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1. Introduction

It is generally known that optimal control has an important role in this ever-changing society, such
as engineering numerical simulation, economic, atmosphere, petroleum, architecture and scientific,
and so on. Meanwhile, optimal control is an important knowledge point not only for science and
engineering students, but also for non science and engineering students. for example, it is widely
used in economic management disciplines, such as management accounting, dynamic optimization,
actuarial, pricing analysis, etc, even in artistic modeling structure analysis. An effective numerical
method is necessary for the successful application of optimal control, for optimal control problems
(OCP), finite element approximation should be a powerful numerical method in the calculation, and
there are many related literatures. Optimal control problems using finite element methods (FEM)
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for partial differential equations (PDEs) are introduced systematically, which can be found in [1-4]
for elliptic optimal control problems in (see e.g., [2, 5-10]), for parabolic optimal control problems
in [1,3, 11-13] and for Stokes optimal control problem in [14, 15]. A priori error estimates of finite
element method was established in [16—18], a posteriori error estimates of residual type has been
established in [12, 15, 19], and a posteriori error estimates based on recovery techniques has been
derived in [14,20,21]. Some error estimates and superconvergence results of mixed finite element
method for optimal control problems can be found in [5,9].

For the optimal control problem with control constraints, the regularity of the general control
method is lower than that of the state and the co-state. Therefore, the state and the co-state variables
are approached by piecewise linear finite element functions, and the control variable is approached by
piecewise constant function, and a projection gradient method with preset conditions is constructed.
see [1,3,12,14,15,19,20]. In year 2012, Tang and Chen [22] studied variational discretization for the
optimal control problem governed by parabolic equations with control constraints.

In this paper, we discuss a variational discretization for optimal control problems governed by
nonlinear parabolic equations with control constraints, and we derive a priori error estimates and a
posteriori error estimates of residual type. Some of techniques directly relevant to our work can be
found in [16,23,24].

In this paper, the model problem that we shall investigate is the following two dimensional optimal
control problem:

T
ug;ti)gD{% fo (I Ge, 1) = yaC D32 g + r)niz(m)dr},
vi(x, 1) — div(A(x)Vy(x, 1)) + o(y(x, 1)) = f(x, 1) + u(x, 1), xe€Q,tel, (1.1)
yx, 1) =0, xe€dQ,tel,
y(x, 0) = yo(x), x €Q,

where D is defined by
D={g(x,e’(J;[X(Q):c<gx,)<d, ae xeQ tel]},

where ¢ and d are two constants.

Q in R"(n < 3) is a bounded domain and 0L is a Lipschitz boundary, J = [0,7],0 < T < 400, n-
matrix A(x) = (a;5(x)) € (W'(Q))™", and (A(x)&) - &€ > ¢ | £ |2, Y & € R". The function ¢(-) € W** for
any R > 0, ¢'(y) € L*(Q) for any y € H'(Q), and ¢’(y) > 0. Here y,(x, ) denotes the partial derivative
of y in time, y,(x, 1), f(x,1) € C(J; L*(Q)), yo(x) € Hé(Q).

We use the standard notation W™ (€Q) for Sobolev spaces on Q with norm ||-||ym4()y and seminorm |-
lwm,p(c)» Wwhen p = 2, W™2(Q) can be expressed as H"(Q), W(')"’Z(Q) can be expressed as H'(€2). Further
more, Hj(Q) := {g €EH' (Q): glsn =0 } We denote by L*(J; W™P(Q)) the Banach space of all L*

1

integrable functions from J into W"?(Q) with norm [|g||.¢s.wm.r()) = ( fo ! I g||’§vm,p(g)dt)k for k € [1, o)

and the standard modification for k = co. Similarly, the spaces H'(J; W™P(Q)) and C'(J; W™P(Q)) also
can be defined, the details can be found in [17]. In addition, ¢ or C denotes a ordinary positive constant.

The research ideas and concrete design of the paper is as follows: we give the backward Euler
approximation and variational discretization approximation for our model in Section 2, then gain a
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prior error estimate in Section 3. After that, we get a posterior error estimate in Section 4. In Section
5, we give conclusion and future works.

2. Approximation for the model problem of variational discretization

In this section, in the light of the model (1.1), we give variational discretization approximation using

backward Euler method. We define W = L*(J; V) with V = Hy(Q), || - lly = || - |l 1@ and the control
space X = L*(J;U) with U = L>(Q), || - || = || - llz2@)- Throughout the paper, (- ,-) denotes the inner
product in L*(Q).

Let

a(u,v) = f(A(x)Vu) - Vv, Yu,vev,
Q

(nq%:j}%% Vp. g€ LX(Q).
Q
From Friedriechs’ inequality, it produces

a(u,u) > cllully;,  YueV,

la(u, v)I < Cllullylvlly, Yu,veV.

