da _ a

f@-a a-p
Theorem B. [16] Let f(z) be a transcendental entire function of finite order that is of a finite Borel

exceptional value B, and let ¢ be a constant such that f(z + ¢) # f(z). If A.f(z) and f(z) share g CM,
then 8 = 0 and

fC+o-f@) _,
f@ ’
for some constant k.
In this paper, the results on the uniqueness of entire function f(z) and its difference operator A, f
established in theorems A and B are extended to meromorphic function f(z) and P(z, f) by using the

similar method as that in [15, 16].

Theorem 1.1. Let f be a transcendental meromorphic function of finite order. Suppose that g € C and
oo are Borel exceptional values of f, P(z, f) is defined as that in (1.1) and P(z, f) £ 0. If B # 0, then
P(z, f) and f can not share the value B CM.

Under the conditions of Theorem 1.1, there are only two possible scenarios. The first case is P(z, f)
and f share the value a # § CM for any g € C, and the second case is 8 = 0, P(z, f) and f share the
value 0 CM. For the first case, we shall prove the following Theorem.

Theorem 1.2. Let f be a transcendental meromorphic function of finite order. Suppose that g € C and
oo are Borel exceptional values of f, P(z, f) is defined as that in (1.1) and P(z, f) £ 0. If P(z, f) and f
share the value a # 8 CM. Then
P(z,f)—a a
f-a —a-p
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Example 1.3. Let f(z) = €°,c = log3, P(z, f) = f(z+ 2c) - % (z+c¢)+ %f(z). Then P(z, f) and f(z)
share the value 2 CM and they satisfy
PaH-2 _,
f-2 ’
where 1 satisfies ﬁ a=2,6=0.

Corollary 1.4. Let f be a transcendental meromorphic function of finite order. Suppose that f € C
and oo are Borel exceptional values of f, c € C is non-null and A’f # 0 and n € N*. If Alf and
share the value a #+ 8 CM. Then
Alf—a _a
f-a —a-p

For the second case, we shall prove the following Theorem.

Theorem 1.5. Let f be a transcendental meromorphic function of order o(f) < 2. P(z, f) is defined
as that in (1.1) and P(z, ) # 0. If P(z, f) and f share the value O CM. Then

P f) _ .
7 ,

where 1 is a constant.
2. Proof of Theorems

Lemma 2.1. [24] Suppose that fi(z), f>(2), -, fu(z)(n > 2) are meromorphic functions and
81(2), 82(2), - - - , gn(2) are entire functions satisfying the following conditions.

(i) il fi(2)eti? = 0.
=

(i) gj(z) — gk(2) are not constants for 1 < j <k < n.
(@ii)For1 < j<n,1<h<k<n,

T(r,f;) =o{T(r,e® %)} (r— oo,r¢E),

where E C (i, +00) is of finite linear measure or finite logarithmic measure. Then fi(z) = 0(j =
1,2,---,n).

Lemma 2.2. Let f be a transcendental meromorphic function of finite order. Suppose that B € C and
oo are Borel exceptional values of f, then

f@) = A" + B,

where P(2) is a polynomial and A(z) is a meromorphic function such that A(A) = A(B, f), /l(%) = /1(})
and

1
o (A) < max{A(B, f),ﬂ(?)} < o(f) = deg P(2).
Proof. Given that S is a Borel exceptional value of f, f(z) can be written as

_ s H@)
f@) =z —Hz(z)e + B,
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where k € Z, H\(z) and H,(z) are the canonical products of f formed with the non-null zeros and poles
of f, and P(z) is a polynomial with o(f) = deg P(2).

Put
Hy(2)

Since g and co are Borel exceptional values of f, by the Theorem 2.3 in [24], we have

A(R) =2

1
o(Hi(2)) = AB, f) < o(f), o(H1(z)) = /1(]7) <a(f),

and

1
o (A) < max{A(B, f),/l(})} < o(f) = deg P().

O

Lemma 2.3. [17] Let Ay(2),A1(2),- - ,An(2) be entire functions of finite order so that among those
having the maximal order o := max{o(Ax(2)),0 < k < n}, exactly one has its type strictly greater than
the others. Then for any meromorphic solution of

A@f(z+wy) + -+ A f(z+ wi) +An(2) f(2) = 0,
we have o(f) > o + 1.
2.1. Proof of Theorem 1.1
Suppose that P(z, f) and f(z) share the value § CM, then

P(Z’f)_ﬁ: h(z) 21
fo-p _

where A(z) is a polynomial. Since 8 and oo are Borel exceptional values of f, then by Lemma 2.2, f(z)
can be written as
(@) = A" + B, (2.2)

where A(z) is a meromorphic function such that
1
o (A) < max{A(B, f),/l(]—f)} < o(f) = deg P(z).

