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1. Introduction and preliminaries

An analytic function s : U = {z : |z| < 1} → C is subordinate to an analytic function t : U → C
and write s(z) ≺ t(z), if there exists a complex value function ω which maps U into itself with ω(0) =

0 and |ω(z)| < 1 (z ∈ U) such that s(z) = t(ω(z)) (z ∈ U). Furthermore, if the function t is univalent in
U, then we have the following equivalence (see [1]):

s(z) ≺ t(z)⇐⇒ s(0) = t(0) and s(U) ⊂ t(U).

LetA define the class of functions f that are analytic in the open unit disc U of the form

f (z) = z +

∞∑
k=2

akzk.

The theory of (p, q)-calculus (or post quantum calculus [2]) operators are used in various areas of
science and also in geometric function theory. For 0 < q ≤ p ≤ 1 and f ∈ A, Chakrabarti and
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Jagannathan [2] defined the (p, q)-derivative operator Dp,q : A → A by

Dp,q f (z) =


f (pz)− f (qz)

(p−q)z , p , q, z , 0,
lim

q→p−
f (pz)− f (qz)

(p−q)z , p = q, z , 0, (1.1)

where

Dp,q f (z) = 1 +

∞∑
k=2

[k]p,qakzk−1 (1.2)

and

[k]p,q =
pk − qk

p − q
=

{ ∑k
`=1 p`−1q(k−1)−(`−1), p , q,

kpk−1, p = q.
(1.3)

From (1.1), we have

lim
z→0

Dp,q f (z) = 1 and lim
p→1−

Dp,p f (z) = D1,1 f (z) = f ′(z).

Next, we introduce the (p, q)-derivative operator in the class of meromorphic functions.
SupposeM be the class of functions f that are meromorphic analytic in the punctured disk U∗ =

U \ {0} = {z : 0 < |z| < 1} of the form

f (z) =
1
z

+

∞∑
k=1

akzk. (1.4)

Now, we define the (p, q)-post quantum derivative operator d̃p,q :M→M by

d̃p,q f (z) =


f (pz)− f (qz)

(p−q)z , p , q, z ∈ U∗,
lim

q→p−
f (pz)− f (qz)

(p−q)z , p = q, z ∈ U∗. (1.5)

Using (1.4) and (1.5), we have

d̃p,q f (z) = −
1

pqz2 +

∞∑
k=1

[k]p,qakzk−1 (k ∈ N), (1.6)

where 0 < q ≤ p ≤ 1 and [k]p,q is defined by (1.3).
Let λ ≥ 0, 0 < q ≤ p ≤ 1, m ∈ N0 = N∪ {0} and f (z) ∈ M, we introduce the generalized (p, q)-post

quantum calculus operator D̃m,λ
p,q :M→M as follows,

D̃
0,0
p,q f (z) = f (z),

D̃
1,λ
p,q f (z) = (1 − λ)pqzd̃p,q f (z) + λpqz(zd̃p,q f (z)))′ +

2(λ + 1)
z

= D̃λp,q f (z), (1.7)

D̃
2,λ
p,q f (z) = D̃λp,q(D̃λp,q f (z)) (1.8)

and in general,
D̃

m,λ
p,q f (z) = D̃λp,q(D̃m−1,λ

p,q f (z)) (m ≥ 1, z ∈ U∗). (1.9)
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After a simple calculation, we can obtain the following conclusion

D̃
m,λ
p,q f (z) =

1
z

+

∞∑
k=1

{
[(k − 1)λ + 1]pq[k]p,q

}m
akzk, (1.10)

where [k]p,q is defined by (1.3). For simple of notation, we let

ωk(λ, p, q) := [(k − 1)λ + 1]pq[k]p,q. (1.11)

Obviously, for λ = 0, the operator D̃m,0
p,q f (z) = Lm

p,q f (z) reduces to the (p, q)-Sǎlǎgean operator [3].
A complex valued harmonic function f in a simply connected domain D ⊂ C has the canonical

representation f = h + g, where h and g are analytic in D and g(z0) = 0 for some prescribed point
z0 ∈ D. A necessary and sufficient condition for f to be locally univalent and sense preserving in D is
that |h′(z)| > |g′(z)| in D (see [4, 5]).