In order to keep things simple, we suppose the domain € is in R? and is a convex polygon.
Next, we introduce the co-state equation

_pt(x’ t) - le(A(x)Vp(x7 t)) + ‘Pl()’(x’ t))p(-x’ t) = y(-x’ t) — Y4, XE Qa re [0’ T)’ (21)
p(x,t) =0, xedQ, te[0,7), 2.2)
p(x,T) =0, x € Q. (2.3)

Then a possible weak formula for the state equation reads: For given u, yy, find y(«) such that

O w) +a(y, w) + (), v) = (f +u,w), 1€(0,T], YweV,
y(x,0) = yo(x), x€Q.

It is well known (see [16]) that the above problem has a unique solution y. It follows from embedding
that y € C(0, T; L*(Q)). So the above model control problem (1.1) can be rewritten as (QCP):

(1 (T 2 2
min {5 [ 0y =yalP + Ll @4
Onw) +aly,v) + (6(y),w) =(f +u,w), te(0,T], YweVy, (2.5
y(x,0) = yo(x), xeQ, (2.6)

where y € H'(0,T; U) N W.

It is well known (see, e.g., [1]) that the convex control problem (QCP) has a unique solution (y, u),
and that a doublet (v, u) is the solution of (QCP) if and only if there exists a co-state p € H'(J; U)W,
such that the triplet (y, p, u) satisfies the following optimal conditions (QCP-OPT) for ¢ € (0, T']

O w) +a(y, w) +(p(v), w) = (f +u,w), VwelV, 2.7
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y(x,0) = yo(x), x€Q,

~(prq@) +alg,p) + (@' OVp) = —-yaq), YgeV, (2.8)
p(x,T)=0, xeQ,
(u+p,ii—u)y>0, VieD. (2.9)

Now, we introduce the pointwise projection operator as followed:
;. 4y (h(x, 1)) = max(c, min(d, —h(x, 1))). (2.10)
As in [16], it is easy to see that (2.9) can be equivalently read as:

u(x, 1) = Miea(p(x, 0). (2.11)

Set I'" be a regular triangulations of the polygonal domain Q, such that Q = (J A. Leth = mai({h 18
el Ael”

where h,; denotes the diameter of the element A. Associated with I'" is a finite dimensional subspace
W" of C(Q), such that wy|, is the polynomial of total degree no more than n (n > 1), ¥ w, € W". Let
V" = W" N V. Then it is easy to see that V" C V.

Suppose N is a positive integer, and weset 0 =ty <t; <---<ty=T,k;=t;,—t,_1, [ =1,2,---,N,

k= lrr[lla/)\;] {k;}. Set ¢' = g(x,1;), we give the discrete time-dependent norms for 1 < p < co:
€Ll

N-s P
i||P
i
kl‘+S q ||l B
=l-s

)

lgCx, Dlller ) = [

when s = 0 be the control variable and the state variable u(x, t) and y(x, t), when s = 1 be the co-state
variable p(x,t), with the standard modification for p = co.

A possible finite element approximation of (QCP) is to find (y, u,) € U, X V;,, which we shall label
(QCP)"

(1 (T
min {— f (U v = ya IP + 1l wy ||2>dt} 2.12)
uhEDh 2 0
s wi) + aQnswi) + (@On)swi) = (f +up,wy), Y w, €V, (2.13)
ya(x,0) = yj(x), x€Q, (2.14)

where y, € H'(0; T; V},), ys € V}, is an approximation of yy.

The control problem (QCP)" again has a unique solution (yy, u) and a doublet (y;, u;) € V;, X Uy, is
the solution of (QCP)" if and only if there is a co-state pj, such that the triplet (y,, py, u) satisfies the
following optimality conditions (QCP-OPT)" for ¢ € (0, T']:

Ohas wi) + aQyn, wi) + (@(yn), wi) = (f + up, wy), Y wy, €V, (2.15)
yi(x,0) = y(x), x€Q,
—(Puss qn) + alqn, pn) + (&' Ow)Prs qn) = On = Ya> qn)s Y qn € Vi, (2.16)
pr(x,T)=0, xeQ,
(W, + pu, iy, —up) >0, Y iiy € Dy (2.17)
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Therefore, as we defined, the exact state solution and its approximation can be read as:

0, p) = (), p(w)),
Ons Pr) = nun), pr(un)).
Next we consider the above discrete approximation using the backward Euler scheme to

approximate the partial derivative in time f. Then the discrete approximation of (2.4)-(2.6) is the
following form:

1
B?;‘K‘{z Dk =l + ||“§z“2)}’
"2 .

i=1

I _ l—l:
(yh k,’yh ,vh) +a (yf1 w,) + (B))- i) = (fl +ul, Wh), (2.18)

thevh’ I=1,2,---,N,
V(X 0) = yp(x), xeQ.

