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Abstract:  Topological indices are important descriptors which can be used to characterize the
structural properties of organic molecules from different aspects. The variable sum exdeg index
SEI,(G) of a graph G is defined as .y dg(u)a®™, where dg(u) is the degree of vertex u and a
is an arbitrary positive real number different from 1. In this paper, we obtain the extremal values of
the variable sum exdeg indices (for @ > 1) in terms of the number of cut edges, or the number of cut
vertices, or the vertex connectivity, or the edge connectivity of a graph. Furthermore, the corresponding
extremal graphs are characterized.
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1. Introduction

In this paper, we are concerned with undirected simple connected graphs only. Let
G = (V(G), E(G)) denote a graph with vertex set V(G) and edge set E(G). The degree of a vertex
u € V(G) is denoted by dg(u).

Topological indices are numbers reflecting certain structural features of organic molecules that are
obtained from the molecular graph, and they play an important role in chemistry, pharmacology, etc.
(see [1-3]). The Randi¢ index [4] (devised in 1975 for measuring the branching of molecules) and
Zagreb indices [5] (appeared in 1972 within the study of total n-electron energy on molecular structure)
are among the most studied topological indices. The variable sum exdeg index (denoted by S E1,) was
introduced by Vukicevi€ [6] in 2011 and is defined as:

SELG) = ) (@@ +a%)= Y dg(v)a?,

uveE(G) veV(G)

where a # 1 is an arbitrary positive real number. This graph invariant is very well correlated with
octanol-water partition coeflicient of octane isomers [6], and was be used to analyze the octane isomers
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given by the International Academy of Mathematical Chemistry (IAMC) [7-9]. Yarahmadi and Ashrafi
[10] presented a polynomial form of this descriptors with some applications in nanoscience. Applying
the majorization technique, Ghalavand and Ashrafi [11] obtained the maximum and minimum values
of variable sum exdeg index of trees, unicyclic, bicyclic and tricyclic graphs for a > 1. Recent results
can be found in [12-15].

Denote by G —uv and G + uv the graph that obtained from G by deleting the edge uv € E(G) and the
graph that obtained from G by adding an edge uv ¢ E(G) (u,v € V(G)), respectively. For E’ C E(G),
let G — E’ be the subgraph of G obtained by deleting the edges of E’. Let W C V(G), we use G — W to
denote the subgraph of G obtained by deleting the vertices of W and the edges incident with them. A
cut edge of a graph is an edge whose deletion breaks the graph into two components. A cut vertex in a
connected graph is a vertex whose deletion increases the number of components of the graph. A block
of a graph is a maximum connected subgraph without cut vertices. We also call a block an endblock of
a graph if it has at most one cut vertex in the graph as a whole. The vertex connectivity (respectively,
edge connectivity) of a graph is the minimum number of vertices (respectively, minimum number of
edges) whose deletion yields the resulting graph disconnected or a singleton. A clique of a graph G is
a subset S of V such that any two vertices in G[S ] (the subgraph of G induced by §) are adjacent. As
usual, we use P,, S,, C, and K,, to denote the n-vertex path, the n-vertex star, the n-vertex cycle and
the n-vertex complete graph, respectively.

Let P, = xox; - -+ x, (r > 1) be a path of graph G with d(x;) = --- = dg(x,_1) = 2 (unless r = 1). If
dc(x0),dg(x,) > 3, then P, is called an internal path of G; if dg(xo) > 3,dg(x,) = 1, then P, is called
a pendant path of G. The vertex-disjoint union of the graphs G, and G, is denoted by G| U G,. Let
G,V G, be the graph obtained from G UG, by adding all possible edges from vertices of G, to vertices
of G,. The cyclomatic number of a connected graph G is defined as y(G) = |[E(G)| - |[V(G)| + 1. Ak
cyclic graph is a graph whose cyclomatic number is k. For y(G) = 0, G is a tree.

Vi
V2
Vk

K" Ct
Figure 1. The graphs K* and C*.
Let K* (as shown in Figure 1) be the graph obtained by identifying one vertex of K, ; with the

central vertex of star S;,; and C¥ (as shown in Figure 1) be the graph obtained by attaching a pendant
path Py, to one vertex of C,_;. Obviously, the graph K* and C* are two special graphs of order n with

k cut edges.

G, G2, (I, is the number of path with
| " lengthz,t=1,2,--- ,m)

Figure 2. The graphs G, , and G,.
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The graph G}l’k of order n with k cut vertices (as shown in Figure 2) is obtained from K,_; by
attaching at most one pendant edge to each vertex of K, 4, where 0 < k < 7.

