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1. Introduction

The complex-valued function F = u+iv is called p-harmonic function if F is 2p (p ≥ 1, p ∈ N) times
continuously differentiable in U = {z ∈ C : |z| < 1} and satisfies the equation ∆pF = ∆(∆p−1F) = 0,
where ∆ := ∆1 represents the complex Laplacian operator:

∆ =
4∂2

∂z∂z̄
=

∂2

∂x2 +
∂2

∂y2 .

It is obvious that F is harmonic and bi-harmonic for p = 1 and p = 2 respectively (see [1–6]).
The function F is p-harmonic if and only if F has the following form

F(z) =

p∑
µ=1

|z|2(µ−1) fp−µ+1(z), (1.1)

where fp−µ+1(z) is harmonic (or 4 fp−µ+1 = 0 ) (see [7]) and satisfies

fp−µ+1 = hp−µ+1 + ḡp−µ+1, (1.2)
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hp−µ+1(z) =

∞∑
k=1

ak,p−µ+1zk (1 ≤ µ ≤ p, a1,p = 1) (1.3)

and

gp−µ+1(z) =

∞∑
k=1

bk,p−µ+1zk (1 ≤ µ ≤ p, |b1,p| < 1). (1.4)

We denote by JF the Jacobian of F, that is

JF = |Fz|
2 − |Fz̄|

2.

Then the function F is sense-preserving and locally univalent if JF > 0 (see [1, 2]).
We denote by S Hp the class of sense-preserving and univalent p-harmonic functions F of the form

(1.1). The class S Hp has recently raised the interest of many researchers (see for instance [8–14]).
Furthermore, we let T Hp be the subclass of S Hp consisting of the functions F as in (1.1), where

fp−µ+1 has the form (1.2) and

hp(z) = z −
∞∑

k=2

|ak,p|zk, (1.5)

hp−µ+1(z) = −

∞∑
k=1

|ak,p−µ+1|zk (2 ≤ µ ≤ p), (1.6)

gp−µ+1(z) = −

∞∑
k=1

|bk,p−µ+1|zk (1 ≤ µ ≤ p). (1.7)

Let

F(z) =

p∑
µ=1

|z|2(µ−1)(
∞∑

k=1

ak,p−µ+1zk +

∞∑
k=1

b̄k,p−µ+1z̄k) ∈ S Hp

and

G(z) =

p∑
µ=1

|z|2(µ−1)(
∞∑

k=1

Ak,p−µ+1zk +

∞∑
k=1

B̄k,p−µ+1z̄k) ∈ S Hp,

where a1,p = 1 and A1,p = 1. In the following, we define the convolution of F and G by

(F ∗G)(z) =

p∑
µ=1

|z|2(µ−1)(
∞∑

k=1

ak,p−µ+1Ak,p−µ+1zk +

∞∑
k=1

b̄k,p−µ+1B̄k,p−µ+1z̄k). (1.8)

For F ∈ S Hp, Yaşar and Yalçin [8] introduced the generalized Sǎlǎgean operator Dn
λ as follows,

D0
λF(z) = F(z),

D1
λF(z) = (1 − λ)D0

λF(z) + λ[z(D0
λF(z))z + z̄(D0

λF(z))z̄],
Dn
λF(z) = D1

λ(D
n−1
λ F(z)), (1.9)

where λ ≥ 0 and n ∈ N = {1, 2, · · · }.
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From (1.1) and (1.9), we have

Dn
λF(z) =

p∑
µ=1

|z|2(µ−1)
∞∑

k=1

[1 + (k − 1)λ + 2(µ − 1)λ]nak,p−µ+1zk,

+

p∑
µ=1

|z|2(µ−1)
∞∑

k=1

[1 + (k − 1)λ + 2(µ − 1)λ]nb̄k,p−µ+1z̄k, (1.10)

where a1,p = 1 and |b1,p| < 1.
In particular, for p = 1, we obtain univalent harmonic functions with the generalized Sǎlǎgean

operator defined by Li and Liu [15]. Let p = 1 and g(z) = 0, the generalized Sǎlǎgean operator of
univalent functions are obtained by Al-Oboudi [16]. Also let p = 1, λ = 0 and g(z) = 0, then we get
the classical Sǎlǎgean operator [17].

