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1. Introduction

In this paper, we consider the existence of a unique, classical solution u(x) to the quasilinear elliptic
equation
V- (a(u)Vu) = f (1.1)

for x € Q, which satisfies the condition that the average value

5,
— | udx=u (1.2)
Q Jo ‘

1

i Jo fdx = 0. Periodic boundary conditions will be used. That is,
we choose for our spatial domain the N-dimensional torus TV, where N = 2 or N = 3.

The purpose of this paper is to prove the existence of a unique classical solution u to (1.1), (1.2).
The proof of the existence theorem uses the method of successive approximations in which an iteration
scheme, based on solving a linearized version of Eq (1.1), will be defined and then convergence of the
sequence of approximating solutions to a unique solution satisfying the quasilinear equation will be

where ) is a given constant and
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proven. The key to the proof lies in obtaining a priori estimates for u. To the best of our knowledge,
no other researcher has proven the existence and uniqueness of the solution to this partial differential
equation when the given data is the average value of the solution.

The paper is organized as follows. The main result, Theorem 2.1, is presented and proven in the
next section. The existence of a solution to the linearized equation used in the iteration scheme is
proven in Appendix A. Appendix B presents lemmas supporting the proof of the theorem.

2. Existence theorem

We will be working with the Sobolev space H*(€2) (where s > 0 is an integer) of real-valued
functions in L*(Q) whose distribution derivatives up to order s are in L>(Q). The norm is ||u||f =

d'F
W(“*)

20<lal<s fQ |D%ul*dx. We are using the standard multi-index notation. We define |F .5, = max{

u, € Go,0 < j < r}, where F is a function of u and where Gy C R is a closed, bounded interval. Also,
we let both Vu and Du denote the gradient of u. And C*(Q) is the set of real-valued functions having
all derivatives of order < k continuous in Q (where k = integer > 0 or k = o0). The purpose of this
paper is to prove the following theorem:

Theorem 2.1. Let a be a smooth, positive function of u. Let f € H*(Q) and let ﬁ fQ fdx = 0. Let the
domain Q = TV, the N-dimensional torus, where N = 2 or N = 3.
There exists a constant Cy; which depends only on N, Q such that if

1 da|?
— VAl <C
i = 2 e <

and if

d’a 1 da ‘2

— < — 2.1
du? '0,60 ~ (min, g, a(u.))\du @D

0,Go

where Gy C R is a closed, bounded interval, then there exists a unique solution u € C*(Q) to the
equation

V- (a(uw)Vu) = f (2.2)

which satisfies the condition that the average value

1
@fudx = Uy (23)
Q

where uy is a given constant.

Proof.
We begin by using the following change of variables:

'e (||Vf||o)u
1y VA
b = ()=o)
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1
IV flo

g= (57 )f (2.4)

where the constant ap = min,, Go a(u,) and G, c R is a closed, bounded interval.
Under this change of variables the equation (2.2) becomes

V-(by)Vv) =g (2.5)

And under this change of variables, (2.3) becomes

1 f ap
— | vdx=vy = u (2.6)
2l Jo 7
We fix CE)SCd, bounded intervals Gy ¢ R and G; c R by defining Go={u. €R : |u.—upl~ <
I%({”O} andG; ={v., e R : |v.—vol~ < R}, where R is a constant to be defined later. We will prove

that v(x) € G, for x € Q. It follows that u(x) € G, for x € Q.

We will construct the solution of (2.5), (2.6) through an iteration scheme. To define the iteration
scheme, we will let the sequence of approximate solutions be {1*}. Set the initial iterate 0 = v,. For
k=0,1,2,..., construct v**! from the previous iterate v* by solving the linear equation

V- 00V = ¢ (2.7)

which satisfies the condition that the average value

1 f k+1
— VX = v, (2.8)
1 Jo ’

and using periodic boundary conditions.

The existence of a unique solution vV¥*! € C?*(Q) to the linear equation (2.7) for fixed k which
satisfies (2.8) is proven in Appendix A. Lemmas supporting the proof are presented in Appendix B.
We proceed now to prove convergence of the iterates as k — oo to a unique, classical solution v of
(2.5), (2.6), which therefore produces a unique, classical solution u = %v of (2.2), (2.3).