It follows from (2.1) and (2.2) that

P(z,A(2)e"@ + B) - B _ @

A" + B~ -

As i a; =0, we get
i=0
P(z, A(2)e"@ + B) = P(z, A(z)e"@). (2.4)

Next, according to (2.3) and (2.4) ,we infer that
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n .
3 a;A(z + ic)et O — g n

) _ Z AGHIO) pericy-re) _ B po) _ o
1 - .

AT T 4R AQ"

(2.5)

As 0(A) < degP(z) and deg(P(z + ic) — P(z)) < (degP(z)) -1 = o(f) - 1,i = 0,1,2,--- ,n,

£,

then Z a; 26HA pP+ic)-PR) §g 5 small meromorphic function respective to ice

A(2)

fundamental theorem to - A() e P@ we know that

A(Z+ lC) P(z+zc) P(z) _ ﬁ P(Z) —
A(Z i Age ) = deg P,

This contradicts with "@ # 0. Thus, P(z, f) and f can not share the value 8 CM.

2.2. Proof of Theorem 1.2

~P®_ Applying the second

By the conditions, we can geta # 0. If a = 0, then 8 # 0. Since 8 and co are Borel exceptional

values of f, then by Lemma 2.2, f(z) can be written as

f@) = A" + B,

where P(z) is a polynomial and A(z) is a meromorphic function such that
1
o (A) < max{A(B, f),ﬂ(?)} <o(f) = deg P(2).

Since P(z, f) and f(z) share the value 0 CM, we have
P(z, ) = )@
f@ ’

where /(z) is a polynomial.
It follows from (2.6) and (2.7) that

PGAQE™ +h) _ i
AQeM+p

Since i a; = 0, there is
i=0
P(z,A(z)e"™ + B) = P(z, A(z)e").

In view of (2.8) and (2.9), it follows that
Z @Az + ic)eP(zH'c) Z @Az + ic)eP(z+ic)—P(z)

i=0 — i=0 — eh(Z)
A(2)eP@ + A(z) + Be P@ ’

As deg(P(z +ic)— P(z)) < (degP(z)) -1 =0(f)-1,i=0,1,2,--- ,n, we see that

/I(Z a:A(z + ic)eP@HOFR) < O'(Z a:A(z + ic)eP @O POY < o (£) - 1.

i=0 i=0

AIMS Mathematics Volume 6, Issue 10,
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(2.9)

(2.10)

(2.11)

10485-10494.



10490

As 8 # 0 and o(A) < o(f), applying the second fundamental theorem to Se~"®, we have
AA®R) + Be ") = o(A(z) + Be P9 = o (f). (2.12)
From (2.10)—(2.12), we can get a contradiction. Thus, a # 0. Therefore,

, (2.13)
f@)—a
where ¢(z) is a polynomial with deg g(z) < o (f). Since ), a; = 0, we have
i=0
P(z, f) = P(z,A(2)e"® + B) = P(z, A(x)e"?). (2.14)
Hence, we can derive the following inequality by (2.13) and (2.14)
D @Az +ic)e™ 0 — a = (B - )™ + &A@, (2.15)
i=0
i.e.
a,A(z + nc)e™ @)+ a, Az + (n — De)e&=Da 4.
+a1A(z + ¢)e" + (ag — e1)A(2)e"? = (B - a)e? + a. (2.16)

Seeing that g(z) is a polynomial with deg g(z) < o(f), then deg g(z) only satisfies one of the following
cases: 1 < degq(z) < o(f) = deg P(z); deg q(z) = o(f) = deg P(z) and deg g(z) = O.

Case 1. 1 < degq(z) < o(f) = deg P(z). By (2.16), we have

n

D @Az + ic)e™ OO & (ag - A = ((B - @)e’ + a)e . 2.17)
i=1

It follows from 8 —a # 0,1 < degq(z) < degP(z) that (8 — a)e?® + a # 0. Hence, the order
of ((6 —a)e® + a) e P@ is equal to o(f) = deg P(z). As deg(P(z + ic) — P(z)) < (degP(z)) — 1,
0(A(z)) < o(f) = degP(z) and degq(z) < o(f) = degP(z), we see that the order of iaiA(z +
ic)ePGHO=PQ 4 (g — e1@)A(7) is less than o(f) = deg P(z). We can get a contradiction froml?12.17).
Case 2. deg q(z) = o(f) = deg P(z). Suppose

PR) = pd + piad T A piztpo, q@) = @l + @+ iz + qo.

