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Abstract: In this paper, we investigate the following tropical climate model with fractional diffusion

u+u-Vu+Vp+A?u+divv®v) = 0,
Ve+u-Vv+VO+APv+v-Vu=0,

0, +u-Vo+ A>6 + divy = 0,

divu =0,

(u,v,0)(x,0) = (uo, vo, 0),

where (ug, vy, 6p) € H*(R") with s > 1,n > 3 and divuy = 0. When the nonnegative constants a, 8 and
v satisfy @ > % +49, a+B=>21+73, a+y =1+ 73, by using the energy methods, we obtain the global
existence and uniqueness of solution for the system. In the special case # = 0, we could obtain the
global solution provide that @ > % + 4.+ B =1+ 73 and (ug, o) € H'(s > 1), which generalizes the
existing result.
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1. Introduction

In this paper, we consider the following tropical climate model with fractional diffusion

u+u-Vu+Vp+ A u +divvev) = 0,
Vi+u-Vv+VO+APv+v-Vu=0,

0, +u-VO+ A6+ divy = 0, (1.1)
divu = 0,

(u, v, 0)(x,0) = (uo, vo, 6o),

where (x,7) € R* X R* with n > 3, u = u(x,t) and v = v(x,t) denote the barotropic mode and the
first baroclinic mode of the velocity, respectively, while p = p(x,?) and 8 = 6(x, t) denote the scalar
pressure and temperature, respectively. @ > 0, § > 0, ¥ > 0 are real parameters. The fractional

Laplacian operator A = (=A)? is defined through the Fourier transform, namely

ATf(E) = | f&), Y a2 0.

By performing a Galerkin trunction to the hydrostatic Boussinesq equations, Frierson, Majda and
Pauluis [1] derived the original version of (1.1) without any Laplacian terms. This is because the
Laplacian terms are derived from the inviscid primitive equations. In this paper, we consider the
viscous counterpart of the system in [1], that is, system (1.1). Before stating our main result, we first
summarize the existing results for system (1.1).

For the 2D case, Ma, Jiang and Wan [2] surveyed the local existence and uniqueness of strong
solutions withany @ > 1, >0,y =00r0 <a < 1,8 > 1,y = 0. Li and Titi [3] established the global
well-posedness of the strong solution for the case @ =8 =1,y =0. Whena +8=2,1 <8< 2,y =0,
Dong et al. [4] obtained the global regularity of the solution. In the case of @ > 0,8 =y = 1, Ye [5]
obtained the global regularity. Some small initial data results for the system with damp term were
studied in [6,7]. There have been some related works, one can refer to [8—10] and the references
therein.

For the 3D case, when @ = 8 = y = 1, Wu [11] investigated the regularity criterion for the local-
in-time smooth solution in the Morrey-Campanato space and Wang, Zhang and Pan [12] proved the
global existence. For the case @ > 2, 8 = y = 0, Zhu [13] established the global regularity by using
the classical energy methods.

For the n-dimensional case, Ye [14] obtained the global regularity result as long as a > % + 1
@+ > 1+73,y = 0. When the initial data satisfy small condition, Li, Deng and Shang [15] established
the global well-posedness of solutions with % <a,B,y < % + 4.

Let us mention that when 6 = 0, system (1.1) reduces to the generalized MHD system and there
have been a lot of results, one can refer to [16-25] and the references therein.

Motivated by the work of [25], we consider the global regularity of the tropical climate model
with fractional diffusion in case of n > 3. The purpose of this paper is to study the global existence
and uniqueness of the solution to system (1.1) by fully exploiting its special structure and the energy
methods. The main result of this paper can be stated as follows.
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Theorem 1.1. Assume that (ug, vo, 6y) € H'(R") with s > 1,n > 3 and divuyg = 0. Let

1 n n n
>4+, a+B8>21+—, a+y>1+—-. 1.2
@zt @ B> 7@ty > (1.2)

Then system (1.1) has a unique global solution (u, v, 0) satisfying
(u,v,0) € L*(0,T; H'(R")), u € L*(0, T; H***(R")),
v e L*0,T; H*P(R"), 6 € L*(0, T; H**(R")) (1.3)
forany T > 0.
Remark 1.1. In the special case 6 = 0, system (1.1) reduces to the following GMHD system:
w+u-Vu+Vp+ A u+v-Vv=0,
vi+u-Vv+ APy +v.-Vu=0,
divu = 0,divy = 0,
(u, v)(x, 0) = (uo, vo)-

