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Abstract: In this paper, we investigate the following tropical climate model with fractional diffusion

ut + u · ∇u + ∇p + Λ2αu + div(v ⊗ v) = 0,

vt + u · ∇v + ∇θ + Λ2βv + v · ∇u = 0,

θt + u · ∇θ + Λ2γθ + divv = 0,

divu = 0,

(u, v, θ)(x, 0) = (u0, v0, θ0),

where (u0, v0, θ0) ∈ H s(Rn) with s ≥ 1, n ≥ 3 and divu0 = 0. When the nonnegative constants α, β and
γ satisfy α ≥ 1

2 + n
4 , α + β ≥ 1 + n

2 , α + γ ≥ 1 + n
2 , by using the energy methods, we obtain the global

existence and uniqueness of solution for the system. In the special case θ = 0, we could obtain the
global solution provide that α ≥ 1

2 + n
4 , α + β ≥ 1 + n

2 and (u0, v0) ∈ H s(s ≥ 1), which generalizes the
existing result.
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1. Introduction

In this paper, we consider the following tropical climate model with fractional diffusion

ut + u · ∇u + ∇p + Λ2αu + div(v ⊗ v) = 0,

vt + u · ∇v + ∇θ + Λ2βv + v · ∇u = 0,

θt + u · ∇θ + Λ2γθ + divv = 0,

divu = 0,

(u, v, θ)(x, 0) = (u0, v0, θ0),

(1.1)

where (x, t) ∈ Rn × R+ with n ≥ 3, u = u(x, t) and v = v(x, t) denote the barotropic mode and the
first baroclinic mode of the velocity, respectively, while p = p(x, t) and θ = θ(x, t) denote the scalar
pressure and temperature, respectively. α ≥ 0, β ≥ 0, γ ≥ 0 are real parameters. The fractional
Laplacian operator Λ = (−∆)

1
2 is defined through the Fourier transform, namely

Λ̂α f (ξ) = |ξ|α f̂ (ξ), ∀ α ≥ 0.

By performing a Galerkin trunction to the hydrostatic Boussinesq equations, Frierson, Majda and
Pauluis [1] derived the original version of (1.1) without any Laplacian terms. This is because the
Laplacian terms are derived from the inviscid primitive equations. In this paper, we consider the
viscous counterpart of the system in [1], that is, system (1.1). Before stating our main result, we first
summarize the existing results for system (1.1).

For the 2D case, Ma, Jiang and Wan [2] surveyed the local existence and uniqueness of strong
solutions with any α ≥ 1, β ≥ 0, γ = 0 or 0 ≤ α < 1, β ≥ 1, γ = 0. Li and Titi [3] established the global
well-posedness of the strong solution for the case α = β = 1, γ = 0. When α + β = 2, 1 < β ≤ 3

2 , γ = 0,
Dong et al. [4] obtained the global regularity of the solution. In the case of α > 0, β = γ = 1, Ye [5]
obtained the global regularity. Some small initial data results for the system with damp term were
studied in [6, 7]. There have been some related works, one can refer to [8–10] and the references
therein.

For the 3D case, when α = β = γ = 1, Wu [11] investigated the regularity criterion for the local-
in-time smooth solution in the Morrey-Campanato space and Wang, Zhang and Pan [12] proved the
global existence. For the case α ≥ 5

2 , β = γ = 0, Zhu [13] established the global regularity by using
the classical energy methods.

For the n-dimensional case, Ye [14] obtained the global regularity result as long as α ≥ 1
2 + n

4 ,
α+β ≥ 1+ n

2 , γ = 0. When the initial data satisfy small condition, Li, Deng and Shang [15] established
the global well-posedness of solutions with 1

2 < α, β, γ <
1
2 + n

4 .
Let us mention that when θ = 0, system (1.1) reduces to the generalized MHD system and there

have been a lot of results, one can refer to [16–25] and the references therein.
Motivated by the work of [25], we consider the global regularity of the tropical climate model

with fractional diffusion in case of n ≥ 3. The purpose of this paper is to study the global existence
and uniqueness of the solution to system (1.1) by fully exploiting its special structure and the energy
methods. The main result of this paper can be stated as follows.
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Theorem 1.1. Assume that (u0, v0, θ0) ∈ H s(Rn) with s ≥ 1, n ≥ 3 and divu0 = 0. Let

α ≥
1
2

+
n
4
, α + β ≥ 1 +

n
2
, α + γ ≥ 1 +

n
2
. (1.2)

Then system (1.1) has a unique global solution (u, v, θ) satisfying

(u, v, θ) ∈ L∞(0,T ; H s(Rn)), u ∈ L2(0,T ; H s+α(Rn)),
v ∈ L2(0,T ; H s+β(Rn)), θ ∈ L2(0,T ; H s+γ(Rn)) (1.3)

for any T > 0.