We begin by proving the following proposition:

Proposition 1. Assume that the hypotheses of Theorem 2.1 hold. Then there exist constants C,, Cs,
and R such that the following inequalities hold for k = 1,2,3...:

IVVA3 < C, (2.9)
IV < G5 (2.10)
IV = vols <R (2.11)
1\k
IVO*! = HIE < (5) €2 (2.12)

where the constants C,, R depend on N and Q, and where the constant C5 depends on R, uy, ay,

IV £llo, 1V £1l1, % 5 N, and Q. From (2.11) it follows that v*(x) € Elforx € Qandfork=1,2,3....
S0
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Proof. The proof is by induction on k. We prove in Lemma B.2 in Appendix B that if v* satisfies (2.9)
and (2.11), then v**! satisfies (2.9) and (2.10). See Lemma B.2 in Appendix B for the detailed proof.
It only remains to prove inequalities (2.11) for v€*! — vy and (2.12) for V(<! — k).

In the estimates below, we will let C denote a generic constant whose value may change from one
relation to the next.

Estimate for V"' — vg| 2

Lemma B.2 in Appendix B presents the proof that |[Vv¥*!||? < C,. Then by using standard Sobolev
space inequalities we obtain the inequality:

k+1

WV = vl < CIVT =l
< CIVOM =)l
= ClIVv*|);
< C+G,

R

where the constants C and C, depend on Q, N. Here we used the fact that P! — vl < CIV**! = vl

by Sobolev’s Lemma. Since ﬁ fQ Vildx = vy by (2.8), it follows that v**! —y; is a zero-mean function

and [V —vgllo < CIIVOA! = vp)llo by Poincaré’s inequality. Therefore [V —vgll, < C[VOF! —vo)ll;.
We define R = C /C5. Then inequality (2.11) of Proposition 1 holds for vF*! — v.

Estimate for ||V — vh)|12:
From successive iterates of Eq (2.7) we obtain the following:

V - (bOHVOF = Vf)) = V- (bW = V- (b(F)VVF)

g — V- (b()) = b0 )W) = V- (b H W)
—V - (b(V") = b)WY (2.13)

In the estimates that follow, we use the notation (A, hy) = fQ hihydx for the L? inner product of
functions &, h,. Note that v — v*~! is a zero-mean function because v — V=1 = (VF — vp) = (V1 = vp)
and V¢ — vy, V¥~ — vy are zero-mean functions by successive iterates of (2.8).

We define the constant by = min, 5, b(v.), where G, c R is a closed, bounded interval. Note that
by = 1 by the definition of the function b in (2.4). Then integration by parts and using Eq (2.13) yields

IV =9I (VAT =), VO =)

< bio(b(vk)ka“ —vh), VAT = k)

= (T GOHTOFT 4 - )
- bio(v L(BOR) = O, (4 = 1)
- _blo((b(v") — bYW, VKT —hy)

< bion(b(v") = BOE )TV = ¥l
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1,db -
< |7 I = ALV OR =l
0 S

1 2 db? k [ INTY] k112
< J— — _
< COGY gk 1704 = A
1
+ EIIV(vk+1 -l (2.14)

where C is a constant which depends on N, Q. Here we used the fact that |V« < C||[VV||, by

Sobolev’s Lemma. And we used Poincaré’s inequality to obtain [p* — V¢!, < C||[V(* — vE=1)]|o, since

vk — vkl is a zero-mean function. ) )
: 1 a1 aelde
Using the facts that o = 1 and that ‘ & '061 = ag”V S6l 5

. < C, by the definition of b(v) in (2.4)
LU0

and by the statement of the theorem, and using the fact that ||[Vv¥||? < C, by the induction hypothesis,
we obtain from re-arranging terms in (2.14) the inequality

IV =13

IA

12db2 k112 k k—1y112
G Gl ITVIBITO: — i

IA

CCCo|[VO* =V DI

IA

1
EIIV(V]‘ =Vl
(2.15)

where we define the constant C; to be sufficiently small so that CC,C, < % And the constants C, Cy,
C, depend on N, Q.
By repeatedly applying inequality (2.15) it follows that

VAt = vOlIg

IA

1
@WwwﬂW%

1
gmw%

IA

1
(5)"02 (2.16)

where the initial iterate v’ = v, which is a constant, and where ||Vv!|]2 < ||VV!|]> < C, by Lemma B.2
in Appendix B. Therefore inequality (2.12) of Proposition 1 holds for V(¢! — %),

This completes the proof of Proposition 1. O

We now complete the proof of Theorem 2.1. By (2.16), [[VO/**! — 1K)y — 0 as k — oo . By
Poincaré’s inequality, V! — 4|5 < C[VOA*! — V0|2, Tt follows that [V —14]ly — 0 as k — co. We
next use the standard interpolation inequality [[V¥*! — k||, < C|v¥*! — v"||'g||v’“rl - vklli_ﬁ , where 8 = %%,
and 0 < r < 4. Then since [V = VK2 < C(IV*!I3 + VA)I3) < CC5 by (2.10) in Proposition 1, it follows
that |[V*! — V||, = 0 as k — oo for 0 < r < 4.