Denote by MH the class of meromorphic univalent and harmonic functions f that are sense
preserving in U∗ and have the following form

f (z) = h(z) + g(z) =
1
z

+

∞∑
k=1

akzk +

∞∑
k=1

bkzk, |b1| < 1, (1.12)

where h(z) and g(z) are analytic in U∗ and U respectively. The classMH was studied in [6–10].
Let λ ≥ 0, 0 < q ≤ p ≤ 1,m ∈ N0 and f ∈ MH, we now define the operator D̃m,λ

p,q :MH →MH as

D̃
m,λ
p,q f (z) = D̃m,λ

p,q h(z) + D̃m,λ
p,q g(z), (1.13)

where

D̃
m,λ
p,q h(z) =

1
z

+

∞∑
k=1

ωk(λ, p, q)akzk, D̃m,λ
p,q g(z) =

∞∑
k=1

ωk(λ, p, q)bkzk, (1.14)

with ωk(λ, p, q) defined by (1.11).
Assume that F be fixed meromorphic harmonic function given by

F(z) = H(z) + G(z) =
1
z

+

∞∑
k=1

Akzk +

∞∑
k=1

Bkzk, |B1| < 1. (1.15)

For f given by (1.12) and F given by (1.15), we define the convolution (or Hadamard product) of F
and f by

( f ∗ F)(z) :=
1
z

+

∞∑
k=1

akAkzk +

∞∑
k=1

bkBkzk = (F ∗ f )(z). (1.16)

Also, we denote by T (T ⊂ MH) the class of meromorphic harmonic functions f of the following
form

f (z) = h(z) + g(z) =
1
z

+

∞∑
k=1

|ak|zk −

∞∑
k=1

|bk|z
k (z ∈ U∗). (1.17)

Throughout this paper, we shall assume λ ≥ 0, 0 < q ≤ p ≤ 1,m ∈ N0 and −1 ≤ B < A ≤ 1.

AIMS Mathematics Volume 6, Issue 1, 223–234.



226

Let

φ(z) =
1
z

+

∞∑
k=1

ukzk +

∞∑
k=1

vkzk (1.18)

be harmonic in U∗ with uk > 0 and vk > 0.
Taking

LH f (z) = zh′(z) − zg′(z), L2
H f (z) = LH(LH f (z)), f ∈ MH.

Now, using the operator D̃m,λ
p,q and subordination relationship, we define the following two classes.

Definition 1. Let the function f ∈ MH of the form (1.12). The function f ∈ Mp,q
φ (λ,m, A, B) if and

only if

−
LH(D̃m,λ

p,q f ∗ φ)(z)

(D̃m,λ
p,q f ∗ φ)(z)

≺
1 + Az
1 + Bz

(1.19)

and also the function f ∈ K p,q
φ (λ,m, A, B) if and only if

−
L2

H(D̃m,λ
p,q f ∗ φ)(z)

LH(D̃m,λ
p,q f ∗ φ)(z)

≺
1 + Az
1 + Bz

, (1.20)

where

D̃
m,λ
p,q ( f ∗ φ)(z) =

1
z

+

∞∑
k=1

ωm
k (λ; p, q)ukakzk +

∞∑
k=1

ωm
k (λ; p, q)vkbkzk (1.21)

with ωk(λ; p, q) given by (1.11).

We let
M̃

p,q
φ (λ,m, A, B) = T ∩M

p,q
φ (λ,m, A, B)

and
K̃

p,q
φ (λ,m, A, B) = T ∩ K

p,q
φ (λ,m, A, B).

The classes Mp,q
φ (λ,m, A, B) and K p,q

φ (λ,m, A, B) reduce to the well-known subclasses of MH as
well as many new ones. For example, let φ(z) = 1

z +
∑∞

k=1(zk + z̄k), we have

M
1,1
φ (0, 1, 1 − 2γ,−1) = MHS ∗(γ) =

 f ∈ MH : Re
−zh′(z) − zg′(z)

h(z) + g(z)

 > γ
and

K
1,1
φ (0, 1, 1 − 2γ,−1) = MCH(γ) =

 f ∈ MH : Re
−zh′′(z) + h′(z) + zg′′(z) + g′(z)

h′(z) − g′(z)

 > γ ,
where γ ∈ [0, 1).

