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Abstract: The topic of finite-time stability criterion for neural networks with time-varying delays via
a new argument Lyapunov-Krasovskii functional (LKF) was proposed and the time-varying delay of
the system is without differentiable. For sufficient conditions of this study, a new (LKF) is combined
with improved triple integral terms, namely the functionality of finite-time stability, integral inequality,
and a positive diagonal matrix without using a free weighting matrix. The improved finite-time
sufficient conditions for the neural network with time varying delay are given in terms of linear matrix
inequalities (LMIs) and the results show improvement on previous studies. Numerical examples are
given to illustrate the effectiveness of the proposed method.
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1. Introduction

Problems of artificial intelligence (Al) can involve complex data or tasks; consequently neural
networks (NNs) as in [1-36] can be beneficial to overcome the design Al functions manually.
Knowledge of NNs has been applied in various fields, including biology, artificial intelligence, static
image processing, associative memory, electrical engineering and signal processing. The connectivity
of the neurons is biologically weighted. Weighting reflects positive excitatory connections while a
negative value inhibits the connection.

Activation functions will determine the outcome of models of learning and depth accuracy in the
calculation of the training model which can make or break a large NN. Activation functions are also
important in determining the ability of NNs regarding convergence speed and convergence, or in some


http://www.aimspress.com/journal/Math
http://dx.doi.org/ 10.3934/math.2021060

999

cases, the activation may prevent convergence in the first place as reported in [1-28]. NNs are used in
processing units and learning algorithms. Time-delay is one of the common distinctive actions in the
operation of neurons and plays an important role in causing low levels of efficiency and stability, and
may lead to dynamic behavior involving chaos, uncertainty and differences as in [1-25]. Therefore,
NNs with time delay have received considerable attention in many fields, as in [1-25].

It is well known that many real processes often depend on delays whereby the current state of
affairs depends on previous states. Delays often occur in many control systems, for example, aircraft
control systems, biological modeling, chemicals or electrical networks. Time-delay is often the main
source of ambivalence and poor performance of a system.

There are two different kinds of time-delay system stability: delay dependent and delay
independent. Delayed dependent conditions are often less conservative than independent delays,
especially when the delay times are relatively small. The delayed security conditions depend mainly
on the highest estimate and the extent of the delay allowed. The delay-dependent stability for interval
time-varying delay has been broadly studied and adapted in various research fields
in [3,13-16,19,22-24,28]. Time-delay that varies the interval for which the scope is limited is called
interval time-varying delay. Some researchers have reported on NN problems with interval
time-varying delay as in [1-5, 7, 11-15, 21, 25], while [16] reported on NN stability with additive
time-varying delay.

There are two types of stability over a finite time interval, namely finite-time stability and
fixed-time stability. With finite-time stability, the system converges in a certain period for any default,
while with fixed-time stability, the convergence time is the same for all defaults within the domain.
Both finite-time stability and fixed-time stability have been extensively adapted in many fields such
as [26,29-35,37,38]. In [34], J. Puangmalai and et. al. investigated Finite-time stability criteria of
linear system with non-differentiable time-varying delay via new integral inequality based on a
free-matrix for bounding the integral fa b zT(s)Mz(s)ds and obtained the new sufficient conditions for
the system in the forms of inequalities and linear matrix inequalities. The finite-time stability criteria
of neutral-type neural networks with hybrid time-varying delays was studied by using the definition of
finite-time stability, Lyapunov function method and the bounded of inequality techniques, see in [37].
Similarly, in [38], M. Zheng and et. al. studied the finite-time stability and synchronization problems
of memristor-based fractional-order fuzzy cellular neural network. By applying the existence and
uniqueness of the Filippov solution of the network combined with the Banach fixed point theorem, the
definition of finite-time stability of the network and Gronwall-Bellman inequality and designing a
simple linear feedback controller.

Stability analysis in the context of time-delay systems usually applies the appropriate
Lyapunov-Krasovskii functional (LKF) technique in [1-4, 6-28, 34, 36, 39] , estimating the upper
bounds of its derivative according to the trajectories of the system. Triple and fourth integrals may be
useful in the LKF to solve the solution as in [1, 2, 5, 8, 10-13, 16, 18, 19, 23, 25, 36, 39]. Many
techniques have been applied to approximate the upper bounds of the LKF derivative , such as Jensen
inequality [1, 2, 5,6, 8, 11, 18, 19, 24, 25, 28, 34, 36, 39], Wirtinger-based integral inequality [4, 10],
tighter inequality lemma [20], delay-dependent stability [3, 13-16, 19, 22-24, 28], delay partitioning
method [9, 15, 27], free-weighting matrix variables method [1, 10, 15, 17, 18, 23, 26, 34], positive
diagonal matrix [2, 5, 6, 8, 10-13, 16, 17, 19, 25, 27, 28] and linear matrix inequality (LMI)
techniques [1,3,8,9,11-13,15,21,23,24,26,28,39] and other techniques [9, 13,14,16,18,36]. In [4],
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H. B. Zeng investigated stability and dissipativity analysis for static neural networks (NNs) with
interval time-varying delay via a new augmented LKF by applying Wirtinger-based inequality. In [6],
Z.-M. Gao and et. al proposed the stability problem for the neural networks with time-varying delay
via new LKF where the time delay needs to be differentiable.

Based on the above, the topic of finite-time exponential stability criteria of NNs was investigated
using non-differentiable time-variation. As a first effort, this article addresses the issue and it main
contributions are:

-We introduce a new argument of LKF Vi(t, x;) =

K OPx(0) + 2 OPy [, x()ds + ([, x()ds) Ps [, x()ds + 2T OP, [ [1 x(@)dsds +

T
2(f, x(s)ds) Ps [0 [ x@)dods + ( LI x(é)déds) Po [0 [\ x(®)déds to analyze the
problem of finite-time stability criteria of NNs. The augmented Lyapunov matrices
P, i=1,2,3,4,5,6 do not to be positive definiteness.

—To apply to finite-time stability problems of NNs, the time-varying delay is non-differentiable
which is different from the time-delay cases in [1-7, 15,20].

—To illustrate the effectiveness of this research as being much less conservative than the finite-time
stability criteria in [1-7, 15,20] as shown in numerical examples.

To improve the new LKF with its triple integral, consisting of utilizing Jensen’s and a new
inequality from [34] and the corollary from [39], an action neural function and positive diagonal
matrix, without free-weighting matrix variables and with finite-time stability. Some novel sufficient
conditions are obtained for the finite-time stability of NNs with time-varying delays in terms of linear
matrix inequalities (LMIs). Finally, numerical examples are provided to show the benefit of using the
new LKF approach. To the best of our knowledge, to date, there have been no publications involving
the problem finite-time exponential stability of NNs.