It follows that the control problem (2.18) has a unique solution (yﬁl, uﬁl), I=1,2,---,N, and (yﬁl, ”51) €
VixD,l=1,2,---,N, s the solution of (2.18) if and only if there is a co-state p} ' € V", 1 =1,2,---,N,
such that the triplet ()’2’ Pt ”Z) € VixV'xD,l=1,2,--- N, satisfies the following variational
discretization optimality conditions:

) -1
Y=y
(h klh ,Wh)+a(yﬁ,,wh)+(¢(yil),wh) = (f'+ufowa). (2.19)
W) = i), xeQ, 1=1,2,--N,
Pl
h h — ’ _
(T,qh)+a(qh, o)+ @O ay = (v =i an) (2.20)
pYx) = 0,xeQ, I=N,N-1,---1,
(uh+ P i —ud) = 0, 1=1,2,N. 2.21)

where w, € V", g, € V" and @i, € D), It is obvious that the variational inequality (2.21) satisfies the
result as follows:

w,=T(p}"), [=12,---,N. (2.22)

According to (2.22), we should solve the numerical solution of the control variable u,, after the co-state
variable p,.

3. A priori error estimates for OCP
In this section, we shall derive a priori error estimates for the backward Euler variational

discretization approximation scheme. We will start with errors estimation of state and co-state variable.
Now, we recall the elliptic projection R;,: V — V), for any v € V, which satisfies:

a(v—Ryv,vy) =0, Vv, eV, (3.1
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We have the approximation property (see [23])
v = Rpvll < CR|IVIls, s=12 (3.2)

Lemma 3.1. Let (y, p, u) and (yy, pn, uy,) be the solutions of (2.7)-(2.9) and (2.19)-(2.21), respectively.
Assume y € H'(J; HH(Q)) N H*(J; U) and y(x,0) € H*(Q). Then there is a constant C independent of
h and k such that

lyn = M=oy < € (R + k + lllwy = ull) - (3.3)
Proof. We set
Y=Y =y, — Ry + Ry =y =6 +7, (3.4)
a(Ryv,vy) = a(v,vy), Vv, € V. It follows from Lemma 1.1 in [25], we have
I _ ) 1 2 )
| = [|Rey" = ¥'|| < cr? |y,

1]
SCh2(||y°||z+f ||}’t(s)||2ds)
0

It follows from (2.7) and (2.19), noting that 1" denotes the unit operator, so we have

g — g-! 1
( k ,Wh) +a(0,wh)
Ryl — Ryl
== %a Wh) —a (Rhyl, Wh) - (¢(Y£Z), wy) + (fl + u;l’ Wh)
1
R I_R -1
__ (B C y_, Wh) - a(yl, Wh) + (fl +1id, Wh) — (¢(yﬁ,), wy,) + (uil —u, Wh)
R I _ R -1
- %’ Wh) + (yi’ Wh) + ((p(yl)’ wp) — (¢(y2), wp) + (uz — ul, Wh)
1
Ry, =Dy —y! I
= ,E - =yl = 603) = 600 ) + (U}~ )
! 1
Ry =Dy —y" I -l
- ]((l )’ Wh|— ! k;y - yﬁ’ Wp| — (¢'(y§,)(yé, - yl), Wh) + (uﬁl — ul, Wh)
Ry =Dy —y"! I _ -1
T l(cz )’ = - kly B yi’ Wi | = (¢'(yﬁ,)(yﬁ, - Rhyl), Wh)

- (¢/(YZ)(Rhyl -, Wh) + (MZ -, Wh)

Ry =Dy —y! I -1 o
<- " I(Cl )’ w ) - (% - yi’ Wh) - (¢’/0’;,)()’;, - Rhyl)’ Wh)

— (¢ ODRY =3, wa) + (), = ', w)
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We select wy, = ¢,

(91 _klgl_l , 91) +a(¢.6)
(R, - Dy —y! I _ -1
< _[ h ](5 y )’91]_(% _yi’ 91)_((]5/0}2)01, 01)

- (¢'(y2)771, 9’) + (uﬁl -, 91)

__ [(Rh -D(y —y"‘)’e,] ) (yl -

ki ki

~ ¥ 9’) (¢ obn'. ) + (u, - u'.¢) (3.6)
Note that 0 < ¢ ||91 ||f/ <a (0’ , 0’) , according to Holder inequality, we obtain

ol < Do+ R = D O =)+ I =5 = kol + o+ o, = o]

Summing / from 1 to N* (1 < N* < N), note that y € H'(J; H*(Q)) N H*(J; U) and y(x, 0) € H*(Q), we
get

