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Abstract: In this paper, we carry out stochastic comparisons on extreme order statistics (i.e.
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proportional hazard rates (MPHR) and modified proportional reversed hazard rates (MPRHR) models.
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1. Introduction

In reliability theory, to model the lifetime data with different hazard shapes, it is desirable to
introduce flexible families of distributions, and to this end, there are two methods have been commonly
used to characterise lifetime distribution with considerable flexibility. One method is to adopt the well-
known families of distributions, for example, Gamma, Weibull and Log-normal, which have been
studied quite extensively in the literature, for more discussions on this topic, we refer readers to [1-3].
Marshall and Olkin [4] developed a new method to introduce one parameter to a base distribution
results in a new family of distribution with more flexibility. For example, for a baseline distribution
function F with support R* = (0, o) and corresponding survival function F, the new distribution
functions can be defined as

F
G(x;a/):_(—x_), x,xeR", a=1-a, (1.1)
1-aF(x)
F
Hixa) = W xaeR', a=1-a (1.2)

1 -aF(x)’
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Marshall and Olkin [4] originally proposed the family of distributions in (1.1) and studied it for the
case when F' is a Weibull distribution. When F has probability density and hazard rate functions as f
and hp, respectively, then the hazard rate function of G is given by

hr(x; @) = hr(x), x,aeR*, a=1-aq,

1 —aF(x)
Therefore, one can observe that if 4p(x) is decreasing (increasing) in x, then for 0 < @ < I(a > 1),
hr(x; @) is also decreasing in x. Moreover, one can observe that hg(x) < hp(x; @) for 0 < @ < 1, and
hr(x; @) < hp(x) for @ > 1. For this reason, the parameter « in (1.1) is referred to as a tilt parameter
(see [5]). Note that (1.1) is equivalent to (1.2) if @ in (1.1) is changed to 1/a@. The proportional hazard
rates (PHR) and the proportional reversed hazard rates (PRHR) models have important applications in
reliability and survival analysis. The random variables X, - - - , X, are said to follow: (i) PHR model if
X; has the survival function F’ ¥, (X) = FY%(x),i=1,---,n, where F is the baseline survival function and
(A1,- -, 4,) is the frailty vector; (i) PRHR model if X; has the distribution function Fy,(x) = Ff(x),
i =1,---,n, where F is the baseline distribution and (8, --- ,/3,) is the resilience vector. It is well-
known that the Exponential, Weibull, Lomax and Pareto distributions are special cases of the PHR
model, and Fréchet distribution is a special case of the PRHR model. Balakrishnan et al. [6] introduced
two new statistical models by adding a parameter to PHR and PRHR models, which are regarded as
the baseline distributions in G(x; @) and H(x; @), respectively. The two new models are referred to
as the modified proportional hazard rates (MPHR) and modified proportional reversed hazard rates
(MPRHR) models, respectively. These are given by

1 - (F(x)! P
G(x;a/,/l):m, x,a€R", a=1-aqa, (1.3)
H(x;a,B) = % xv,aeRY, a=1-a, (1.4)

where A and g are the proportional hazard rate and proportional reversed hazard rate parameters,
respectively. We denote X ~ MPHR(a, A; F) and X ~ MPRHR(«,f; F) if X has the distribution
functions G(x; @, 1) and H(x; a, B), respectively. For the case 1 = 8 = 1, (1.3) and (1.4) simply reduce
to (1.1) and (1.2), respectively. For the case @« = 1, (1.3) and (1.4) simply reduce to the PHR and
PRHR models, respectively. According to the Theorem 2.1 of Navarro et al. [14], (1.3) and (1.4) can
be rewritten the distorted distribution of /; and h;,, respectively, where

1 — () a(l — u)

h(u;a, A) = T aut hy(u; a,B) = T—al-up’

u=Fx), xaecR", a=1-a, (1.5
if A =8 =1, (1.5) just as the distorted distributions of (1.1) and (1.2), respectively. For some special
models, please refer to multiple-outlier models ( [7], [8]), extended exponential and extend Weibull
distribution ( [4], [9]), extended Pareto distribution ( [10]) and extended Lomax distribution ( [11]).
Order statistics play an important role in reliability theory, auction theory, operations research,
and many applied probability areas. X;., denotes the kth smallest of random variables Xi,..., X,
k = 1,...,n. In reliability theory, X;., characterizes the lifetime of a (n — k + 1)-out-of-n system,
which works if at least n — k + 1 of all the n components function normally. Specifically, X;.,
and X, denote the lifetimes of series and parallel systems, respectively. In auction theory, Xi.,
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and X,,., represent the final price of the first-price procurement auction and the first-price sealed-bid
auction (see [12]), respectively. In the past decades, researchers devoted themselves to stochastic
comparisons of order statistics from heterogeneous independent or dependent samples. For example.
Belzunce et al. [13] established some results and applications concerning the likelihood ratio order of
random vectors of order statistics in the case of independent but not necessarily identically distributed
observations and for the case of possible dependent observations. Navarro et al. [14] obtained
ordering properties for coherent systems with possibly dependent identically distributed components.
Balakrishnan and Zhao [15] studied the stochastic comparison of order statistics from independent and
heterogeneous proportional hazard rates models, gamma variables, geometric variables, and negative
binomial variables in the stochastic orders and majorization orders. For more discussions related to
order statistics, one may refer to [16-20]. Besides, many authors have studied stochastic comparisons
of order statistics from heterogeneous samples following some families of lifetime distributions.
For example, Fang et al. [21] conducted stochastic comparisons on sample extremes of dependent
and heterogeneous observations from PHR and PRHR models. Balakrishnan et al. [6] introduced
MPHR and MPRHR model, and established some stochastic comparisons between the corresponding
order statistics with independent samples. Li and Li [22] developed sufficient conditions for the
(reversed) hazard rate order on maximums (minimums) of samples following PRHR (PHR) model
under Archimedean copula. Das and Kayal [23] introduced a scale parameter into the MPHR and
MPRHR models lead to new models, which are called as modified proportional hazard rate scale
(MPHRS) and modified proportional reversed hazard rate scale (MPRHRS) models, respectively, and
obtained some stochastic comparison results on independent samples in term of the usual stochastic,
(reversed) hazard rate orders. Barmalzan et al. [24] discussed the hazard rate order and reversed
hazard rate order of series and parallel systems with dependent components following either MPHR
or MPRHR models under Archimedean copula. Motivated by the work of Balakrishnan et al. [6],
this paper devotes to studying stochastic comparisons of sample extremes arising from heterogeneous
and dependent MPHR and MPRHR models, and we derive the usual stochastic, (reversed) hazard rate
orders of extremes with the heterogeneity considered in the model parameters.