The rest of the paper is arranged as follows. Section 2 supplies the considered network and
suggests some definitions, propositions and lemmas. Section 3 presents the finite-time exponential
stability of NNs with time-varying delay via the new LKF method. Two numerical examples with
theoretical results and conclusions are provided in Sections 4 and 5, respectively.

2. Problem formulation

This paper will use the notations as follows: R stands for the sets of real numbers; R” means the
n—dimensional space; R™" is the set of all m X n real matrix; A” and A™! signify the transpose and
the inverse of matrices A, respectively; A is symmetric if A = A”; If A and B are symmetric matrices,
A > B means that A — B is positive definite matrix; / means the properly dimensioned identity matrix.
The symmetric term in the matrix is determined by *; and sym{A} = A + AT; Block of diagonal matrix
is defined by diag{...}.

Let us consider the following neural network with time-varying delays:

x(t) = =Ax(t) + Bf(Wx()) + Cg(Wx(t — h(2))), (2.1
x(t) = ¢(1), 1€ [~h,0],

where  x(1) = [x1(2), x2(0), ..., x,(£)]7 denotes the state vector with the n neurons;
A = diagla,,ay, ...,a,} > 0 is a diagonal matrix; B and C are the known real constant matrices with
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appropriate  dimensions; FW(Q)) = LAW1x(2), L(Wax(.)), vy f[n(W,x(.))] and
gW(@L) = [gi(Wix()), 22(Wrx(), ..., 2,(W,x(.))] denote the neural activation functions;
W = [W],W],..,W[] is delayed connection weight matrix; ¢(r) € C[[—h»,0],R"] is the initial
function. The time-varying delay function A(t) satisfies the following conditions:

0<h <h(t) <hy,h #ho, (2.2)

where h,, h, are the known real constant scalars.
The neuron activation functions satisfy the following condition:

Assumption 1. The neuron activation function f(-) is continuous and bounded which satisfies:

i(0,) — fi(@ '
.—<M<kﬁ', V0,0, R, 6, #6,, i=1,2,..,n, (23)

kl = =M
0, -6,

when 0, = 0, Eq (2.3) can be rewritten as the following condition:

G k', (2.4)
o

ki <

where f(0) = 0 and k; , k" are given constants.

From (2.3) and (2.4), fori = 1, 2, ..., n, it follows that

[fi(61) = fi(62) — ki (61 — O)][K] (6, — 62) — fi(61) + fi(62)] = O, (2.5)

[fi(01) — k; 011[k; 61 — fi(61)] = . (2.6)

Based on Assumption 1, there exists an equilibrium point x* = [x](?), x;(1), 0 X5(O]T of neural
network (2.1).
To prove the main results, the following Definition, Proposition, Corollary and Lemmas are useful.

Definition 1. [34] Given a positive matrix M and positive constants ki, k,, T with ky < ky, the time-
delay system described by (2.1) and delay condition as in (2.2) is said to be finite-time stable regarding
to (ki,ky, T, hy, hy, M), if the state variables satisfy the following relationship:

sup {2 (s)Mz(5), 2" (s)M(9)} < ky = 2" (OMz(1) < ko, V1 € [0,T/].

—hy<s<0

Proposition 2. [34] For any positive definite matrix Q, any differential function z : [bdy, bdy] — R”.
Then, the following inequality holds:

= —160 260 |Z,

=220 -100 32Q}
* * -580

bdy
6bdy; f F(9)Qx(s)ds = "
b

dy,

bdy

where {" = [2(bdy) 2(bdy) 37— b

2(s)ds| and bdy; = bdy — bd;.
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Lemma 3. [40] (Schur complement) Given constant symmetric matrices X, Y, Z satisfying X = X'
andY = YT > 0, then X + Z'Y~'Z < 0 if and only if

-Y Z
<0, or [ZT X]<O'
Corollary 4. [39] For a given symmetric matrix Q > 0, any vector vy and matrices Jy, J», J3, J4 with

proper dimensions and any continuously differentiable function z : [bdy,bdy] — R", the following
inequality holds:

X 7'
zZ Y

A

bdy bdy
f f 1()Qi(s)dsds < viQJ, Q7T + 4,07 ID)ve + 2v{ 21 y1 + 4dyys),
bd

A

bdy
f f 1(9)Qz(s)dsds < viQRIBQ7IE + 41,07 Do + 2vE (2J3ys + 4dyya),
bd, bdy,

where bdy; = bdy —b[ZdL, by bdy bd

y1 = 2(bdy) — 1%117 fdeU z(s)ds, y» = z(bdy) + bd2 v fbd a(s)ds - (bdm2 ")y As)dsds,
o bl b

V5= iy gy s = 2(bdp). i = 2lbdy) = i [ A9ds + gt [0 [ s)dsds

Lemma 5. [39] For any matrix Q > 0 and differentiable function 7 : [de, bdy] — R, such that the
integrals are determined as follows:

bdy
deLf 21 (5)Qz(s)ds > k| Qky + 3k Qky + 55 Oks,
b

dp,
where k) = z(bdy) - z(de) k2 = 2(bdy) + 2(bdy) = 72 [ 2(s)ds,
bdy rbd
ks = 2bdy) - 2(bdy) + 5= [ 2(s)ds — s [V [ (s)dsda and bdy,, = bdy — bdj.

Lemma 6. [41] For any positive definite symmetric constant matrix Q and scalar T > 0, such that the
following integrals are determined, it has

0 t 2 0 ot T 0t
- f f 77 (5)Q2(s)dsds < —=( f f 2(s)dsds) QO f f 2(s)dsdo).
-7 Jt+6 T -7 Jt+6 -7 Jt+6

3. Main results

Let A, h, and a be constants,
hyy = hy — hy, hy = h(t) = hy, hy = hy = h(?),

N = 1—e;h1 . M= 1_6;112’ N = 1—(1+(;/;1)e“’h1 . M= (1+ah1)e‘“"1(;2(1+ah2)e_“h2’ N = 1_(1+i};2)e_nh2’
N = —3+20zh2+i(ey'”h2—e_2"h2’ N = —3+2czh|+j‘el"’hl—e_2"hl , M= —3—2(2+ah£:3‘“h1+e‘2“hl’

Ny = Aahy —1e ™" - (2ah214 013)6'2"”1+4e‘“"2 e‘z"”Z, Ny = 4e"’h1—e‘z"hl—46;‘::’32+(1—2a/121)e‘2‘”12,
I=MM%=M73iM:, P;=M73iPM73, i=1,23,..,6, O;=M3:Q,M%, j=1,2,
Re=M-" kaM—%, k=1,2,3, S=M3SM3, T)=MT\M ™, [=1,2,3,4,