N* N*
l [ <]+ D |ri = =)+ D =" = ko]
=1 =1
N* N*

+ ; k; | ¢'()’i1)771|| + ; ki ||Mi, - ul”
v

/ N
<[+ 3 [ - Dyds+ Y]
=1

=1 Y-1

l
f (-1 = $)yu(s)ds
-1

N*

+ 3 k|8 Ol ] + Clllets =
=1

N* t N* 1]
SEE f CRly(s)llds + ) f (-1 = $)ya(s)llds
- -1 = 11
Il\,*l =1
+CH? Z k;
=1

tN* tN*
<||°|| + cn? f Iy, (s)llads + k f Iy (s)lids + Ch? + Cll|uy, — ulll>
0 0

¢ )| yya + Cllltr, — el

T T
<CRly’|l, + Chzf Iy ()llds + kf Iyu(lids + Ch* + Cllluy, — ullly
0 0

<C(h* + k + |l|uy, — ulll})- (3.7)

Then (3.3) follows from (3.5)-(3.7) and Triangle inequality. O
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Lemma 3.2. Suppose (y, p,u) and (yy, pp,un) be the solutions of (2.7)-(2.9) and (2.19)-(2.21),
respectively. Let p € H'(J; HX(Q)NH*(J; U), assume y,,y € H'(J; U), exist a constant C independent
of k and h, so that

lpn = Plllz=eoy < C (K + K+ lllyw = ¥lllx) (3.8)
Proof. Similarly, we set
PP =p,—Rap' +Rip = p =0 + € (3.9)
Note that p" = 0, then
€]l = |Rup" = p'|| < cr? ||,
<Ch* fT ' p(s)lds < Ch?. (3.10)

It follows from (2.8) and (2.20), we have

{l 1 _ évl )
( P CIh) +a (C[h’ 41_1) +(' 0P = R qn)

-1 _ p,l

- @ﬁjgl?n%)—a@mRﬂfﬂ+(%—y}%)—wxﬁxmmFuqm
-1 _ I

- (B ) o)+ o) (0 ) )

=— W,Qh)_a(%’ ) ( 1—y£,_1,qh)

+ (= Y =y = Y an) = @ ORI qn)

(th Ll qh) —(p @) + (0 =y +y =y T =Y an)
+W() ’w (¢ () (Rep"™") . n)

(&—D - pl) P
sqn| — T"‘P; s qh

1

+ (v = +y YV =) + @ OTHP ) - @ ORI, )

(R —I) -7 o pf
[ - ),Qh)—(%"‘lfl’%)

(v
+ (0 =y Y =Y =Y a) + (0 O (P - Rup™) an)
+(

(' ) @WGWﬂﬂﬁ

(&—n - p) pr-p
()

ki
ﬂyy+y>’+w o)+ (¢ 03) =4 7)) (0 =) )
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=(# 08) (Rep™ = 1)) = (9 () = ' O)) ). G.1D)

We select g, = £, note that 0 < ¢||¢"! ||f/ <a ({ =g "1), by using Holder inequality, we obtain

= <l + e = D (P = )|+ llp=" = 2+ kil
k(s =+ I - yl“ll + [ =il
iy H / z _¢, 1—1 1” qu yﬁz gl—lH

+( )(p - P H) (3.12)

Note that /N = 0 and p € H'(J; H*(Q)) N H*(J; U), summing [ from M* (0 < M* < N) to N, we get

N N
[SAEDY H(Rh -D(p" —p’)H # > I = o+l
=M I=M*

# 2 ka(oh = I =y it = o)

(e ﬂﬂwﬂfw e (2) = ("D =)

f (

+

Mz L=

E

NI/\
M-

N
+§yﬂm V| - yw+m ﬂm+womeM—wmwm
I=M*
S I-1 I i
Dl e oGl [ o]
N fio1 N fi-1
<> f CRIp(s)llds + | f It = 9)puls)ll ds
=M+t I=M* 1
N
w3 k(I = I =y s =l s O] ) + e
. T T
SChzf ||Pz(s)||2ds+kf lpu(llds
Ipr—1 o1
N
+ Z k([ =5/l b =5+ i =il + e
<Ch2f ||pt(s)||2ds+kf Ipa()ll ds + lllyn = ylll
+ CK* (Ilyellx + llyarllx)
<C (P + k+ 1% = ylI) - (3.13)
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Then (3.8) follows from (3.9)-(3.10), (3.13) and the triangle inequality. O

Now, we estimate the error of the control variable. We need give two intermediate variables
O (), pl(w) € VI x VA 1 =1,2,--- | N, satisfies the following system:

(yi(u) — ¥, (W)

C ,wh)+a<yz(u>,wh)+<¢(y§,<u>>,wh>=(f’+u’,wh), Vi, € VP, (3.14)

n@)’(x) =yo(x),  xeQ,

(Pﬁ{l(u) - p,(w)

7 ,qh) + alqn. py (W) + (¢ 61y W), qn) = (V@) = Y qn) . Yau € VP,

(3.15)
pYw(x) =0, xeQ.
For ease of exposition, we set
¢ =vi-nw. =p-p@. =01 N
It is clear that ¢° = 0 and /N = 0.