According to (1.10) and the above definition of convolution, we obtain

Dn
λF(z) = F(z) ∗

p∑
µ=1

|z|2(µ−1)(ϕµ(z) + ϕµ(z̄)) ∗ . . . ∗
p∑

µ=1

|z|2(µ−1)(ϕµ(z) + ϕµ(z̄))︸                                                                       ︷︷                                                                       ︸
n times

,

where

ϕµ(z) =
[1 + 2(µ − 1)λ]z − [1 + (2(µ − 1) − 1)λ]z2

(1 − z)2 . (1.11)

Using the operator Dn
λ, Yaşar and Yalçin [8] introduced and studied the subclass S Hp(n, λ, β) of

S Hp satisfying the condition

Re
Dn+1
λ F(z)

Dn
λF(z)

> β (λ ≥ 0, 0 ≤ β < 1).

An analytic function s : U → C is subordinate to an analytic function t : U → C, if there is a
function ν satisfying ν(0) = 0 and |ν(z)| < 1 (z ∈ U), such that s(z) = t(ν(z))(z ∈ U), we note that
s(z) ≺ t(z). In particular, if t is univalent inU, then the following conclusion is true

s(z) ≺ t(z)⇐⇒ s(0) = t(0) and s(U) ⊂ t(U).

Inspired by Janowski [18], we define the subclass of S Hp as below.

Definition 1. Suppose λ ≥ 0,−1 ≤ B < 0 < A ≤ 1, p ∈ N and n ∈ N0. The function F is in
HLn

p(λ, A, B) if it satisfies
Dn+1
λ F(z)

Dn
λF(z)

≺
1 + Az
1 + Bz

, (1.12)

where Dn
λF(z) is given by (1.10).

For A = 1 − 2β (0 ≤ β < 1), B = −1, the class HLn
p(λ, A, B) reduces to the class S Hp(n, λ, β).

In particular, let
H̃L

n
p(λ, A, B) = HLn

p(λ, A, B) ∩ T Hp. (1.13)

In this paper, convolution properties, coefficient conditions, distortion estimates, extreme functions
and convex combination of the class H̃L

n
p(λ, A, B) are obtained. On the one hand, the results presented

here generalize the results of Yaşar and Yalçin [8]. On the other hand, we obtain some new results on
sufficient convolution condition of the class.

AIMS Mathematics Volume 6, Issue 1, 569–583.



572

2. Basic properties

First of all, we provide the necessary and sufficient convolution conditions.

Theorem 1. The function F ∈ HLn
p(λ, A, B) iff

Dn
λF(z) ∗

p∑
µ=1

|z|2(µ−1)(Φµ(z) + Φµ(z̄)) , 0 (z ∈ U),

where
Φµ(z) = (1 + Bχ)ϕµ(z) − (1 + Aχ)

z
1 − z

(χ ∈ C, |χ| = 1)

and ϕµ(z) given by (1.11).

Proof. Let F ∈ HLn
p(λ, A, B). According to Definition 1 and the subordination relationship, there exists

an analytic function ω satisfying ω(0) = 0 and |ω(z)| < 1, such that

Dn+1
λ F(z)

Dn
λF(z)

=
1 + Aω(z)
1 + Bω(z)

, (z ∈ U),

which is equivalent for χ ∈ C with |χ| = 1

Dn+1
λ F(z)

Dn
λF(z)

,
1 + Aχ
1 + Bχ

. (2.1)

Now for

Dn
λF(z) = Dn

λF(z) ∗
p∑

µ=1

|z|2(µ−1)
( z
1 − z

+
z̄

1 − z̄

)
and

Dn+1
λ F(z) = Dn

λF(z) ∗
p∑

µ=1

|z|2(µ−1)
(
ϕµ(z) + ϕµ(z)

)
,

where ϕµ(z) is defined by (1.11).
The inequality (2.1) yields

(1 + Bχ)(Dn+1
λ F(z)) − (1 + Aχ)(Dn

λF(z))

= Dn
λF(z) ∗

p∑
µ=1

|z|2(µ−1)[(1 + Bχ)ϕµ(z) −
(1 + Aχ)z

1 − z
+ (1 + Bχ)ϕµ(z̄) −

(1 + Aχ)z̄
1 − z̄

]

, 0,

which is the required necessary condition.
The sufficiency of Theorem 1 is proved as follows.
Let

M(z) =
Dn+1
λ F(z)

Dn
λF(z)

and N(z) =
1 + Az
1 + Bz

(z ∈ U).
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It is clear that M(z) is harmonic in U and N(z) is univalent in U. From (2.1), it is easy to see that
M(U) ∩ N(∂U) = ∅, that is, M(U) ⊂ C\N(∂U). By M(0) = N(0) = 1, we have M(U) ⊂ N(U).
According to the subordination relationship, we obtain

M(z) ≺ N(z),

that is,
Dn+1
λ F(z)

Dn
λF(z)

≺
1 + Az
1 + Bz

, (z ∈ U).