M = il P}, 1=1,2,3,...,6,

N = /l {P_ } + 2/lmax{P_2} + /lmax{P_3} + 2/lma)c{P_4} + 2/lmax{P_5} + /lmax{p6}
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+</V/lmax{Ql} + </V/lmax{QZ} + h JV/lmax{Rl} + h21</%1 max{ } + h2=/V/1max{R3}
+% max{ } + 2/lmax{Ll} + 2/lmax{L2} + 2/lmax{G } + 2/lma)c{(; }
+f/V/lmax{T1} + f/V/lmax{TZ} + ,/16 max{T3} + t/VO/lmax{f4}’
L= Z?:l Aii, Ly = ?:1 Ay, G = Z?:l Yiio Go = Z?:l Ya2i-
The notations for some matrices are defined as follows:
f@) = f(Wxt(t)) and g,(¢) = g(Wx(z _,_hh(t)))’ o
W) = 5 [, X)ds, Ha0) = g 1 x()ds, #a0) = - 17 x(s)ds,

Wilr) = t I s, a0 =L [ ft; x(@)dsds, Wet) = % [, [ x(s)dsdr,

W4(t) = 2 tt h}(ltl) f o x(s)dsdr, #3(t) = W ft o f o x(s)dsdr,

@) = (¥ (0) X7 (1= hy) xT(t = h(t)) *7(t hz) JHONAGIE

@y (1) = (W) W5 (1) W) W@ W) i () w0 @ A O,
= [@]{ () @i (1],

D, = diaglk{,, k;l, ok}, Dy = diaglky,, k3,, ..., k', } and D = max{Dy, D,},

E\ =diaglk;,, k;,, ...k}, E> = diaglky,, ky,, ...,k ,} and E = max{E}, E»},

L0 =X X"t =h) P01 L@ =[x = h) X" = k@) # @],

&) = [t = h(@0) X"t =hy) # O L@ = [x"(0) X"t =hy) #] D],

G = x(t) = W(1), G =x(t) +2H1(1) — 6/5(1),

G5 = @) — x(t — ), Gy =x(t—hy) - 4H1(0) + 6¥5(1),

Gs = x(t — hy) = W), G = x(t = hy) +2W5(t) — 6/4(0),

G = x(t — h(t)) = W5(1), G = x(t — h(D)) + 2H5(1) — 6/3(2),

Go = Wa(t) — x(t — h(1)), G0 = x(t = h(1)) — 4W(1) + 6#4(1),

G = W50 — x(t = hy), Gha = x(t — hy) — 4W5(0) + 674(0).
Let us consider a LKF for stability criterion for network (2.1) as the following equation:

10
V(t,x) = ). Vilt,x),
i=1

where
f f T t
Vilt,x) = xI(©P1x(®) +2xT ()P, f x(s)ds+( f x(s)ds) P, f x(s)ds
t—hy t—hy t—hy
0 t ! T
+2xT(t)Py f f x(6)d5ds+2( f x(s)ds) Ps x
—hy t+s t—hy
0 t 0 ¢ T 0 ¢
f f x(5)d5ds+( f f x(5)d(5ds) Pg f f x(6)ddds,
—hy +s —hy t+s —hy t+s
!
mmo=fewwmwma
t—hy

Vit,x) = f " x (9)Qax(s5)ds,

0 t
hy f f =0T (§)R, %(8)dbd s,
—hy t+s

V4(t9 xt)

3.1
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V5 (ta xt)

V6(t9 xt)

V7(ta xt)

VS(ta xt)

Vg(t’ -xt)

Vio(t, x;)

—hi !
o f f "D (8)Ryx(8)ddds,
—hy t+s

+

0t
h f f "7 (6)Ry1(6)dod s,
—hy Jr+s
0 0 ¢
f f f "+ 0T (8)S 1(5)dbd sdr,
—hy JT t+s
n Wl'X
2¢ Z f [1i(07 s = fi(s)) + A(fi(s) — o7 )]ds,
i-1 Y0

n Wix
e~ Z f [v1i(n} s — gi(5)) + ¥2i(gi(s) — 17 5)]ds,

=1 0
0 0 t
f f f et 3T (8T, x(8)ddd sdt
—-h Jt t+s
0 T t
+ f f f et 3T (§) T x(8)ddd sdt
—hy —hy t+s
—h —hy !
+ f f f et 3T (8) T3 x(8)déd sdt
—hy T t+s

—hy T !
f f O (§) T4 x(8)ddd sd.
—hy t+s

+
—hy

Next, we will show that the LKF (3.1) is positive definite as follows:

Proposition 7. Consider an a > 0. The LKF (3.1) is positive definite, if there exist matrices Q; >
0,(i=1,2),R;>0,(j=1,2,3), T, >0,(k = 1,2,3,4), S > 0 and any matrices P, = P!, Py = P},
P¢ = P6T, P», Py, Ps, such that the following LMI holds:

where

Hy,
Hi,
Ha,

Hll HlZ H13
H = * H,, P5 > 0, (32)
* o« Hs

Py + hye *™ Ry + 0.5y 228,
P, — e_zathg, H13 =P, - hgle_zo’th,

Ps+hy'e ™ (Ry + Q,), Hiz = Ps+ hy e (S +S7).

Proof. We let z;(t) = haWa(t), zo(t) = ha#5(1), then

Vl(t9 -xt)

V3(t, xt)

AIMS Mathematics

X" (P x(0) + 2x" (OP2z1 (1) + 2] (1) P3z21(1) + 2xT () Paza (1)
+27] () Psz2(t) + 25 (1) Psza(0),

e 2 f X7 ($)0ax(s)ds
t—hy

hy'e 271 (10021 (0),

\%
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Vﬁ(t9 xt)

v

0 t
hye™2h f f T (85)R3x(6)dod s
—hy Jit+s
0 t T t
hye~ 20 f —s_l( f )'c(cS)ch) R; ( f X(d)dd) ds
—hy t+s t+s

0
e~ [x(£) — x(¢ + )" R3[x(¢) — x(t + 5)]ds
—hy

IEGHE hze‘“thg —e ™Ry [ x(1)
| @@ e ™Ry || z1(1)

e f f f i1 (6)S x(8)ddd sdt
ha

—ahzf f - (f x(é)d&) (ft x((‘i)d(‘i) dsdr
hy +s

hy e f f [x(t) — x(t + $)]" S [x(¢) — x(¢ + 5)|dsdt

x(1) 0.5hye~2"§ —hy'e Mg x(1)
22(1) * hy3e (S +ST) || 20 |

\%

\%

V7(t7 xt)

\%

%

v

Combining with V,(t, x,), V4(t, x,), Vs(t, x,), Vg(t, x;) — V1o(t, x;), it follows that if the LMIs (3.2) holds,
the LKF (3.1) is positive definite. O

Remark 8. It is worth noting that most of previous paper [1-7, 15, 20] , the Lyapunov martices P,
P3 and Pg must be positive definite. In our work, we remove this restriction by utilizing the technique
of constructing complicated Lyapunov V\(t, x,), V3(t, x;), Ve(t, x,) and V4(t, x,;) as shown in the proof
of Proposition 7, therefore, Py, Py and Pg are only real matrices. We can see that our work are less
conservative and more applicable than aforementioned works.

