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1. Introduction and definitions

Let A(p) denote the class of functions of the form:
f@=2+ Y ad (peN=(12)), (1.1)
n=p+1

which are p-valent and analytic in the open unit disc U = {z: |z| < 1}. We note that A(1) = A. For
functions f(z) given by (1.1) and g(z) defined by

g@ =+ ) b (pel), (12)

n=p+1
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the convolution of f(z) and g(z) is defined by

(FrO@=2"+ Y ab,2" = (g* ). (1.3)

n=p+1
For f € A(p) given by (1.1) and 0 < g < 1, the g-derivative of a function f(z) is given by
(see [1,6,7])
fO-fa L,

Dy pf(2) = (1-¢g)z (1.4)
1'(0) for z=0,

provided that f’(z) exists. From (1.1) and (1.4), we deduce that

Dypf@) = [ply?™ + > @, (1.5)
n=p+1
where "
[n]q: 1__qq:1_|_q+...+qn_1’ [O]q:O, 0<q<1. (1.6)
We note that @ - f(q2)
. T <) —J\4z _
Jim D, () = Jim ZEZCED < £

for a function f which is differentiable in a given subset of C. Further, for p = 1, we have D, f(z) =
D, f(2) (see [20]).
The g-number shift factorial for any non-negative integer n is defined by

[n]':{1 for n=0
“ [11,[2),---[n], for neN.

The Pochhammer g-generalized symbol for x > 0 and n € N is also

[X,q]n={ 1 for n=0

[xly[x+1],---[x+n—-1], for né€N,
and for x > 0, the g-gamma function is defined by
Fy(x+1)=[x],[,(x)and T'y(1) = 1.

For A > —p (p € N), we define the function f;! | (z) by

[ee)

Frprg@* fily @ =2+ >

n=p+1

[p+ Lql.p
- 1.7
T 1.7

where the function f),,1 ,(z) is given by

([A+p.qlp ,
—Z .

freig@ ="+ [1,4]
sYlin—p

n=p+1

(1.8)
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It is clear that the function defined in (1.8) converges absolutely in U. Using the idea of convolution

we define the g-p-valent Noor integral operator J ;Hp -t A(p) — A(p) as follows:

I Q@) = friprg@* fQ =2+ ) @A poma,?, (1.9)
n=p+1
where [ Ll
p+ 1,9,
O, (A, pn)=——— (1>-p, peN). (1.10
¢4, p,n) [/l+p,q]n_p( p,» pEN) )

From (1.9), we can easily get the identity

42D p(1,7 f(2)) = [+ ply L7 f(2) = [, L5 f(2). (1.11)

We note that:
(1) For p = 1, we have the g-Noor integral operator 1 ; f(2) (f € A) which was introduced and
studied by Arif et al. [4];
(ii) lin’]l I ;”’ “' f(z) = T%77! £(z) which is the p-valent Noor integral operator (see [11]);
q—1-

(iii)) Taking p = 1 and letting ¢ — 17 in (1.9), we obtain Noor integral operator for univalent
functions (see [13, 14]);
(iv) For A = 1, we have I/ f(z) = f(z) and for A = 0, we have

) o [P+ 1,4l > (1] 2Dy f(2)
JP 1 — P p ; n_ .p q ) no_ q.p ,
CA@=T e ) g e = ) e =

n=p+1 n=p+1

limijg—lf(z) = Q) =2+ Z (ﬁ)anzn _ zf (Z).
! n=p+1 p p

By using the operator 1 ff” ! f(z) we define the subclass ST (4, p, k, b) of A(p) as follows:

Definition 1.1. Letk > 0,4 > —-p, pe N, b € C* = C\{0} and 0 < g < 1. A function f € A(p) is said
to be in the class ST (4, p, k, b) if it satisfies

z) Z-/l+p—1
Re 1+l 1 2 q,p( q f(Z))_1
b\lrly 1,77 f(2)

1 2Dgp (I;ﬂ?_lf(z)) 1
ple 1077 f(z)

1
b

, (zeU). (1.12)

We note that: (1) lirrll S7,(,p,k 1~ %) =87 (p,k,a) =
q— 1"

{feﬂ(p) : Re(zﬁg) —a/) >k % —p', 0< a<P,Z€‘L{} (see [19));