The classes MHS ∗(γ) and MCH(γ) were studied by Jahangiri [9].
In particular, the classes MHS ∗(0) = MHS ∗ (Meromorphically harmonic starlike functions) and

MCH(0) = MCH (Meromorphically harmonic convex functions) were studied by Jahangiri and
Silverman [10].

In this paper, the sufficient and necessary conditions of coefficients are discussed. As what we have
hoped, distortion estimates, extreme points and convolution properties for the above-defined classes
are also obtained.
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2. Basic properties

First of all, we provide the sufficient conditions of coefficients for the classes defined in Definition
1.

Theorem 1. Let f = h + g be given by (1.12) and ωk(λ; p, q) given by (1.11).
(i) The sufficient condition for f to be sense-preserving and meromorphic harmonic univalent in U∗

and f ∈ Mp,q
φ (λ,m, A, B) is

∞∑
k=1

[
ξk,m(p, q)|ak| + µk,m(p, q)|bk|

]
≤ 1, (2.1)

where  k ≤ ξk,m(p, q) := [k(1−B)+(1−A)]ukω
m
k (λ;p,q)

A−B ,

k ≤ µk,m(p, q) := [k(1−B)−(1−A)]vkω
m
k (λ;p,q)

A−B .
(2.2)

(ii) The sufficient condition for f to be sense-preserving and meromorphic harmonic univalent in
U∗ and f ∈ K p,q

φ (λ,m, A, B) is

∞∑
k=1

k
[
ξk,m(p, q)|ak| + µk,m(p, q)|bk|

]
≤ 1, (2.3)

where ξk,m(p, q) and µk,m(p, q) are given by (2.2).

Proof. (i) For 0 < |z1| ≤ |z2| < 1, we obtain∣∣∣∣∣ f (z1) − f (z2)
h(z1) − h(z2)

∣∣∣∣∣ ≥ 1 −
∣∣∣∣∣g(z1) − g(z2)
h(z1) − h(z2)

∣∣∣∣∣
= 1 −

∣∣∣∣∣∣ z1z2
∑∞

k=1 bk(zk
1 − zk

2)

(z1 − z2) − z1z2
∑∞

k=1 ak(zk
1 − zk

2)

∣∣∣∣∣∣
> 1 −

∑∞
k=1 k|bk|

1 −
∑∞

k=1 k|ak|

≥ 1 −
∑∞

k=1 µk,m(p, q)|bk|

1 −
∑∞

k=1 ξk,m(p, q)|ak|

≥ 0,

which proves univalence. Note that f is sense-preserving harmonic in U∗. This is because

|h′(z)| ≥
1
|z|2
−

∞∑
k=1

k|ak||z|k−1 > 1 −
∞∑

k=1

ξk,m(p, q)|ak| ≥

∞∑
k=1

µk,m(p, q)|bk| >

∞∑
k=1

k|bk||z|k−1 ≥ |g′(z)|.

Next, we show that if the inequality (2.1) holds, then the required condition (1.19) is satisfied.
By means of Definition 1 and relationship of subordination, the function f ∈ Mp,q

φ (λ,m, A, B) iff
there exists an analytic function $(z) satisfying $(0) = 0, |$(z)| < 1 (z ∈ U) such that

−
LH(Dm,λ

p,q f ∗ φ)(z)

D
m,λ
p,q f ∗ φ(z)

=
1 + A$(z)
1 + B$(z)

,
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or equivalently ∣∣∣∣∣∣ LH(Dm,λ
p,q f ∗ φ)(z) +Dm,λ

p,q f ∗ φ(z)

ADm,λ
p,q f ∗ φ(z) + BLH(Dm,λ

p,q f ∗ φ)(z)

∣∣∣∣∣∣ < 1.