Thus p; and g, only satisfy one of the following cases: pi = —qxi; pr = qx; Px # qix and py # —qx.
Subcase 2.1. p; = —¢;. From (2.16), we can get

-P(2)

Z iA(Z 10 perioPo) _ ya0) - BT g0 | 4,
A(z) A(z) A(z)

i=0

i.e.
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B11(2)e P + B15(2)e?@P@ 4 Bi5(2)e@ = 0. (2.18)
where

r(z) =0,

a
Bii(2) = A_(Z) + eq(z)+P(z)’

Az +ic -~
Bi5(z) = - a,-—(A( ) )€P(Z+w) P@),
i=0 <

Since p; = —qx, the deg(q(z) + P(z)) < k — 1. Note that
deg(P(z+ic)—-P(z))<k-1,i=1,2,---,

deg(—P(z) = (q(z) = P(2))) = deg(=P(z) — r(z)) = deg((¢(z) — P(z)) = r(z)) = k.

By Lemma 2.1, we can get i\% = (. Which contradicts with a # £.

Subcase 2.2. p; = g;. From (2.16), we can get

n .
Z iA(Z + ic) ep(z+ic)—P(z) _ eq(z) — B- aeLI(Z)—P(Z) + a _P(Z)'

o AQ A@D) A"

ie.

By1(2)e”"¥ + By(2)e?@ + By (z)e™® = 0. (2.19)
where

r(z) =0,

a

By (2) = Q)

Bn(z) =1,

Bx(z) = 'i(;;e‘m“’ @ _ Zn: ai‘% PEHO-PE)

i=0
By Lemma 2.1, we can get a contradiction.

Subcase 2.3. p; # g, and p; # —qx. From (2.16), we can get

n

Z Az + l-c)eP(z+ic)—P(Z) L@ g = B - a)eq(z) + A(Z)eP(z)+q(Z).
i=0

AIMS Mathematics Volume 6, Issue 10, 10485-10494.
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i.e.
B31(2)e”™” + By (2)e?™*" + By3(2)e® + Bay(z)e™ = 0.

where

r(z) =0,

n

B3i(z) = Z a;A(z + l'c)eP(zHc)—P(z),
i=0
B3 (z) = —A(2),

B33(z2) = —(B— a),
B34(2) = —a.

By Lemma 2.1, we can get a contradiction.

(2.20)

Case 3. deg g(z) = 0. In this case, €7@ is a constant. We denote it by C. Suppose that C # ﬁ,by (2.16)

we can get

n

Z @Az + ic)e" & — g = (B — a)C + CA(2)e"@.
i=0
i.e.

Z Az + ic)e" OO _ CA(z) = [(B - a)C + ale P?.

i=0
Since deg(P(z + ic) — P(z)) < (deg P(z)) — 1, 0(A(2)) < o(f) = deg P(z), then

O-(Z @Az + ic)eP(z+ic)—P(z) - CA(2)) <deg P(z) = o([(B—a)C + a]e—p(z))_
i=0

We can get a contradiction from (2.21). Hence C = ﬁ.
2.3. Proof of Theorem 1.5
Since P(z, f) and f share the value 0 CM, there holds

P(Zf’f) _ eH(Z),

where H(z) is a polynomial. If H(z) #constant, then

anf(z+nc) + api fz+(n—1De) + -+ a f(z+¢) + (ag — ") f(z) = 0.

(2.21)

By Lemma 2.3, we have o(f) > deg(H(z)) + 1 > 2. This contradicts with o(f) < 2. Hence H(z) is a

constant. Denote i = €@ then 7 is a constant and

P f) _ .
f

AIMS Mathematics Volume 6, Issue 10, 10485-10494.
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3. Conclusions

The main result of this paper (Theorem 1.2) shows that P(z, f) is a linear function of f, if the
following conditions are satisfied:

(1) f is a transcendental meromorphic function of finite order with two Borel exceptional values 3
and oo;

(2) P(z, f) and f share the value a(# §) CM.
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