2) lirrll S7,0,p,k, 1 - %) =UST (p,k,a) =
g—1"

. zf" (2) z2f" (@)
(few):Re(1+ %2 —a) > k|1 + L2 - p

O0<a<pze fu} (see [19]).
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2. Geometric interpretation
A functions f € A(p) is in the class ST ,(4, p, k, b) if

1
I+—

1 2Dy (I;er_lf(Z)) _q
Pl 1,77 f(z)

takes all the values in the conic domain Q; = p.(U), where

Qk:{u+iv:u>k\/(u—1)2+v2},

or, equivalently,

M Dy, (1, f2)
Pl 1,777 f(z)

The boundary 0€; of the above set when k = 0 becomes the imaginary axis, when 0 < k < 1 a
hyperbola, when k = 1 a parabola and an ellipse when 1 < k < co. The functions p(z) are defined by

- 1] < pi(2), Qi = pe(U). (2.1)

l —
1_1—;’ 2 k_o’
1+ Zlog(125) k=1,
1 . ]+\f k2
u(2) = 1+mcos(;(cos k)llog]_\é)—m, O0<k<l, 2.2)
. u(z)/ Vi . e
“W“#@{mev I <k <o,

where u(z) = IZ f 0 <t<1,z€e U),tis chosen such that k = cosh(’f‘l;((f;) R(?) is the Legendre’s
complete elliptic integral of the first kind, and R’(7) is complementary integral of R() (see [9, 10, 18]).
By giving a specific value to the parameters ¢, A, p,k, and b in the class ST (4, p, k, b), we get a

lot of new and known subclasses studied by various others, for example,

(1) STy 1k b) = ST kb = {£ € A 14 L (2D 1) < pyco), ze U
Q@) ST (A 1,k 1) = ST, (A, k)z{f e A DL o, zew};

T
) ST (A, p. k1 = 0) = ST (4, p, k, @) =

{f AP s (ZD‘“’( 7). a) <p@), 0<a<[ply, z€ (Ll};

PN
@) ST, (4 p.k, (1 - g cosye™) = ST, p, k) =

O e
{1 : erPuae 10 <
0<a<[plyh< g,zew};
(5) ST (Lp.k.b) = ST (p.kb) = [f € Ap) : 1+ (229 1) < py(2), ze U
©6) ST ,1,p,k, 1~ L) =87 ,(p,k,a) =

{f € ﬂ(l’) : ([p];—a) (% - ) < pk(z)v 0 <a< [p]q’ Z€ (L[},

< ([ply — @) cosypi(z) + @cosy + i[p], siny,
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(7 ST, (1.p.k.(1- [p])cosye ") = ST(p.k. ) =

oD,
{f € A(p) : =L }(”ZJ;(Z) < ([pl, — @) cos yp(z) + acosy + i[pl, siny,
0<a<[pl.h<ZzelUl.

Also we note that:
8) ST ,4,p,0,b)=8,(4,p,b) =

' E R ©)
{ream:Re{ipl, + § (P22

S,(4,p,1- ﬁ) =S, p,a)=

2Dgp( L. ;+p_1 (2)
{f e Alp) : Re{ﬂ(w—lﬂzj;)
S,(1,p,a) = S,(p,a) =

{f € Ap) : Re{");;{@} > a,0 < a < [plg, z € U Sy(1, @) = Sy(a) (see [20] );
9 ST, (/l,p,O, (1 [p]q)cos ye‘iy) =84, p,a) =

A+p-1 .
) iy el 2y 1)
{f € A(p) : Re {e e

Sy(L,p, @) = Si(p,a) =
(£ € Ap) : Refe"2efO > geosy,0 < < [pl,. Iyl < & zeU);

f@)
(10) lirrll S‘Tq(/l, p,0,b) =S4, p,b) =
g—1-

{feﬂ(p):Re{p+%(w—p)}>0,zeﬂ},

)
S(/l, P, (1 - %) cos ye‘iy) =8, p,a) =

{f € A(p) : Re {eiyZ(f )