Theorem 9. Given a positive matrix M > 0, the time-delay system described by (2.1) and delay
condition as in (2.2) is said finite-time stable with respect to (ki,ky, T¢, hy,hy, M), if there exist
symmetric positive definite matrices Q; > 0, i = 1,2), R; > 0(j = 1,2,3), T, > 0 (k = 1,2,3,4),
K, >0(=1,2,3,..,10), diagonal matrices S > 0, H, >0, m = 1,2,3, and matrices P, = PlT,
P53 = PL, Pg = PL, Py, P4, Ps such that the following LMIs hold:

Hy Hpp His
H = * sz Ps > 0, (33)
* % Hj
] Qi Qi
Q = [ L Ons <0, (3.4)

AIMS Mathematics Volume 6, Issue 1, 998—-1023.
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*
%
*
*
*
%
%

wherei=1,2,3,..,12, b, = %,

X1 = “2°MTy,  y, = -4,

Hl,l

b2 = %9 b3
X3 = —2¢*MT,,

1

T hy?

I, ILz Iy ILis I Iz O
IL, ILz; O 0 0 II; Il
x I3 Iz I35 Iz O Ilsg
* «  Ilyse O 0 0 0
L Y o o o |<° (3.5)
* * * * Ilgg O 0
* * * * * Il;; O
* * * * * *  llgg
0 ZHi2 E3 Ei4 0 0 0
0 0 0 0 Z6 0
Eyp 0 0 Esq 0 Eze Eiy
Eg1 Zap E43 00 0 Eyy
0 0 0 =40 0 o <% (3-6)
0 0 0 Ty O 0 O
0 0 0 0o 0 O 0
0 0 0 0 0 E O
i 0 0 0 0 0 X7
0 22’2 22’3 22,4 0 0 0
0 0 S5 Ty O 0 O
0 0 0 244 O 0 0 [<O, 3.7
0 0 0 0 255 O 0
0 0 0 0 0 S O
0 0 0 0 0 0 25
Q, = diaglyi} <0, 3.8)

Xa = —4MTy, x5 = x7 = =225,

Xo = X5 = =4 T5, xo = x11 = =2e*"Ty, x10 = x12 = —4e**"T},

and

Nk

M

Hip = Py+he Ry +0.5me ™S,
Hp, = Py—e ™Ry, Hyz = Py~ hy'e ™S,
Hy = P3+hy'e Ry + Q,), Hiz = Ps+hy e >™(S +87),
I, = —PA=A"P, +2P, + 2P, + Q) + Oy — 22¢" "R, b,
~22¢MRyby — 2¢7"S —20A - 2WT'ETHI D\W

AIMS Mathematics

kye 7, (3.9)
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I,; =
Iy =
I3 =

AIMS Mathematics

—2WTETH,DW — P, + 4K e7 > + 8K, ™2™,

—10e™™Rby, T3 = W E"H, DW + W' D" HI EW,

—P, — 10e™™R;b,,

P\B+QB+W'DIH" + W ETH, + W' D"H, + W E"Hj,
P.C+QC-W'D'HI -WTETH;, T,; = -32¢*"R,b,,
—e™MQ, — 16e™ MR b — 22" Ryb; — 4Kz 2" + 8K e M
—Ohye "2 T3by + 4Kse 2" + 8Kge >,

~10e™"2Ryby + 3hy,e > T3b,, Ty7 = 26 MR b,
32¢™™Ryby — 24hye ™ T;b,,

—16e™ " Ryby — 22" Ryby — 2WT ES Hy,D,W — 2W' ET HsDW
~Ohye ™ T3by + 4K7e™ " + 8Kge ™" — Oh, e 22T ybs
—4Kge > + 8K ge 2",

—10e™ ™ Ryb; + 3h e Tybs, T35 =-W'D"H] - WE"H;,
W'DIH) + W ETH, + W D"H + W' E" H;,

26¢™ ™ Ryb + 36hye ™ T;bs,

—e 0, — 16e™™Ryb) — 16" R3b) — Ohy e Tyb;

—4K 2™ + 8K e

—2H, - 2H3, Tlgs = —2H, — 2H,,

~58¢™ MR by — 4K1€*™ + 16K,e*™ + 4K;3e*™ — 32K,
~58¢™"Ryby — 192hy,e 2™ T3by — 4Kse™ 2™ + 16Kge " + 4Kge 2™
~32K e 2",

hyP3 — hyPy + h3PL + 32e™*"2Rsby + €728 — ah, Py,

hyPs + h5Ps — ahyPy, Ei4=W'DILiW - W ETL,W - Q- A"Q",
60hy,e 2" T3by, E3) = 32¢™™Ryby — 24e2™T,,

WTDgle - WTE;GZW 53,6 = —6Oh2,€_2ah2T3b2, 5377 = 60]’l,1€_zah2 T4b3,

26e 2™ Ryby + 36h; e 2" Tybs, E4n = —hyP3 + 262 Rsb,,
~hyPs, 47 = —60h,e 2" Tybs, Bsy=—-LiW+ LW+ B'Q",
~G\W + Go,W + CTQ", Zgg = 360hy,e > T;b,,

~58¢72R,by — 4K7e 2" + 16Kge "

—192h,e7 " Tybs + 4K 672" — 32K 072",

360h1e 2" Tyby, Ty5 = —h3Ps — 58 ™ R3by — 2¢72™S — a3 P,
~h3Pg — ah3Ps, $o4 =Py, X33 = —ahiPs, L34 = hyPy,

IR, + h3,Ry + W3Ry + 338 by — 2Q + 3h3(Ty + Ty)by + 3h3,(T3 + T4)by,
—48K,e M 4 48K e,

~720hye " T3by — 48Kge ™™ + 48K ge 2™,

—48Kge " — 720h, 72 T4bs + 48K pe "2,
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Proof. Let us choose the LKF defined as in (3.1). By Proposition 7, it is easy to check that

Taking the derivative of V(¢ x;),i = 1,2, 3, ..., 10 along the solution of the network (2.1), we get

Vl (t9 xt)

VZ(L -xt)
V3(t, -xl)

V4(t9 -xt)
VS(I’ -xt)
Vﬁ(t, -xt)

V7 (t9 -xt)

VS(I9 xt)

V9(t? xl)

Vlo(t$ xt)

Define

AIMS Mathematics

M x@DNF < V(t,x,), Yt>0 and V(0, xo) < Ao

IA

IA

IA

IA

IA

IA

2xT (AP x(t) + 2x" ()P, Bf(£) + 2x" ()P, Cgu(?)