Therefore, we complete the proof of Theorem 1. �

Theorem 2. Let λ ≥ 1 and a1,p = 1. For the class of HLn
p(λ, A, B), the sufficient condition on the

coefficients of a function F of the class to be sense preserving and univalent inU is

p∑
µ=1

∞∑
k=1

φn
k,µ(λ, A, B)

(
|ak,p−µ+1| + |bk,p−µ+1|

)
≤ 2(A − B), (2.2)

where

φn
k,µ(λ, A, B) =

[
(A − B) + (1 − B) ((k − 1) + 2(µ − 1)) λ

] [
1 + (k − 1)λ + 2(µ − 1)λ

]n . (2.3)

Proof. In order to prove F is sense preserving. We only need to show

JF = |Fz|
2 − |Fz̄|

2 > 0.

For z , 0, we have

JF(z) = (|Fz| + |Fz̄|)
[∣∣∣∣∣1 +

∞∑
k=2

kak,pzk−1 +

p∑
µ=2

|z|2(µ−1)

z

∞∑
k=1

[(k + µ − 1)ak,p−µ+1zk + (µ − 1)b̄k,p−µ+1z̄k]
∣∣∣∣∣

−

∣∣∣∣∣ ∞∑
k=1

kb̄k,pz̄k−1 +

p∑
µ=2

|z|2(µ−1)

z̄

∞∑
k=1

[(µ − 1)ak,p−k+1zk + (k + µ − 1)b̄k,p−µ+1z̄k]
∣∣∣∣∣]

≥ (|Fz| + |Fz̄|)
[
2 −

p∑
µ=1

∞∑
k=1

(2(µ − 1) + k)(|ak,p−µ+1| + |bk,p−µ+1|)
]

> (|Fz| + |Fz̄|)
[
2 −

p∑
µ=1

∞∑
k=1

φn
k,µ(λ, A, B)

(A − B)
(|ak,p−µ+1| + |bk,p−µ+1|)

]
≥ 0.

It is easy to show that JF(0) > 0. Thus, F is sense preserving.
For z1, z2 ∈ U and z1 , z2, according to the condition (2.2), we get

|F(z1) − F(z2)| =

∣∣∣∣∣∣∣
p∑

µ=1

(|z1|
2(µ−1) fp−µ+1(z1) − |z2|

2(µ−1) fp−µ+1(z2))

∣∣∣∣∣∣∣
AIMS Mathematics Volume 6, Issue 1, 569–583.
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≥ |z1 − z2|

{
1 −

∣∣∣∣∣ ∞∑
k=2

ak,p
zk

1 − zk
2

z1 − z2
+

∞∑
k=1

b̄k,p
z̄k

1 − z̄k
2

z1 − z2

∣∣∣∣∣
−

∣∣∣∣∣ p∑
µ=2

( ∞∑
k=1

ak,p−µ+1
|z1|

2(µ−1)zk
1 − |z2|

2(µ−1)zk
2

z1 − z2
+

∞∑
k=1

b̄k,p−µ+1
|z1|

2(µ−1)z̄k
1 − |z2|

2(µ−1)z̄k
2

z1 − z2

)∣∣∣∣∣}
≥ |z1 − z2|

[
1 − |b1,p| −

∞∑
k=2

k(|ak,p| + |bk,p|) −
p∑

µ=2

∞∑
k=1

(2(µ − 1) + k)(|ak,p−µ+1| + |bk,p−µ+1|)
]

> |z1 − z2|

[
2 −

p∑
µ=1

∞∑
k=1

φn
k,µ(λ, A, B)

(A − B)
(|ak,p−µ+1| + |bk,p−µ+1|)

]
≥ 0.

Therefore, F is univalent inU.
According to Definition 1 and the subordination relationship, we have F ∈ HLn

p(λ, A, B) iff∣∣∣∣∣∣ Dn+1
λ F(z) − Dn

λF(z)
ADn

λF(z) − BDn+1
λ F(z)

∣∣∣∣∣∣ < 1 (z ∈ U),

that is,
|ADn

λF(z) − BDn+1
λ F(z)| − |Dn+1

λ F(z) − Dn
λF(z)| > 0 (z ∈ U). (2.4)

Thus, from (1.10) and (2.4) we get

|ADn
λF(z) − BDn+1

λ F(z)| − |Dn+1
λ F(z) − Dn

λF(z)|

≥ (A − B)|z| −
∞∑

k=2

(1 + (k − 1)λ)n[(A − B) + (1 − B)(k − 1)λ]|ak,p||z|k

−

∞∑
k=1

(1 + (k − 1)λ)n[(A − B) + (1 − B)(k − 1)λ]|b̄k,p||z|k

−

p∑
µ=2

|z|2(µ−1)
∞∑

k=1

φn
k,µ(λ, A, B)[|ak,p−µ+1| + |bk,p−µ+1|]|z|k

> |z|
[
2(A − B) −

p∑
µ=1

∞∑
k=1

φn
k,µ(λ, A, B)(|ak,p−µ+1| + |bk,p−µ+1||z|k−1)

]
.