—[p]q)}>0, zew},

}>a,0§a<[p]q,z€ﬂ},

}>a/cosy,03a< [ply V1 <3, zeﬂ},

Sy(l,p, (1 - %) cosye‘iy) =8(p,a) =

{f e AP) : Re[e"L D) > acosy,0<a<p, Yl <% ze U} (see [22]),

S(1,p,b) = S(p.b) = {f € A(p) : Rep + } (L2 - p)} > 0, z € U (see [23]),

S(0.p.b) = C(p.b) = {feﬂ(p).Re{p+ (1+ %8 - p)} >0, ze U} (see [2,3,21,23]),
S(1,b) = S(b) and C(1,b) = C(b) (see [15-17]);
(11) lim ST (1, 1,k 1 - @) = ST (k) =
q—

}>acosy,0§a<p, |y|<§,ze‘l,l},

o o ,0<a< l,ze(u} (see [5]);
(12) qli_)n}_STq(l,p,k, (1 - ;) Ccos ye‘iy) =ST7(p,k,a) =

{feﬂ:Re(Zfﬁ’<z> @) > k[E2 -

. iy @ '@ _
{f e A(p) : Re(e’ I a/cosy) >k o)

qlir)l}_S‘Tq (O, D, k, (1 - Q) cos 7e‘i“/) =UST(p,k,a) =

pl, 0<a<p, |y|<’§’,z€(u},

]

(@ (@
0O<a<p hl<Zzell.

{feﬂ(p):Re{ ’7(1+Zf (Z)) @ cosy >k‘1+zf @ _ p

We need the following lemmas in order to establish our main results.
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Lemma 2.1. [8] Let 0 < k < oo be fixed and let py be defined by (2.2). If pi(z) = 1+ Q12+ Qo> + -+,
then

2 0<k<l,
0, =12 = k=1, 2.3)
7'(2
4NH2-DR2(1)(1+1)° I<k< 0,
and ,
“29, 0<k<l,
0, = 201, k=1, (2.4)

AR%(1) (2 +61+1)—n2 0,
b

24 VIR2(1)(1+1) I <k <oo,

where A = ZCOTS_]]‘, and t € (0,1) is chosen such that k = COSh(”If(,t()t)) , where R(t) is the Legendre’s

complete elliptic integral of the first kind.
Lemma 2.2. [12] Let h(z) = 1 + io] c,Z" € P, ie., let h be analytic in U and satisfies Re (h(z)) > 0
n=1
(z € U), then
|e2 = ve}| < 2max {1,2v - 1]} (v € C). (2.5)

The result is sharp for a function given by

2
z I+z
8= 1

g(z) = T

Lemma 2.3. [I12]Ifh(z) =1+ io] c, 7" € P, then
n=1

2 — 4y if  v<O0,

|e2 —vei| < 2 if 0<v<l, (2.6)
4y —2 if v>1,
where v < 0 or v > 1, the equality holds iff h(z) = i—f; or one of its rotations. If 0 < v < 1,

then he equality holds iff h(z) = ii—? or one of its rotations. If v = 0, then he equality holds iff
h(z) = (1%”) i—:’ + (1%) }—;;(0 < A < 1) or one of its rotations. If v = 1, then he equality holds if and

only if g is reciprocal of one of the function such that the equality holds in the case of v = 0.
Also the above upper bound is sharp, and it can improved as follows when 0 < v < 1 :

1

|cz—vc%|+v|cllzs2 O<v< 3

)

and
2 2 1
je2 = vei| + A =wleif <2 G <v< D).
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3. Main results

We shall assume throughout this paper, unless otherwise stated, that 0 < k < co, p € N, A > —p,
beC,0<gqg<1,Q,isgiven by (2.3) and Q, is given by (2.4), ®,(4, p,n) is given by (1.10) and
zeU.

Theorem 3.1. Let f € A(p) be given by (1.1). If the inequality

(o9

7 (e + 1) (I, = [p)y) + [p1y 161} @y p.m) ] < [p), 1o, 3.1)

n=p+1
holds, then f € ST (A, p,k, b).