+2xT ()P x(1) = x(t = ho)] + 20 W 7 4(1) P2(1)

+2hy[X(1) = x(t = h)|" Ps#i(0) + 2hox” ()Pl x(1) — #4(0)]
2 WL () Pax(t) + 205, () Ps[x(2) — #a(D)]

+2ha[x(1) = x(t — ho)]" Ps#5(0) + 23 x(t) — W4 (0)]" Ps#5(0),
X" (OQ1x(1) — e X" (t — h) Q1 x(t — hy) — aVa(t, xy),

X' (0)02x(1) — e ™ x" (t = i) Qax(1 — ha) — V5(1, x1),

!
R 5T (R x(f) — hye™™™ f 1T ($)R1X(s)ds — aVi(t, x,),
t—hy
t—hy
B3, 5T (DR, x(t) — hyje™ ™ f %7 ()R, x(s)ds — aVs(t, x,),
t—hy
!

W x" (OR3x(t) — hye™™ f i1 ($)R3x(s)ds — aVi(t, x,),

t—hy

0 t
R T ()8 x(f) — e f f i1 (5)S x(s)dsdt — aVy(t, x,),
—hy Jit+1

2[Ly(D\WX (1) = f(WXT (1)) + Lo(f (WX (1)) = EWxT (D]W ()
_aVS(Z, xt),
2[G(DWx' (1 = h(t)) — g(Wx" (1 = h(1))))

+2Go(g(WxT (t — h(1)))) — E;Wx™ (t — k() IW (D) — aVo(t, x,),
h—%ch(t)[T + T, h—gl'T T; + T4]x
> 1+ To]x(t) + —x" (O[T3 + T4]x(2)

2
! !
—e72aM f f i1 ($)Ty x(s)dsdt
—h JTt
tl T
—e el f f i1 ($)Tox(s)dsdt
t—hy t—hy

t—hy t—hy
—e 20k f f i ($)Tsx(s)dsdt
t—hy T

t—hy T
_e—Za/hz f f xT(s)T4_)'C(S)deT - QV10(I, xl)-
t t=hy

—hy

22R; 10R; -32R,
* 16Rl —26R[

, 1=1,2,3,4.

(3.10)

(3.11)
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Applying Proposition 2, we obtain

t —ahy
e f TR < — i),

—hy 6
" t—hy r e—a/hz T e—ahz T
—hy e f T (OR()ds < ———5 (Oda(t) = —— 43 (O340,
t—h
tl e—(thg
—hze_ahzf H(Rx(s)ds < - 6 Ly (Dxala(D).
t—hy
Applying Lemma 6, this leads to
0 ¢
—e™ " f f i (9)S x(s)dsdr < —2h3e ™ [x(t) — W4 ()] S [x(t) — #4(D)].
—hy Jt+1

From Corollary 4, we have

! !

—e M f f ()T x(s)dsdt
t—hy T
T !

—e M f f i ($)Trx(s)dsdt
t—hy t—hy

1—hy t—hy
—e f f i1 ($)Tsx(s)dsdt
t—hy T

IA

=2 "M (O)[K T KT + 2K, T K2

+2K1g1 + 4K2g2]7D'(l‘),

IA

=2 "M (O)[K;T, ' Ki + 2K, T, ' K.
+2K3g3 + 4K4g4]7D'(l‘),

1—hy
—hye™ f i (5)T5x(s)ds
t—h(t)

+2e™ "’ (1) KsT;' KL + 2KeT5 'K,
+2K5%s + 4KsGs 1w (1)
+2e" "’ (O[K7T; ' KT + 2KsT5 'Ky
+2K:%; + 4Kggg]1D'(t),
t—h(t)
—hy e f 21 ($)Tax(s)ds
t

h
+2e" "’ (H[KoT, 'K

+2K 0T, K|y + 2Ko%y + 4K 1% 0] ()
+2e "’ ()[K T, 'K} + 2K, T;!
XK1, + 2K\ + 4K 29, @ ().

IA

IA

t—hy T
—e~ f f X1 ($)Tax(s)dsdt
t—hy t—hy

By Lemma 5, we obtain

t—h

t—hy 1
—hye™ f i1 ($)T3x(s)ds — hy e f 21 ($)Tax(s)ds
1 t

—h(t) —h(t)

hy _
—h—zle h([(x(t = hy) = x(t - h(l))]TT3[x(t — hy) — x(t — h(1))]

+3[x(t = hy) + x(t = h(1) = 2/50)] Ta[x(t — by) + x(t = h(t)) - 2#5(0)]

IA

(3.12)

(3.13)

(3.14)

(3.15)
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+5[x(r — ) — x(1 = h(0)) + 6#5(1) — 12#4(0)] T3 %
[x(t = k) = x(t = k(1)) + 6#5(t) — 127(1)])

ha _
—e ([t = h) = x(¢ = b)) Tt = h() = x(z = )]

2t

+3[x(t = () + x(t — hy) = 2#5(0)]" Talx(t — h(2)) + x(t — o) = 2#5(2)]

+5[x(t — h(t)) — x(t — o) + 6#4() — 12#40)] Ty x
[x(t — h(1)) = x(t = ha) + 64(t) — 12/5(1)]).

(3.16)

Taking the assumption of activation functions (2.5) and (2.6) for any diagonal matrices H,, H,, H3 > 0,

it follows that

2[f(t) — E\Wx(O)]" Hi[D;Wx(t) — f()] > 0,

2[gn(1) — ExWx(t — k()1 Ho[DyW(t — h(1)) — gn()] > 0,
2[f (1) - gn(t) — E(Wx(t) — Wx(t — h(n))]" x

H3[D(Wx(t) — Wx(t — h(2))) — f() + gn(®)] = O.

Multiply (2.1) by (20x(t) + 2Qx(1))", we have the following identity:

=2x" (0 Q(1) - 2x" (D QAX(1) + 2x" (DQBS (1) + 2x" () QCg()
~25(1) Q(t) — 2(1) QAX(1) + 25(1) QBf (1) + 2x(1)QCg (1) = 0.