The remaining part of the paper is organized as follows: Section 2 recalls some basic concepts
and notations that will be used in the sequel. Section 3 deals with stochastic comparisons between
minimums of MPRHR (MPHR) sample with Archimedean (survival) copula, respectively. Section 4
presents the corresponding results on maximums of the sample. Section 5 summarizes our research
findings and future directions.

2. Preliminaries

In this section, let us first review some basic concepts that will be used in the sequel. Let X and
Y be two random variables with distribution functions F(x) and G(x), survival functions F(x) = 1 —
F(x) and G(x) = 1 — G(x), probability density functions f(x) and g(x), the hazard rate functions
hx(x) = f(x)/F(x) and hy(x) = g(x)/G(x), and reversed hazard rate functions ry(x) = f(x)/F(x) and
ry(x) = g(x)/G(x), respectively.

Definition 1. X is said to be smaller than Y in the sense of
(i) the usual stochastic order (denoted by X <, Y) if F(x) < G(x) for all x € R*;

(ii) the hazard rate order (denoted by X <, Y) if hx(x) > hy(x) for all x € R* or equivalently, if
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G(x)/F(x) is increasing in x € R*;
(iii) the reversed hazard rate order (denoted by X <,, Y) if rx(x) < ry(x) for all x € R* or
equivalently, if G(x)/F(x) is increasing in x € R™.

It is well known that the hazard rate and reversed hazard rate orders imply the usual stochastic
order, but the converse is not true. For a comprehensive discussion on various stochastic orders and
their applications, one may refer to Shaked and Shanthikumar [25] and Li and Li [26].

Next, we introduce the notion of the weak majorization order. For two real vectors x = (xy, ..., X;,)
andy = (yi,....,yn) € R, xy £ X0 £ -+ < Xy and yy < ypoy < -+ < Y denote the increasing
arrangement of the components of x and y, respectively. Denote 7, = {1,...,n}.

Definition 2. The vector x is said to be weakly supermajorized by the vector y (write as x < y)if
XX = XL ya.forall je T,

Now, let us review the concept of Archimedean Copulas.

Definition 3. For a decreasing and continuous function ¢ : [0, +o0] +— [0, 1] such that y(0) = 1 and
Y(+00) = 0, let ¢ = " be the pseudo-inverse. Then

Cy(ur, ..oyun) = Y(p(uy) + ... + ¢(uy)), u; €[0,1], ierf,,

is said to be an Archimedean copula with generator  if (—=1)¢*(x) > 0 fork = 0,...,n -2 and
(=1)""2y"2(x) is decreasing and convex.

For detailed discussions on copulas and its applications, one may refer to Nelsen [27].
The following lemmas are useful to establish the main results.

Lemma 1. ( [28]) Let / C R be an open interval, a continuously differentiable 4 : I" — R is Schur-
convex(Schur-concave) if and only if / is symmetric on /" and for all i # j

B (6h(x) B Oh(x)
(xi XJ) 0x,~ ij

) > (X)0.

Lemma 2. ( [29]) For a real function 4 on A C R", x g y implies h(x) < h(y) if and only if & is
decreasing and Schur-convex on A.

h(x) is Schur-concave on A if and only if —/A(x) is Schur-convex. For more details on majorization
and Schur-convexity (concavity), please refer to [29].

Lemma 3. For two n-dimensional Archimedean copulas C,, and Cy,, if ¢, o Y, is super-additive, then
Cy,(u) < Cy,(u) for allu € [0, 1]".

Throughout this paper, all concerned random variables are assumed to be absolutely continuous and

nonnegative, and the terms increasing and decreasing stand for non-decreasing and non-increasing,

sgn

respectively. Denote e; = (0,...,0,1,0,...,0) fori € 7,, and “ 2" > means equality of sign.

i n—i
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3. Minimum of sample

In this section, we carry out stochastic comparison of smallest order statistics from dependent and
heterogeneous MPHR and MPRHR samples, and the heterogeneity has been considered in the model
parameters.

3.1. On samples of MPHR

In this subsection, we deal with the case of MPHR samples in the sense of the usual stochastic and
hazard rate orders. Let X = (Xi,...,X,) be the random vector, we denote X ~ MPHR(«; A; F; ) the
sample follows MPHR model, where F is the baseline survival function, i is generator of the associated
Archimedean survival copula, and @ = («4,...,a,) and 4 = (4,,...,4,) are the tilt parameter vector
and modified proportional hazard rate vector, respectively.

Next, we establish sufficient conditions for the usual stochastic order, whenever the modified
proportional hazard rate parameters may be different with the tilt parameters being equal.

Theorem 1. For X ~ MPHR(a; A; F;y) and Y ~ MPHR(a; p; F; ), where 0 < a < 1. If Yy or Y,

w
is log-concave, and ¢, o Y, is super-additive, then A < u implies
Xl:n Sst Yl:n-

Proof. The survival function of X;., can be expressed as

_ 1 F A ~
FXI:n('x) = Wl [Z}: ¢1 (%)J = Jl(al’ /17 ’7019 F(X)), x>0.

Assume that ¢ is log-concave. In order to obtain the required result, according to Lemma 2, it is
sufficient to show that J;(a, A, 1, F(x)) is decreasing in A; and Schur-convex in A for given x > 0 and
0 < a < 1. Taking the partial derivative of J;(a, A, ¢, F(x)) with respect to A;, i € T, we have

0@ Ay FO) [Z ¢1( a(F()" )) In PO
dA; 1 L= @(FCY] )y (g1 (72L0200)) (1 = a(F()h)

1-a(F(x))t

<0.