Lemma 3.3. Let (y,p,u) and (y,(u), py(u)) be the solutions of (2.7)-(2.9) and (3.14)-(3.15),
respectively. Assume that u,p € H'(J;U). Then there exists a positive constant C independent of
k and h, so the following conclusion holds

llle = unlllx < C lllpa) = pliix + llpa = plllx + &) (3.16)

Proof. 1t follows from variational inequalities (2.9), (2.21) and Holder inequality that

N
2 1 ) l I
llee = Iy = > ko (' = ) — )
=1

N N
= Z ki (ul +plou - U,i) - Z k; (uﬁq + it w), u' - uz)

=1 =1

D k(P e = plu - u))

+
=

< Z ki (uﬁl + pit(w), ul, — ul) + Z k (pﬁl_l(u) —plu - uﬁl)

N N
=1 =1

N

N
= Z k; (uz + pél_l, uil - ul) + Z ki (P;fl(u) - Pél_la ”iz - ”l)
=1 =1
N
+ > k(P = plud - )
N N
WO AN EWACH RV
=1
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=0+ L. (317)

Note that ¢° = 0 and ¢V = 0, then it follows from (2.19)-(2.20) and (3.14)-(3.15) that

I

N
(P @0 - P — i)+ S k(0 = gl )
=1

N

> k(P @) - pi - o)
l[:vl

<)k

=1

N N

N
<C(9, \p, W) —p || + 1 P, —P || +o1 {lu —uy|| .
c@) Yy kllpi - p |+ c@n Y kllpit = P+ 60 kil =l
=1 =1 =1

<C@S)llpnw) = plllx + CEDIpx — plllx
+ CODu = willl3 (3.18)

For the second term, note that p € H'(J; U), according to Holder inequality, we have

N
I Z ki (pﬁl_l(u) —-plu - uﬁl) ber
11:\/1 N
Z ki (Pi,_l(u) -p - M;,) + Z k (pl_1 - plu - ”Z)
I=1 =1

N

N N
<C@) > kP - p7 + o Ykl - P+ 6 Y kil - Ullf
=1 =1 =1

<CO)lllpa(u) — plilx + COKIplx + Ollle — wylll%
<COIpn() = pliiy + CK* + dlllu — uslllx- (3.19)

Let 6 be small enough, then (3.16) follows from (3.17)-(3.19). ]

Lemma 3.4. Let (y, p,u) be the solution of (2.7)-(2.9), (yu(u), pr(u)) is defined in (3.14)-(3.15), the
conditions of obedience are the same as the three Lemmas 3.1-3.3, then

llyn() = Y=z < C (W +K). (3.20)
Proof. We set
Y =y = yyw) — Ry + Ry —y' := 6} + 17, (3.21)
where
|| = [[Ry = ¥'[| < cr? [}y
<CI? (||y°||2 v fo ” ||yt(s)||2ds)
<Ch*. (3.22)
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From (2.7) and (2.19), for Yw, € V" we have

01 _ 91—1
( ! kll ,wh)+a(91,wh)
R l_R -1
=- hyThy, wp|—a (Rhyl, wh) — ((/)(yﬁl), wy) + (fl +u, wh)
R l_R -1
= - %, Wil —4a (y’, wh) + (f’ +u, wh) —(6()}), wi)
Ry — Ryy-!
= = (5 )+ () + 0N ) = 605w
Ry =Dy =y I -1
--|— ,E ),wh - |2 o) - 601 - 607 w)
1 1
(R, =Dy —y"! I -1
--[— ,(q )’Wh -2 k,y = Yo wi | = (6 GO% = 3, wa)
Ry, =Dy = y"! I -l
--|— ,(q ),wh -(3 k,y = yown| = (¢ OO} = Riy'). wi)
— (@' GRy" = ¥, wn)
(R, =D (y = y"! I -l
— (' GDRY = ), ). (3.23)
We set wy, = 6/, so
91 _ 91—1
( 1 Z ‘ ,911)+a(911,011)
(R, =Dy —y"! Il
(SO ) )
— (¢ 0. 6) - (¢ 0. 6)) + (u), — ' 6)
Ry =Dy —y! I -l
<- [ ,<€l ),911 - (yle - yﬁﬁé) —(¢0ion. 64). (3.24)
Note that 0 < ¢ ||911 ||f/ <a (011, 9’1) , according to Holder inequality, we obtain
il < Nl + | crn = D (5 = 5=+ I = 5 = k]| + | o (3.25)

Summing i from 1 to N* (1 < N* < N), noting y € H'(J; H*(Q)) N H*(J; U) and y(x,0) € H*(Q), we

get
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o

<||e°|| + Z H(Rh Dy -y~ H Z I =" = k]| + Z ki ||’ G|
<o + z [ - zkznas O -]
<||e°||+z f Ch2||yt(s>||2ds+z f 11 = $)yu(s)lds