Consequently, we infer that the sufficient condition (2.2) for F ∈ HLn
p(λ, A, B) holds true. �

Theorem 3. The coefficient condition (2.2) characterizes the elements of H̃L
n
p(λ; A, B).

Proof. By Theorem 2, the sufficient part is true. For the necessary part, let F ∈ H̃L
n
p(λ; A, B). By (1.12)

and the relationship of subordination, we get∣∣∣∣∣∣ Dn+1
λ F(z) − Dn

λF(z)
ADn

λF(z) − BDn+1
λ F(z)

∣∣∣∣∣∣ < 1 (z ∈ U), (2.5)
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that is,∣∣∣∣∣∣∣∣∣∣∣∣
p∑

µ=1
|z|2(µ−1)

∞∑
k=1

Nk,µ(|ak,p−µ+1|zk + |bk,p−µ+1|z̄k)

2(A − B)z −
∞∑

k=1
Mk,1|ak,p|zk −

∞∑
k=1

Mk,1|bk,p|z̄k −
p∑

µ=2
|z|2(µ−1)

∞∑
k=1

Mk,µ(|ak,p−µ+1|zk + |bk,p−µ+1|z̄k)

∣∣∣∣∣∣∣∣∣∣∣∣ < 1,

(2.6)
where

Mk,µ = (1 + (k − 1)λ + 2(µ − 1)λ)n [
(A − B) − B ((k − 1)λ + 2(µ − 1)λ)

]
and

Nk,µ = (1 + (k − 1)λ + 2(µ − 1)λ)n [
(k − 1)λ + 2(µ − 1)λ

]
.

From (2.6), we have

Re


p∑

µ=1
|z|2(µ−1)

∞∑
k=1

Nk,µ(|ak,p−µ+1|zk + |bk,p−µ+1|z̄k)

(A − B)z −
∞∑

k=2
Mk,1|ak,p|zk −

∞∑
k=1

Mk,1|bk,p|z̄k −
p∑

µ=2
|z|2(µ−1)

∞∑
k=1

Mk,µ(|ak,p−µ+1|zk + |bk,p−µ+1|z̄k)

 < 1,

(2.7)
which is equivalent to

Re


p∑

µ=1
|z|2(µ−1)

∞∑
k=1

Nk,µ(|ak,p−µ+1|zk + |bk,p−µ+1|z̄k)

2(A − B)z −
p∑

µ=1
|z|2(µ−1)

∞∑
k=1

Mk,µ(|ak,p−µ+1|zk + |bk,p−µ+1|z̄k)

 < 1. (2.8)

Let z = r (0 ≤ r < 1), from (2.8), we have

p∑
µ=1

∞∑
k=1

φn
k,µ(λ, A, B)

(
|ak,p−µ+1| + |bk,p−µ+1|

)
rk−1 < 2(A − B), (2.9)

where φn
k,µ(λ, A, B) is given by (2.3).

Setting r → 1− in (2.9), we will get (2.2). Thus, the proof is completed. �

Theorem 4. Let |z| = r < 1. If F ∈ H̃L
n
p(λ; A, B), then

|F(z)| ≤

 p∑
µ=1

(|a1,p−µ+1| + |b1,p−µ+1|)

 r +

 2(A − B)
φn

2,1(λ, A, B)
−

p∑
µ=1

φn
1,µ(λ, A, B)

φn
2,1(λ, A, B)

(|a1,p−µ+1| + |b1,p−µ+1|)

 r2

and

|F(z)| ≥

2 − p∑
µ=1

(|a1,p−µ+1| + |b1,p−µ+1|)

 r −

 2(A − B)
φn

2,1(λ, A, B)
−

p∑
µ=1

φn
1,µ(λ, A, B)

φn
2,1(λ, A, B)

(|a1,p−µ+1| + |b1,p−µ+1|)

 r2,

where φn
k,µ(λ, A, B) is given by (2.3).
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Proof. For F ∈ H̃L
n
p(λ; A, B), we obtain

|F(z)| ≤
( p∑
µ=1

(|a1,p−µ+1| + |b1,p−µ+1|)
)
r +

( p∑
µ=1

∞∑
k=2

(|ak,p−µ+1| + |bk,p−µ+1|)
)
r2.