That is, J; (@, A, 1, F(x)) is decreasing in A;. Furthermore, for i # j, we have

AJi(a, Ly, F(x))  8Ji(a, 4y, F(x))
e ( 94 - 04, )
F(x))h _
=y [Z 1 (1 ix(_((F;))‘ )) In F(x)(A; — Aj)(hl(/ll.) _ hl(/lj)),

where
a(F())!
T—a(F(x0))

v (o1 (FEL)) (1 - a(F(x))Y).

h (D) =
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Since the log-concavity of i, implies the increasing property of /¢, and consider that
¢ (a(F(x))*/(1 — a(F(x))")) is increasing in A, then we have

a(F(x)* a(F(x)*
Parey (o (E5ESy) <0
, aFept \\ s aFE)* \) T
vi(o () i (o ()
On the other hand, 1/(1 — @(F(x))") is nonnegative and decreasing in A. Consequently, A;(1) is
increasing in A, which in turn implies that

6-]1(0/,/1’{/’1,}7'()(:)) _ aJl(Ol,/Llﬁl,F(x)) >0
o a, =5

(A — ﬂj)(

Thus, Schur-convexity of J,(a, A, ¢, F(x)) follows from Lemma 1. Due to Lemma 2, A 2 p implies
Ji(a, L, ¢y, F(x)) < Ji(a,p, 1, F(x)), and note that ¢, o i is super-additive, by Lemma 3, we have
Ji(a, p, 1, F(x)) < Ji(a, p, ¥, F(x)). Hence, it holds that

Jl(aa /la l/llv F(-x)) < J](O(,IJ, l/lla F(x)) < J] (Q{,IJ, l/’Za F(x))
As a consequence, we conclude that X;., <;; Y.,. For the case of ¢, is log-concave, the proof can be

obtained in a similar way. Then we complete the proof. O

Remark 1. When a = 1, MPHR model reduces to PHR model, which just the result established in
Theorem 4.1 (ii) of [21].
The next example illustrates the result of Theorem 1.

Example 1. Consider the case of n = 3. Let F(x) = e @' q >0 0 < b <1, and generators
Ui(x) = e%, 0<6, <1, ys(x)=(Grx+1)"1%2 6, >0. Seta =04,a=12,b=05,0, =0.1,6, = 1.2,
A=1(04,0.5,0.6) g (0.3,0.4,0.5) = pu. One can check chat y(x) is log-concave. It can be seen that
[y 0y (x)]” = ex(eﬁ_%)_gz (0 +€%6,)0,7 > 0, that is, ¢ o1 (x) is convex function in x, which implies
that ¢, oy is super-additive. To plot the whole of survival curves of X,.3 and Y5 on [0, 00), we perform
the transformation (x + 1)™! : [0, 00) + [0, 1]. Then it is obvious that X,3 <y Y13 is equivalent to
(Yis+ 17" <y (Xi3+ 1)L As is seen in Figure 1, the distribution curve of (X5 + 1)™! is always
beneath that of (Y3 + 1)7!, that is, X,.3 <y Y1.3, which coincides with the result of Theorem 1.

1.0
Fixy.g6171 ™)
0.8F
G(Y1:3+1)'1 (x)
06F
04r
0.2f
0.0+
0.0 0.2 0.4 0.6 0.8 1.0

X

Figure 1. Plots of distribution functions Fx, ,.1)-1(x) and Gy, ;1)1 (x).
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The following counterexample shows that the condition ¢/ (x) or ¥,(x) is log-concave given in the
above Theorem 1 can’t be dropped.

Counterexample 1. Under the setup of Example 1, let generators y,(x) = (61x + 1)™V9 y(x) =
(Ox + 1)1 6, > 0,i = 1,2. Note that [logy;(x)]” = 6;(1 + 6;x)™2 > 0 for x > 0, thus, y;(x) is
log-convex. Take 6, = 10,6, = 1.2. As is seen in Figure 2, the survival function Fy,,(x) is not always
beneath that OfGym(X), that is, neither X5 <y Y13 nor X1.3 >4 Y.

040F 1

F \
0.35} \
0.30F \
0.25F \

0.20f N

S~
~
~~
~-
-~
-
s
~—

005}\ . . . 1 . . . 1 . . . 1 . . . 1 . . . 1
0 2 4 6 8 10

Figure 2. Plots of the survival functions Fy,,(x) and Gy, ,(x).

The following theorem presents the usual stochastic order on sample minimum, here, we assume
that the two samples have common modified proportional hazard rates parameters.

Theorem 2. For X ~ MPHR(«; A; F;y) and Y ~ MPHR(B; A; F;4). If ¢, o Y, is super-additive,
then a < B implies
Xl:n 2st Y]:n-

Proof. The survival function of X., can be written as

_ - (F(x)* _
Fx,,(x) = ¢, (Zl o (%)) = L, 4,1, F(x), x2=0.

To obtain the required result, it suffices to show that the J,(a, 4, ¥, F(x))is increasing in ; and Schur-
concave in @, i € 7,. Differentiating J,(, A, ¢, F(x)) with respect to a;, we obtain

dJr(@, 4, ¢, F(x) _ Y [Z ¢1( ai(F(x))" )] (Fe)'(1 = (F(x0))Y
oo & e ) v (o (2 0 - s

i=1

That is, Jr(a@, 4, ¥y, F(x))is increasing in «;. Furthermore, for i # j, we have

(6J2(a', Ly, F(x)  00(e, Ay, F(x)))
(a; — ;) -

/ 8@1' (9a/j
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AE) L PP S
Y [Zl ( & (F(x W)](F(x)) (1= Feora s = i)

where (F(x))
PPNy Ry
hy(a) = (1 — a(F(x))") ¥ (¢1 (1 _ &(F(x))/l)) )

By the decreasing and convexity of ¢, it holds that

Ohy(a)
o

— - F /l
= 2(F(0))'(1 = a(F (x| (¢1 (%))

% A(F))
Vi (¢1 (1—@<F<x>)ﬂ )) <0
aF)t \) T
Vi (¢‘ ( 1=a(F(x))! ))
Hence, hy(@) is negative and decreasing in «, or equivalently, 1/h,(a@) is negative and increasing in .
Then, for i # j,

+(F(0))' (1 = (F(x))"Y)

Olr(a, 1,1, F(x))  0Jr(a, A, ¢, F(x))
(a,- - aj) - <0.
(9al~ aaj
It follows from Lemma 1 that Jy(a, Ay, F(x)) is Schur-concave, which is equivalent to
—Jo(@, A, ¢, F(x)) is Schur-convex. According to Lemma 2, @ 2 B implies —Jr(a, A,y F(x)) <
—J>(B, 4,1, F(x)), and note that ¢, oy, is super-additive, it holds by Lemma 3 that J,(8, A, ¥, F(x)) >
J2(B, 4,42, F(x)). Hence,

JZ(aa /1’ l/’] ) F(X)) > JZ(ﬁ7 /la 1//1 s F(x)) > Jl(ﬁ’ /17 wZa F(x))
That is, X;., >4 Yi.,. The desired result then follows. O

The following example demonstrates the theoretical result of Theorem 2.
Example 2. Let F(x) = e‘(“x)b,a > 0,0 < b < 1, and generators y(x) = (Ox + 1)71%, 6 > 0,
Ur(x) = e Taken =3,1=04,a =05,b=0.8,0 =0.7 and @ = (0.3,0.5,0.7) < (0.2,0.4,0.5) = B.
It is easy to check that the conditions of Theorem 2 are all satisfied. The distribution functions of
(X153 + D7V and (Y13 + 1)! are displayed in Figure 3, which confirms X3 > Y13.