It is proved in [25] that the solution is globally regular with @ > 1 + 2,8 > 1 + 2 and (ug, vo) € H*(s >
max{2a, 23}). Here, we relax the requirements for the regularity of the initial data, i.e., (ug,vy) €
H’(s > 1), and establish the global well-posedness for system (1.4) with @ > % +tha+p>1+7%,
which generalizes the result in [25].

(1.4)

Remark 1.2. The global regularity for logarithmically supercritical tropical climate model and MHD
system were studied in [14, 23, 24]. Therefore, it may be interesting to improve Theorem 1.1 to the
logarithmically supercritical case.

Remark 1.3. When n = 2, by examining the proof in section 2 and making a slight adjustment to
Theorem 1.1, we can establish the global existance and uniqueness of the solution witha > 1, + 8 >
2,a+y>2o0ra=1,> 1,y > 1, where (1, vy, 6y) € H°(s > 1).

Some important works related with recent development in fractional calculus and its applications
can be referred to [26-28]. For more results of biological fractional diffusion system, one can refer
to [29-31].

In next section, we are going to prove Theorem 1.1 and divide the proof into two parts: the global
existence part and the uniqueness part.

2. Proof of the main result

We first show the global existence by establishing a priori H*-bound on solutions to system (1.1),
which could be stated as follows.

Proposition 2.1. Let (u, v, 0) be the corresponding solution of system (1.1). Then for all t € [0, T], we
have

!
IA U@, + IAVOI, + IAO@I, + f AT u@ll7, + 1Al
0

+[IA6(D)|I7,)dT < C. (2.1)
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Proof. For the sake of clarity, we divide the proof into three steps.
Step 1 (H-estimates). Multiplying (1.1); by u, (1.1), by v and (1.1)3 by 6, respectively, integrating
in R" and taking the divergence free property into account, we get

d 2 2 2 2 2 2
5 7z + VI =+ 11602) + 1A%l + IAPVIZ, + A6l

:—fdiv(v®v)~udx—fVH-vdx—fv-vadx—fGdivvdx. (2.2)
R Rr R R

We now deal with the first and third terms together as

—fdiv(v@v)-udx—fv-Vu-vdx (2.3)
Rl‘l

Rn

=—fdiv(v®v)-udx+fdiV(v®v)-udx:0.
RVl

RV!

—f Vo -vdx - f 6divy dx = f 6divy dx — f 6divv dx = 0. 2.4)
R}’l Rn Rn R}’l

Substituting (2.3) and (2.4) to (2.2), we know that

Note that

!
a7 + VI + 16117 + 2 fo (A U@, + IAPV@IT, + IA76(D)II7)dT
= lluoll7, + lIvoll. + 116617 (2.5)

Step 2 (H'-estimates). Multiplying (1.1);—(1.1); by Au, Av and A6 respectively, integrating them
in R", and adding them up, we obtain

1d
EE(IIVulliz + IV, + V6N + AT ull?, + 1A I, + 1A,

= —f O O’ Oy’ dx + f divv®v) - Audx — f O O O’ dx
R R

Rl‘l

+ f VO - Avdx + f v-Vu)-Avdx - f O, 0;00,0 dx + f divvAl dx
Rn R)'l Rn R)'l
=Ji+h+ L+ +Jds+Jg+ Jq. (2.6)

Firstly, we have
Ja+J; = f V9~Avdx+f divvAb dx
R R

6divAv dx + divvAG dx

3

6Adivy dx + divvA8 dx

A@divy dx +

divvA8 dx = 0. 2.7)

n
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For J;, we recall the following Gagliardo-Nirenberg inequality
IVullys < CIVallf Al AT ullf,

with

n 1

1 1 n
=1-—(1 ,b=—,¢c=—(1- =).
a gtk b=y e=gpl-ars)

This together with Holder’s inequality and Young’s inequality gives rise to

3 3 3b 113
Ji < IVullys < ClIIVall SIA ull A ulls

4a
< &ll A" ully, + CIA“ul| 5 IV ull7,.