From (3.10)—(3.18), it can be obtained

Vt,x) +aV(t,x) < @ (O[Q +Qlo®),

(3.17)

(3.18)

where Q, and Q, are given in Eqs (3.4) and (3.8). Since Q; < 0and Q, < 0, V(, x;) + aV(t, x,) <0,

then, we have
Vt,x,) < —-aV(t,x), Vt>0.
Integrating both sides of (3.19) from 0 to # with ¢ € [0, T¢], we obtain
V(t,x) < V(0,x)e™, Vt>0.
with

V1(0, xo) X" (0)P1x(0) + 2y x" (0) P, #,T(0) + 3 #4(0)P3 #4(0)

+2hy X (0) Py #5(0) + 203, (0)Ps #5(0)
+h3 P55 (0)Ps#5(0),

0
V2(0,x0) = f e x" (5)Qix(s)ds,
—

0
f e xT (5)Qax(s)ds,

ha

V3(0, x0)

(3.19)
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Letl = M2M_’
Qj = 2Q M~ 2
V(0, xo)

AIMS Mathematics

0 0
Vi0,x0) = h f f e i1 (6)R, x(6)dbdss,
hy

N

—hy
Vs5(0,x0) = h21f fe“s T(8)Ryx(8)dbds,

0
Ve(0,x0) = hy f f e 3T ()R- x(8)dddss,
—hp Js

0 0
V50, x0) = f f f @@+ 3T(8)S x(8)ddd sdr,
—hy JT K

Wix
Vi) = 2 [ [dulerfs = 76 + A = o )lds
i=1 YO0

n Wix
Vo0, x0) = 2 fo 140} s = () + ya(gi(s) — 177 )]s

0 0
Vio(0,x9) = f f f @@+ 3T ()T, %(8)ddd sdt
—hy JT s

0 T
+ f f f @0+ 3T (§) T, x(8)ddd sdt
—h —h s
_ll’ll l—hl
+ f f f @@+ 3T (§5)T3%(8)ddd sdt
h T K
o
f f f @©0+9) 3T (5) T4 %(8)dod sdr.
—hy JO

MM:, B;=M":P.M:, i=1,2,3,..6,

XT(0)M? Py M? x(0) + 2hox" (0)M? P, M? #4(0) + W2 #4(0)M? PsM> #4(0)

+2hyx" (0)M? PyM> #5(0) + 2034, (0)M? PsM> #5(0)
0
+h2PsHT(0)M? PoM? #5(0) + f @ xT()M? Q1 M? x(s)d's

I

0 0 0
+ f e xT(s)M2 Q, M2 x(s)ds + h f f e 5T (S)M2R, M 5(8)d5ds
—h; Js

—hy

0
+hyy f f e 5T (6)M? RyM? (8)ddds
—hy

N

0
+hy f f e 5T (8)M? RyM? 5(8)d5d.s
hy

f f f (S+s) § T((g)Mz S M2 x(0)dodsdr
hy

+2[Li(Di W (0) = fF(WxT(0)) + Lo(f(Wx'(0)) = E,Wx'(0)]
+2[G1(D, W (0) = g(Wx'(0))) + G2(g(Wx"(0)) — E;Wx"(0)]

j=1,2, Re= M RM, k=1,2,3, T,= M 2T;M2,1=1,2,3,4. Therefore,
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IA

+

0 0 0
f f PRGBS T(5)M2T1 M? x(0)dodsdr

s =

+

0
f f 09 T (§)M2 Ty M2 1(6)dod sdt
h

—h

—hy h 0
f f 200+ ¢ T(5)M2T3M2 x(0)dodsdr
)

+

—h
+ f f " (§YM2 Ty M? 1()dodsdr,
ho

—hy 0
ki [Amax(Pr} + 22ax{ P2} + Apaxt P3} + 2Aax{ Pa} + 2Aax{Ps)
+Anax(Pe} + MAnax Ot} + N Amaxl O} + By N3 AR}
+hoy N dpard R} + ho N5 Adax{R3} + N Amarl S} + 20 L1}
+2Amad Lo} + 20 d G1} + 2mad Ga} + N7 At T}

+=/V8/1max{T2} + %/lmax{TS} + i/VlO/lnmx{Th}]-

Since V(t, x;) > Vi(t, x;), we have

V(t,x) = xT(6)PIMx(t) + 2hx" ()PaMW4(t) + s H,T () PsMW4(t)

+2hox" (O PLMA5(t) + 25, () PsM A (1) + i W () PeMW5(1),
> Auin(P)X (OMx(1), i=1,2,3,4,5,6.

For any 1 € [0, T], it follows that,

KT (OMx(t) <

ki eoTr
Ain(Py)
+2nax{Ps} + Amax(Pe} + A Anax{ Q1) + A2 Anaxl O2)

+hy N Apard Ry} + Iy N Aax{Ro} + ho V5 A R3} + Ao ApadS )
+2 A L} + 24 Lo} + 200G 1} + 2200x{ G2} + A5 Aaxl T}

[ﬁmax{pl} + 2/1max{P_2} + /lmax{P_3} + Z/Imax{plt}

+</V8/lmux{T2} + </V9/lmax{T3} + </V10/1max{T4}] < kZ-

This shows that the condition (3.9) holds. Therefore, the delayed neural network described by (2.1)

and delay condition as in (2.2) is said finite-time stable with respect to (ky, ko, Ts, hi, hy, M).

O

Remark 10. The condition (3.9) is not standard form of LMIs. To verify that this condition is equivalent
to the relation of LMI, it needs to apply Schur’s complement lemma in Lemma 3 and let %;, i =
1,2,3,...,21 be some positive scalars with

P
2
B
Po
Pa

AIMS Mathematics

= AuntPi}, i=1,2,3,..,6,

Anad PrY, Bz = Apad Po)y By = Apax{P3), Bs 4
Anad PsY, By = ApaxPe)y Bs = Anax{ Q1) PBo = Anarl 02},
AnardR1Y, Brii = Apad Ra}, Bz = A R3Y, Bz = S},
Amad L1}, Bis = Apad Lo}y Brs = AnaclGi}, Bi7 = ApanlGa}s

Volume 6, Issue 1, 998—-1023.



1013

PBig =

Let us define the following condition

/lmax{Tl}, *@19 = ﬂmax{TZ}’ r%20 = /lrnax{T3}a r@21 = /lmax{T4}-

kl[%z + 2(@3 + %4 + 2:@5 + 2%6 + %7 + M%g + %:@9 + ]’lle/%:%lo
+h21¢/1{1@11 + hz:/Vy@]z + JV@@]'; + 2%]4 + 2%15 + 2@16 + 2@17

+ N PBrs + NsPBro + NPy + N10:HPBa |

< kz«@le_an.