The graph Gﬁ’k of order n with k cut vertices (as shown in Figure 2) is obtained from K,_; by
attaching exactly one pendant path (with length equal or greater than one) to each vertex of Ky,
where 5 <k <n-3,Li+hL+---+l,=n—kandl; + 2, +---+ml, = k (I; is the number of path with
lengtht,t=1,2,--- ,m). We can see [16] for other notations.

2. Preliminaries

Lemma 2.1. [7] Let f,(x) = xa*, where x > 1,a > 1. Then
(i) fu(x) is an increasing function for each a > 1;
@) f)(x) > 0 and f,(x) is a convex function for each a > 1.

By Lemma 2.1 and the definition of variable sum exdeg index, the following Lemma 2.2 is obvious.

Lemma 2.2. Let G = (V, E) be a simple connected graph. Then
() Ife=uv ¢ E(G), u,ve V(G), SEI,(G) < SEIL,(G +e) fora > 1;
(ii) If e € E(G), SEIL(G) > SEI(G — e) fora > 1.

Lemma 2.3. Let
fx,y)=(x+y—-Da"™ ! +a - xa* - ya,
where x,y > 2 and a > 1. Then f(x,y) > 0.

Proof. If y > 2 is fixed, by Lemma 2.1, we have
af(x7y) _ x+y—]
=a
0x
So f(x,y) is strictly monotone increasing in x. By symmetry, if x > 2 is fixed, then f(x,y) is strictly

monotone increasing in y. Thus, by Jensen inequality for the function xa*, which is strictly convex for
a > 1, wehave f(x,y) > f(2,2) =3a* +a—2-2a* > 0. o

—a" +[(x+y—-Da*™" = xa*]lna > 0.

Lemma 2.4. Let

8(x) = fu(x + 1) = fux) = (x + a*™" - xa”,
where x > 2, r > 1 and a > 1. Then g(x) is strictly monotone increasing in x.

Proof. Note that for a > 1,

' — xa*]lna > 0.

gx)=a"" —a" +[(x+ra
So g(x) is strictly monotone increasing in x. O
Lemma 2.5. Let

g(x,y) =(x - Dl(x+y-3)a™? - (x— Da" 'l +a- (- Da""’
+ (- Dx+y—-3)a™? - (- Da'],

where x > 2,y >3 and a > 1. Then g(x,y) > 0.
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Proof. Since fora > 1,

0g(x, ,
89Y) x4y = 3a = (x = Da* ]
ox
+(x— D@ —a + [(x+y=3)a™ = (x = Da""]1na)
+ (=)@ +(x+y-3)a™Ina] > 0.
So g(x,y) is strictly monotone increasing in x. Thus, g(x,y) > g(2,y) = 0. O

Lemma 2.6. Let
h(x,y) =(x = D[(x +y = 3)a™ = (x = Da*] +24* - y@'
+ =Dl +y=3)a™ 7 = (= Da'],
where x,y > 3 and a > 1. Then h(x,y) > 0.
Proof. Note that

Oh(x,y) _ og(x,y) - 0.
ox ox

So h(x,y) is strictly monotone increasing in x. Thus, A(x,y) > h(3,y) = ya’ — 2a*> + (y = 2)[ya’ — (y —
Da~'1 > 0. O

Lemma 2.7. Let
Ix,y) =(x— D[(x+y=3)a"™> = (x = Da" '+ (x + y - 2)a*™ 2 + 4d4°
+ (G =2l(x+y-3)a™? - (y - D' - xa* - 2y,
where x,y > 3 and a > 1. Then l(x,y) > 0.

Proof. It can be seen that

ol(x,y)
ox

=[(x+y-3)a™ - (x - Da*]
F = D@ =@+ [(x 4y = 3@ - (x - Da* ' na)
+ (=@ + (x+y-3)aIng]
+a 24 (x+y - 2@ Ina - a* - xa'Ina
>a 7 —a* + [(x+y-2)a"? — xa*]Ina > 0.