Therefore there exists v € H'(Q), where r < 4, such that |v* — ||, — 0 as k — oo. The fact that
v € H*(Q) can be deduced using boundedness in high norm and a standard compactness argument (see,
for example, Embid [2], Majda [6]). Sobolev’s Lemma implies that v € C*(Q).

From Lemma A.1 in Appendix A, v**! € C?(Q) is a solution of the linear equation V - (b(v¢)Vv<*1) =
g for each k > 0, and v**! satisfies the condition that |—g12| N Virldx = v,. It follows that v is a classical
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solution of the equation V - (b(v)Vv) = g, and v satisfies the condition that ﬁ o vdx = vy. The
uniqueness of the solution follows by a standard proof using estimates similar to the estimates used

in the proof of inequality (2.12). Therefore, there exists a unique classical solution u = (%)v of
V - (a(u)Vu) = f which satisfies the condition that - [ udx = u,. This completes the proof of the

1l Jo
theorem. |
3. Conclusion
We have proven that if
1 da

2
- 2 <
(minu*eao a(”*))4 du‘O,Eo”Vf”O - Cl

and if

@ - 1 ‘da‘Z

Ao, ~ (min, o a(u.) dulog

where Gy C R is a closed, bounded interval and where the constant C; depends on N, €, then there
exists a unique solution u € C?(Q) to the equation

V- (a(u)Vu) = f

which satisfies the condition that the average value

5,
— udx = u
Q Jo ’

where u is a given constant, under periodic boundary conditions. We remark that in the trivial case in
which Vf = 0 (and therefore f = 0), it follows that u = u, is the unique solution.
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A. Existence for the linear equation

In this appendix, we present the proof of the existence of a unique, classical solution to the linear
problem (2.7), (2.8).

Lemma A.l. Let b be a smooth positive function of w. Let w € C*(Q), let g € H*(Q), and let
Ilﬁl fggdx = 0. Let the domain Q = TV, the N-dimensional torus, where N = 2 or N = 3. Then there

exists a unique solution v € C*(Q) of the equation

V.- (bw)Vv)=g (A.1)
which satisfies the condition
5,
— | vdx=v (A.2)
Q1 Ja ’
where vy is a given constant.
Proof.
We define the zero-mean function
v ! f d (A.3)
yV=y— — vax .
1€ Ja

The existence of a unique zero-mean solution v € C*(Q) to equation (A.1) under periodic boundary
conditions is a well-known result from the standard theory of elliptic equations (see, e.g., Embid [2],
Evans [3], Gilbarg and Trudinger [4]).

It follows that the function v defined by

v(X) = v(X) + v (A4)

is the unique solution to equation (A.1) which satisfies the condition (A.2) that |13| fQ vdx = vy.
This completes the proof of the lemma.

B. A priori estimates

In this appendix, we present lemmas supporting the proof of the theorem.
We begin by listing several standard Sobolev space inequalities.

AIMS Mathematics Volume 6, Issue 1, 518-531.
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Lemma B.1. (Standard Sobolev Space Inequalities) _
(a) Let b be a smooth function of w, and let w(X) be a continuous function such that w(x) € G, for
X € Q where G, C R is a closed, bounded interval. And let w € H™'(Q) where r > 0.

Then

db 2
IDGONIE < €3[4 Il VW (B.1)
wlirG;

j+1 - .
where |j—£’v G = max{‘j:vjff (w*)‘ :w, € G1,0 < j < r}). And the constant C depends on r, N, Q.

(b) If f € H(Q), where Q C RN, and r = pm + (1 — B)n, with 0 < B8 < 1 and m < n, then

171l < CUARIAL (B.2)

Here C is a constant which depends on m, n, N, Q.
(c)If f € H*(Q) where QC RN, N=2o0r N =3, and sy = [%] + 1, then

[fle= < ClIflls, (B.3)

Here C is a constant which depends on N, Q.
(d)If Df € H'(Q), g € H™(Q), where r > 1 and where r; = max{r — 1, so} and sy = [%] + 1, then:

ID“(fg) — fDgllo < CID S, llgll-1 (B.4)

where |a| = r and where the constant C depends on r, N, Q.
These inequalities are well-known. Proofs may be found, for example, in [5], [7]. These inequalities
also appear in [1], [2].

Lemma B.2. Let the function w € C*(Q) satisfy (2.9), (2.11) in Proposition 1 and let the hypotheses
in the statement of Theorem 2.1 hold. Let b be a smooth, positive function of w. Let g € H*(Q) and let
ﬁ fg gdx = 0. Let (2.4) define the functions b, g. Let the domain Q = TV, the N-dimensional torus,
where N =2 or N = 3.