Next we estimate J3 in two cases: S <
by interpolating with the results of 8 <
situations later.

If B < 3, noting that @ + 8 > 1 + 3, it holds that

RIS IS

J3 < ClIVVIlLAIVull g1V 2

n=2p

< ClVVI IAZ P ull 2 |AP* ]| 2
112 2 1A% 2
< &llA WL, + CIVVILIA P ],
112 2 2 2
< &llA W, + Clully, + 1A ull7 )V,
while if 8 > 7, we derive that
J3 < ClIVVI 2Vl 2l Vv
1
< CIVVll2lullze + 1A ull2) (VI + AP V]12)

1,112 2 2 2 2
< &llAP W, + CIVIE, + Clully, + 1A ull7 )V VI,

For the term Js, similar to J3, it follows from y < 7 that

Jo < llN16II7, + C(lludl7, + IA Ul )V

12°

on the other hand, if y > g it holds that

Jo < elN1617, + ClIOII7. + Cllull7, + 1A ull7,) IV,

For J; and Js5, we compute
Jr+Js = f div(v®v)-Audx+f(v~Vu)~Avdx
Rll Rn

= f 0,(v'v), 0’ dx + f VO 80V’ dx
R R

= f OV 0O’ + V'O 0,0’ dx — f OV O Oy + V8,0’ 07 dx
R R

(2.8)

(2.9)

and B8 > 7. Note that the remain case of 8 = 7 can be solved
and > 5 (see (2.17) below). The process is used for similar

(2.10)

2.11)

(2.12)

(2.13)
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= f OV 00U + V' OV 00U’ — vV 00U OV’ dx — f OV 0oy dx
Rn Rn
=N +N,. (214)

The estimation of N, is the same as that of J3, which have been handled in (2.10) and (2.11). So we
only need to deal with N;. Using Holder’s inequality, Sobolev embedding theorem, Young’s inequality
anda+p5>1+ %,oneinfersthatifa <1+ %,

Ny < Aull, o [IVVI2|IVIl, 2

L2=2a+n Lo-T
1
< CIA ull 2 VWl VI 2,
a+l_ 112 2 2
< ellA™ ullys + ClIVVILIVIE o
1112 2 2 2
< A ull2, + CAMIE, + IAPVIEDIVVI,, (2.15)
andif@ > 1+ 7,
N1 < [[Aullz= [Vl 2]Iv]I 2
AT ST
+ +
< CUAT ] 5 Nl 5™ IV VI 2112
1 5 22a—2-n) A(a+1) 4(a+1)
[0 — — -
< el A 2, + Clladl 11V (vl
1,112 2 2 2
< ellA"ull7, + Cllully, + ClIVILIIVVIE,. (2.16)

Inserting (2.7), (2.9)—(2.16) into (2.6), we obtain

d
E(IIVM(I)IIEZ + Vv, + IVO@IIT) + 1A ], + AP VI, + 1A 6117,

4a
a—2-n 2 2 2 2 2 2
< CUA Ul + 1A ully, + APV, + llullZ, + VI AVl + VY,
2 2 2 2
+IVOlL2) + Clull, + (VI + 161172,

this, together with Gronwall’s inequality, @ > % + 7 and (2.5), yields

t
IVu@)II7, + IVv@)Il7. + VOO, + f(IIA"“u(T)IIiz + AP (@)l
0
+IA*O(D)I12)dT < C. (2.17)
Step 3 (H*-estimates (s > 1)). Applying A°® to the first three equations of (1.1), taking the L*-inner
product with Afu, A’v, A*6 respectively, and adding them together, we obtain

1d
EE(IIASulliz + AV, + IA%6IT) + AT ully, + APV, + 1A 617,

= - f ANw-Vu) - ANudx — f A’(diviv®v)) - A'u dx — f AN(u-Vv)-ANvdx
Rn Ril

Rll

- f A°(VO) - N'vdx — f AN(v-Vu)-A'vdx— f A’(u-VOA°O dx
Rn Rﬂ

Rn

- f A*(divv)A°O dx
er
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=K +K +K+ K4+ Ks + Kg + K. (218)