So I(x, y) is strictly monotone increasing in x. Thus, I(x,y) > ((3,y) = (y = 2)[ya® — (y — Da&® ']+ (y +
Da’*' = 3a® > 0. O

3. Variable sum exdeg indices of graphs with given number of cut edges for a > 1

We use Gg(n, k) to denote the set of graphs on n vertices with k cut edges. If k = n—1, Gg(n,n—1)
is a tree and trees with extremal variable sum exdeg index had been obtained in [7] and [11]. For a
connected graph on n vertices having the cyclomatic number at least one, the number of its cut edges

is at most n — 3. Therefore, in this section, we always assume that G has k cut edges with 1 < k < n-3.
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3.1. The largest variable sum exdeg index of a graph with given number of cut edges for a > 1

First, we provide some graph transformations on graphs with given number of cut edges which
will increase the variable sum exdeg index for a > 1.

z
X y
G G’

Figure 3. Transformation A;.

Transformation A;: Suppose G is a graph with n; > 3 vertices and G, is a graph with n, > 2 vertices,
where G, is 2-edge connected. Let G be a graph obtained from G, and G, by adding an edge between
a vertex x of G; and a vertex y of G,, as shown in Figure 3. Then xy be a non-pendant cut edge of G.
Let G’ be the graph obtained by identifying x of G| to y of G, and adding a pendant edge to x(y), as
shown in Figure 3.

Lemma 3.1. Let G and G’ be graphs in Figure 3. Then S EIl,(G") > S EIL,(G) fora > 1.

Proof. Let dg(x) = r and dg(y) = 5. By the definition of variable sum exdeg index and Lemma 2.3, we
have

SEL(G)-SEL(G)=@r+s—-Dad™ ' +a—-ra" - sa* > 0.

The proof is completed. O

Vi Vi

Figure 4. The graph G*.

Remark 3.2. For any G € Gg(n, k), if necessary, by repeating the graph transformation A, any cut
edge (non-pendant cut edge) of G can changed into pendant edge. That is, if necessary, by a series of
transformation Ay, we can change G to G* (as shown in Figure 4), where S; (1 < i < r) are 2-edge-
connected graphs.

X1

X,
yie

Vs

Figure 5. Transformation A,.
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Transformation A,: Let G be a graph as shown in Figure 5, x,y € V(Gy), x1, x5, - , x, are pendant
vertices adjacent to x, and y;, y,,- -+ ,y, are pendant vertices adjacent to y, where dg(y) < dg(x). Let
G =G —{yy;,yv2, - ,yyst + {xy1, Xy2, - - , xy,}, as shown in Figure 5.

Lemma 3.3. Let G and G’ be graphs in Figure 5. Then S EI,(G") > S EIL,(G) fora > 1.

Proof. In view of the definition of variable sum exdeg index and Lagrange mean value theorem, for
a > 1, we have

SEI(G") = SEI(G) = fu(d(x) + 5) + fuldc(y) — 5) = [ fu(dc(x)) + fu(dc(¥))]
Jald(x) + 5) = fu(d6(x)) = [falde (V) = falda(y) — $)]
s(fa©) = fa@),

where dg(x) < & < dg(x) + 5,dg(y) — s <n < dg(y).
Since dg(y) < dg(x), by Lemma 2.1, then SEI,(G") - SEI,(G) > 0, i.e., SEI,(G") > SEI,(G) for
a>1. |

Remark 3.4. For any G € Gg(n, k), if necessary, by repeating graph transformation A, and A,, all the
pendant edges are attached to the same vertex. That is, if necessary, by a series of transformation A,
and A,, we can change G to H, or H, (as shown in Figure 6), where S ; (1 < i < r) are 2-edge-connected
graphs.

Kk
Figure 7. The graphs H|, H, and K}.

By Lemmas 3.1, 3.3 and Remarks 3.2, 3.4, we have the following Lemma 3.5.

Lemma 3.5. Let G € Gg(n, k). Then SEIL(G) < SEIL,(H;) (i =1 o0r?2)fora> 1, where Hy or Hy is a
graph as shown in Figure 6, S; (1 < i < r) are 2-edge-connected graphs.

Denoted K, (1 < i < r) to be a clique which is obtained by adding edges in §; (1 < i < r) and
changing §; into complete sub-graphs, where S; (1 <i < r) in H, or H, are 2-edge-connected graphs.

AIMS Mathematics Volume 6, Issue 1, 607-622.



613

Lemma 3.6. Suppose H| or H} is a graph as shown in Figure 7, where K,, (1 <i < r) is a clique as
above. Then SEI,(H!) > SEI,(H;) (i =1 or2) fora > 1.

Proof. By Lemma 2.2, the result holds obviously. O

Theorem 3.7. Let G € Geg(n, k), where 1 <k <n-—3. Then
SELG) <(n—k-1*d"""+m-1a"" +ka

for a > 1, with equality holding if and only if G = K*.