Remark 1.1. In the special case θ = 0, system (1.1) reduces to the following GMHD system:

ut + u · ∇u + ∇p + Λ2αu + v · ∇v = 0,

vt + u · ∇v + Λ2βv + v · ∇u = 0,

divu = 0, divv = 0,

(u, v)(x, 0) = (u0, v0).

(1.4)

It is proved in [25] that the solution is globally regular with α ≥ 1
2 + n

4 , β ≥
1
2 + n

4 and (u0, v0) ∈ H s(s ≥
max{2α, 2β}). Here, we relax the requirements for the regularity of the initial data, i.e., (u0, v0) ∈
H s(s ≥ 1), and establish the global well-posedness for system (1.4) with α ≥ 1

2 + n
4 , α + β ≥ 1 + n

2 ,
which generalizes the result in [25].

Remark 1.2. The global regularity for logarithmically supercritical tropical climate model and MHD
system were studied in [14, 23, 24]. Therefore, it may be interesting to improve Theorem 1.1 to the
logarithmically supercritical case.

Remark 1.3. When n = 2, by examining the proof in section 2 and making a slight adjustment to
Theorem 1.1, we can establish the global existance and uniqueness of the solution with α > 1, α + β ≥

2, α + γ ≥ 2 or α = 1, β > 1, γ > 1, where (u0, v0, θ0) ∈ H s(s ≥ 1).

Some important works related with recent development in fractional calculus and its applications
can be referred to [26–28]. For more results of biological fractional diffusion system, one can refer
to [29–31].

In next section, we are going to prove Theorem 1.1 and divide the proof into two parts: the global
existence part and the uniqueness part.

2. Proof of the main result

We first show the global existence by establishing a priori H s-bound on solutions to system (1.1),
which could be stated as follows.

Proposition 2.1. Let (u, v, θ) be the corresponding solution of system (1.1). Then for all t ∈ [0,T ], we
have

‖Λsu(t)‖2L2 + ‖Λsv(t)‖2L2 + ‖Λsθ(t)‖2L2 +

∫ t

0
(‖Λα+su(τ)‖2L2 + ‖Λβ+sv(τ)‖2L2

+ ‖Λγ+sθ(τ)‖2L2)dτ ≤ C. (2.1)
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Proof. For the sake of clarity, we divide the proof into three steps.
Step 1 (H0-estimates). Multiplying (1.1)1 by u, (1.1)2 by v and (1.1)3 by θ, respectively, integrating

in Rn and taking the divergence free property into account, we get

1
2

d
dt

(‖u‖2L2 + ‖v‖2L2 + ‖θ‖2L2) + ‖Λαu‖2L2 + ‖Λβv‖2L2 + ‖Λγθ‖2L2

= −

∫
Rn

div(v ⊗ v) · u dx −
∫

Rn
∇θ · v dx −

∫
Rn

v · ∇u · v dx −
∫

Rn
θdivv dx. (2.2)

We now deal with the first and third terms together as

−

∫
Rn

div(v ⊗ v) · u dx −
∫

Rn
v · ∇u · v dx (2.3)

= −

∫
Rn

div(v ⊗ v) · u dx +

∫
Rn

div(v ⊗ v) · u dx = 0.

Note that

−

∫
Rn
∇θ · v dx −

∫
Rn
θdivv dx =

∫
Rn
θdivv dx −

∫
Rn
θdivv dx = 0. (2.4)

Substituting (2.3) and (2.4) to (2.2), we know that

‖u‖2L2 + ‖v‖2L2 + ‖θ‖2L2 + 2
∫ t

0
(‖Λαu(τ)‖2L2 + ‖Λβv(τ)‖2L2 + ‖Λγθ(τ)‖2L2)dτ

= ‖u0‖
2
L2 + ‖v0‖

2
L2 + ‖θ0‖

2
L2 . (2.5)

Step 2 (H1-estimates). Multiplying (1.1)1–(1.1)3 by ∆u, ∆v and ∆θ respectively, integrating them
in Rn, and adding them up, we obtain

1
2

d
dt

(‖∇u‖2L2 + ‖∇v‖2L2 + ‖∇θ‖2L2) + ‖Λα+1u‖2L2 + ‖Λβ+1v‖2L2 + ‖Λγ+1θ‖2L2

= −

∫
Rn
∂kui∂iu j∂ku j dx +

∫
Rn

div(v ⊗ v) · ∆u dx −
∫

Rn
∂kui∂iv j∂kv j dx

+

∫
Rn
∇θ · ∆v dx +

∫
Rn

(v · ∇u) · ∆v dx −
∫

Rn
∂kui∂iθ∂kθ dx +

∫
Rn

divv∆θ dx

:= J1 + J2 + J3 + J4 + J5 + J6 + J7. (2.6)