We only need to show that

|ADm,λ
p,q f ∗ φ(z) + BLH(Dm,λ

p,q f ∗ φ)(z)| − |LH(Dm,λ
p,q f ∗ φ)(z) +Dm,λ

p,q f ∗ φ(z)| > 0 (z ∈ U∗). (2.4)

Letting {
σk, j = (A + (−1) j−1kB)ωm

k (λ; p, q), j = 1, 2,
θk, j = (k + (−1) j−1)ωm

k (λ; p, q), j = 1, 2.
(2.5)

Therefore, from (2.1) we get

|ADm,λ
p,q f ∗ φ(z) + BLH(Dm,λ

p,q f ∗ φ)(z)| − |LH(Dm,λ
p,q f ∗ φ)(z) +Dm,λ

p,q f ∗ φ(z)|

=

∣∣∣∣∣∣∣(A − B)
1
z

+

∞∑
k=1

σk,1ukakzk +

∞∑
k=1

σk,2vkbkzk

∣∣∣∣∣∣∣ −
∣∣∣∣∣∣∣−

∞∑
k=1

θk,1ukakzk +

∞∑
k=1

θk,2vkbkzk

∣∣∣∣∣∣∣
≥ (A − B)

1
|z|

+

∞∑
k=1

σk,1uk|ak||z|k −
∞∑

k=1

σk,2vk|bk||z|k −
∞∑

k=1

θk,1uk|ak||z|k −
∞∑

k=1

θk,2vk|bk||z|k

= (A − B)
1
|z|

1 − ∞∑
k=1

ξk,m(p, q)|ak||z|k+1 −

∞∑
k=1

µk,m(p, q)|bk||z|k+1


> (A − B)

1
|z|

1 − ∞∑
k=1

ξk,m(p, q)|ak| −

∞∑
k=1

µk,m(p, q)|bk|


≥ 0.

Hence, we complete the proof of (i). Also, applying the same method as (i), we can obtain (ii).
The harmonic univalent function

f (z) =
1
z

+

∞∑
k=1

A − B
ukω

m
k (λ, p, q)[k(1 − B) + (1 − A)]

xkzk +
A − B

vkω
m
k (λ, p, q)[k(1 − B) − (1 − A)]

ykzk, (2.6)

where
∑∞

k=1(|xk| + |yk|) = 1, shows that the coefficient bound given by (2.1) is sharp. �

Theorem 2. Let f = h + g be given by (1.17). Then
(i) f ∈ M̃p,q

φ (λ,m, A, B) iff (2.1) holds true.

(ii) f ∈ K̃ p,q
φ (λ,m, A, B) iff (2.3) holds true.

Proof. (i) It appears from (1.17) that M̃p,q
φ (λ,m, A, B) ⊂ Mp,q

φ (λ,m, A, B). In view of Theorem 1, it is

straightforward to show that if f ∈ M̃p,q
φ (λ,m, A, B), then (2.1) holds true. Next, we use the method

in [11] to prove.
Let f ∈ M̃p,q

φ (λ,m, A, B), then it satisfies (1.19) or equivalently∣∣∣∣∣∣∣
∑∞

k=1 θk,1uk|ak|zk +
∑∞

k=1 θk,2vk|bk|z̄k

(A − B)1
z +

∑∞
k=1 σk,1uk|ak|zk −

∑∞
k=1 σk,2vk|bk|z̄k

∣∣∣∣∣∣∣ < 1 (z ∈ U∗). (2.7)
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From (2.7), we get

Re


∑∞

k=1 θk,1uk|ak|zk +
∑∞

k=1 θk,2vk|bk|z̄k

(A − B) 1
z +

∑∞
k=1 σk,1uk|ak|zk −

∑∞
k=1 σk,2vk|bk|z̄k

 < 1, (2.8)

which holds for all z ∈ U∗. Setting z = r (0 < r < 1) in (2.8), we get∑∞
k=1 θk,1uk|ak|rk+1 +

∑∞
k=1 θk,2vk|bk|rk+1

(A − B) +
∑∞

k=1 σk,1uk|ak|rk+1 −
∑∞

k=1 σk,2vk|bk|rk+1 < 1. (2.9)

Thus, from (2.9) we have

∞∑
k=1

[ξk,m(p, q)|ak| + µk,m(p, q)|bk|]rk+1 < 1 (0 < r < 1), (2.10)

where ξk,m(p, q) and µk,m(p, q) are given by (2.2).
Putting

S n =

n∑
k=1

(ξk,m(p, q)|ak| + µk,m(p, q)|bk|).