1.0}
0.8}
0.6}
04}

0.2}

0.0t
0.0 0.2 0.4 0.6 0.8 1.0

X

Figure 3. Plots of distribution functions Fx, ,.1)-1(x) and Gy, ;1)1 (x).
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The next theorem gives sufficient conditions guaranteeing the hazard rate order between two
modified proportional hazard rates models with the same modified proportional hazard rates parameters
and the heterogeneous tilt parameters.

Theorem 3. For X ~ MPHR(a; A; F; ) and Y ~ MPHR(B; A; F;y) with log-concave s, and —y' |\
is log-convex. If a < B, then
Xl:n Zhr Yl:n-

Proof. For convenience, let us give the following facts for any x > 0.

ol: ¥(x) >0and ¢¥'(x) <O0.

02: The log-concave y implies the decreasing v/’ /s and hence ¢’ (x)y(x) < [/ (x)]*.

03: The log-convex —y’ /i implies that {1/ (x)y(x) — [’ (x)]*}/¥(x)y’ (x) > O increases in x > 0.
Denote h(x) the hazard rate function corresponding to the baseline survival function F(x). The

survival function of Xj., can be written as

. a;(F(x))!

P = (Z (et <F<x>)ﬂ)] =
and the hazard rate function of X, is
V(EL () v (y)
v (2o (25tn)) = 1 @EO (o (245057)

Likewise, Y., gets the hazard rate function Ay, (x) = Li(x, 8, A,¢) for x > 0. Further denote

hxlz,, (x) =

=Li(x,a,4,y).

n m(F(_x»*A
l(a(s t),X) = Z %Bl(a’iei,x), Bl(a', X) — l///( i=1 ¢(1 atllé;ii);;i )) i
iz G Y (Z, 1 ¢(1 (P ))
Y P(x) - (Y (x0)? B C ai(F(x))!
MO= e 0 G@0=h [Z‘ ¢(1 = &) ))Bl(a’ o
Then, for any s, € 1, with s # ¢ and all 4;€[0, 1] (i € 7,), we have
oL (x,a,A,y)

oa,

(FO' (1= (FQ)Y SRLE) o [_aF)!
(1= &Py (¢ () Zl =aFoy e [Zl ’ (1 - c‘r,-(F(x))‘))
Bi(ase,, x)  Ah(x)(F(x))*
 Bi(@.n) (1-a(F()Y
Bi(ae,. ) Ah(x) (FOD'(1 = (FG)Y ( ( a,(F(x)' ))
Bi@x) (1-a,(Foyhw (p(;2fer ) (- aF@)r - a(Fw)!
(FOD'(1 = (FE)YHA (@0, 2) (FE'(L=(F0)Y)  h()Bi(@e,, )

(1= a(FapY2y (¢ (755005)) (1 - ay(Foy Py (¢(2hen)) 1= au(F @)

AIMS Mathematics Volume 6, Issue 1, 584-606.



593

(F)'( = (Fa)h LLE x)] ; (Z ¢( a(F(x))' ))
(= a Py (o (2L ) T=aFooy 1 - a(F(x)!
_Bi@enx) MWOEE)  Bi@en0Cileenx) () (F@)'( - (Fa)h

Bila.x) (1-&(FOD)?  By(a, o (¢ (L)) 1= & (F)Y (1= a(FOy)?

1-a,(F(x))*!

By 03, it holds that C;(a, x) > C;(a,e,, x), and in combination o1 with 02, we have

(')Ll ()C, a, /l, l//)
oa,
_ [ (F(x))M(1 - (F(x))’l)Al(a/(_sJ), X) N (F(x))Y1 - (F(x))l)_ Ah(x)B;(a;e;, x)]
(1 - @ (FY (¢ (;2592)) (1 - @(Fyh2y (¢ (;28e2)) 1 - aF(x)!

J i ( ai(F(x))! ) _ Bi(ase,, x)  Ah(x)(F(x))!
"&? 1 = @(F(x))* Bi(a,x) (1-a,(F(x)"?

. P - F@)Y iy  Bilae.n(Cila.n) - Cilae.v)
(1 = & (P2 (¢ (2202 )) 1 = ay(F () Bi(a, x) -

Therefore, L;(x, @, 4,y) is decreasing in «; for any i € 7,. Furthermore, for s,7 € 7, with s # 1, we
obtain

8L1 (x, a, /1’ w) al‘] (-x’ a, /17 w)
(a5 — @) 5
CYY 6&1‘

() ), - _
= (as—a)y [Z ¢ ( 1 ST ( ((;fz) 5 )] (F)Y (1 = (F)YA (s X)
. 1 B 1 ]

(1= @ (P2 (¢ (120220)) (1= a(Fy)2w (¢ (242 )

G(FY ) (1 = (F)DARX) B (ases, x)Bi (e, x)

Hanma) (_ ) _) [Z ¢ (1 — a(F(0)! )) (1 - &, (F))(1 - a(F(x))
+( _ ) ( Bl (atet’ X) _ Bl (ases’ X) )

G TR @0 \T-aF@)? (1 - a,F@))y?

A hGOF)Y(L = (FY)

+(a's - a't)
Bl (a, X)
Bi(a.e,, )(Ci(@, ) — Ci(se5, %)) Bi(ase,, x)(Ci(@, x) - Ci(ae, x))]
(1= a(Fyy (¢ (2E5)) (1 - aFeYy (¢ (14525))
= —(ay - a)Ci(@, )(F)'(1 = (F))HA (@, )

Ah(x)(F(x))!