Proof. Choose G € Gg(n, k) such that G has the maximum variable sum exdeg index for a > 1. By
Lemma 3.5 and 3.6, we have S E1,(G) < SEl,(H}) or SEI(G) < SEIl,(H}) fora > 1.

Next, we prove that r = 1. By contradiction, assume that r > 2. Without loss of generality, suppose
that there exists an edge e = uv ¢ E(G), u € V(K,),v € V(K,)), | <i,j<r, i# j, and u,v is not
the common vertex of K,, and K,,. By Lemma 2.2, we have SEI,(G + ¢) > SEI,(G) fora > 1, a
contradiction to the choice of G. Sor =1,1.e.,G = K,’j. m]

3.2. The smallest variable sum exdeg index of a graph with given number of cut edges for a > 1

First, we provide some transformations on graphs with cut edges which will decrease the variable
sum exdeg index for a > 1.

Figure 8. Transformation As;.

Transformation As: Let C,, = upuju, - - - u,—; and C, = vovyv, - - - v,_; be two cycles in G (as shown in
Figure 8) such that C,, connects C, by a path P; (with [ > 2 vertices) whose end vertices are ug, v;, and
the vertex, say u, (resp. v,), on the cycle C, (resp. C, ) in G either is of degree 2 or has subgraph G,
(resp. Hy) attached, 0 <t < p-1,0< s <qg-1. G' = G — {upuy, vivo, viva} + {ugva, u1vp}, as shown in
Figure 8.

Lemma 3.8. Let G and G’ be graphs in Figure 8. Then S EI1,(G) > SEI,(G’) for a > 1.

Proof. 1t is easy to see that dg (uy) = dg(uo), do/(ur) = dg(uy), dg:(vo) = dg(vo), dg:(v2) = dg(va),
do:(v) = dg(v) — 2, and dg(w) = dg(w) for w € V(G)\{uo, uy, vy, vi, v2}. Thus, fora > 1,

SEL(G) = SEL(G') = fu(dg(v1)) = fu(dg(v1) = 2) > 0.

The proof is completed. O
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— o oo e oo o' '‘e—e
X1 Xr—1 Xr Xn Xr Xn Xr-1 X1

G G
Figure 9. Transformation Aj.

Transformation A4: Let G be a graph as shown in Figure 9, where G| # K; and y € V(Gy). That is,
we use G to denote the graph obtained from G; by identifying y with the vertex x, of a path
XXy X1 Xp oo Xy, | <7 <m. LetG' =G — x,_1x, + X,X,_1, as shown in Figure 9.

Lemma 3.9. Let G and G’ be graphs in Figure 9. Then S E1,(G) > S EI,(G’) for a > 1.

Proof. By Lemma 2.1 and the definition of variable sum exdeg index, we have

SEL(G) = SEI(G') =fu(dg, () +2) = fuldg,(y) + 1) = (fa(2) — fu(1))
=fa(&) = fa(m) > 0,

where dg,(y) + 1 <& <dg, () +2,1 <np<2. O

@@ — @H

Figure 10. The graphs in Remark 3.10.

Remark 3.10. By repeating Transformation As, any tree T attached to a graph G can be changed into
a path as showed in Figure 10.

XItﬁt xr
As
Y1 Vs X1 Xr
e SR 4 B R,
Y1 Vs

G G
Figure 11. Transformation As.

Transformation As: Let G be a graph as shown in Figure 11, where x,y € V(G,) and dg, (x), dg,(y) >
2. That is, we use G to denote the graph obtained from identifying x with the vertex x, of a path
xoX; - - - x, and identifying y with the vertex y, of a path ygy, - - y,, where r, s > 1. G = G — xx; + y,Xi,
as shown in Figure 11.

Lemma 3.11. Let G and G’ be graphs in Figure 11. Then S EI,(G) > SEIL,(G’) fora > 1.

Proof. The proof is similar to Lemma 3.9, omitted. O

AIMS Mathematics Volume 6, Issue 1, 607-622.



615

Theorem 3.12. Let G € Gg(n, k), where 1 <k <n—3. Then
SEL(G) 2 2(n-2)a* +3a +a
for a > 1, with equality holding if and only if G = C*,

Proof. Choose connected graph G € Gg(n, k) such that it has the smallest variable sum exdeg index
fora > 1. Let E' = {e, ez, , ex} be the set of the cut edges of G € Gg(n, k). By Lemma 2.2, it can
be seen that each component of G — E” is either a cycle or an isolated vertex.