+ Ch2

W2.00

TN I+
<||°|| + cn? f Iy ($)llads + k f lyu(s)llds + Ch*
0 0

T T
<CIIL|> + CI f ($)lads + k f y(s)lids + CH
0 0

<C(h* + k). (3.26)
Then (3.20) follows from (3.21)-(3.22), (3.26) and Triangle inequality. O
Lemma 3.5. Let (v, p, u) be the solution of (2.7)-(2.9), (y(w), y,(w)) is defined in (3.14)-(3.15). Then
llpu@) = plilx < C (W +k). (327)
Proof. By using Lemma 3.2 and Lemma 3.4, we get that
llyaGo) = Yl < € (i + ), (3.28)
and
lpu() = plliz=givy < € (R + k + llya() = i) - (3.29)
Then from (3.28)-(3.29) and embedding theorem, we have that
llps() = pllscrwy < C (W +k). (3.30)
Thus,
llpa() = plily < Cllpa@) = plllzscrey < C (W +k). (3.31)
We obtain (3.27). |

Now we combine Lemmas 3.1-3.5 to come up with the following main result.

Theorem 3.1. Let (y, p, u) and (yy, pp, up,) be the solutions of (2.7)-(2.9) and (2.19)-(2.21), respectively.
Suppose all the conditions in Lemma 3.1-3.5 are valid. Then

llps = Plllcowion + s — alllx < € (B + k +lllys = i) (3.32)
Proof. It is easy to see that (3.32) follows from (3.3), (3.8), (3.16) and (3.27). O
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4. A posteriori error estimates for OCP

In this section, we shall derive a posteriori error estimates for the backward Euler variational
discretization approximation scheme.
First of all, we recall two important results:

Lemma 4.1. [6] Let , be the standard Lagrange interpolation operator. Form =0 or 1, g > 5 and
Vv € W24(Q), the conclusion is as follows

v — mlwmay < Ch* " Vlwza)-

Lemma 4.2. [26] Forallv e W"(Q"), 1 < g < oo,

_1 1_l
Moo < C (hﬂnvnwo,qm i q|V|W1-q(T))-
If we set
1 g 2 2
J@ =5 [ Ay = yall® + ).
0
It can be shown that
T
(J'(w),v) = [ (u+ p,v)dt,
T
(J'(un),v) = [} (un + pluy), vy,

where y(u;,), p(u;) satisfies the system as follows:

(), w) + a(y(ug), w) + (@(y(uy)), w) =(f + up, w), teJ,VYwey, 4.1)
Y(up)(x, 0) =yo(x), x€eQ,
—(pi(un), @) + a(q, pup)) + (&' (v un)) p (un) , @) =Oun) = ya» 9, teJ,¥qeV, 4.2)

p(up)(x,T) =0, xeQ.

For the needs of the paper, now we give two Lemmas and prove them.

Lemma 4.3. Let (y, p, u) and (yy, pn, uy,) be the solutions of (2.7)-(2.9) and (2.19)-(2.21), respectively.
Then there is a constant C independent of k and h, it reduces that

llu = wnlly < ClIpn = pQun)l - (4.3)
Proof. It follows from §-Cauchy inequality, the variational inequality in (2.9) and (2.21), we have that

llu — willy <(J7 () = T’ (un), v — up)
T T
=f (u+p,u— uh)dt—f (up, + pQup), u — uy) dt
0 0
T
Sf [— (up + P — up) + (Pn — p(uy), u — uy)] dt
0

<C(6)1pn = punlliy + 6llue — ] (4.4)

Let 6 be small enough, then (4.3) follows from (4.4). O

AIMS Mathematics Volume 6, Issue 1, 772-793.



786

For any function w € C(J; L*(Q)), we let
WX, Dl = WX 1), WX, D)l 0y = WX, 121).
Forl=1,2,--- N, we set
il = (= Oy + & = 0¥} Tk,

Pl = ((fl - f)l?il_1 +(t— t1—1)P§z) [k,

Up |(1171 ol = Uy

Then the optimality conditions (2.19)-(2.21) can be rewritten as:

Vnes wi) + a @n, wi) + (@ Dn) s wi) = (f + Up, Wh) , Ywy, € V2, 1€ (i, 1], 4.5)
(%, 0) =y5(x), x€Q,
—(Pus qn) + a(qn, Pr) + (& On) Prs qn) = G — Fas qn) Vagy e V', 1€ (1,1, (4.6)
pr(x, T) =0, xeQ,
(up + pp, oy, — up,) 20, Yiy, € Dy, “4.7)

Lemma 4.4. Let (yy,, pi, uy) be the solution of (4.5)-(4.7), and (y(uy), p(uy,)) as defined in (4.1)-(4.2),
so there is a constant C independent of k and h, it holds that

8
() = yally + lIpus) = pally < € Y o1t (4.8)
=1
where

N

% :Zf thf(yh —Ya +div(A"Vpy) +th) dxdt,
=1 -1
N

2

= I’ll f[A Vph ] dsdt,

" Z *f’ll 1N9Q=0 !