I ) I ]

[(1 — @ (FOYw (o (£552s) (1= aFe)Yy (¢ (245650))
( Lo ) (1 = (FG)HARX)Bi (@8, 1) Bi (a1, X)

(s —a) | — - — | Cr(e, x) o -

(1 - &, (F)H(1 - a(F(0))

a;  a;
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_ _ = pl Bl (atet’ x) _ Bl (ases" X)

(@4 = @) () ((1 — G (Fa)Y  (1- @S(F<x>)d>2)

(@, — e E@)1 — (F)YY)

[Bmozses, 0)(Ci@, x) - Ci(e, %) Bilse,, 0)(Ci(e, x) - Ci(ae., x))]

(1 - &y (FQ)Yw (o (12522)) (1 - alFapyy (o (28er)) |

As 1/hy(@) is increasing in a, it holds that

— (@, = @)Ci (@, X)(F()'(1 = (F())HA1 (@5, X)

1 1 ] (3.1)
’ VNV - _ F( A 2 0.
[(1 — @, (F)YY (¢ ((25625)) (- a(Foy 2y (¢ (245e)
Likewise, for a; > a,, we have
—(ay — @) (i - i) Ci(a,x)
a

N t

(1 = (F(x)))Ah(x)B; (ases, x)Bi (ae;, x) -
(1 = a,(F(x))H(1 = a,(F(x)Y B

(3.2)

Consider that 1/(1 — @;(F(x))")? > 0 is decreasing in a;, 02 implies that B, (a;e;, x) is increasing in a;,
and B (a,e;, x) < Bi(a,e,, x) < 0 for a, > a,. Then

Bl(atet, )C) Bl(a/ses’ )C) ) >0 (3 3)

—(a; — @) Ah(x)(F(x))* _ - _

(@ = @A) ((1 “a(FG) (=P

Note that 1/(1 — @;(F(x))*) > 0 is decreasing in a; and 1/h,(«;) is increasing in ;. It is clear that
1

(1= ay(F)y (¢ (%))

is increasing in «; for @y > a;. By 03, for @y > «,, we have Ci(a, x) — Ci(ase;, x) > Ci(a, x) —

Ci(a,ey, x) > 0. It holds that

— (= a)ACO(F () (1 = (F(0))")
[Bl(ases, X)(Cl(a', x) = Ci(ayes, x)) Bi(a.e, x)(Cl(oz, x) — Ci(ae,, X))] o (3.4)

(1= @ (F) 3y (¢ (720005)) (1= a(F0y)dy (¢ (;24e))

Combing (3.1)-(3.4), we conclude that L, (x, @, A, ) is Schur-convex with respect to @. Thus, according
to Lemma 1 and Lemma 2, % B implies hy, (x) = Li(x,a, A, ¥) < Li(x, B, A, ¢) = hy,, (x) for all x,
that is, Xi1., =5 Y1 O

Remark 2. For two independent samples, we have Y(x) = e, thus Theorem 3 serves as a
generalization of Theorem 3.4 (ii) of [6] to the case of dependent samples with Archimedean survival

copulas.

We present the following example to illustrate the result of Theorem 3.
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Example 3. Let F(x) = e‘(‘”‘)b,a > 0,0 < b <1, and generator Y(x) = el_Tex, 0<60<0.53= V5). Set

n=3,4=0.03,a=5,b=0.007,0=0.1 and a = (0.8,0.6,0.4) g (0.7,0.5,0.3) = B. One can verify
that the conditions of Theorem 3 are all satisfied. Figure 4 plots the reversed hazard rate functions
of X135+ D)7V and (Y15 + )7L, and it is obvious that X,3 >, Y3 is equivalent to (X;3 + 1) <,
(Y15 + DY, which asserts X, =5, Y13

0.030
0.025
0.020
0.015

0.010

0.005

0.0 0.2 0.4 0.6 0.8 1.0
X

Figure 4. Plots of reversed hazard rate functions rx, ,,1y-1(x) and r(y, ;11y-1(x).

3.2. On samples of MPRHR

In this subsection, we consider the case of MPRHR samples. Let X = (X},..., X,) be the random
vector, and X ~ MPRHR(«; B; F; ) , where F is the baseline distribution function, ¢ is generator of
the associated Archimedean copula, and @ = (ay,...,@,) and B = (Bi,...,[5,) are the tilt parameter
vector and modified proportional reversed hazard rate vector, respectively.

Next, we present two results on the heterogeneity among parameters in terms of the usual stochastic
order. The proofs can be obtained along the same way with that of Theorem 1, and thus omitted here.

Theorem 4. For X ~ MPRHR(«; B; F;¥1) and Y ~ MPRHR(«;y; F;Y,), where O < a < 1. If Y or

U, is log-concave, and ¢, o Y, is super-additive, then 8 2 vy implies
Xl:n St Yl:n-

Theorem 5. For X ~ MPRHR(«;3; F;y) and Y ~ MPRHR(v; B; F; ). If Y or ¥, is log-concave,

w
and ¢, o Yy is super-additive, then @ < v implies
Xl:n Sst Yl:n-

The next example is provided to illustrate the result of Theorem 4.

Example 4. Let F(x) = ¢ @ g > 0,0 < b < 1, and generators yi(x) = (01x + 1)"% 9, >
0, Yo(x) = el";ze, 0 <6, <1 Setn =3, =03,0, = 08,6, = 09,a = 0.1,b = 09, B =
(0.3,0.3,0.4) g (0.2,0.2,0.3) = y. It is easy to check that all conditions of Theorem 4 are satisfied.
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The distribution functions of (X3 + 1)™" and (Y15 + 1)~! are plotted in Figure 5, from which we can
confirm that X;3 >4 Y1.3.

1.0 |

Fixyze 1)

0.8

Cvygen1®)
0.6
04

0.2

0.0

0.0 0.2 0.4 0.6 0.8 1.0

X

Figure 5. The distribution functions of (X;.3 + 1) and (Y5 + 1)L,

The following theorem compares two sample minimums with common modified proportional
reversed hazard rates parameters and heterogeneous tilt parameters in the sense of the hazard rate
order. The proof is similar to that of Theorem 3 and hence omitted.

Theorem 6. For X ~ MPRHR(«;B; F;¥) and Y ~ MPRHR(v;S; F;{) with log-concave ¥, and
='W is log-convex. If a 2 v, then

Xl:n Shr Yl:n-

Remark 3. It is mentioned that Theorem 6 generalizes Theorem 4.5 (ii) of [6] to the case of dependent
samples with Archimedean copulas.