Next, we prove that G contains exactly one cycle of length n — k. By contradiction, assume that
G contains at least two cycles. Then by Lemma 3.8, we can obtain a graph G’ € Gg(n, k) such that
SEI(G") < SEI,(G) for a > 1, a contradiction to the choice of G. Furthermore, G has k cut edges,
so the length of the cycle contained in G is of n — k. By Lemmas 3.9, 3.11 and Remark 3.10, we have
G = Ck. O

4. Variable sum exdeg indices of graphs with given number of cut vertices for a > 1
Let Gy(n, k) be the set of graphs on n vertices with k cut vertices. If k = n — 2, then the only graph

in Gy(n,n — 2) is the path. Therefore, in this section, we always assume that G has k cut vertices with
1<k<n-3.

Figure 12. Transformation B;.
Transformation B;: Let G be a graph as shown in Figure 12, K, and K, be two cliques of G, where
p = 2,q > 3 and K, is an endblock. V(K,) and V(K,) have one cut vertex, say u, in common.
V(K,) = {ur,uz, -+ sup_y,ul, VIKy) = {vi,va, -+ ,ve_r,u}. Gi (1 <i < p—1)is the subgraph attached
tou;(1<i<p-1). LetG' =G —{uuy,unty, -+ ,uthy_1,Uvo, Uv3, -+ ,UVy_i} +{Uivy, u1va, -+ ,uvy_1} +
oo+ {Up Vi, Up_1 Vo, Up-1V4-1}, as shown in Figure 12.
Lemma 4.1. Let G and G’ be graphs in Figure 12. Then S E1,(G") > S EI,(G) for a > 1.

Proof. Note thatdg(u) = p+q—2,de(u) = 1,dc(vi) = g—1,ds(v1) = p+q—=2,dc(u;) = dg(u;)+q—2
i=12,---,p=1),de(vj)) =p+q—-3(j=2,3,---,q— 1), and the degrees of other vertices in G;
(1 <i < p—1) are unchanged. By the definition of variable sum exdeg index and Lemma 2.4, 2.5, for
a > 1, we have

SEI(G") - SEIL(G)

p-1 g-1
= ) fuldo(u) + g =2+ ) fuldo()) + p =D + fuld(v) + p = D) + fu(D)
i=1

=2

p-1 g-1
— fulde@) = > fulda@)) = > fuld(v))
i=1

J=1
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-1

- i=1
+fp—q-2)+ fu() = fulp—q—2)— fulg— 1)

>(p—DI(p+q-3)a"*"> —(p-Da"'1+a-(g- a?"’
+(@-lp+q-3)a’* > —(g-1Da’"1>0.

q-1
[fulda (@) + g =2) = fuldo@)] + ) [fulp +q=3) = fulg = D]
j=2

This completes the proof. O

Figure 13. Transformation B;.

Transformation B,: Let G be a graph as shown in Figure 13, K, be a clique of G, where p > 3.
V(Kp) = {I/t(), Uiy -, I/tp_l}. P = uywy - - Wy (l > 2) i1s a path attached to up. N(;(I/t()) = {I/tl, Upy -+, I/lp_l},
Ng(uy) = {uo, uz, -+ ,up_1,wi}. G; (2 <i < p—1)is the subgraph attached to u; (2 <i < p—1). Let
G’ = G — we_w; + uywy, as shown in Figure 13.

Lemma 4.2. Let G and G’ be graphs in Figure 13. Then S E1,(G") > SEI,(G) fora > 1.
Proof. By the definition of variable sum exdeg index and Lemma 2.4, for a > 1, we have
SEIL(G") = SEI(G) = fu(dc(uo) + 1) + fuldc(wi—1) — 1) = fu(dc(uo)) — faldc(Wi-1))

= pa’ — (p - Da"" +a - 2d*
>3a’ +a-2-24>>0.

The proof is completed. O

Figure 14. Transformation Bs.