N
:Zf f|A V (py = p)f* dxdr,

o

i :Z‘ftll A f f+ uy, + div (AVy;,) — yht) dxdt,
N

= f f [AV drd

s Vi - ”] rat,
Z -1 5n6Q=0 s
al Al12

2 _

NN

N £
=), f f AV 5 = )l dx,
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75 =[yo(x) = ya(x, Ol
where hy is the size of the face s = A} N A2, with A}, A2 are two neighboring elements in T", [AV$), - n],
and [A*Vpy, - n|, are the A — normal and A* — normal derivative jumps over the interior face s,

respectively, defined by

[AVS) - n], = (AVSily = AVS4le) - .
[V - nl, = (A puly — AV ule) - n,

where n is the normal vector on s = A N A2 outwards A.. Then we define [AV$;, -n], = 0 and
[A*V Dy - n], = 0 when s C 0Q.

Proof. Let e’ = p(u;) — uy, and ef = f,e”, where 7, is the interpolation defined in Lemma 4.1. Note
that p(u,)(x, T) = 0 and p,(x, T) = 0, using integration by parts, we have

T T
f —(pi(up) — pu, €°)dt = — f f (p(up) — ps) - X dtdx
0 Q JO

1
=5 [ 1ot = piocx 0P ax
Q

>0.

It follows from a(u, u) > c||u|?, Vv € V, combining equations (4.2) and (4.6), we have
C”P(”h) - ph”iZ(‘];Hl(Q))

= fo ' [(AVe”, V(p(up) = pn)) — (pi(un) = pis> €”) + (" (v (un)) (p () — pn) , €”)] dt

) foT (Ve = D). A"V (p(w) = ) di - LT (Pi(un) = pune” = &) dt
v [ wera - povars (0T ) - ) = (o = puse])
’ fo (60 @) @) = 8 50 ) + (8 6 ) p ) = G re” = )|
2l (@ 60— 8 ) i) )

- fOT (Y(un) = $a + div ATV ) + pr e” = €f ) dt + for ; fa; Ay - m) (e - &) dsdi
+ fOT [()’(”h) —?h,ef) + (Ve , AV (P, — ph))] dt
+ fOT (6 G pno ) = (& ) )] e

T T
- f (90 — $a + div (A"Vpy) + i e” = €f ) dt + f Z (A*Vpy - n) (e — ef) dsdt
0 0 T Jaa
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T T
+ f (#(Uw) = Py er)dr + f (Ver, A"V (B, — pi)) dt
0 0

T
f [(¢ ()’h)Ph»el) (¢’ (Y(uh))Ph»ep)]

0
=L+ L+ L+ 1+ 1s. (49)

For the first term, by using -Cauchy inequality, Lemma 4.1 and Lemma 4.2, we get
T
I = f ()A’h = Ya + div(A"Vp,) + ppy, e — ef) dt
0
f f On = a +div(A*V ;) + th)( - e,)dde

f Zf(yh—)’d‘i‘le(A Vph)+phz)( —e )dxdt
T
<C(6) f Zhﬁ f ($n = 94 + div (A*V py) + pp)? dxdt + 6 f h;ZZ f le” — et dxdt
0 1 0 — Ja

T T
<C(5) f > f On = Pa + div (A'V ) + py)* doxdt + 6 f lle”1171 g 1
0 3 2 0
<COn; + 6llpun) = Palls g1 - (4.10)

From 6-Cauchy inequality, Lemma 4.1 and Lemma 4.2, we obtain
T
b :f Zf (A*Vpy, - n) (e” — ef)dsdt
<C(5)f >oh f AV, - n]* drdt + 5[ le? 121yt

sNOQ=0
:C(é)nZ + 6||p(uh) - p]‘lllLZ(];Hl(Q))' (41 1)

Using 0-Cauchy inequality, we get
T
I3 =f O(up) — Pn, €°) dt
0

T
:f O(up) = Yy + yp — n. €”) dt
0

Sc(d) ||j>h - )’h”iz(J;Lz(Q)) + C(6) ||)’(uh) - }’h||§( + 6||€p”i2(‘,;H1(Q))
<C(O) 9 — yally + C@O)lly(un) = yally + olle”IIx. 4.12)

It yields from Friedriechs inequality and -Cauchy inequality, so we have
T
L= [ e A @ pya
0
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T T
<C(6) f f |A*V (py — pp)I> dxdt + & f f Ve dxdt
0 Q 0 Q

<C(8)15 + Cllpun) = Pillya g1 - (4.13)

T
= 1 60 pnel) =@ ) e

= fo ' [(¢’ n) Pr = &' 0 ) par €”) + (¢ Gn) s €” — ef) (4.14)
(@ O @) pu = ¢ v un)) pi- ) |