Firstly, we have

J4 + J7 =

∫
Rn
∇θ · ∆v dx +

∫
Rn

divv∆θ dx

= −

∫
Rn
θdiv∆v dx +

∫
Rn

divv∆θ dx

= −

∫
Rn
θ∆divv dx +

∫
Rn

divv∆θ dx

= −

∫
Rn

∆θdivv dx +

∫
Rn

divv∆θ dx = 0. (2.7)
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For J1, we recall the following Gagliardo-Nirenberg inequality

‖∇u‖L3 ≤ C‖∇u‖aL2‖Λ
αu‖bL2‖Λ

α+1u‖cL2 (2.8)

with

a = 1 −
1

3α
(1 +

n
2

), b =
1
3
, c =

1
3α

(1 − α +
n
2

).

This together with Hölder’s inequality and Young’s inequality gives rise to

J1 ≤ ‖∇u‖3L3 ≤ C‖∇u‖3a
L2‖Λ

αu‖3b
L2‖Λ

α+1u‖3c
L2

≤ ε‖Λα+1u‖2L2 + C‖Λαu‖
4α

6α−2−n

L2 ‖∇u‖2L2 . (2.9)

Next we estimate J3 in two cases: β < n
2 and β > n

2 . Note that the remain case of β = n
2 can be solved

by interpolating with the results of β < n
2 and β > n

2 (see (2.17) below). The process is used for similar
situations later.
If β < n

2 , noting that α + β ≥ 1 + n
2 , it holds that

J3 ≤ C‖∇v‖L2‖∇u‖
L

n
β
‖∇v‖

L
2n

n−2β

≤ C‖∇v‖L2‖Λ
n
2−β+1u‖L2‖Λβ+1v‖L2

≤ ε‖Λβ+1v‖2L2 + C‖∇v‖2L2‖Λ
n
2−β+1u‖2L2

≤ ε‖Λβ+1v‖2L2 + C(‖u‖2L2 + ‖Λαu‖2L2)‖∇v‖2L2 , (2.10)

while if β > n
2 , we derive that

J3 ≤ C‖∇v‖L2‖∇u‖L2‖∇v‖L∞

≤ C‖∇v‖L2(‖u‖L2 + ‖Λαu‖L2)(‖v‖L2 + ‖Λβ+1v‖L2)
≤ ε‖Λβ+1v‖2L2 + C‖v‖2L2 + C(‖u‖2L2 + ‖Λαu‖2L2)‖∇v‖2L2 . (2.11)

For the term J6, similar to J3, it follows from γ < n
2 that

J6 ≤ ε‖Λ
γ+1θ‖2L2 + C(‖u‖2L2 + ‖Λαu‖2L2)‖∇θ‖2L2 , (2.12)

on the other hand, if γ > n
2 , it holds that

J6 ≤ ε‖Λ
γ+1θ‖2L2 + C‖θ‖2L2 + C(‖u‖2L2 + ‖Λαu‖2L2)‖∇θ‖2L2 . (2.13)

For J2 and J5, we compute

J2 + J5 =

∫
Rn

div(v ⊗ v) · ∆u dx +

∫
Rn

(v · ∇u) · ∆v dx

=

∫
Rn
∂i(viv j)∂k∂ku j dx +

∫
Rn

vi∂iu j∂k∂kv j dx

=

∫
Rn

(∂iviv j∂k∂ku j + vi∂iv j∂k∂ku j) dx −
∫

Rn
(∂kvi∂iu j∂kv j + vi∂k∂iu j∂kv j) dx
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=

∫
Rn

(∂iviv j∂k∂ku j + vi∂iv j∂k∂ku j − vi∂k∂iu j∂kv j) dx −
∫

Rn
∂kvi∂iu j∂kv j dx

:= N1 + N2. (2.14)

The estimation of N2 is the same as that of J3, which have been handled in (2.10) and (2.11). So we
only need to deal with N1. Using Hölder’s inequality, Sobolev embedding theorem, Young’s inequality
and α + β ≥ 1 + n

2 , one infers that if α < 1 + n
2 ,

N1 ≤ ‖∆u‖
L

2n
2−2α+n
‖∇v‖L2‖v‖L n

α−1

≤ C‖Λα+1u‖L2‖∇v‖L2‖v‖L n
α−1

≤ ε‖Λα+1u‖2L2 + C‖∇v‖2L2‖v‖2
L

n
α−1

≤ ε‖Λα+1u‖2L2 + C(‖v‖2L2 + ‖Λβv‖2L2)‖∇v‖2L2 , (2.15)

and if α > 1 + n
2 ,

N1 ≤ ‖∆u‖L∞‖∇v‖L2‖v‖L2

≤ C‖Λα+1u‖
4+n

2(α+1)