Let v be the solution from Lemma A.l in Appendix A of

V-(bw)Vv) =g (B.5)

which satisfies the condition
1 f
— | vdx = vy, (B.6)
12 Jo
where v is a given constant.

Then Vv and v satisfy the following inequalities:

IVl < C,

2
Ivll; < G5

where the constant C, depends on N and € and where the constant C5 depends on R, ug, ao, ||V fllo,

VAl g—ﬁ ) N, and Q.

2,
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Proof.

In the estimates below, we will let C denote a generic constant whose value may change from one
relation to the next. We use the notation (4, hy) = fg hih,dx for the L? inner product of two functions
hy, ho. And we use the notation s, = D%h for differentiation with a multi-index «.

Estimate for ||Vv|[3:
Using integration by parts and then substituting equation (B.5) yields

IVIlg (Vv, Vv)

IA

i(b(w)Vv, Vv)
by

1 1
= —b—O(V-(b(w)Vv),v—@ fg vdXx)

1 1
= ——(gv——=< | vdx)
b o1 Jo

1 1
< — -— | v
bollgllollv Q fgv xllo

C
< = IVelollVoll
0
= ClIvVvllo @7

where by = rninw*egl b(w.) = 1 by definition of the function b, and ||Vgl||y = 1 by definition of the

function g. Here we used the fact that g and v — Ilﬁl fQ vdx are zero-mean functions and we used
Poincaré’s inequality for a zero-mean function s, namely ||A|ly < C||Vh||o. The constant C depends on
N, Q.

It follows that

IVvilg < € (B.8)
where the generic constant C depends on N, Q.
Estimate for IIVVII%: To begin, let |@| > 1. Using integration by parts and then substituting equation
(B.5) yields
IVvellg

(Vva, V)

IA

L o)V, V)
by
= l((b(W)VV)m Vve) — i((b(W)VV)a — b(W)Vv,, Vv,)
by by
= —i(V (bW)VV)g, Vo) — i((b(W)VV)a — b(W)Vv,, Vv,)
by by

= —l(gm Va) = l((b(W)VV)@ = b(W) Ve, Vv,) (B.9)
by by

where by = min b(w,). If |a| = 1 in (B.9) then

Wi EE]

1 1
IVVally < =—(8a»Va) = —((BW)VV)o — B(W)VVy, V)
bo bo
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1 1
= _b_o(ga/a v(l) - b_o(b(w)afvv’ VVQ)

1 1
< (Olgalolivallo + ()EOV) TVblIVvellg
by by
11, o 1
< —(—) ol + Sl + GG T e
< 5GP gl + 51l
+ 3 bo)j - IR + Il (B.10)

Re-arranging the terms in (B.10) and adding the resulting inequality over || = 1 yields

1 1 ,1db2
2 Lo 5 2 1 gdb . 2
||Zl IVl < GOV IValG + 19915 + oV o (Pl I
. ydbp .
< 1+C+ c|%|m IVwl2C
< 1+C+cCCC,C (B.11)

where the generic constants C, C depend on N, Q. Here we used the facts that - b = =1, ||Vg||0 =1, and

IVwI < C. And V|2 < € from (B.8). And we used the fact that 'db|0G (”Vf ”2) 1o <Ciby
definition of the function b in (2.4) and by the statement of Theorem 2.1. 1 ’
From (B.8), (B.11) it follows that
IV = > 19wl = IV + D 11Vval}
0<lal<1 lal=1
< 1+2C+cCC,c,C (B.12)

Estimate for [|Vv|]3:
Letting |a| = 2 in inequality (B.9) and then using integration by parts with |y| = 1 produces

| |
IVVal2 < ——(8as V) — —((B(W)V¥)g — b(W)Vvy, Vv,)
bO b()
1 1
= (—=)(Zamys Vary) — — (bW VY, Vv,)
bO b()

1 1
- —(b(w)YVva_y, Vve) — —(b(w)a_vay, Vve)

1 dzb db
= ( )(ga s Vaty) — b ((d S Wa—yWy) Vv, Vv,) — —O((EWQ)VV, Vve)
1 db 1 db
- b (_Wyvvtx -y Vva) b (d Wa- )/Vvy’ Vva)
2
< lga-slollvassllo + (- )\ A PR A R A
1
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1.1db

Gl el 19 vl
1.db

S ) MO T A A
11db

S T o MO L R\ AT

C. 1,
= ;(b—o) 10—l + €llVVally

C Gy PR ool G + 0,1

b G| BT + evv.l?