For the series
∑∞

k=1[ξk,m(p, q)|ak|+ µk,m(p, q)|bk|], {S n} is the nondecreasing sequence of partial sums
of it. Moreover, by (2.10) it is bounded by 1. Therefore, it is convergent and

∞∑
k=1

(ξk,m(p, q)|ak| + µk,m(p, q)|bk|) = lim
n→∞

S n ≤ 1.

Thus, we get the inequality (2.1). Similarly, it is easy to prove (ii) of Theorem 2. �

Clearly, from Theorem 2, we have

K̃
p,q
φ (λ,m, A, B) ⊂ M̃p,q

φ (λ,m, A, B). (2.11)

Next, we give the extreme points of these classes.

Theorem 3. Let Xk ≥ 0,Yk ≥ 0,
∑∞

k=0 Xk +
∑∞

k=1 Yk = 1, ξk,m(p, q) and µk,m(p, q) be given by (2.2).
(i) If f ∈ M̃p,q

φ (λ,m, A, B). Then f ∈ clcoM̃p,q
φ (λ,m, A, B) iff

f (z) =

∞∑
k=0

Xkhk +

∞∑
k=1

Ykgk (z ∈ U∗), (2.12)

where  h0 = 1
z , hk = 1

z + 1
ξk,m(p,q)z

k, k ≥ 1,
gk = 1

z −
1

µk,m(p,q) z̄
k, k ≥ 1.

(2.13)

(ii) If f ∈ K̃ p,q
φ (λ,m, A, B). Then f ∈ clcoK̃ p,q

φ (λ,m, A, B) iff the condition (2.12) holds and h0 = 1
z , hk = 1

z + 1
kξk,m(p,q)z

k, k ≥ 1,
gk = 1

z −
1

kµk,m(p,q) z̄
k, k ≥ 1.

(2.14)
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Proof. From (2.12) we get

f (z) =

X0 +

∞∑
k=1

[Xk + Yk]

 1
z

+

∞∑
k=1

1
ξk,m(p, q)

Xkzk −

∞∑
k=1

1
µk,m(p, q)

Ykzk.

Since 0 ≤ Xk ≤ 1 (k = 0, 1, 2, · · · ), we obtain

∞∑
k=1

ξk,m(p, q)
1

ξk,m(p, q)
Xk +

∞∑
k=1

µk,m(p, q)
1

µk,m(p, q)
Yk =

∞∑
k=1

Xk + Yk = 1 − X0 ≤ 1.

It follows, from (i) of Theorem 2, that f ∈ M̃p,q
φ (λ,m, A, B).

Conversely, if f ∈ M̃p,q
φ (λ,m, A, B), then

|ak| ≤
1

ξk,m(p, q)
and |bk | ≤

1
µk,m(p, q)

.

Putting Xk = ξk,m(p, q)|ak|,Yk = µk,m(p, q)|bk| and X0 = 1 −
∑∞

k=1 Xk −
∑∞

k=1 Yk ≥ 0, we obtain

f (z) =
1
z

+

∞∑
k=1

|ak|zk −

∞∑
k=1

|bk|z
k

=

 ∞∑
k=0

Xk +

∞∑
k=1

Yk

 1
z

+

∞∑
k=1

1
ξk,m(p, q)

Xkzk −

∞∑
k=1

1
µk,m(p, q)

Ykz
k

=

∞∑
k=0

hk(z)Xk +

∞∑
k=1

gk(z)Yk.

Thus f can be expressed in the form of (2.12). The remainder of the proof is analogous to (i) in
Theorem 3 and so we omit. �

Next, using Theorem 2, we proceed to discuss the distortion theorems for functions of these classes.

Theorem 4. Let f = h + g be of the form (1.17), |z| = r ∈ (0, 1), ξk,m(p, q) and µk,m(p, q) are defined by
(2.2), {ξk,m(p, q)} and {µk,m(p, q)} are non-decreasing sequences. If f ∈ M̃p,q

φ (λ,m, A, B), then

1
r
−

r
min{ξ1,m(p, q), µ1,m(p, q)}

≤ | f (z)| ≤
1
r

+
r

min{ξ1,m(p, q), µ1,m(p, q)}
.