It is easy to see that
Ki+ Ky =~ f A(V6) - AV dx — f A*(divv)A®6 dx
Rll Rn
= f A’OA(divy) dx - f A’(divv)A’0 dx = 0. (2.19)
R}’l R}'l

To estimate K, we need the following Kato-Ponce type commutator estimate [32]:

A, Flgllr < CUV Al 1A gl + 1A fllirnllglzen), (2.20)

where } =14 i andr, p;,q; € [1,00],i=1,2.
Applying Holder’s inequality, (2.20), Young’s inequality and Gagliardo-Nirenberg inequality, K;
can be bounded as

K, = —f ANw-Vu) - Nudx
Rll

= —f [A,u-V]u-Audx
Ri'l
2
< ClIVull21IA ull;,
da—n n
< CIVull2 AWl F Al

4a

< ell A ullz, + ClIVulls "IN ull? (2.21)

Lz L2 R

where we have used divu = 0.
Now we divide the estimate of K3 into the following two cases. By (2.20), divu = 0 and o+ > 1+75,
we infer thatif @ < 5 and g < %,

K; = —f AN(u-Vv) - AN'vdx
Rn

= —f [A%,u-V]v-A'vdx
Rn

< ClIA ull 2 IVVILIAM Lz + CHAVI Va5 IAVIL 2y (2.22)

n=2a n=2p

2a+28-n

n=2a
< CUA™ ull VYl P AT, 7
+ ClIAVI AP | 2 | APy 2
K 2 K 2 2 1 2
< A ull}, + ell APV, + C(IVall?, + 1A ull?,

48

— 2
+ IVl AV

If o > g and 8 > g one deduces

K3 < ClIN ullp=|IVVI2lIA V2 + CIAYI2 IV ull 2 | A V]|
2a-n n
< ClIA |3 IAT ul S IVl AV
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+ ClIAVI2NIVall 2 (IVVIl2 + AP V]12)
< &ll A ully, + el AP, + ClIIA ully,
2 2 2 2
+ ClIVVI[ + CAIVull, + IVVIIA VI

Summing up the above two cases, one has

K < &l A ully, + sll AP, + CIIASMII2 + CIIVVIIZ, + C(IVully,

+ VI, + A ull7, + IIVVIIMﬁ WAV (2.23)
Similarly, for K4, we can get

K < el A ully, + el A 6ll7, + CIIASMII2 + ClIVOIIZ, + C(IIVull},

+ VoI, + A ull7, + IIVQIIMV A6, (2.24)

Finally, we shall deal with K, and K5 together.
K, + Ks = — f A(diviv®v)) - A'udx — f AN(wv-Vu) - AN'vdx
R R
= f AN®©W-v) - AN'Vudx — f AN -Vu) - Ay dx.
Rﬂ RVL

Noting thata + 8> 1 + 3, if @ < 1+ 5 and 8 < 7, we know that

K> + Ks < CIVIl, 2, [IA"Vul|

La 1 L2- 2
< CIVI 2 1A ull 2 [Vl + CIII\”ﬂVIILZIIAi PLull 1AV
< el A ully, + sllAPyll + CUATPH Ul LIV, + CIIVIILﬁ IAVILZ,
< &AM ull7, + el APl + Cllull7, + 1A ul2)IAVIE,

+ C(VIZ + 1A VIEDNA VI,
< el A ulll, + el A Pollz + ClullZ + V1T, + 1Al

+ AV IAVIE

ANV + CIAYIL 2 IVl 5 1IAV2

While if @ > 1 + 7 and 8 > 5, one has

Ky +Ks < C”V”L2”ASVM”L“’”ASVHLZ + C”ASV”L""”Vu”LZ”ASVHLz

< C”V”LZIIASu” & IIA””MII AL
+ CIVVll2 + APl Vel 2 I AV 2

< el A ully, + ll APV, + CAIVully, + IVIEIAVIE,
+ ClIAull}, + CIIVVIZ,

Summarizing the above two cases, we can get

2 2 2 2 2
K> + Ks < el A ull}, + el APVl + ClIAully, + ClIVVIE + C(llull,
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2 2 1,112 1,112 2
+ VI + IVl + AT w7, + AP IE)IA VI, (2.25)