Using the fact that φn
k,µ(λ, A, B) is an increasing function with respect to k and µ satisfying

φn
k,µ(λ, A, B) ≥ φn

2,1(λ, A, B), we have

|F(z)| ≤
( p∑
µ=1

(|a1,p−µ+1| + |b1,p−µ+1|)
)
r +

( 2(A − B)
φn

2,1(λ, A, B)

p∑
µ=1

∞∑
k=2

φn
k,µ(λ, A, B)

2(A − B)
(|ak,p−µ+1| + |bk,p−µ+1|)

)
r2.

Applying Theorem 3, we have

|F(z)| ≤
( p∑
µ=1

(|a1,p−µ+1| + |b1,p−µ+1|)
)
r +

2(A − B)
φn

2,1(λ, A, B)

(
1 −

p∑
µ=1

φn
1,µ(λ, A, B)

2(A − B)
(|a1,p−µ+1| + |b1,p−µ+1|)

)
r2.

Using the same methods above, we get

|F(z)| ≥
(
1 − |b1,p| −

p∑
µ=2

(|a1,p−µ+1| + |b1,p−µ+1|)
)
r −

( p∑
µ=1

∞∑
k=2

(|ak,p−µ+1| + |bk,p−µ+1|)
)
r2

≥

(
2 −

p∑
µ=1

(|a1,p−µ+1| + |b1,p−µ+1|)
)
r −

2(A − B)
φn

2,1(λ, A, B)

(
1 −

p∑
µ=1

φn
1,µ(λ, A, B)

2(A − B)
(|a1,p−µ+1| + |b1,p−µ+1|)

)
r2.

Hence the proof is completed. �

Corollary 1. Let F be given by (1.1). If F ∈ H̃L
n
p(λ; A, B), then

{ω : |ω| < ρ} ⊂ F(U),

where

ρ = 2
1 − A − B

φn
2,1(λ, A, B)

 +

p∑
µ=1

φn
1,µ(λ, A, B)

φn
2,1(λ, A, B)

− 1
 (|a1,p−µ+1| + |b1,p−µ+1|)

and φn
k,µ(λ, A, B) is given by (2.3).

Theorem 5. If the function F is given by (1.1) and φn
k,µ(λ, A, B) is given by (2.3), then F lies in

H̃L
n
p(λ; A, B) if and only if

F(z) =

p∑
µ=1

∞∑
k=1

(
Xk,p−µ+1hk,p−µ+1(z) + Yk,p−µ+1gk,p−µ+1(z)

)
,

where

h1,p(z) = z, hk,p(z) = z −
2(A − B)
φn

k,1(λ, A, B)
zk (k ≥ 2),
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gk,p(z) = z −
2(A − B)
φn

k,1(λ, A, B)
z̄k (k ≥ 1),

hk,p−µ+1(z) = z − |z|2(µ−1) 2(A − B)
φn

k,µ(λ, A, B)
zk (2 ≤ µ ≤ p; k ≥ 1),

gk,p−µ+1(z) = z − |z|2(µ−1) 2(A − B)
φn

k,µ(λ, A, B)
z̄k (2 ≤ µ ≤ p; k ≥ 1)

and
p∑

µ=1

∞∑
k=1

(Xk,p−µ+1 + Yk,p−µ+1) = 1, (Xk,p−µ+1 ≥ 0,Yk,p−µ+1 ≥ 0).

In particular, for k ≥ 1 and 1 ≤ µ ≤ p, {hk,p−µ+1(z)} and {gk,p−µ+1(z)} are the extreme functions of the
class H̃L

n
p(λ; A, B).