L2 ‖u‖
2α−2−n
2(α+1)

L2 ‖∇v‖L2‖v‖L2

≤ ε‖Λα+1u‖2L2 + C‖u‖
2(2α−2−n)

4α−n

L2 ‖∇v‖
4(α+1)
4α−n

L2 ‖v‖
4(α+1)
4α−n

L2

≤ ε‖Λα+1u‖2L2 + C‖u‖2L2 + C‖v‖2L2‖∇v‖2L2 . (2.16)

Inserting (2.7), (2.9)–(2.16) into (2.6), we obtain

d
dt

(‖∇u(t)‖2L2 + ‖∇v(t)‖2L2 + ‖∇θ(t)‖2L2) + ‖Λα+1u‖2L2 + ‖Λβ+1v‖2L2 + ‖Λγ+1θ‖2L2

≤ C(‖Λαu‖
4α

6α−2−n

L2 + ‖Λαu‖2L2 + ‖Λβv‖2L2 + ‖u‖2L2 + ‖v‖2L2)(‖∇u‖2L2 + ‖∇v‖2L2

+ ‖∇θ‖2L2) + C(‖u‖2L2 + ‖v‖2L2 + ‖θ‖2L2),

this, together with Gronwall’s inequality, α ≥ 1
2 + n

4 and (2.5), yields

‖∇u(t)‖2L2 + ‖∇v(t)‖2L2 + ‖∇θ(t)‖2L2 +

∫ t

0
(‖Λα+1u(τ)‖2L2 + ‖Λβ+1v(τ)‖2L2

+ ‖Λγ+1θ(τ)‖2L2)dτ ≤ C. (2.17)

Step 3 (H s-estimates (s > 1)). Applying Λs to the first three equations of (1.1), taking the L2-inner
product with Λsu, Λsv, Λsθ respectively, and adding them together, we obtain

1
2

d
dt

(‖Λsu‖2L2 + ‖Λsv‖2L2 + ‖Λsθ‖2L2) + ‖Λs+αu‖2L2 + ‖Λs+βv‖2L2 + ‖Λs+γθ‖2L2

= −

∫
Rn

Λs(u · ∇u) · Λsu dx −
∫

Rn
Λs(div(v ⊗ v)) · Λsu dx −

∫
Rn

Λs(u · ∇v) · Λsv dx

−

∫
Rn

Λs(∇θ) · Λsv dx −
∫

Rn
Λs(v · ∇u) · Λsv dx −

∫
Rn

Λs(u · ∇θ)Λsθ dx

−

∫
Rn

Λs(divv)Λsθ dx
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:= K1 + K2 + K3 + K4 + K5 + K6 + K7. (2.18)

It is easy to see that

K4 + K7 = −

∫
Rn

Λs(∇θ) · Λsv dx −
∫

Rn
Λs(divv)Λsθ dx

=

∫
Rn

ΛsθΛs(divv) dx −
∫

Rn
Λs(divv)Λsθ dx = 0. (2.19)

To estimate K1, we need the following Kato-Ponce type commutator estimate [32]:

‖[Λs, f ]g‖Lr ≤ C(‖∇ f ‖Lp1 ‖Λ
s−1g‖Lq1 + ‖Λs f ‖Lp2 ‖g‖Lq2 ), (2.20)

where 1
r = 1

pi
+ 1

qi
and r, pi, qi ∈ [1,∞], i = 1, 2.

Applying Hölder’s inequality, (2.20), Young’s inequality and Gagliardo-Nirenberg inequality, K1

can be bounded as

K1 = −

∫
Rn

Λs(u · ∇u) · Λsu dx

= −

∫
Rn

[Λs, u · ∇]u · Λsu dx

≤ C‖∇u‖L2‖Λsu‖2L4

≤ C‖∇u‖L2‖Λsu‖
4α−n

2α

L2 ‖Λ
s+αu‖

n
2α

L2

≤ ε‖Λs+αu‖2L2 + C‖∇u‖
4α

4α−n

L2 ‖Λ
su‖2L2 , (2.21)

where we have used divu = 0.
Now we divide the estimate of K3 into the following two cases. By (2.20), divu = 0 and α+β ≥ 1+ n