Proof. Assume the inequality (3.1) holds. Let us assume that

D ]-/l+p—1
H(z):1+l L: q’pﬂ( = f(Z))—l
b\lple  I177'f(2)

We have
|2 (- tpk) @ o
H@ =1 = — | =
Plq 1+ Y @A, p,n)a,z?
n=p+1
O3 (= 1p1) @y pm
n=p+

PPl S @, pon)

WS
Now consider
k|lHz)—1|-Re(H(z) - 1) < (k+1)|H(z) - 1]
k+1) % (Il - [pl,) @y, p.m)ad

n=p+1
<
[plq 16| (1 — 2 Dy, p,n) Ianl)
n=p+1
The last inequality is bounded by 1 if (3.1) holds. O
Corollary 3.2. If f € ST ,(4, p,k, b), then
b
la| < L (n>p+1). (3.2)

~{tke+ (1, - [ply) + [p1y 161} (4, p, 1)
The inequality (3.2) is sharp for the function

Lply 6]
{(k+ 1) (Inl, - [p1y) + [Pl Ibl} @A, p.n)

f@=2"+ I m>p+1). (3.3)
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Choosing p=1andb=1-a,0 < a < 1, in Theorem 3.1, we obtain the following corollary.

Corollary 3.3. Let f € A be given by (1.1) with p = 1 and satisfy

Y {k+ D) (n], = 1)+ (1 - &)} @A, L) |a,] < 1 - .
=2

Then f € ST 4(A,k, ).
Taking b =1 — [pi]
Corollary 3.4. Let f € A(p) be given by (1.1) and satisfy

(0 £ @ < [p]y) in Theorem 3.1, we obtain the following consequence.

(9]

2. (k+ D (1nl, = 1p)y) + (1), ~ @)} @A p. 1) las] < [p], — e

n=p+1

Then f € ST (A, p, k, ).
Letting ¢ — 1™ in Theorem 3.1, we obtain the following corollary.

Corollary 3.5. Let f € A(p) be given by (1.1) and satisfy

(o)

Z {(k+1)(n = p) + plbl} Dy(A, p,n) lan| < p 1] .

n=p+1

Then f € ST (4, p,k,b).

Putting b = ( — [’%]) cosye™ (0 < a < [ply> Iyl < %) in Theorem 3.1, we obtain the following
q

consequence.

Corollary 3.6. Let f € A(p) be given by (1.1) and satisfy

[

>tk + D (i1, - [py) + (Up)y - @) cos ¥} Dy(A, p, ) las] < ([p), — @) cosy.

n=p+1

Then f € S‘T"g(/l,p, k, ).

Letting ¢ — 1~ and putting b = 1 — % (0 <@ < p)and A = 1 in Theorem 3.1, we obtain the
following corollary (see also [19], Theorem 1, with n = 0).

Corollary 3.7. Let f € A(p) be given by (1.1) and satisfy

[ee)

D Ak+D=p) +(p -l < p-a.

n=p+1

Then f € ST (p,k, a).

Letting ¢ — 1~ and putting b = 1 — % (0 < @ < p)and A = 0 in Theorem 3.1, we obtain the
following corollary.
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Corollary 3.8. Let f € A(p) be given by (1.1) and satisfy

[Se]

Z (%){(k-l-1)(n—p)+(p—a/)}|an| <p-a.

n=p+1
Then f € UST (p,k, ).
Taking p = 1 in Theorem 3.1, we obtain the following corollary.
Corollary 3.9. If a function f € A has the form (1.1) (with p = 1) and satisfy
D e+ 1)(1nd, = 1) + 1Bl g2, 1) la,) < 18]
n=2
Then f € ST (A, k, D).
Theorem 3.10. If f € ST (A, p, k, b). Then

|a | - [ply |b| O1 _ [pl, 16l OQ1[A + ply
P g (A pop+ 1) g’[p + 1],
and for alln > 3
b n2 b
Cln+p_1| < [p]ql | Ql l—[ (1 n [p]q | | Ql ) ’
qp[n - l]q(l)q(/la p.n + P — 1) i-1 qp[.]]q

where Q, is given by (2.3).
Proof. Let

@ =1+ 111 2Dyp (Z;er_lf(Z)) 1
P bliply 177 f(r) ’

where p(z) = 1 + ), ¢,z" is analytic in U and it can be written as

n=1

D (nly = [P1) @y, pm)an" < [pleh (1377 £(2) (Z cnz"} .

n=p+1
Comparing the coefficients of z'*7~! on both sides of (3.6), we obtain
(In + p = 114 = [ply) @y(d po11+ p = Datyepy
= [p]qb {Clq)q(/l’ p,n+p-— 1)an+p—2 +o+ Cn—l} .