O ol N TR R

O oLl N RN N R

< S lgnlf + g(bio)z\% N N A

C,1 ,dbp N 5 , C 1 ,db)? 5 5
G gl 0w IR + G o B v
G ko, e BTG + Sel9vel
(B.13)
where we used Cauchy’s inequality with € and we define € = %. We also used Sobolev’s Lemma, i.e.,
Al < CliAl.

Re-arranging terms in (B.13), and then adding the resulting inequality over || = 2 and |y| = 1,
produces

1 1 ,1d*h2
2 N2 2 i Y1 i 4 2
E IVvelly < C(bo) IVally + C(bo) ‘dWZ'O,EIIIVWIIZIIVVIIO

la|=2

1 ,db 2 o 1 1 1db 2 21012
b CO ] ITWIRITVE + CGF | IowiBio

IA

1., 5 1 5 d*b 2 4 )
CIVEIG + oY s I wIBITvIB

+ COY| Gl ITWIBITVIB

< C+(CCiCi+CCiCY|VVI;3
< C+CCClIVV3 (B.14)
where we can assume that C; < 1 and that C, > 1. Here we used the fact that ||Vw||§ < C,. And
2 2 2 2 4 2
af (VRN aa ' & (V)|
we used the fact that ‘ anlog, ( ag ) alog, = Cy. And we used the fact that |- 05, ( - ) g,
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< (anng) dal*
—_ 8 du —
aO O,Go

used the facts that ||Vgl||o = 1 and that bl_o =1.
From (B.14) and from inequality (B.12) for ||Vv|]?, it follows that

< Cf by the definition of b(v) in (2.4) and by the statement of the theorem. And we

vvl3 = > Vvl
0<la|<2
= VMR + ) IVl
la|=2
< 142C+CC,C,C +C+CC,C3|IVV|3
- 1 1
< 1+2C+§+C+§||Vv||§ (B.15)

where the generic constants C, C depend on N, Q, and where C is sufficiently small so that CC,C ,C <
% and so that CC1C§ < %
Re-arranging terms in (B.15) yields

4C+C
= (B.16)

2
IVvll;

IA

where we define C, = 4C + C, and where the constant C, depends on N, Q.

Estimate for ||Vv|[3:
Letting |a| = 3 in inequality (B.9) and then using integration by parts with |y| = 1 produces

2
IVvally

IA

1 1
=5 (8a> Vo) = - (BW)VV)o = b(W)VVa). VVa)
0 0

1 1
= b_(ga—y» va/+y) - b_(((b(w)vv)oz - b(W)VVa), VVQ)
0 0

IA

1 1
(b_o)”ga/—y”0||va+y”0 + (b—o)ll(b(W)VV)a = bW)VvallollVvallo

IA

1 1
(b_0)||ga—y||0||va+y”0 + C(b_o)HDbHZ”VV”Z”VVaHO

IA

C 1., Cly
2 lgary s+ €l vl + () IDBIEIVv
+ eVl .17

where € = i and where we used the Sobolev space inequality (B.4) from Lemma B.1 with r = |a| = 3
and r; = 2.

Re-arranging the terms in (B.17) and then adding the resulting inequality over |a| = 3 and |y| = 1
yields

1 1
§ Vel < C(—=) llgli2 + C(—)IDbI3IIVVI
by by

|er|=3
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IA

IA

IA

I o, » I
CG VMgl + ()
I o, » I
CG Mgl + ()

I o, 0 I
C(— C(—
oMl + C;)

db 2

A W) VWiV VI

db 2

kg (W —vo+ vol) VWl IV VI3
db 2

4 2 2
Tk, (1 W= voles + oD TIVwi VI
»U'1

db 2
2 ao 4 2
CIVgIE + €| (1 + R+ v *Call ol

(B.18)

where we used the Sobolev space inequality (B.1) from Lemma B.1 for ||Db||§. We also used the facts
that |[w — vyl;» < R, ||Vw||§ < C,, and by = 1. And we used the fact that g is a zero-mean function, so
that ||gllo < C||Vgllo by Poincaré’s inequality.

From (B.18) and from inequality (B.16) for ||Vv||§, it follows that

Estimate for ||v]|%:

From (B.19) it follows that

AIMS Mathematics

2
VIl

IAN A

IA

V5 = > 19wl
0<|ar|<3
= D Il + D Ivval}
0<l|er|<2 lal=3
= IV + > IVvall}
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Here we used Poincaré’s inequality for the zero-mean function v—v,, where the constant vy = ﬁ fQ vdX.
And we used the definition of the functions v, b, g from (2.4). This completes the proof of the lemma.
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