Transformation B;: Let G be a graph as shown in Figure 14, K, and K, be two cliques of G, where
p.q = 3. V(K,) and V(K,) have one cut vertex, say u, in common. V(K,) = {uj,uz, -+ ,u,_1,u},
V(K,)) = {viva,-+,vg-r,uy. P = viwi---w, (t > 1) is a path attached to v, and
Ne(vi) = {u,va,+ -+ ,vg_1,wi1}. G; (1 <i < p — 1) is the subgraph attached tou; (1 <i < p—1) and H;
2 < j £ gq - 1) is the subgraph attached to v; 2 < j < g - 1) Let
G = G — {uuy,uny, - ,uly_1,uvi, uvy, -+ ,uvyr} + {wau} + {uvi,uva, -+ ,u1vgy} + -+ +
{up-1vi,up_1va, -+ ,up_1v4-1}, as shown in Figure 14.
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Lemma 4.3. Let G and G’ be graphs in Figure 14. Then S E1,(G") > SEIL,(G) fora > 1.

Proof. 1t can be seen that dg(u) = p +q — 2, doo(w) = 1, dg(w,) = 1, dg(w,) = 2, dg(v1) = q,
do(v1) = p+q-2,de/(u;) = de(u))+q-2(G=1,2,--- ,p—1),de(v;) =dc(vj))+p-2(j=2,--- ,q—1),
and the degrees of other vertices are unchanged. By the definition of variable sum exdeg index and
Lemma 2.4, 2.6, for a > 1, we have

SEIL(G') — SEL(G)

p-1 g-1
= ) Valdo (W) +q = 2) = fuldo)] + Y [fulda(v)) + p = 2) = fuldev))]
i=1

=2
+falp+q-2)— ful@) — fulp + g = 2) + fu(2)

>(p—-Dl(p+q- 3)alti3 — (p- Da?™ ' +24* - ga?
+(q=-Dlp+q-3)a" "> - (g-Da’"']> 0.

The proof is completed. O

Figure 15. Transformation B,.

Transformation B,: Let G be a graph as shown in Figure 15, K, and K, be two cliques of G, where

p,q = 3. K, connects K, by an internal path P = u---u" of length s > 1. V(K,)) = {uy,uz, -+ ,up_1, u},

VIK) = {vi,va,-or,vg,t'y. Py = viwie--w, (t > 1) is a path attached to v; and

Ne(vi) ={u',va, -+ ,vg1,wi}. G; (1 £i < p—1)is the subgraph attached tou; (1 <i < p—1) and H;
J

2 < < g — 1) is the subgraph attached to v; 2 < j < g¢qg — 1) Let
G = G = {uuy,uuy, - ,uty_, w'vi,u'vy, -, u've} + {waul + {uyvi,ugva, -+ ,upvg_y} + oo+ +
{up_1vi,up_1vo, -+ ,up_1v4-1}, as shown in Figure 15.

Lemma 4.4. Let G and G’ be graphs in Figure 15. Then S E1,(G") > SEI,(G) for a > 1.

Proof. We notice that dg(u) = p, dg(u) = 2, degw’) = q, de(') = 1, dg(w,) = 1, dg:(w;) = 2,
de(v1) = q,de (V1)) =p+q—2,deu;) =dgu))+q-20G=1,2,---,p—1),de(vj) =dg(vj)) + p—2
(j=12,---,q— 1), and the degrees of other vertices are unchanged. By the definition of variable sum
exdeg index and Lemma 2.4, 2.7, for a > 1, we have

SEL(G) - SEL(G)
p-1 q-1
= Z[fa(dc(ui) +q—2) — fuld(u))] + Z[fu(dc(vj) +p—=2)— fuldg(v)))]
i=1 j=2

+ (P +q—2) = fu(@ +21u(2) = fu(p) — fu(q)
2(p-DI(p+q=3)a" " = (p=Da" "1+ (p+q—2)a"""" + 4a°
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+(g—2l(p+q-3)a""> —(g—Da’"] - pa’ - 2qa’ > 0.

This finishes the proof. O

Lemma 4.5. Choose G € Gy(n, k) such that S E1,(G) is as large as possible for a > 1. Then each cut
vertex of G connects exactly two blocks and each of the blocks contained in G is a clique.

Proof. We shall prove by contradiction. Let u be a cut vertex in G. Assume that u connects at least
three connected components, say G, G, - ,G, (r > 3), of G. Let G’ = G + xy, where x € V(G;)\{u}
and y € V(G3)\{u}. Clearly, G’ € Gy(n, k) and by Lemma 2.2, we have S E1,(G") > SEI,(G) fora > 1,
a contradiction. Thus, we get that each cut vertex connects exactly two blocks. Moreover, by Lemma
2.2, we can conclude that each block is a clique. O

In order to determine the maximum variable sum exdeg index of Gy(n, k), we choose connected
graph G € Gy(n, k) such that S E1,(G) is as large as possible for a > 1. By Lemma 4.5, each cut vertex
of G connects exactly two cliques. We define two cliques K,,, K, (p,q > 3) of G are adjacent, if K,
connects K, by a path P such that P does not intersect some other clique with at least 3 vertices. By
Lemma 4.5, the following Lemma 4.6 is obtained.