= fOT | (& G = & & @) Bus €”) + (¢ Gu) B e” — €}
+ (00 @) Py~ pr) €”) |ar

T
<C() fo 15allo.s " Gn) = ¢ 7 @)l - lle”llo.a
T
+C(6) fo 1Bsllo 11" G- [le” = €. + 1Bn = Pallo.s " & @)l - llelloa | dt
T
<C() fo 15l Il 19 = O eIl - lle”lly it

T
+C(©) f 1Bl 116 Gl o - [le” = €b|l, + 115n = pally 6l o - le?1l, | it
0
<C©) lI$n = (v )ik

T
+C(0) f 15215 16 Gl s - [[e” = 0[], + 15n = pally I & @uadlly oo - Pl |z (4.15)
0
Let 6 be small enough, we obtain
3
Ip() = pallly < € >t + CO 119 = ylly + COllyCun) = yally-
=1

Similarly, assume e’ = y(u;,) — yj, and its average interpolation is e,. It holds from integration by parts

that
T T
f(yt(uh)_yhtaey)dt:ff e - (yi(up) — yn)dtdx
0 o Jo

1 1
=3 Up) = Yn)(X, X = Z1lYolXx) — YulX, .
5 | 10 =y T dx = Sllyo() = yu(x, Ol
Q
It follows from ¢-Cauchy inequality, Lemmas 4.1, Lemma 4.2, (4.1) and (4.5), we obtain
C”)’(”h) - yh||i2(j;H1(Q))

T
1
< fo [(AV(un) = yn), Ve") + (iun) =y, €)] dt + 5 yo(x) = ya(x, 0l
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T

TR SR
T

fo [(AV On—yn),Ve') + (yt(uh) — Vs e;)] dr
T
* f (AV () = $0), Vey) dt + %Hyo(x) — yu(x, O)|?
0
T

f (f + wy + div (AVS)) =y € = €)) dt

f Z f (AVS, - n) (¢ — €)) dsd

f [(f = F.€") + AV i = yn), Ve dr+—||yo<x> alax, O)|P

0

<C(5) f Z 2 f (/ + up + div (AVF,) - y,,,)2 dxdt
+C(6) f f AVSy, - nlrdrdi + CO) || f - fII;
0 smasz 0 s
1
+ C((?)f f AV, — vl dxdt + 5||yo(X) — y(x, 0)|I7
0 Q

A 112 2
+ C(d) ”)’h - yh”LZ(J;Hl(Q)) + 6||ey||L2(];H1(Q))

8
=C(8) Y"1} + COllyn = Iully + 51’ i1
=4

Let ¢ be small enough, we have

8
@) = ¥l gy < CO) D i + CO) Iy = Fully - (4.16)
1=4
It follows from the assumptions on A(x) and Friedriechs inequality, we obtain

T
155 = yallx < I9n = yallyy < Cf f AV, — y)I dxdt.
0o Jo

From (4.9)-(4.16), (4.8) is derived. O

Theorem 4.1. Let (v, p, u) and (yu, pr, uy) be the solutions of (2.7)-(2.9) and (2.19)-(2.21), respectively.
Assume that all the conditions in Lemmas 4.1-4.4 are valid. Then there exists a constant C independent
h and k , it yields the result as follows

8
||)’h - yH%Z(‘];HI(Q)) + ||ph - plliZ(J;Hl(Q)) + ”uh - u”?{ < CZ 77]29 (417)
i=1
where 0y, 1, - -, Ng are defined in Lemma 4.4.
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Proof. It follows from Friedriechs inequality and the conditions on A(x), we have

T
150 = PalEsgs ey, < C fo [ 5= poP dxar (4.18)
Note that
||)’h - y||iZ(J;Hl(Q)) < ||)’h - }’(uh)”izu;,_,l(g)) + ||}’(uh) - )’”izu;m(g)), (419)
”ph - p”%}(\];Hl(Q)) < ”ph - p(uh)HiZ(J;HI(Q)) + ”p(uh) - plliZ(J;Hl(Q))' (420)

From the regularity estimation of (2.7)-(2.8) minus (4.1)-(4.2), we have

“p(uh) - p”%Z(J;Hl(Q)) S ||Y(uh) - y”%Z(‘];Hl(Q)) S C”uh - l/l”?( (421)

Then (4.17) follows from (4.3), (4.8) and (4.18)-(4.21). O
5. Conclusion and future works

In this paper we discuss the variational discretization for the nonlinear parabolic OCP. We derive a
priori error estimates where [||u — upll|z 1202 = O(h?* + k) and a posteriori error estimates of residual
type. The results for these error estimates by variational discretization be an extension of the linear
parabolic problems.

In our future work, we shall use this method to deal with fourth order parabolic optimal control
problems, including linear and nonlinear styles.
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