2 ,
we infer that if α < n

2 and β < n
2 ,

K3 = −

∫
Rn

Λs(u · ∇v) · Λsv dx

= −

∫
Rn

[Λs, u · ∇]v · Λsv dx

≤ C‖Λsu‖
L

2n
n−2α
‖∇v‖L2‖Λsv‖L n

α + C‖Λsv‖L2‖∇u‖
L

n
β
‖Λsv‖

L
2n

n−2β
(2.22)

≤ C‖Λs+αu‖L2‖∇v‖L2‖Λsv‖
2α+2β−n

2β

L2 ‖Λs+βv‖
n−2α

2β

L2

+ C‖Λsv‖L2‖Λ
n
2−β+1u‖L2‖Λs+βv‖L2

≤ ε‖Λs+αu‖2L2 + ε‖Λs+βv‖2L2 + C
(
‖∇u‖2L2 + ‖Λα+1u‖2L2

+ ‖∇v‖
4β

2α+2β−n

L2

)
‖Λsv‖2L2 .

If α > n
2 and β > n

2 , one deduces

K3 ≤ C‖Λsu‖L∞‖∇v‖L2‖Λsv‖L2 + C‖Λsv‖L2‖∇u‖L2‖Λsv‖L∞

≤ C‖Λsu‖
2α−n

2α

L2 ‖Λ
s+αu‖

n
2α

L2 ‖∇v‖L2‖Λsv‖L2
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+ C‖Λsv‖L2‖∇u‖L2(‖∇v‖L2 + ‖Λs+βv‖L2)
≤ ε‖Λs+αu‖2L2 + ε‖Λs+βv‖2L2 + C‖Λsu‖2L2

+ C‖∇v‖2L2 + C(‖∇u‖2L2 + ‖∇v‖2L2)‖Λsv‖2L2 .

Summing up the above two cases, one has

K3 ≤ ε‖Λ
s+αu‖2L2 + ε‖Λs+βv‖2L2 + C‖Λsu‖2L2 + C‖∇v‖2L2 + C

(
‖∇u‖2L2

+ ‖∇v‖2L2 + ‖Λα+1u‖2L2 + ‖∇v‖
4β

2α+2β−n

L2

)
‖Λsv‖2L2 . (2.23)

Similarly, for K6, we can get

K6 ≤ ε‖Λ
s+αu‖2L2 + ε‖Λs+γθ‖2L2 + C‖Λsu‖2L2 + C‖∇θ‖2L2 + C

(
‖∇u‖2L2

+ ‖∇θ‖2L2 + ‖Λα+1u‖2L2 + ‖∇θ‖
4γ

2α+2γ−n

L2

)
‖Λsθ‖2L2 . (2.24)

Finally, we shall deal with K2 and K5 together.

K2 + K5 = −

∫
Rn

Λs(div(v ⊗ v)) · Λsu dx −
∫

Rn
Λs(v · ∇u) · Λsv dx

=

∫
Rn

Λs(v · v) · Λs∇u dx −
∫

Rn
Λs(v · ∇u) · Λsv dx.

Noting that α + β ≥ 1 + n
2 , if α < 1 + n

2 and β < n
2 , we know that

K2 + K5 ≤ C‖v‖L n
α−1
‖Λs∇u‖

L
2n

2−2α+n
‖Λsv‖L2 + C‖Λsv‖

L
2n

n−2β
‖∇u‖

L
n
β
‖Λsv‖L2

≤ C‖v‖L n
α−1
‖Λs+αu‖L2‖Λsv‖L2 + C‖Λs+βv‖L2‖Λ

n
2−β+1u‖L2‖Λsv‖L2

≤ ε‖Λs+αu‖2L2 + ε‖Λs+βv‖L2 + C‖Λ
n
2−β+1u‖2L2‖Λ

sv‖2L2 + C‖v‖2
L

n
α−1
‖Λsv‖2L2

≤ ε‖Λs+αu‖2L2 + ε‖Λs+βv‖L2 + C(‖u‖2L2 + ‖Λα+1u‖2L2)‖Λsv‖2L2

+ C(‖v‖2L2 + ‖Λβ+1v‖2L2)‖Λsv‖2L2

≤ ε‖Λs+αu‖2L2 + ε‖Λs+βv‖L2 + C
(
‖u‖2L2 + ‖v‖2L2 + ‖Λα+1u‖2L2

+ ‖Λβ+1v‖2L2

)
‖Λsv‖2L2 .

While if α > 1 + n
2 and β > n

2 , one has

K2 + K5 ≤ C‖v‖L2‖Λs∇u‖L∞‖Λsv‖L2 + C‖Λsv‖L∞‖∇u‖L2‖Λsv‖L2

≤ C‖v‖L2‖Λsu‖
2α−n−2

2α

L2 ‖Λs+αu‖
n+2
2α

L2 ‖Λ
sv‖L2

+ C(‖∇v‖L2 + ‖Λs+βv‖L2)‖∇u‖L2‖Λsv‖L2

≤ ε‖Λs+αu‖2L2 + ε‖Λs+βv‖2L2 + C(‖∇u‖2L2 + ‖v‖2L2)‖Λsv‖2L2

+ C‖Λsu‖2L2 + C‖∇v‖2L2 .