Lemma 4.6. Choose G € Gy(n, k) such that S EI1,(G) is as large as possible for a > 1. If two cliques
K,, K, with p,q > 3 in G are adjacent, then the path connecting K, and K, is either of length 0 or an
internal path.

Lemma 4.7. Choose G € Gy(n, k) such that S E1,(G) is as large as possible for a > 1. If K, is an
endblock of G, then g = 2.

Proof. We prove this lemma by contradiction. Suppose that g > 3, let K, (p > 2) be a clique such that
V(K,), V(K,) have one cut vertex, say u, in common. By Lemma 4.5, u is not a cut vertex of some
other clique. From Lemma 4.1, G can be changed to G’ by transformation B; with a larger variable
sum exdeg index for a > 1, which contradicts the choice of G. Hence, g = 2. m|

Choose G € Gy(n, k) such that S E1,(G) is as large as possible fora > 1. By Lemma 4.5, we assume
that K,,,, K,,,, - - - , K,,, are all cliques of G.

Lemma 4.8. Choose G € Gy(n,k) such that SEI,(G) is as large as possible for a > 1. Let
K,.,K,,, -+ ,K,, are all of the cliques contained in G. Then there is only one clique K, with n; > 3.

Proof. To the contrary, suppose that there are two cliques K,,, K, (p # g and p,q € {ni,ns,--- , n,})
such that K, is adjacent to K,, where p,q > 3. By Lemma 4.7, it can be seen that K, and K, are not
endblocks. Furthermore, by Lemma 4.5, we can choose two such blocks such that at least one of them
have a pendant path attached to one of its vertices. Without loss of generality, we assume that K, is one
of such cliques and v, is attached by one pendant path, say P,.; = viw;---w, ( > 1). By Lemma 4.6,
we can see that K, and K, have exactly one cut vertex in common or K, connects K, by an internal
path P of length s > 1. Next, We discuss in two cases.

Case 1. K, and K, have exactly one cut vertex, say u, in common.

By Lemma 4.3, G can be changed to G’ by transformation B; with a larger variable sum exdeg index
for a > 1, which is a contradiction to the choice of G.

Case 2. The internal path P = u---u’ is of length s > 1.
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By Lemma 4.4, G can be changed to G’ by transformation B, with a larger variable sum exdeg index
for a > 1, which contradicts the assumption of G.
The proof is completed. O

Lemma 4.9. Choose G € Gy(n, k) such that S E1,(G) is as large as possible for a > 1. Let K, be the
only clique with p > 3. Then p = n — k.

Proof. In view of Lemma 4.5 and 4.8, it can be concluded that in G, there are k + 1 cliques and k of
them are isomorphic to K,. Since G has k cut vertices, and each cut vertex belongs to two cliques, then
2k+ p—k=n. Thus, p=n-k. |

Denote G, = {G|G € Gy(n, k) is obtained by attaching at most one pendant path to each vertex of
K, ). Then it is not difficult to see that {G) , G2 ,} C Gy

Lemma 4.10. Let H € G,,. Then for a > 1, the maximum value of S EI,(H) is obtained at the graph
in Grll’k or Gi’k.

Proof. Choose H € G, such that S EI,(H) is as large as possible fora > 1. If H = G111,k or Gik, the
lemma holds. Otherwise, H € Gn,k\{G,ika Gik}. Let P, which is attached to uy, be the shortest path of all
the pendant paths in H and P’, which is attached to u;, be the longest one in H. Since H ¢ {G}l’k, Gz’k},
then we have |E(P)| = 0 (H has no pendant path attached to uy) and |E(P’)| > 2. By Lemma 4.2, H
can be changed to H’ by transformation B, with a larger variable sum exdeg index for a > 1, which

contradicts the assumption of H. O

Theorem 4.11. Let G € Gy(n, k), where 1 <k <n—3. Then

@O ifl <k<% SEI(G) < (n-2k)n—k- Da" %' + k(n — k)a"* + ka for a > 1, with equality
holding if and only if G = G}l’k;