Remark 4. According to the Theorem 2.1 of Navarro et al. [ 10], the coherent system reliability function
can be written as Fx(x) = h(F(x)), where h only depends on structure function and on the survival
copula of (X4, ...,X,). Owing to the complexity of coherent system, we only studied the series system
in Section 3 by distored distribution. Based on Archimedean copula K, we obtained the distorted
function representations of series system as follows:

, B a ()" a;(u)" a, ()"
ha(uz e ) = K | — T T e T @n(u)ﬂn)’ (3.5)
1-(1-up 1-(1-up 1—(1 —upr

ha(u; @, B) = K( ) u=Fx), (3.6)

L-—a(l-wp’ T l=a(l-wf’ 1 =a,(l —up

where h3(u; @, A) and hy(u; @, B) are obtained by MPHR and MPRHR models. In (3.5), if a; = a(i =
1,...,n), we can obtain representation of Theorem 1, when A; = A(i = 1,...,n), we can obtain
representation of Theorem 2 and Theorem 3. As for in other Theorem 4, Theorem 5, and Theorem
6, we can obtain in similar way by (3.6).
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4. Maximum of sample

In parallel to the previous section, here, we consider the largest order statistics from dependent and
heterogeneous MPHR and MPRHR samples.

4.1. On samples of MPHR

In this subsection, we deal with the case of MPHR samples in the sense of the usual stochastic and
reversed hazard rate orders. The first theorem establishes sufficient conditions for the usual stochastic
order, which can be verified in a similar method with that of Theorem 1, and thus omitted for brevity.

Theorem 7. For X ~ MPHR(a; A; F; ) and Y ~ MPHR(a; p1; F;4y), where 0 < a < 1. If r; or ¥,

w
is log-concave, and ¢, o Y, is super-additive, then A < u implies
Xn:n SS[ Yn:n-

In the following, we give a numerical example to illustrate the effectiveness of Theorem 7.

Example 5. Under the setup of Example 4, set n = 3,a = 09,0, = 09,6, = 2,a = 0.5,b = 0.3,
A=(4,5,6) g (3,4,5) = p. One can check that the conditions of Theorem 7 are satisfied. The survival
functions of (X33 + 1)™! and (Y3.5 + 1)™! are plotted in Figure 6, which verifies that Fx,,(x) > Gy, ,(x).
That is, X33 <y Y33.

0.8
0.6
0.4r

0.2r

0.0r
0.0 0.2 0.4 0.6 0.8 1.0

X

Figure 6. Plots of survival functions Fx, ., 1-1(x) and Gy, 411 (X).

The following theorem conducts stochastic comparisons of samples with heterogeneous tilt
parameters in the sense of the usual stochastic order.

Theorem 8. For X ~ MPHR(a; A; F;y) and Y ~ MPHR(B; A; F;y). If Yy or 4, is log-concave,

and ¢, o Yy is super-additive, then g B implies

Xn:n ZS[ nn-
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Proof. The distribution function X,,., is given by

- 1 — (F(x)* _
Fro(0) = (Z} 61 (%)J - h@ Ay F), x>0,

Without loss of generality, we assume that ¢, is log-concave. In order to obtain the desired result, we
just need to prove that J3(a, A, ¥, F(x)) is decreasing in a; and Schur-convex in «, i € 7,. Taking the
partial derivative of Js(a, A, 1, F(x)) with respect to a;, we get

on@ L. F@) [Z ¢1( 1= (F)! )] ~FO ()
2z | L= PN ) (on ((55057)) (1 - aFeyh

That is, J3(a, A, ¢, F(x)) is decreasing in ;. Furthermore, for i # j, it holds that

(9]3(0’, /L 11/15 F()C)) (9.]3((1, /la l/’l’ F()C))
(ai B a,j) aal- B Bozj

1 - (F(x)* _
= -y, (Z ¢, ( ( o ;’(C))))A )) (F) (@ — a))(hs(a) — ha(a))),

where
1-(F(x))*
1-@(F(x))*

W (¢ (F2225)) (1 = a(F ()Y
Since the log-concavity of ; implies the increasing property of /¢, and consider that
1 (1 — (F(x))*/(1 — &(F(x))")) is increasing in a, then we have

A Gal (i),
¥ (¢1 (ll—_a(f;g;)ll )) ¥ (¢1 (ll—(igv(g)*))

is negative and is increasing in « for every fixed x > 0. In addition, 1/(1 — @(F(x))") > 0 is decreasing
in . Consequently, s3(@) is increasing in @ which in turn implies that

hs(a) =

(@ - a)) (6J3(a, Ay, F()  dJ3(, 4, %,F@))) So.
Oa; Oa;

Therefore, J3(a, A, ¥, F(x)) is decreasing in ; and Schur-convex in «. By Lemma 2, « g B implies
Ji(a, L, 1, F(x)) < J3(B, A,y F(x)), and note that ¢, o i is super-additive, we can conclude by
Lemma 3 that J3(B8, A, 1, F(x)) < J3(B, A, ¥, F(x)). Hence,

J3(a9 /la wla F(x)) < J3(ﬂ7 /19 WI, F(X)) < J3(ﬁ’ /17 '702’ F(X)),
which implies that X, >, Y,... The proof can be completed. O

The following numerical example is provided to demonstrate the theoretical result of Theorem 8.
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Example 6. Let F(x) = ¢ a > 0,0 < b < 1, and generators y1(x) = ™, yp(x) = (0x + 1)"1/%,

6 >0. Taken = 3,1 =08,a =05,b=02,0 =2and a = (0.3,0.5,0.7) 2 (0.2,0.4,0.6) = B. One
can check chat the conditions of Theorem 8 are satisfied. The survival functions of (X35 + 1)7! and
(Y33 + 1)7! are plotted in Figure 7, that is X33 > Y3.3, which verifies the result of Theorem 8.

100
0.8}
0.6f
0.4f

0.2

0.0F

0.0 0.2 0.4 0.6 0.8 1.0
X

Figure 7. Plots of survival functions of (X33 + 1)7'(x) and (Y33 + 1)71(x).

In the next theorem, we provide a sufficient condition to obtain the reversed hazard rate order
between two modified proportional hazard rates models when the modified proportional hazard rates
parameters are equal and the tilt parameters are heterogeneous.