Substituting (2.19), (2.21)—(2.25) into (2.18), we derive that

d 112 $ 112 2 ; 2 ; 2 y 2
2 Al + IAMYI: + IATNL) + A ull?, + APV, + 1A 617,

4a
2 2 2 2 2 r=n
< C(llelly, + VI + IVulls + IVl + IV, + [Vull 5
48 4y
VI + VOIS + AT ull7, + AP, + 1)

X (IA°ullf, + 1AV, + IA617.) + CAIVVIE, + IV6I7.),

this together with Gronwall’s inequality, (2.5) and (2.17) yields (2.1).
Now we turn to show the uniqueness part of Theorem 1.1. For clarity, we describe this part as the
following proposition.

Proposition 2.2. Let T > 0. Assume that (u™®,vD,00) and (u®,v?,6?) are two solutions of (1.1)
satisfying

@ v, 609y e L0, T; H'(RY), fori=1,2,
(Aa/+lu(2)’ Aﬁ+lv(2), A’y+19(2)) e LZ(O, T,LZ(R"))

Then (uV,vD 60y = (4@, v 6@ on R" x (0, T).

Proof. Let p'V and p'® be the pressures associated with (uV, v, V) and (u®, v?, %), respectively.
Then the differences (i, ¥, 6) between these two solutions

i=u® —u® 5=vD @ G=gb _g? p=pD_ @
satisfy

i, +uV - Vit + it - Vu® + A%+ Vp + divhD @ vD — 12 @ 1P) = 0,
U, +uD Vi +i-Vv® + VO + A%Pp + 5 - VuD +1@ . Vi =0,

0, + uV - VO +i1- VO + A0 + divi = 0,

divii = 0,

(i1, 7,0)(x,0) = 0.

Taking the L2-inner product to the first three equations with i, 7 and @ respectively, and adding the
results together, we obtain

1d . - ~ o ~ 7
Ed—t(llu(t)llzz + IO, + 18OI7.) + IATEIZ, + NPT, + A6,

L

T

i-Vu® i dx - f divorP @ v = vP @ v@) . 1 dx
Rn

- a-Vv@-vdx—fvé.vdx—fv-vu“)-vdx
R Rn

=
3

n

- v . Vi vdx - f i- VY0 dx - f odivv dx
R)'l er

~
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=h+L+ L+ +15+ 1o+ 1; + I,

where we have used the following facts

fu(l)-Vﬁ-ﬁdXZO,fu(l)-Vf/-f/dx:O,
Rn R"

fu<1>-vé~édx:0,fv;3~adx:o.
R R"

Note that

= f odivy dx — f odivv dx = 0.
R R

By Holder’s, Young’s and Gagliardo-Nirenberg inequalities, together with Sobolev embedding
theorem, we decuce that if o < %,

2|l 2

-2
~ 4{an a~nn£;n a+l (2) ~
Cllall 5™ NA%all 5" NA™ =] 2| l2l] 2

~ 2
I < lall, 5 1V u' )IIL

IA

4a
~112 1.2 —n 115112
llAall7, + CIAT w5 a7,

IA

and if a > 7,

~ 2 ~
I < il 21V u®)| 2|l o
~ ) 125 A s
< Cllall IVl & A

4a
~112 2 a—n ||17 2
< gl|A%dlf, + C|[Vu' )”zz |2l
Next, we estimate the term /3. If 5 < g, noting that @ + 8 > 1 + %, we know that

~ 2 ~
L5 < C[#ll2 Vv )IIL 2_|ll]

n
n=2p LB
2a+2B-n

~ 1,2 ~ o
< ClFll A Y2 2l

n=28
IA“a| 3
4,

-2 1. ()11 Fav25 1)~ |12 ~12
< &l|Aall7, + ClIAP W )Ilzz”zﬁ "l + 19172).

If B > 3, one obtains

~ ~ 2
I < (¥l 21V vl 2

2p—n

n
~ ~01128 ||~ 2
< CIFILS IAPTI Sl Vvl
) 2(28-n) 5 48 48
~ ~11 48— ABn ||~ 3B~
< elINPHIE, + CIRIL Y™ IV % ]

48
=112 2 11112 =112
el A3, + CIVVIS (lalZ, + II15,).