Taking the absolute value on both sides and using |c,| < Oy (n > 1) (see [18]), we obtain

(3.4)

(3.5)

(3.6)
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[Pl 16| O
qp[n - l]qq)q(/l’ p.n+p-— 1)

al’l+p—1| <

X {1+ @y, p. p+ Dlapu|+ -+ + Qg p.n + p = 2) | s} (3.7)
We apply the mathematical induction on (3.7), so for n = 2, we have
[ply 16 Q [plq 101 Q12 + p]
| < L L d (3.8)
" @y, p,p + 1) q’lp + 1,

this shows that the result is true for n = 2. Now for n = 3 we have

[plq 1b] O

vl < a0 pp 32y (1 @l pop D)

using (3.8), we obtain

[p], 16l O1 (1 N [P, 10| Ql)
q’[21,®,(, p, p +2) g1, )’

which is true for n = 3. Let us assume that (3.7) is true for n < ¢, that is

[pl, b1 O = ( [p], bl Ql)
1| < 1+ —].
e gt = 113P4(4, p,t + p — 1)‘:[ " q’Ljly

Consider

[ply 1b] O
q’[t],®,(4, p,t + p)

x{l + Dy, p.p+ D|apat| + -+ @A p.t+ p = 1) |y}
[ply1b] O {1 N [plq b1 O N [ply1b] O (1 N [plg 16| Ql)

|at+p| <

g7 [t],@4(4, p,t + p) q’ q’[2], q’[1],
[pl, 1D O, ( [pl, 10| Ql)( [pl, 1] Ql)
+ I+ I+ ——|+
q7[3], q’[1], q’[2],
[p], 1] 01 1—2[ (1 , [Pl 1o Ql)
gt — 1], i q’Ljl,
_ [p), 6] Q1 1—1[ (1 , [Plalbl 0, )
qr[t]g@y(A, p,t + p) | q’Ljly

So, the result is true for n = ¢t + 1. Also, we proved that the result true for all n(n > 2) using

mathematical induction. O

Taking p = 1 in Theorem 3.10, we obtain the following corollary.
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Corollary 3.11. Let f € A be given by (1.1) (with p = 1). If f € ST (A, k, b), then

[4+ 1], 15| Oy
las| < q[—z]q,

and

n-2
b b
lay] < 151 O H(1+||Ql)(n23).
q[n - l]qch(/L 1’ I’l) =1 Q[.]]q
Takingb=1-a (0 <a < 1)and p = 1 in Theorem 3.10, we obtain the following consequence.

Corollary 3.12. Let f € A be given by (1.1) (with p = 1). If f € ST (A, k, @), then

Pi[A+1],
lag| £ ———,
ql2],

and ,

P - P

ja < — 2 ( .1)<nz3>,
Q[l’l - 1]q(Dq(/L I’l) j=1 Q[]]q
where Py = (1 — a)Q, and Q is given by (2.3).
Taking b =1 - & (0 < a < [p],) in Theorem 3.10, we obtain the following result.

Corollary 3.13. Let f € A(p) be given by (1.1). If f € ST 4(4, p, k, @), then

([p]q - a’) Ql
"D (A, p,n+p—1)

|ap+1| S

and for alln > 3,

P (Lpl, - 1—[ (tp), - )Q1
Grertl= ol = 11,054, p,n+p— nl o,

Putting b = (1 - [p‘—’]) cosye™ (0 <a< [ply, Iyl < %) in Theorem 3.10, we obtain the following
consequence.

Corollary 3.14. Let f € A(p) be given by (1.1). If f € ST 4(A, p, k, @), then

(Ip)y — @) cos 0,
g @A, p,p+1)°

|ap+1| <
and for alln > 3,

(Ipl, - @)cosyQr  #2(  ([pl,—@)cosyQ,

qp[n - l]qq)q(/l’ p.n + P - 1) =1 qp[]]q

an+p—l| <

AIMS Mathematics Volume 6, Issue 10, 10466-10484.
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Theorem 3.15. Let f € ST (A, p,k,b). Then f(U) contains an open disc

o g’lp + 1],
g"(p + DIp+ 11 + [pl, bl

Proof. Let wy € C and wy # 0 such that f(z) # wy for z € U. Then

WOf (2) 1 +1
M@=————=H+@1+——H +--
wo — f(2) 7w
Since f is univalent, so
1
ap+—|<p+1.
wWo