Proof. Since

F(z) =

p∑
µ=1

∞∑
k=1

(
Xk,p−µ+1hk,p−µ+1(z) + Yk,p−µ+1gk,p−µ+1(z)

)
=z −

∞∑
k=2

2(A − B)
φn

k,1(λ, A, B)
Xk,pzk −

∞∑
k=1

2(A − B)
φn

k,1(λ, A, B)
Yk,pz̄k

−

p∑
µ=2

|z|2(µ−1)
∞∑

k=1

2(A − B)
φn

k,µ(λ, A, B)

[
Xk,p−µ+1zk + Yk,p−µ+1z̄k

]
and

∞∑
k=2

φn
k,1(λ, A, B)

2(A − B)
·

2(A − B)
φn

k,1(λ, A, B)
Xk,p +

∞∑
k=1

φn
k,1(λ, A, B)

2(A − B)
·

2(A − B)
φn

k,1(λ, A, B)
Yk,p

+

p∑
µ=2

∞∑
k=1

φn
k,µ(λ, A, B)

2(A − B)
·

2(A − B)
φn

k,µ(λ, A, B)
[Xk,p−µ+1 + Xk,p−µ+1]

=

p∑
µ=2

∞∑
k=1

(Xk,p−µ+1 + Yk,p−µ+1) +

∞∑
k=2

(Xk,p + Yk,p) + Y1,p

≤ 1 − X1,p ≤ 1.

Using Theorem 3, we obtain that F ∈ H̃L
n
p(λ; A, B).

For F ∈ H̃L
n
p(λ; A, B), let

Xk,p =
φn

k,1(λ, A, B)

2(A − B)
|ak,p| (k ≥ 2),

Yk,p =
φn

k,1(λ, A, B)

2(A − B)
|bk,p| (k ≥ 1),

Xk,p−µ+1 =
φn

k,µ(λ, A, B)

2(A − B)
|ak,p−µ+1| (2 ≤ µ ≤ p, k ≥ 1),
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Yk,p−µ+1 =
φn

k,µ(λ, A, B)

2(A − B)
|bk,p−µ+1| (2 ≤ µ ≤ p, k ≥ 1)

and

X1,p = 1 −
p∑

µ=2

∞∑
k=1

(Xk,p−µ+1 + Yk,p−µ+1) −
∞∑

k=2

(Xk,p + Yk,p) − Y1,p,

where X1,p ≥ 0. According to Theorem 3, we have

F(z) =

p∑
µ=1

∞∑
k=1

(Xk,p−µ+1hk,p−µ+1(z) + Yk,p−µ+1gk,p−µ+1(z)).

Thus, we complete the proof. �

Theorem 6. The class H̃L
n
p(λ; A, B) is convex.

Proof. Suppose Fi(z) ∈ H̃L
n
p(λ; A, B), where

Fi(z) = z −
∞∑

k=2

|aik ,p|z
k −

∞∑
k=1

|bik ,p|z̄
k −

p∑
µ=2

|z|2(µ−1)
∞∑

k=1

(
|aik ,p−µ+1|zk + |b̄ik ,p−µ+1|z̄k

)
(i = 1, 2, · · · ).

Applying Theorem 3, we obtain

p∑
µ=1

∞∑
k=1

φn
k,µ(λ, A, B)(|aik ,p−µ+1| + |bik ,p−µ+1|) ≤ 2(A − B), (2.10)

where φn
k,µ(λ, A, B) is given by (2.3).

For
∑∞

i=1 ti = 1, 0 ≤ ti ≤ 1, we can write the convex combination of Fi as follows

∞∑
i=1

tiFi = z −
∞∑

k=2

( ∞∑
i=1

ti[|aik,p|zk + |bik,p|z̄k]
)
−

p∑
µ=2

|z|2(µ−1)
∞∑

k=1

( ∞∑
i=1

ti[|aik,p−µ+1|zk + |bik,p−µ+1|z̄k]
)
.

From (2.10), we obtain
p∑

µ=1

∞∑
k=1

φn
k,µ(λ, A, B)

2(A − B)
·

 ∞∑
i=1

ti[|aik,p−µ+1 + |bik,p−µ+1|]


=

∞∑
i=1

ti

 p∑
µ=1

∞∑
k=1

φn
k,µ(λ, A, B)

2(A − B)
·
(
|aik,p−µ+1| + |bik,p−µ+1|

)
≤

∞∑
i=1

ti = 1.

Using Theorem 3, we get
∑∞

i=1 tiFi ∈ H̃L
n
p(λ; A, B). Therefore, the proof is completed. �

Remark 1. In particular, let A = 1 − 2β (0 ≤ β < 1) and B = −1. Then Theorem 1, Theorem 2,
Theorem 4, Theorem 3 and Theorem 6 in [8] are particular cases of Theorem 2, Theorem 4, Theorem
5 and Theorem 6.
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3. Convolution

First of all, we provide a new theorem for convolution of the class H̃L
n
p(λ; A, B).