It follows that condition (3.9) is equivalent to the relations and LMIs as follows:

%1[<P_1<e@21, O<P_2<e%3l, 0<P_3<e@41, 0<P_4<,%5I,
0<155<¢%61, 0<156<<@71’ O<Q_1<%81, 0<Q_2<<@9I,

O0<R <PBipl, 0<Ry < Byl, 0<Ry<PBpl, 0<8§ < Bsl,

(3.20)

0<L1<<@14I, O<L2<<@15I, 0<G1<<@161, 0<G2<9§17I,
0<T1<¢@181, 0<T2<@19[, 0<T3<%201, O<T4<@21I,

AIMS Mathematics
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* 0
% k

0

*x © O O O

Ui
0

0
0
0
0
-,

U114
0

S OO OO

[ Viis Wiie Va7 Yias Yo Wiz Yo

0

o O o OO

(3.21)

, (3.22)

, (3.23)

, (3.24)
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-%s 0 0 0 0 0 0
x =By 0 0 0 0 0
* x =B 0 0 0 0
Orp = * * « =By 0 0 0 , (3.25)
* * * * —-B, 0 0
* * * * * —B3 0
* * * * * * ~ B4
—%Bs 0 0 0 0 0 0
* ~PBie 0 0 0 0 0
* * —%17 0 0 0 0
O35 = * * * - B 0 0 0 ) (3.26)
* * * * —~B 0 0
* * * * * —~% 0
* * * * * * —«%721

where 1 € R™" is an identity matrix, 1, = —Bik,e 17, 12 = BoNki, W13 = B3\N2ki, Y14 =
BNk, s = BsN2ki, Yo = BeN2ki, Y17 = BNk, s = BNk, e =
BoNki N, Y0 = PBroNkim N, i = BuNkihoa N, Y = BoNkioAs, Yz =
BisNkiNs, Yiaa = BiuN2ki, Y15 = BisV2ki, a6 = BisV2ki, Y117 = B2k, Yiis =
PBigs Nki N, Y119 = Bro VkiNg, Y120 = Boo Nk No, Y121 = PBoy Vki Mo

Corollary 11. Given a positive matrix M > 0, the time-delay system described by (2.1) and delay
condition as in (2.2) is said finite-time stable with respect to (ki,ky,T¢, hi,hy, M), if there exist
symmetric positive definite matrices Q; > 0, (i = 1,2), R; > 0(j = 1,2,3), T, > 0 (k = 1,2,3,4),
K, >0({=1,2,3,..,10), diagonal matrices S > 0, H, >0, m = 1,2,3, and matrices P, = PIT,
P; = PST, Pe = P6T, Py, P4y, Ps and positive scalars «, %;, 1,2,3,...,21 such that LMIs and
inequalities (3.3)—(3.8), (3.20)—(3.26).

Remark 12. If the delayed NNs as in (2.1) are choosing as B = Wy, C = W, W = W, then the system
turns into the delayed NNs proposed in [23],

X(1) = —Ax(1) + Wo f(Wx(1)) + Wig(Wx(t — h(1))), (3.27)

where 0 < h(f) < hy and h(t) < hp, it follows that (3.27) is the special case of the delayed NNs in
(2.1).

Remark 13. Replacing Wy = B,W, = C,W, = W,d,(t) = d(t) = h(t) and d>(t) = 0 and external
constant input is equal to zero in Eq (1) of the delayed NNs as had been done in [16], we have

x(t) = —=Ax(t) + Bf(Wx(1)) + Cg(Wx(t — h(t))), (3.28)
then (3.28) is the same NNs as in (2.1) that (2.1) is the particular case of the delayed NNs in [16].

Remark 14. If we choose B = 0,C = 1 and g = f and constant input is equal to zero in the delayed
NNs in (2.1), then it can be rewritten as

x(t) = —=Ax(t) + f(Wx(t — h(r))), (3.29)
then (3.29) is the special case of the NNs as in (2.1) which has been done in [2-6, 10, 12, 13, 20].
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Remark 15. If we set B = Wy,,C = W, and W = 1 and constant input is equal to zero in the delayed
NNs in (2.1), then (2.1) turns into

X(1) = —Ax(1) + Wo f(x(1)) + Wy fgx(t — h(D)), (3.30)

then (3.30) is the special case of the NNs as in (2.1) which has been done in [8, 11, 24, 28]. Similarly,
if we rearrange the matrices in the delayed NNs in (2.1) and set W = 1, it shows that it is the same
delayed NNs proposed in [9, 19,22].

Remark 16. The time delay in this work is defined as a continuous function serving on to a given
interval that the lower and upper bounds for the time-varying delay exist and the time delay function
is not necessary to be differentiable. In some proposed researches, the time delay function needs to be
differentiable which are reported in [2—-6,8—13, 15-17, 19, 20, 22-24, 28].

4. Numerical solutions

In this section, we provide numerical examples with their simulations to demonstrate the
effectiveness of our results.

Example 17. Consider the neural networks (2.1) with parameters as follows:

A = diag{7.3458,6.9987,5.5949}, B = diag{0, 0,0}, C = diag{1, 1, 1},
13.6014 -2.9616 -0.6938
W = 74736 21.6810 3.2100

0.7290 -2.6334 -20.1300
The activation function satisfies Eq (2.3) with

E, = E,=F =diag{0,0,0},
D, D, = D = diag{0.3680,0.1795, 0.2876}.

By applying Matlab LMIs Toolbox to solve the LMls in (3.4)—(3.8), we can conclude that the upper
bound of hy., without nondifferentiable u of NNs in (2.1) which is shown in Table 1 is to compare the
results of this paper with the proposed results in [1-7, 15, 20]. The upper bounds received in this work
are larger than the corresponding ones. Note that the symbol ‘=’ represents the upper bounds which
are not provided in those literatures and this paper.

The numerical simulation of finite-time stability for delayed neural network (2.1) with time-varying
delay h(t) = 0.6 + 0.5|sint|, the initial condition ¢(t) = [-0.8,-0.3,0.8], we have x" (0)Mx(0) = 1.37,
where M = I then we choose ky = 1.4 and activation function g(x(t)) = tanh(x(t)). The trajectories
of x1(t), xo(t) and x5(t) of finite-time stability for this network is shown in Figure 1. Otherwise, Figure
2 shows the trajectories of x (t)x(t) of finite-time stability for delayed neural network (2.1) with k, =
1.575.
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Table 1. Upper bounds of time delay 4 for various values of u.