Now using Theorem 3.10, we have

[p]q |b| Ql [/1 + p]q

<p+1+
b glp+ 11,

2

Wo

and hence we have
q’lp + 1],

2 P+ Dip+ 1, + p1, Bl O1 LA + Pl

[wol

This completes the proof of Theorem 3.15 O

Theorem 3.16. Let 0 < k < oo be fixed and let f € ST ,(A, p,k,b) with the form (1.1). Then for a
complex u, we have

[p]q |b| Ql[/l + p, Q]z

22alp + 1,4l max {1, [2v - 1]}, (3.9)

2
|ap+2 - l‘tap+l| <

where

. 1{1 _ 0, [plh0 (1 21,04+ plylp + 2], )}
2 O q? [A+p+1][p+ 1]q’u ’

where Q| and Q, are given by (2.3) and (2.4), respectively. The result is sharp.
Proof. Let f € 8T ,(4, p, k, b), then there exist a function w, with w(0) = 0 and |w(z)| < 1 such that

1 1 D (737" D)
b\l

1+ - -1|= U). 3.10
+ pl, I:]Hp_]f(z) ] Pkw(2)) (z€U) ( )

Let h € P be a function defined by

1
h(z) =  w(2) =l+ciz+c +-- (zeU).
1-w(2)
This gives
2

(&1

w(z) = >

1 Cl 2
— - 4+
Z+2(C2 2)Z s
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and

2
piw(z)) =1+ %ClQm n % {Clez

Using (3.11) in (3.10) along with (1.9), we obtain

[plybci Q1[4+ 1],
2g7[p + 1],

C2
+(cy — EI)QI}ZZ'F"' : (3.11)

ap+1 =

and

[PlblA+p.gl (¢;02 1 ¢ [pl,bOic;
Ap+2 = txe-5)01+—(— .

[2l,q’lp + 1.9 { 4 2 2 497
For any complex number p, we have

: mLMA+nﬂz{&Qz 2 wbb%&}

1
—~ +(c; — =)0 +

[P 0T (14 + 1],

i ([p+1]q) . (3.12)
Thus (3.12) can be written as
_ [plbOilA+ p. gl
%M_W%_ZWMWHLQJQ_W% G139
where 1 0, [plshQ [2]4[1 + plylp + 2]

L PR ‘(1— Ll Ui ")} 3.14
’ 2{ 0 A+ p+ ,0p+ 1" G-19

Now, taking absolute value and using Lemma 2.2, we obtain the required result. The sharpness
of (3.9) follows from the sharpness of (2.5). O
Putting p = 1 in Theorem 3.16, we obtain the following consequence.

Corollary 3.17. Let 0 < k < oo be fixed and let f € ST 4(A, k, b) with the form (1.1) (with p = 1). Then
for a complex parameter u, we have

bl Q1[4+ 1, 41>

1,12v - 1|},
gz g, vl

|a3 —,ua§| <

where

1 Q, bOy [4+ 114[3],
v==3%1-=- 1- ules
2 01 g [+ 2],

where Qy and Q, are given by (2.3) and (2.4), respectively. The result is sharp.

Puttingp=1landb=1-a (0 <a < 1) in Theorem 3.16, we get the following corollary.

Corollary 3.18. Suppose that the function f(z) given by (1.1) (with p = 1) is in the class ST ,(A,k, @).
Then for a complex parameter yu, we have

Pi[1+1,q] { ) Pl(l_[/l+1]q[3]q )}
= Nl a+21, ")

where Py = (1 — @)Q; and P, = (1 — a)Q», Q1 and Q, are given by (2.3) and (2.4), respectively. The
result is sharp.

(3.15)

2
s~}

AIMS Mathematics Volume 6, Issue 10, 10466-10484.
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Putting b =1 - [pi] (0 £ @ < [p]y) in Theorem 3.16, we get the following corollary.