Summarizing the above two cases, we can get

K2 + K5 ≤ ε‖Λ
s+αu‖2L2 + ε‖Λs+βv‖2L2 + C‖Λsu‖2L2 + C‖∇v‖2L2 + C

(
‖u‖2L2
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+ ‖v‖2L2 + ‖∇u‖2L2 + ‖Λα+1u‖2L2 + ‖Λβ+1v‖2L2

)
‖Λsv‖2L2 . (2.25)

Substituting (2.19), (2.21)–(2.25) into (2.18), we derive that

d
dt

(‖Λsu‖2L2 + ‖Λsv‖2L2 + ‖Λsθ‖2L2) + ‖Λs+αu‖2L2 + ‖Λs+βv‖2L2 + ‖Λs+γθ‖2L2

≤ C
(
‖u‖2L2 + ‖v‖2L2 + ‖∇u‖2L2 + ‖∇v‖2L2 + ‖∇θ‖2L2 + ‖∇u‖

4α
4α−n

L2

+ ‖∇v‖
4β

2α+2β−n

L2 + ‖∇θ‖
4γ

2α+2γ−n

L2 + ‖Λα+1u‖2L2 + ‖Λβ+1v‖2L2 + 1
)

× (‖Λsu‖2L2 + ‖Λsv‖2L2 + ‖Λsθ‖2L2) + C(‖∇v‖2L2 + ‖∇θ‖2L2),

this together with Gronwall’s inequality, (2.5) and (2.17) yields (2.1).
Now we turn to show the uniqueness part of Theorem 1.1. For clarity, we describe this part as the

following proposition.

Proposition 2.2. Let T > 0. Assume that (u(1), v(1), θ(1)) and (u(2), v(2), θ(2)) are two solutions of (1.1)
satisfying

(u(i), v(i), θ(i)) ∈ L∞(0,T ; H1(Rn)), f or i = 1, 2,
(Λα+1u(2),Λβ+1v(2),Λγ+1θ(2)) ∈ L2(0,T ; L2(Rn)).

Then (u(1), v(1), θ(1)) = (u(2), v(2), θ(2)) on Rn × (0,T ).

Proof. Let p(1) and p(2) be the pressures associated with (u(1), v(1), θ(1)) and (u(2), v(2), θ(2)), respectively.
Then the differences (ũ, ṽ, θ̃) between these two solutions

ũ = u(1) − u(2), ṽ = v(1) − v(2), θ̃ = θ(1) − θ(2), p̃ = p(1) − p(2),

satisfy 

ũt + u(1) · ∇ũ + ũ · ∇u(2) + Λ2αũ + ∇ p̃ + div(v(1) ⊗ v(1) − v(2) ⊗ v(2)) = 0,
ṽt + u(1) · ∇ṽ + ũ · ∇v(2) + ∇θ̃ + Λ2βṽ + ṽ · ∇u(1) + v(2) · ∇ũ = 0,
θ̃t + u(1) · ∇θ̃ + ũ · ∇θ(2) + Λ2γθ̃ + divṽ = 0,
divũ = 0,
(ũ, ṽ, θ̃)(x, 0) = 0.

Taking the L2-inner product to the first three equations with ũ, ṽ and θ̃ respectively, and adding the
results together, we obtain

1
2

d
dt

(‖ũ(t)‖2L2 + ‖ṽ(t)‖2L2 + ‖θ̃(t)‖2L2) + ‖Λαũ‖2L2 + ‖Λβṽ‖2L2 + ‖Λγθ̃‖2L2

= −

∫
Rn

ũ · ∇u(2) · ũ dx −
∫

Rn
div(v(1) ⊗ v(1) − v(2) ⊗ v(2)) · ũ dx

−

∫
Rn

ũ · ∇v(2) · ṽ dx −
∫

Rn
∇θ̃ · ṽ dx −

∫
Rn

ṽ · ∇u(1) · ṽ dx

−

∫
Rn

v(2) · ∇ũ · ṽ dx −
∫

Rn
ũ · ∇θ(2)θ̃ dx −

∫
Rn
θ̃divṽ dx
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:= I1 + I2 + I3 + I4 + I5 + I6 + I7 + I8,

where we have used the following facts∫
Rn

u(1) · ∇ũ · ũ dx = 0,
∫

Rn
u(1) · ∇ṽ · ṽ dx = 0,∫

Rn
u(1) · ∇θ̃ · θ̃ dx = 0,

∫
Rn
∇ p̃ · ũ dx = 0.