Theorem 9. For X ~ MPHR(«; A; F; ) and Y ~ MPHR(B; A; F; ) with log-concave . Assume that

-y’ Y is log-convex. If @ < B, then
Xn:n Zrh Ynn

Proof. The distribution function X,,., is given by

1 - (F(x)!
Fy,, () = [Z ¢(1 — (F(x))/‘)) x>0,

and the reversed hazard rate function of X,,., is

1-(F(x))*

Y (Z?:l ¢( 11_;(253)); )) Z": A(F (x))*h(x) @ ‘”(‘ﬁ(l—ai(F(x))A ))
v (S, ¢ ((EE)) S 1= (FO)' 1= @(F)' y (g ({58))
= Lz(x, a, /1, I,[/)

rx,,(X) =

Similiarly, Y,,.,, gets the reversed hazard rate function ry, (x) = Ly(x, 8, 4,¢) for x > 0. Further denote

F(x))* . e n LFer
Moy = 3 AV i) g v (S 1¢(11‘”f“)l ))’
oy 1~ F@) 1= &(F ) v (S o (o)
_ YY) = () (& (1-Fw)
75 [Z ’ (1 () )) prl
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Note that, for s, € 7, with s # t,and u; € [0, 1] (i € 1,,), we have

oL, (x,a, A,¢)
oa,
FOFE@) - 1) Z”:A(F(x)_)*h(x) a;By(aier, 1) [Z ’ ( 1 - (F)' ))
(1 - @ (F2y (¢ ((5E20)) & 1= F)! 1= a(F@)! &1 - aFooy
Biy(ase,, x)  AR(xX)(F(x))!
By(e,x) (1 —a,(F(x))y?
B(a,e,, x) (FCOHMF@) = 1) a FE) ( ( 1 = (F(x))* ))
By, %) (1 - a,(Foyyw (¢ ({50e2)) (1= (F@)y) " T\T - au(F )
FON'(FEY! = DAs(@p, ) (FED(F@)' = DasBy(@ses, x) AF)) h(x)
(- a Py (¢ (f570r)) (4 -aF@Ww (¢ (HFEy)) - E@)!
(FO) (F(x)* = 1) AF(x))'h(x) a,Bx(ee,, x)} (Z ’ ( 1 — (F(x))* )]
(1 - @ (F2y (¢ ((2E00)) 1= F)' 1= a(F@)! 1 — &(F(x))!
, Balesenx) Ah(o(F(x)!
By(e,x) (1 —a,(F(x))y?
By(a,e,, \)Ca(aey, X) (FQOY(F ()t = 1) a Ah(xX)(F(x))!
Ba(a, x) (1 - &y (FpYy (o ((5Leks)) (- F)Y

By o1, 02 and C (@, x) > Ci(a e, x), it holds that

oLy (x,a, A, )
oa,
_ [(F(x»ﬂ((F(x))A—1>A2<a(f,t),x> L FOME@Y =D AF@) R
(1= a,(FODYy (o (F55525)) - (1= a(FepY2y (o () 4 - FOY

@, By(ae;, X) ] [ (1—(F(x>>”~ )] By(ases, x)  Ah(x)(F(x))*
. —— Jl/, Z¢ —— + ——
(1 —a,(Fy |\ &\ 1 - a(F))y By(@,x) (1 —a,(F(x)Y)?

(FOOM((F(x)' = 1) &, Ah()(F )y Ba(@e0)(Cala, x) - Calaes, )
0w Feoyw (o (o) (= (FCon B )

As aresult, L,(x, @, 4,y) is increasing in @;, for any i € 7, and for s,¢ € 7, with s # 1,

(6L2(x, a, Ly 0L (x,a,A, ¢))
(s — ;) -

oa, oa;
- 1 — (F(x))! _
= —(a,—a)dy (; 0} (m)) (F(x))/lAl (@), X)
[ (L= (Fa)Y) B EGE N ]
(1= a(FONY2y (¢ (me2s)) (1= &Py (¢ (1)
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ey, [Z ¢( 1= (PO )) AF@Mh)_ Baen OBx(aen
2\ T Fw))) T Fe) (= aF@M( — aF@)D
ACFY [ Balasen x) By(ase,. 1)
T )T e ((1—@(F(x>>ﬂ)2_(1—@S(F(x>>ﬂ>2)
ACFCNP(F ) — 1)
(- (FC))Bala. )

asBa(eses, )(Ca@, x) — Ca(ase, 1)) aiBaleier, )(Cale, x) - Cr(ase,, x))]
(1 - @ (FEy (o(5E2s) (- aFe))y (¢ Srels))
2 (@, — a)Cala, \)(F(x)) A1, X)
[ (1 - (F(0))") (1 - (F(x))")
(1-

+(as - CZ;)

a(FOy (o (15525) (- aF)Yy (¢ (%))]
AF)Mh(x)  Byases, X)Ba(eier, x)
1= (F)t (1= a(FepH(1 = a(F(x)Y)
=  Bolae, x) By(ase;, x)
s Z ) ((1 “a(F)y? (- as(m))ﬂ)Z)
A()(F)(1 = (F(x)Y)
(1= (F(0))
a,By(ase,, 0)(Cao(e, ) ~ Ca(@es, x))  aBy(@ie,, )(Ca(, x) — Colaey, x))]

(A -aFeyw (¢(dgy) (- s (e(SEEs)

—(@; — @)’ Ca(a, %)

+(as - at)

Since h3(@) is increasing in «, it holds that

(@ = @) Col @, X)(F () Ax(@ (), X)

[ (-(Feyhy (L= (FQ)) ] 4.1)
(1= a(F)Yy (¢ (550)) (- aFyhay (o (H252y)
Obviously, for a; > «;,
L 2
- eyl AFOP)  Balesen DBy(@ie, ) 42)

= — = <0.
1= (F))' (1= a(F)H( = a(F X))

Note that 1/(1 — &;(F(x))*)* > 0 is decreasing in «;, 02 implies that B|(a;e;, x) is increasing in a;, and
Bi(ae,, x) < Bi(ayey, x) < 0 for ay > a,. Then, we have

4.3)

(a5 — a/,)ﬂh(x)(p(x)),l( By(ae;, X) By (ase;, X) ) <0,

(- @(F@Y? (1 - a,(F(x))y)?
Since a;/(1 — @;(F(x))") and hs(a;) are increasing in «;, and by o3, we have C,(a, x) — C,(a,e,, x) >
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Ci(a, x) — Ci(ayey, x) = 0 for a; > a;. It is verified that

AR()(F)*(1 = (F(x))Y)
(1= (F)Y
a;By(e,, X)(Ca(@, ) — Ca(ese,, %)) Ba(arer, x)(Cal@, ) — Ca(ever, ¥))
| -

(- aFow (0((2E82)) (- ad Py (o ({5E2))

(as - a't)
4.4)

By (4.1)-(4.4), it is plain that L,(x, @, 4,¥) is increasing in @; and Schur-concave with respect to «.