Theorem 7. Let λ ≥ 1, p ∈ {1, 2, . . .}, A1,p−µ+1 = a1,p−µ+1 = 0(2 ≤ µ ≤ p) and B1,p−µ+1 = b1,p−µ+1 =

0(1 ≤ µ ≤ p). If F, G ∈ H̃L
n
p(λ; A, B), then F ∗G belongs to the class H̃L

n
p(λ; A, B), where φn

k,µ(λ, A, B)
is given by (2.3) and

φn
2,1(λ, A, B) ≥ 2p(A − B). (3.1)

Proof. Let F,G ∈ H̃L
n
p(λ; A, B). Then the convolution F ∗G is in H̃L

n
p(λ; A, B) if

p∑
µ=1

∞∑
k=2

φn
k,µ(λ, A, B)

2(A − B)
(|Ak,p−µ+1||ak,p−µ+1| + |Bk,p−µ+1||bk,p−µ+1|) ≤ 1. (3.2)

For F,G ∈ H̃L
n
p(λ; A, B), we have

p∑
µ=1

∞∑
k=2

φn
k,µ(λ, A, B)

2(A − B)
(|ak,p−µ+1| + |bk,p−µ+1|) ≤ 1 (3.3)

and
p∑

µ=1

∞∑
k=2

φn
k,µ(λ, A, B)

2(A − B)
(|Ak,p−µ+1| + |Bk,p−µ+1|) ≤ 1. (3.4)

From (3.3) and (3.4), we get

∞∑
k=2

φn
k,µ(λ, A, B)

2(A − B)
(|ak,p−µ+1| + |bk,p−µ+1|) ≤ 1 (3.5)

and
∞∑

k=2

φn
k,µ(λ, A, B)

2(A − B)
(|Ak,p−µ+1| + |Bk,p−µ+1|) ≤ 1. (3.6)

Applying Cauchy-Schwarz inequality to (3.5) and (3.6), we obtain

∞∑
k=2

φn
k,µ(λ, A, B)

2(A − B)

√
(|Ak,p−µ+1| + |Bk,p−µ+1|)(|ak,p−µ+1| + |bk,p−µ+1|) ≤ 1. (3.7)

Due to

|Ak,p−µ+1||ak,p−µ+1| + |Bk,p−µ+1||bk,p−µ+1| ≤ (|Ak,p−µ+1| + |Bk,p−µ+1|)(|ak,p−µ+1| + |bk,p−µ+1|), (3.8)

from (3.7) and (3.8), we have

∞∑
k=2

φn
k,µ(λ, A, B)

2(A − B)

√
(|Ak,p−µ+1||ak,p−µ+1| + |Bk,p−µ+1||bk,p−µ+1|) ≤ 1.
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From the above inequality, it is easy to see

p∑
µ=1

∞∑
k=2

φn
k,µ(λ, A, B)

2(A − B)

√
(|Ak,p−µ+1||ak,p−µ+1| + |Bk,p−µ+1||bk,p−µ+1|) ≤ p (3.9)

and √
(|Ak,p−µ+1||ak,p−µ+1| + |Bk,p−µ+1||bk,p−µ+1|) ≤

2(A − B)
φn

k,µ(λ, A, B)
. (3.10)

In order to obtain (3.2), we only need to show

(|Ak,p−µ+1||ak,p−µ+1| + |Bk,p−µ+1||bk,p−µ+1|) ≤
1
p

√
(|Ak,p−µ+1||ak,p−µ+1| + |Bk,p−µ+1||bk,p−µ+1|),

that is, √
(|Ak,p−µ+1||ak,p−µ+1| + |Bk,p−µ+1||bk,p−µ+1|) ≤

1
p
. (3.11)

By (3.10) and (3.11), (3.2) holds true if

2(A − B)
φn

k,µ(λ, A, B)
≤

1
p
.

For µ ≥ 1 and k ≥ 2, we can get

min
µ,k
{φn

k,µ(λ, A, B)} = φn
2,1(λ, A, B).

Thus, (3.2) holds true if
2(A − B)
φn

2,1(λ, A, B)
≤

1
p
.

So we get the condition (3.1) of Theorem 7 and complete the proof of Theorem 7.
Finally, we discuss the convolution properties of the class H̃L

n
p(λ; A, B). �

Lemma 1. (see [19]) Let −1 ≤ B1 ≤ B2 < A2 ≤ A1 ≤ 1. Then

1 + A2z
1 + B2z

≺
1 + A1z
1 + B1z

(z ∈ U).

Remark 2. Obviously, from Lemma 1, we get (see [8])

HLn
p(λ, A, B) ⊆ HLn

p(λ; 1 − 2β,−1) = S Hp(n, λ, β).