Corollary 3.19. Let 0 < k < oo be fixed and let f € ST ,(A, p, k, @) with the form (1.1). Then for a
complex parameter u, we have

([ply — )il + p,q]>
2[2],97[p + 1,9l

2
apin — :uap+1| <

- 2], + +2
xmax{l, % _ ([p]q a’)Ql (1 _ [ ]q[ P]q[P LI/J)'} ,
Ql qp [/1 +p+ l]q[p + 1]q
where Q| and Q, are given by (2.3) and (2.4), respectively. The result is sharp.
Putting b = ( — ﬁ) cosye™ (0 < a < [plgs Iyl < %) in Theorem 3.16, we get the following
corollary.

Corollary 3.20. Let 0 < k < oo be fixed and let f € ST (4, p, k, @). Then for a complex parameter p,
we have

([ply — @) cosyQi[1 + p,ql>
2[2],97[p + 1,912
@ ([plg —a)cosyQ (1 _ [2lg[a+ plglp + 2]qﬂ)‘} -
O qr [A+p+1],[p+1],

2
ap+2 _/Jap+l| <

xmax{l,

The result is sharp.

Theorem 3.21. Let

|[P1,b Q2 + g7(Q2 - QV)| [+ p + 1,[p + 1],

7! 21,[pl,b QA+ plylp + 21, ’
| p1b @+ g7(Qx + Q0| [+ p+ 1[p + 1,
7T 21,pl QA + pllp + 21, !
o (P10} + @7 Qo| A+ p + 11,[p + 1],
3 = .

[21,[p1b Q3 + plylp + 2],

If f given by (1.1) belong to the class ST 4(A, p,k,b) (b > 0), then

[P1,b01[A+p.al2 { 0, , [plbQi ( 21 pllp2], )} <
o ian Vo T\ T per, H)fs B0
2 PlbQilApals
p2 = Hap | < AR TISH=0

_[plghQi[A+p.gln {Qz [plyb Q1 (1 _ [21g[A+pl4lp+2]4

== >
2L, IpLql: |0 @ FETISIATISIP “)} H =03

Further, if oy < u < 03, then

AIMS Mathematics Volume 6, Issue 10, 10466-10484.
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¢ (Ip+11,) [2+ p.ql:

[21,[p1b0: (12 + pl,) [p + 1.ql2
o {1 O b0 (1 _ [2],[4 + pl,lp + Z]q,u)} |ap+1|2 < [pl,b 011 + p,q]Z.
0 @ \' T+p+iip+l, @21, + Lal;

2
|ap+2 - :uap+1| +

If o3 < u < 0y, then

2
g"(Ip +11,) [+ p.ql

[21,60: (12 + pl,) [p+ 1.1,
0 Uﬂwgl( 21,0+ plIp + 21, H’ 2 [plbOIA+ pogls
1+=+—"11- + < .
X{ o T T m+p+u4p+uj‘|%l|< a'21,lp + Lal

The result is sharp.

2
|ap+2 - ,LLClP+1| +

Proof. Applying Lemma 2.3 to (3.12) and (3.13), we can obtain our results asserted by Theorem 3.21.

O
Putting p = 1 in Theorem 3.21, we obtain the following corollary.

Corollary 3.22. Let

602 + 40> - Q)| 14+ 2],
o= bQPA+ 11,3,
602 + (0> + Q)[4+ 2],
2 = b+ LB,
|b0% + qQa] 14+ 2],
be[/l + 11,31,

If f given by (1.1) (with p = 1) belong to the class ST 4(A, k,b) with b > 0, then

3 =

bQi[A+1.q1s {Qz 4 0o (1 _ [11e[3]g

a2l42qk 101 7 g [1+2], /”‘)}’ H =61,

) bO1[A+1.g]
|as — pa3| < 21,2l ° SISH= G,

_M{& b0y (1 _ [A+11403] }
PEINERT (T (1 [1+2], ,u) s HZ 6.

Further, if ¢ < u < 3, then
ql2]4[1 + 1,41
2
bO: ([ + 11,) 12,41

0, bO [4+1],[3], )} , _ bO[1+1,q]
1- 2= 1- < =L
X{ 0. ¢ ( a2, M) Tz,

|a3 —,ua§| +
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If ¢3 < u < ¢, then
q(21,[1 + 1,4]»

2
gbQ: (1 + 11,) 12,41

X{l LD b0 (1 A+ 1]q[3]qﬂ)} o < 2l Lk
01 ¢ [4+2], q(214[2, g1

2
|ap+2 - :uap+l | +

The result is sharp.
Putting p=1landb=1-a (0 < @ < 1) in Theorem 3.21, we obtain the following corollary.