hpox  Method u=01 u=03 u=05 w=0.9 unknown u
0.1 [1] 0.8411 0.5496 0.4267 0.3227 -
[2] 0.9282 0.5891 - 0.3399 -
[3] 0.9985 0.6062 - 0.3905 -
(4] 1.1243  0.6768 0.5168 0.4487 -
[5] 1.1278 0.6860 0.5325 0.4602 -
Thm 1 [6] 1.2080 0.6744 0.5149 0.4482 -
Prop. 2[6] 1.2198 0.6771 0.5218 0.4601 -
Thm 2 [6] 1.3282 0.7547 0.6341 0.5245 -
[15] 0.9291 0.5916 - 0.3413 0.3413
[20] 1.1732  0.6848 - 0.4526 0.4526
This paper - - - - 2.4989
0.5 [2] 1.0497 0.6021 - 0.6021 -
[7] 1.1313  0.6509 - - -
(4] 1.1366 0.6896 0.6243 0.6186 -
[5] 1.1423  0.7206 0.6382 0.6219 -
Thm1[6] 0.2106 0.6727 0.5657 0.4360 -
Prop. 2 [6] 1.2327 0.6807 0.5766 0.4864 -
Thm 2 [6] 1.3417 0.7744 0.6635 0.6221 -
[15] 1.0521 0.6053 - 0.6053 0.6053
[20] 1.3046 0.7738 - 0.7704 0.7704
This paper - - - - 2.4997
0.8 x w w w r r r : :
)
0.6 I X,(t) | 7
x4 (1)
0.4 F .
0.2F ]
0r —— —
s
02 1 ]
I
I
-0.4 11 4
1
-0.6 ,' .
]
-0.8 : * : : : * : : :
0 05 1 15 2 25 3 35 4 45 5
Time (s)

Figure 1. The trajectories of x;(¢), x,(¢) and x3(¢) of finite-time stability for delayed neural

network of Example 17.
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0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
Time t

Figure 2. The trajectories of x” (£)x(f) of finite-time stability for delayed neural network (2.1)
with k; = 1.575 of Example 17.

Example 18. Consider the neural networks (2.1) with parameters as follows:

A

diag{7.0214,7.4367}, B = diag{0, 0}, C = diag{1, 1},
-6.4993 -12.0275

Wo=1 06867 56614 |’

The activation function satisfies Eq (2.3) with

E1 = E2 =F= dzag{0,0},
D] D2 :D:dlag{l,l}

As shown in Table 2, the results of the obtained as in [2,3,5,6,20] and this work, by using Matlab LMIs
Toolbox, we can summarize that the upper bound of h,. is differentiable u of NNs in (2.1). We can see
that the upper bounds received in this paper are larger than the corresponding purposed. Similarly,
the symbol ‘-’ represents the upper bounds which are not given in those proposed and this study.

The numerical simulation of finite-time stability for delayed neural network (2.1) with time-varying
delay h(t) = 0.6 + 0.5|sint|, the initial condition ¢(t) = [-0.4,0.5], we have xT (0)Mx(0) = 0.41, where
M = I then we choose ky = 0.5 and activation function g(x(t)) = tanh(x(t)). The trajectories of x(t)
and x,(t) of finite-time stability for this network is shown in Figure 3. Otherwise, Figure 4 shows the
trajectories of x* (1)x(t) of finite-time stability for delayed neural network (2.1) with k, = 0.85.

AIMS Mathematics Volume 6, Issue 1, 998-1023.
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Table 2. Upper bounds of time delay 4 for various values of u.

hpax  Method =03 wu=05 w=0.9 unknown u
0.1 [2] 0.4249 0.3014 0.2857 -
[3] 0.4764 0.3635 0.3255 -
[5] 0.5849 0.4433 0.3820 -
Thm 1[6] 0.5756 0.4312 0.3707 -
Prop. 2[6] 0.5783 0.4385 0.3860 -
Thm 2 [6] 0.6444 0.5329 0.4383 -
[20] 0.5123 0.4978 0.4625 0.4625
This paper - - - 0.8999
0.5 (2] 0.5147 0.4134 0.4134 -
(3] 0.5335 0.4229 0.4228 -
[5] 0.5992 0.4796 0.4373 -
Thm 1[6] 0.5760 0.4418 0.3922 -
Prop. 2[6] 0.5799 0.4583 0.4085 -
Thm 2 [6] 0.6511 0.5408 0.4535 -
[20] 0.6356 0.6356 0.6356 0.6356
This paper - - - 0.8999
0.5 ! [ [ [ ! ! ; ; :
- = =Xt
0.4} X, (1) | ]
0.3 .
0.2 i
_0tf .
* or = m=======
o1f 77 1
7/
o02f -
I
-0.3F ]
-0.4 : : : : : : : : :
0 2 4 6 8 10 12 14 16 18 20
Time (s)

Figure 3. The trajectories of x;(¢) and x,() of finite-time stability for delayed neural network

of Example 18.
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1.2

0.2

10 12 14 16
Time t

18 20

Figure 4. The trajectories of x” (£)x(f) of finite-time stability for delayed neural network (2.1)

with k; = 0.85 of Example 18.

Example 19. Consider the neural networks (2.1) with parameters as follows:

1.7
A =|-13

-0.7

-1.7 0.1
I =05 |(,C=
1 0.6

-03 0.1 -05

05 =07 0.1
-0.7 05 0.6

and the activation function f(x(t)) = g(x(¢t)) = tanh(x(t)), the time-varying delay function satisfying
h(t) = 0.6 + 0.5|sint|. With an initial condition ¢(t) = [0.4,0.2,0.4], the solution of the neural networks
is shown in Figure 5. We can see that the trajectory of x' ()M x(t) = ||x(¢)||* diverges as t — oo is
shown in Figure 6. To further investigate the maximum value of T that the finite-time stability of the
neural networks (2.1) with respect to (0.6, k,,T;,0.6,1.1,1). For fixed k, = 500, by solving the LMIs
in Theorem 9 and Corollary 11, we have the maximum value of T; = 8.395.
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Figure 5. The trajectories of x(f), x,(¢) and x3(¢) of finite-time stability for delayed neural
network of Example 19.

@
8

8
\
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\

X" (OMx(t)
8 8 & §
I I I

8
\

Timet
Figure 6. The trajectories of x” (£)x(f) of finite-time stability for delayed neural network (2.1)
with k; = 500 and Ty = 8.395 of Example 19.

5. Conclusions

In this research, the finite-time stability criterion for neural networks with time-varying delays
were proposed via a new argument based on the Lyapunov-Krasovskii functional (LKF) method was
proposed with non-differentiable time-varying delay. The new LKF was improved by including triple
integral terms consisting of improved functionality of finite-time stability, including integral
inequality and implementing a positive diagonal matrix without a free weighting matrix. The

AIMS Mathematics Volume 6, Issue 1, 998-1023.
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improved finite-time sufficient conditions for the neural network with time varying delay were
estimated in terms of linear matrix inequalities (LMIs) and the results were better than reported in
previous research.
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