@) if5 <k<n-3 SELG) < (n- k)*(n -k — D)a"*"' + 22k — n)a®> + a(n — k) for a > 1, with

equality holding if and only if G = G,

Proof. By Lemma 4.8 and 4.9, we have G € G, ;. By Lemma 4.10, for a > 1, we have SEI,(G) <
SEIa(G}l’k) when 1 <k < 7 and SEL(G) < SEIa(Gik) when 5 <k <n-3.
The proof is finished. O

5. Variable sum exdeg indices of graphs with given vertex connectivity or edge connectivity for
a>1

Lemma 5.1. Let G be a graph of order n with vertex connectivity k < n — 1. Then there exist positive
integers ny and ny such that ny + n, = n — k and for a > 1,

SEI(G) <SEL(K,V (K, UK,)).
Proof. Assume that X is a vertex cut of G with « vertices such that G — X has [/ components, say
G1,Gy, -+ ,Gy, where | > 2. Let ny = |[V(Gy)| and n, = |[V(G, U --- U Gy)|. Then G is a spanning
subgraph of K, V (K,, U K,,,). By Lemma 2.2, the lemma holds immediately. m|
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Lemma 5.2. Let G be a n-vertex graph with edge connectivity A < n — 1. Then there exist positive
integers ny and n, such that ny + n, = n —k, k < A and fora > 1,

SEL(G) < SEI(K, V (K,, UK,)).

Proof. Let « be the vertex connectivity of G. Then k < A < n — 1. From Lemma 5.1, the conclusion

holds clearly. O

Lemma 5.3. Let G = K,V (K,,, UK,,,) and G’ = K;V (K,;,-1 UK}, +1), where2 < ny < np, ny+n, =n—s.
Then for a > 1,

SEI(G") > SEL(G).
Proof. In view of the definition of variable sum exdeg index, for a > 1, we have

SEL(G') - SEL(G)
=(n1 = Dfa(ny + s =2) + (np + Dfa(nz + 5) = ni fo(ng + s = 1) —na fu(ny + s = 1)
=my(fa(na + 5) = fu(na + s = 1)) =i (fu(my + s = 1) = fu(ny + 5 = 2))

+ fo(na + 5) — fu(ny + s =2)
>y [, (&) — nif,(m) = mi(f,(§) = f,(1),

where ny+s—1 < & <my+s,n+s—2 <n<n;+s—1. By Lemma 2.1, we have S EI,(G')-SEIL,(G) > 0
fora > 1,i.e.,, SEI,(G") > SEI,(G) fora > 1. O

Theorem 5.4. Let G be a graph of order n with vertex connectivity k (k < n — 1). Then
SEIL(G) < k(n—1)d"" +(n—«k—-1)(n-2)a"* + ka"
for a > 1, with equality if and only if G = K,V (K; U K,,__1).

Proof. Choose G such that G has the maximum variable sum exdeg index (for a > 1) among all graphs
of order n with vertex connectivity k. By Lemma 2.2 and 5.1, there exist positive integers n; and n,
such thatn;+n, = n—«xand G = K, V(K,, UK,,). Moreover, by Lemma 5.3, G = K, V(K,UK,_,_;). O

Theorem 5.5. Let G be a n-vertex graph with edge connectivity A (1 <n —1). Then
SEL(G) < An—-1Da"'+(n—21-Dm-2)d"? + Aa*

for a > 1, with equality if and only if G = K, V (K; U K,,_,_1).

Proof. Choose G such that G has the maximum variable sum exdeg index (for a > 1) among all n-
vertex graphs with edge connectivity 4. By Lemma 2.1 and 5.2, there exist positive integers « < A such
that ny + n, = n—-«xand G = K, v (K,, U K,,,). By Lemma 5.3, we have G = K, V (K| U K,_,_).
Furthermore, K, V (K; U K,_,_1) is a spanning subgraph of K, V (K; U K,,_,_;) for k < A, by Lemma
2.2, the result holds obviously. O
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6. Conclusions

In [7], Vukicevi¢ think that mathematical properties of the variable sum exdeg index deserves further
study since it can be used for the detection of chemical compounds that may have desirable properties.
Inspired by [17-24], we continue to study the mathematical properties of the variable sum exdeg index
and the connectivity of a graph. In this work, we present the extremal value of the variable sum exdeg
indices (for a > 1) in terms of the number of cut edges, or the number of cut vertices, or the vertex
connectivity, or the edge connectivity of a graph. Furthermore, the corresponding extremal graphs are
characterized.
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