Corollary 3.23. Let

. [P} + q(P, - P11 +2],
b PA+ 11,03,

. |P3 + q(Py + Py)| 12+ 2],
2 PlA+11,B3l,
|P2 + qPo| 14+ 2],

P2LA+1],[3],

If f given by (1.1) (with p = 1) belong to the class ST 4(A,k, @), then

PilA+1.4] {Q ﬂ( _ [+1,81y )} <
q[214[2.912 | Py +3 1 2, M)y H <y,

2 Pila+lgl
jas — pesy| < 21,20, S < p <,

_ Pi[A+14] {ﬁ Py _ [A+1103], } S
ql2l4[2.912 | Py + q (1 [A+2], ,u) , U=

Further, if 9, < u < 93, then

gl21,[4 + 1.1,
Py (fA+11,) 12,91

cfiope B LD L Ll
[1+2], ql21,4(2, ql»

|a3 —,ua%| +

If 93 < u <9, then
ql214[1 + 1,41
2
qPi ([A+1],) 2.9

o {1 LR P (1 A+ 1]q[3]qﬂ)} < Pl Ll
P q [1+2], q[21,12, g1

The result is sharp.
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a

Putting b = (1 - —) (0 < @ < [ply) in Theorem 3.21, we obtain the following corollary.

[plq
Corollary 3.24. Let

(i), = @) O} + ¢"(Q2 — Q| A+ P+ 11,[P + 1],

€1
(21, ([ply — @) @314 + Pl [P + 2],
(o1 = @) @3+ ¢"(@a + Q0| 1A+ P+ 11,[P+ 1],
=T 21, (pl, - @) @A+ PLIP +2],
. (i), = @) @} + 4" Qo] LA + P+ 11,[P + 1],
3 .

(21, ([ply — @) Q34 + PL [P + 2],

If f given by (1.1) belong to the class ST ,(A, P, k, b) with b > 0, then

(Ip)g=)Qi[A+pgl [0, | (Iplg—a)Q ( (20l plylp+2], )
qP12)4[p+1.q]2 01 + q 1 [+ p+1,[p+1], , ML €,

(lplg—2)Q1[2+p.qh

— 1ua? |< g )21 AT P42
Apr2 = Hlper] = PRl gl G Sps6,

(lplg—e)Q1l2+p.ql2 [ 0, ([p]q—a)Ql( 121,14+ ply[p+2], )
a’12l4lp+1.q1 ot q 1 [A+p+1],[p+1], » H2Z 6.

Further, if €, < u < €, then
2
g’ (lp + 11,) [+ p.ql
121, (Lp)y — @) Q1 (12 + pl,) [p + L.ql:
[pl, -
X {1 - % - —( Pl a) Q (1 - 1[4+ pllp + 2]qﬂ)} |ap+1|2

2
|ap+2 - /’tap+l| +

q’ [1+p+1][p+1]

(I, - @) Qil2 + p.ql
qp[z]q[p + 1’ Q]Z

If s <u<e,then
2
g’ (Ip+ 11,) [+ p.ql
2
(21, (Iply — @) (12 + ply) [P+ 1,1
X {1 + % + —([p]q _ al) Ql (1 - [2](1[/1 * p]q[p i 2]q )} |ap+1|2

2
|ap+2 - /’tap+l| +

0 7’ A+p+1,0p+11,"

(), - @) Q112 + p.ql
g"[2,[p + 1.4

The result is sharp.
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4. Conclusions

Studies of the coefficient problems including the Fekete-Szegd problems continue to motivate
researchers in Geometric Function Theory of Complex Analysis. In our present investigation, we have
introduced and studied a new class S7 (4, p, k, b) of analytic functions associated with g-analogue
of p-valent Noor integral operator in the open unit disc Y. For functions in this class, we have derived
the coefficient estimates of the coefficients |ap+ 1| and an+p+1| for n > 3, and Fekete-Szegd functional
problems for functions belonging to this new class. Several of new results are shown to follow upon
specializing the parameters involved in our main results.
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