IA
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Similarly, for I;, we infer that if y < Z,

~ 1 (2 a+2y—n ~112 D2
I < &llA@ll, + CIA* 62 5 (llell7> + Nl6ll2),

and ify > 2,

L < N7, + CIIVG(Z)II‘” (a3, + 16117,).

Now we are in a position to deal with /,, I5 and I as follows.

15

— f divP @ vV — @ @ vy . i dx
Rn
= f ORI vy R ). Vii) dx
Rﬂ
= | 0P vD.VEg—vP O g+ Dy — @ D v dx
Rn
:f(v-v<1>~va+v<2)-v~va)dx.
Rn
Then
L+ls+Ilg= | G-V -Vi-3-Vul.9)dx

:f(v.v“)-Va—v-v@)-Vaw-v@)-Va—v-vu“%v)dx

G-7-Vi+v-v?P -Vi—7-Vul . ) dx

Rll
:f\7~v(2)-Vﬁdx—f17-Vu(2)~17dx
R R
=01+ 0o

For 0, if B < 5 — 1, applying Holder’s, Young’s and Gagliardo-Nirenberg inequalities yields

2
01 < ClIvl 2l )II IVall

2/3 2 L/3+l

IA

1.2 ~
ClI7ll 2 lIAP ()”LZHL‘” " |IA% ||
2Qa+2B-n)
8||Aa/l'2” 2 + C”v”4zr+2/3 nllAﬁ+1 (2)||4a+2/3 n” ” da+2p—n
L

IA

IA

~ 1, () T 257 (o) 12 =12

ellAall7, + CIAT YA i DI + llall;),
n M n

where we have used @+ > 1 + 5. Andif 8 > 7 — 1,

~ 2 ~
01 < Clvll IVl IVl 2
~ 2 1.2 ~ ~
< ClFll2 VYl + AP Y2 )l + 1AYE2)
~112 ~112 1..2)12 2)112 ~112
< ellAYall7, + Cllall, + CUN V2L, + IV,
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For 0,, if B < 3, noting that @ + 8 > 1 + 5, one infers

~ 2) I
Q> < P21Vl 17 2o
< ClPl AP U@ 2| APF| 2
~112 ~112 2_84+1..(2)12
< ellAPSIZ, + CIFIRIAT P U2,
~112 212 1..2)12 ~112
< elAPHI2, + CUIVU@IZ, + AT u@ )12,

If 8 > 7, one deduces

~ 2 ~
Q> < |7l Vil )||L2||V||L°°

2
< ClI#ll2 11V )||L2||V||

" 1A% ||

~ 2 n
< &l A3, + C|IVu )||4ﬁ 17117,

Putting all the above estimates together gives

d ~112 ~112 D112 ~112 ~112 Dl12
E(Ilulle + 1717, + 116117,) + 1A ll7, + AP, + IAYAI17,

< C(IVu|I7, +||Vu(2)||4“ +||Vu(2)||4ﬁ" +[IVV@II7, +||VV(2)||4’B"
4a
D75 1.2 1.,(2))6a-n 1,2
FIIVEP S5 + A [ N e [ [ G|

1 2 -+ n 1 2 -+ n ~112 ~112 2
+ AP @) S &4 + A7) 5 + + D)@l + 11911, + 16112)-

Then Gronwall’s inequality immediately yields the uniqueness and the proof of Proposition 2.2 is
completed.

3. Conclusions

In this paper, we investigate the global regularity for the n-dimensional tropical climate model with
fractional diffusion. When the nonnegative constants «, 5 and y satisfy @ > 5 + L atB=1+3, aty =
1 + 7, by using the energy methods, we obtain the global existence and unlqueness of solutlon for the
system. In the special case # = 0, we could obtain that system (1.4) has a unique global solution provide
that @ > %+ﬁ, a+B > 1+75 and (ug, vo) € H*(s > 1), which generalizes the resultin [25]. Let us mention
that when n = 2, by examining the proof in section 2 and making a slight adjustment to Theorem 1.1,
we can establish the global existance and uniqueness of the solutions witha > l,a+8>2,a+y >2
ora=1,8> 1,y > 1, where (ug, vy, 6p) € H°(s > 1).
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