Lemma 2. Let λ2 ≥ λ1 ≥ 1, − 1 ≤ B1 ≤ B2 < A2 ≤ A1 ≤ 1, p ∈ {1, 2, . . .}. Then

H̃L
n
p(λ2; A2, B2) ⊆ H̃L

n
p(λ1; A1, B1).
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Proof. Let F ∈ H̃L
n
p(λ2; A2, B2), then H̃L

n
p(λ2; A2, B2) ⊆ H̃L

n
p(λ1; A1, B1) will be proved if we can show

p∑
µ=1

∞∑
k=1

φn
k,µ(λ1, A1, B1)

2(A1 − B1)

(
|ak,p−µ+1| + |bk,p−µ+1|

)
≤

p∑
µ=1

∞∑
k=1

φn
k,µ(λ2, A2, B2)

2(A2 − B2)

(
|ak,p−µ+1| + |bk,p−µ+1|

)
, (3.12)

or equivalently
φn

k,µ(λ1, A1, B1)

A1 − B1
≤
φn

k,µ(λ2, A2, B2)

A2 − B2
. (3.13)

Since F ∈ H̃L
n
p(λ2; A2, B2), λ ≥ 1, − 1 ≤ B1 ≤ B2 < A2 ≤ A1 ≤ 1, p ∈ {1, 2, . . .}, from (1.12) and

Lemma 1, we have
Dn+1
λ2

F(z)

Dn
λ2

F(z)
≺

1 + A2z
1 + B2z

≺
1 + A1z
1 + B1z

(z ∈ U),

or equivalently
H̃L

n
p(λ2; A2, B2) ⊆ H̃L

n
p(λ2; A1, B1). (3.14)

Using Theorem 3 and (3.14), we get

φn
k,µ(λ2, A1, B1)

A1 − B1
≤
φn

k,µ(λ2, A2, B2)

A2 − B2
. (3.15)

Because φn
k,µ(λ, A, B) is an increasing function of λ, so from (3.15), we obtain

φn
k,µ(λ1, A1, B1)

A1 − B1
≤
φn

k,µ(λ2, A1, B1)

A1 − B1
≤
φn

k,µ(λ2, A2, B2)

A2 − B2

and so (3.13) is established. Also, using (3.12) and Theorem 3, we have F ∈ H̃L
n
p(λ1; A1, B1). The

proof is completed. �

Theorem 8. Let λ2 ≥ λ1 ≥ 1, −1 ≤ B1 ≤ B2 < A2 ≤ A1 ≤ 1, p ∈ {1, 2, . . .}, A1,p−µ+1 = a1,p−µ+1 = 0 (2 ≤
µ ≤ p) and B1,p−µ+1 = b1,p−µ+1 = 0 (1 ≤ µ ≤ p). If F ∈ H̃L

n
p(λ2; A2, B2) and G ∈ H̃L

n
p(λ1; A1, B1), then

the convolution of F and G is in the class H̃L
n
p(λ2; A2, B2) and

H̃L
n
p(λ2; A2, B2) ⊆ H̃L

n
p(λ1; A1, B1).

Proof. Let F ∈ H̃L
n
p(λ2; A2, B2) and G ∈ H̃L

n
p(λ1; A1, B1), k ≥ 1, 1 ≤ µ ≤ p. Then from Theorem 3,

for k ≥ 2, we get

|ak,p−µ+1| ≤
2(A2 − B2)

φn
k,µ(λ2, A2, B2)

≤
2(A2 − B2)

(A2 − B2) + (1 − B2)(k − 1)λ2
≤ 1 and |bk,p−µ+1| ≤ 1

and
|Ak,p−µ+1| ≤

2(A1 − B1)
φn

k,µ(λ1, A1, B1)
≤

2(A1 − B1)
(A1 − B1) + (1 − B1)(k − 1)λ1

≤ 1 and |Bk,p−µ+1| ≤ 1.

And so, we conclude that
p∑

µ=1

∞∑
k=2

φn
k,µ(λ2, A2, B2)

2(A2 − B2)

(
|ak,p−µ+1||Ak,p−µ+1| + |bk,p−µ+1||Bk,p−µ+1|

)
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≤

p∑
µ=1

∞∑
k=2

φn
k,µ(λ2, A2, B2)

2(A2 − B2)

(
|ak,p−µ+1| + |bk,p−µ+1|

)
≤ 1.

Applying Theorem 3 and Lemma 2, we obtain (F ∗G)(z) ∈ H̃L
n
p(λ2; A2, B2) ⊆ H̃L

n
p(λ1; A1, B1) and

so we complete the proof of Theorem 8. �
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