Note that

I4 + I8 = −

∫
Rn
∇θ̃ · ṽ dx −

∫
Rn
θ̃divṽ dx

=

∫
Rn
θ̃divṽ dx −

∫
Rn
θ̃divṽ dx = 0.

By Hölder’s, Young’s and Gagliardo-Nirenberg inequalities, together with Sobolev embedding
theorem, we decuce that if α < n

2 ,

I1 ≤ ‖ũ‖L n
α ‖∇u(2)‖

L
2n

n−2α
‖ũ‖L2

≤ C‖ũ‖
4α−n

2α

L2 ‖Λ
αũ‖

n−2α
2α

L2 ‖Λ
α+1u(2)‖L2‖ũ‖L2

≤ ε‖Λαũ‖2L2 + C‖Λα+1u(2)‖
4α

6α−n

L2 ‖ũ‖
2
L2 ,

and if α > n
2 ,

I1 ≤ ‖ũ‖L2‖∇u(2)‖L2‖ũ‖L∞

≤ C‖ũ‖L2‖∇u(2)‖L2‖ũ‖
2α−n

2α

L2 ‖Λ
αũ‖

n
2α

L2

≤ ε‖Λαũ‖2L2 + C‖∇u(2)‖
4α

4α−n

L2 ‖ũ‖
2
L2 .

Next, we estimate the term I3. If β < n
2 , noting that α + β ≥ 1 + n

2 , we know that

I3 ≤ C‖ṽ‖L2‖∇v(2)‖
L

2n
n−2β
‖ũ‖

L
n
β

≤ C‖ṽ‖L2‖Λβ+1v(2)‖L2‖ũ‖
2α+2β−n

2α

L2 ‖Λαũ‖
n−2β

2α

L2

≤ ε‖Λαũ‖2L2 + C‖Λβ+1v(2)‖
4α

4α+2β−n

L2 (‖ũ‖2L2 + ‖ṽ‖2L2).

If β > n
2 , one obtains

I3 ≤ ‖ṽ‖L∞‖ũ‖L2‖∇v(2)‖L2

≤ C‖ṽ‖
2β−n

2β

L2 ‖Λ
βṽ‖

n
2β

L2‖ũ‖L2‖∇v(2)‖L2

≤ ε‖Λβṽ‖2L2 + C‖ṽ‖
2(2β−n)

4β−n

L2 ‖∇v(2)‖
4β

4β−n

L2 ‖ũ‖
4β

4β−n

L2

≤ ε‖Λβṽ‖2L2 + C‖∇v(2)‖
4β

4β−n

L2 (‖ũ‖2L2 + ‖ṽ‖2L2).
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Similarly, for I7, we infer that if γ < n
2 ,

I7 ≤ ε‖Λ
αũ‖2L2 + C‖Λγ+1θ(2)‖

4α
4α+2γ−n

L2 (‖ũ‖2L2 + ‖θ̃‖2L2),

and if γ > n
2 ,

I7 ≤ ε‖Λ
γθ̃‖2L2 + C‖∇θ(2)‖

4γ
4γ−n

L2 (‖ũ‖2L2 + ‖θ̃‖2L2).

Now we are in a position to deal with I2, I5 and I6 as follows.

I2 = −

∫
Rn

div(v(1) ⊗ v(1) − v(2) ⊗ v(2)) · ũ dx

=

∫
Rn

(v(1) · v(1) · ∇ũ − v(2) · v(2) · ∇ũ) dx

=

∫
Rn

(v(1) · v(1) · ∇ũ − v(2) · v(1) · ∇ũ + v(2) · v(1) · ∇ũ − v(2) · v(2) · ∇ũ) dx

=

∫
Rn

(ṽ · v(1) · ∇ũ + v(2) · ṽ · ∇ũ) dx.

Then

I2 + I5 + I6 =

∫
Rn

(ṽ · v(1) · ∇ũ − ṽ · ∇u(1) · ṽ) dx

=

∫
Rn

(ṽ · v(1) · ∇ũ − ṽ · v(2) · ∇ũ + ṽ · v(2) · ∇ũ − ṽ · ∇u(1) · ṽ) dx

=

∫
Rn

(ṽ · ṽ · ∇ũ + ṽ · v(2) · ∇ũ − ṽ · ∇u(1) · ṽ) dx

=

∫
Rn

ṽ · v(2) · ∇ũ dx −
∫

Rn
ṽ · ∇u(2) · ṽ dx

:= Q1 + Q2.