According to Lemma 1 and Lemma 2, & g P implies —ry, (x) = —Ly(x, @, 4, ¢¥) < —Lr(x, B, 4, ¢) =
—ry, (x) for all x, that is, X,., >,; Y,.,. This completes the proof. O

nn

Remark 5. Theorem 9 extends Theorem 3.4 (i) of [6] to the case of dependent samples with
Archimedean survival copulas .

The following example illustrates the result of Theorem 9.

Example 7. Let F = ¢@ 4> 0,0 <b < 1, and y(x) = ¢7, 0 < 6 < 0.53 — V5). Setn = 3,1 =
3,a =6,b=0.08,0=03and a = (0.8,0.6,0.4) 2 (0.7,0.5,0.3) = B. These satisfy all conditions
of Theorem 9, and the hazard rate functions of (X33 + 1)~ and (Y33 + 1)7! are displayed in Figure 8,
which confirms that X33 >, Y3.3.

0.35
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0.0 0.2 0.4 0.6 0.8 1.0
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Figure 8. Plots of the hazard rate functions Ay, 1)1 (x) and Ay, 1 1y-1(x).

4.2. On samples of MPRHR

In this subsection, we consider the case of MPRHR samples. The first two theorems present the
comparison results on the heterogeneity among parameters in terms of the usual stochastic order. The
proofs can be completed in a similar way with that of Theorem 1, and thus are omitted.

Theorem 10. For X ~ MPRHR(«; B; F; 1) and Y ~ MPRHR(«;y; F3 ), where 0 < a < 1. If Y, or

U, is log-concave, and ¢, o Yy is super-additive, then B g vy implies

Xl’lll’l Zst Yl’lil’l .
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Proof. The distribution function of X,,.,, can be represented as

n F i
Fy, (9= 01 [Z w%)) = L@ B, F), x> 0.
i=1

Suppose that ¢, is log-concave. To establish the desired result, along with Lemma 2, it suffices to show
that for fixed x > 0 and 0 < @ < 1. Jy(a, B, ¥ 1, F(x)) is decreasing in ; and Schur-convex in 8. The
partial derivative of J4(a, B, Y1, F(x)) with respect to 3; is

0ly(@ B F) _ (Z ¢1( a(F(x)p )) In F ()25 2 <0
—y <0.
v (¢ (

7, =GP ) i, o () 1 - o

Which clearly shows that J4(a, B, Y1, F(x)) is decreasing in 3;. Now, for i # j, we get

aJ4(a,9ﬂ’ wla F(X)) 6.]4((1’,ﬂ, '//1, F(X))
@ —ﬁ,»( T Sl )
F
— (Z o ( SCGICo ) ((;z)iw )) In FC(: = B)(ha(B2) — ha(B)),
where
a(F(x))
ha(B) = 1-a(F(x))P

v (61 (722922)) (1 - &(F(0))¥)

As dicussed in the proof of Theorem 1, for each fixded x > 0, we have
e _ 4 (01 (724625))
vi(o(Zy) i ()

Moreover, we readily observe that 1/(1 — &(F(x))?) is nonnegative and decreasing in 8 for 0 < o < 1.
Upon combining these observations, we find /s4(8) to be increasing in 8. Consequently

<0.

e I EL

et P,

Therefore, Schur-convexity of J4(a, B, ¥, F(x)) follows from Lemma 1. According to Lemma 2, 8 2 v
implies Jy(a, B, 1, F(x)) < Jy(a,y, ¥, F(x)), and the assumption ¢, o i is super-additive, by Lemma
3, we have Jy(a, y,¥1, F(x)) < Ju(a,y,¥,, F(x)). So, we obtain

]4(Q,ﬂ, wla F(.X')) < J4((l, v, wla F(X)) < J4((l, Y ¢2’ F(X))

It is clear that we conclude Fx _(x) < Fy _(x), thatis, X,., > Y,.,. For the case of ¢, is log-concave,

nn nn

the proof can be obtained in a similar way. This completes the desired proof. O

Remark 6. Theorem 10 generalizes the result of Theorem 5.1 (ii) of [21] to the case of MPHR model.
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Theorem 11. For X ~ MPRHR(«;3; F; 1) and Y ~ MPRHR(v; B3; F; ;). If ¢1 0¥, is super-additive,

w
then @ < v implies
Xn:n Sst Yn:n-

The following example is provided to illustrate the Theorem 11.

Example 8. Under the setup of Example 2, take n = 3,1 = 0.8,a = 0.5,b = 04,0 = 0.6 and

a = (04,0.5,0.6) % (0.3,0.4,0.5) = v. These satisfy all conditions of Theorem 11, and the survival
functions of (X33 + 1) and (Y33 + 1)™! are poltted in Figure 9, which asserts Xs3 <y Y33.
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Figure 9. Plots of the survival functions Fx, ,11(x) and Gy, ;11 (x).

Now, we present comparison result of sample having common modified proportional reversed
hazard rates parameters and heterogeneous tilt parameters in terms of the reversed hazard rate order.

Theorem 12. For X ~ MPRHR(«;(; F;¢) and Y ~ MPRHR(v;f; F; ) with log-concave s, and
=’ [ is log-convex. If a < v, then
Xn:n Srh Yn:n'

Remark 7. It should be pointed out that Theorem 12 extends Theorem 4.5 (i) of [6] to the case of
dependent samples with Archimedean copulas .

Remark 8. Similarly, according to the Remark 2, based on Archimedean copula K, we obtained the
distorted function representations of parallel system as follows:

Y b ¢ 1— (1 —uy" 1— (1= uy
hs(u; @, ) = K(l N (R R sy Er  ER oy _u)ln), 4.5)
_ _ a () ai(u)’ a(u)f _z
hﬁ(u’a’ﬁ)_K(W"“’1—C_L’i(u)ﬁf,”.’1—d’n(u)ﬁ")’ M—F(X), (46)

where hs(u; a, ) and he(u; a, B) are obtained by MPHR and MPRHR models. In (4.5), when «a; =
a(i = 1,...,n), we can obtain representation of Theorem 7, if ; = A(i = 1,...,n), we can obtain
representation of Theorem 8 and Theorem 9. As for in other Theorem 10, Theorem 11, and Theorem
12, we can obtain in similar way by (4.6).
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5. Conclusion

In this paper, we study stochastic comparisons on minimums and maximums from heterogeneous
MPRHR (MPHR) samples with Archimedean (survival) copulas. Some ordering results are established
for the usual stochastic, hazard rate and reversed rate orders on the smallest and largest order statistics.
These results generalize some known results in the literature. As a further study, it is of interest to
consider other stochastic orders such as likelihood ratio order, star order and dispersive order.
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