For Q1, if β < n
2 − 1, applying Hölder’s, Young’s and Gagliardo-Nirenberg inequalities yields

Q1 ≤ C‖ṽ‖L2‖v(2)‖
L

2n
n−2β−2
‖∇ũ‖

L
n
β+1

≤ C‖ṽ‖L2‖Λβ+1v(2)‖L2‖ũ‖
2α+2β−n

2α

L2 ‖Λαũ‖
n−2β

2α

L2

≤ ε‖Λαũ‖2L2 + C‖ṽ‖
4α

4α+2β−n

L2 ‖Λβ+1v(2)‖
4α

4α+2β−n

L2 ‖ũ‖
2(2α+2β−n)

4α+2β−n

L2

≤ ε‖Λαũ‖2L2 + C‖Λβ+1v(2)‖
4α

4α+2β−n

L2 (‖ṽ‖2L2 + ‖ũ‖2L2),

where we have used α + β ≥ 1 + n
2 . And if β > n

2 − 1,

Q1 ≤ C‖ṽ‖L2‖v(2)‖L∞‖∇ũ‖L2

≤ C‖ṽ‖L2(‖∇v(2)‖L2 + ‖Λβ+1v(2)‖L2)(‖ũ‖L2 + ‖Λαũ‖L2)
≤ ε‖Λαũ‖2L2 + C‖ũ‖2L2 + C(‖Λβ+1v(2)‖2L2 + ‖∇v(2)‖2L2)‖ṽ‖2L2 .
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For Q2, if β < n
2 , noting that α + β ≥ 1 + n

2 , one infers

Q2 ≤ ‖ṽ‖L2‖∇u(2)‖
L

n
β
‖ṽ‖

L
2n

n−2β

≤ C‖ṽ‖L2‖Λ
n
2−β+1u(2)‖L2‖Λβṽ‖L2

≤ ε‖Λβṽ‖2L2 + C‖ṽ‖2L2‖Λ
n
2−β+1u(2)‖2L2

≤ ε‖Λβṽ‖2L2 + C(‖∇u(2)‖2L2 + ‖Λα+1u(2)‖2L2)‖ṽ‖2L2 .

If β > n
2 , one deduces

Q2 ≤ ‖ṽ‖L2‖∇u(2)‖L2‖ṽ‖L∞

≤ C‖ṽ‖L2‖∇u(2)‖L2‖ṽ‖
2β−n

2β

L2 ‖Λ
βṽ‖

n
2β

L2

≤ ε‖Λβṽ‖2L2 + C‖∇u(2)‖
4β

4β−n

L2 ‖ṽ‖
2
L2 .

Putting all the above estimates together gives

d
dt

(‖ũ‖2L2 + ‖ṽ‖2L2 + ‖θ̃‖2L2) + ‖Λαũ‖2L2 + ‖Λβṽ‖2L2 + ‖Λγθ̃‖2L2

≤ C
(
‖∇u(2)‖2L2 + ‖∇u(2)‖

4α
4α−n

L2 + ‖∇u(2)‖
4β

4β−n

L2 + ‖∇v(2)‖2L2 + ‖∇v(2)‖
4β

4β−n

L2

+ ‖∇θ(2)‖
4γ

4γ−n + ‖Λα+1u(2)‖2L2 + ‖Λα+1u(2)‖
4α

6α−n

L2 + ‖Λβ+1v(2)‖2L2

+ ‖Λβ+1v(2)‖
4α

4α+2β−n

L2 + ‖Λγ+1θ(2)‖
4α

4α+2γ−n

L2 + 1
)
(‖ũ‖2L2 + ‖ṽ‖2L2 + ‖θ̃‖2L2).

Then Gronwall’s inequality immediately yields the uniqueness and the proof of Proposition 2.2 is
completed.

3. Conclusions

In this paper, we investigate the global regularity for the n-dimensional tropical climate model with
fractional diffusion. When the nonnegative constants α, β and γ satisfy α ≥ 1

2 + n
4 , α+β ≥ 1+ n

2 , α+γ ≥

1 + n
2 , by using the energy methods, we obtain the global existence and uniqueness of solution for the

system. In the special case θ = 0, we could obtain that system (1.4) has a unique global solution provide
that α ≥ 1

2 + n
4 , α+β ≥ 1+ n

2 and (u0, v0) ∈ H s(s ≥ 1), which generalizes the result in [25]. Let us mention
that when n = 2, by examining the proof in section 2 and making a slight adjustment to Theorem 1.1,
we can establish the global existance and uniqueness of the solutions with α > 1, α + β ≥ 2, α + γ ≥ 2
or α = 1, β > 1, γ > 1, where (u0, v0, θ0) ∈ H s(s ≥ 1).
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