Proof. For f ∈ M̃p,q
φ (λ,m, A, B), using Theorem 2 and (2.1), we have

| f (z)| =

∣∣∣∣∣∣∣1z +

∞∑
k=1

|ak|zk −

∞∑
k=1

|bk|zk

∣∣∣∣∣∣∣
≤

1
r

+
1

min{ξ1,m(p, q), µ1,m(p, q)}

∞∑
k=1

(
ξk,m(p, q)|ak| + µk,m(p, q)|bk|

)
r

≤
1
r

+
1

min{ξ1,m(p, q), µ1,m(p, q)}
r
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and

| f (z)| ≥
1
r
−

 ∞∑
k=1

|ak| +

∞∑
k=1

|bk|

 r ≥
1
r
−

1
min{ξ1,m(p, q), µ1,m(p, q)}

r.

The result is sharp and the extremal function is

f (z) =
1
z
−

1
min{ξ1,m(p, q), µ1,m(p, q)}

z.

So, we complete the proof of Theorem 4. �

By virtue of Theorem 4, we obtain the following covering result.

Theorem 5. Let ξk,m(p, q) and µk,m(p, q) be given by (2.2). If f ∈ M̃p,q
φ (λ,m, A, B), then{

w : |w| < 1 −
1

min{ξ1,m(p, q), µ1,m(p, q)}

}
⊂ f (U∗).

Theorem 6. The classes M̃p,q
φ (λ,m, A, B) and K̃ p,q

φ (λ,m, A, B) are closed under convex combinations.

Remark 1. By taking the special values of the parameters λ, p, q,m, A, B and φ in Theorems 1-6, it
is easy to show the corresponding results for the classes MHS ∗(γ) and MCH(γ) which are defined in
Section 1.

Especially, let λ = 0, p = q = m = 1, A = 1 − 2γ, B = −1, 0 ≤ γ < 1 and φ(z) = 1
z +

∑∞
k=1(zk + z̄k) in

Theorem 2, we can obtain the results of Theorems 1 and 7 in [9].

Corollary 1. Let f = h + g be given by (1.17). Then
(i) f ∈ MHS ∗(γ) iff

∞∑
k=1

k + γ

1 − γ
|ak| +

k − γ
1 − γ

|bk| ≤ 1.

(ii) f ∈ MCH∗(γ) iff
∞∑

k=1

k(k + γ)
1 − γ

|ak| +
k(k − γ)

1 − γ
|bk| ≤ 1.

3. Convolution properties

Next, in order to obtain the convolution properties of functions belonging to the classes
M̃

p,q
φ (λ,m, A, B) and K̃ p,q

φ (λ,m, A, B), we now introduce a new class of harmonic functions.

Definition 2. Let δ ≥ 0, the function f = h + g of the form (1.17) belongs to the class L̃δ,p,qφ (λ,m, A, B)
if and only if

∞∑
k=1

kδξk,m(p, q)|ak| +

∞∑
k=1

kδµk,m(p, q)|bk| ≤ 1, (3.1)

where ξk,m(p, q) and µk,m(p, q) are defined by (2.2).
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Obviously, for any positive integer δ, we have the following inclusion relation:

L̃
δ,p,q
φ (λ,m, A, B) ⊂ K̃ p,q

φ (λ,m, A, B) ⊂ M̃p,q
φ (λ,m, A, B). (3.2)

Let the harmonic functions ft (t = 1, 2, · · · , ρ) and Fl (l = 1, 2, · · · , η) of the following form

ft(z) = ht(z) + gt(z) =
1
z

+

∞∑
k=1

|ak,t|zk −

∞∑
k=1

|bk,t|z
k, |b1,t| < 1 (3.3)

and

Fl(z) = Hl(z) + Gl(z) =
1
z

+

∞∑
k=1

|Ak,l|zk −

∞∑
k=1

|Bk,l|z
k, |B1,`| < 1. (3.4)

We define the Hadamard product (or convolution) of ft and F` by

( ft ∗ Fl)(z) :=
1
z

+

∞∑
k=1

|ak,t||Ak,l|zk −

∞∑
k=1

|bk,t||Bk,l|z
k

=: (Fl ∗ ft)(z), (3.5)

where t = 1, 2, · · · , ρ and l = 1, 2, · · · , η.
Using Theorem 2, we obtain the following results.

Theorem 7. Let ft of the form (3.3) be in the class K̃ p,q
φ (λ,m, A, B)(t = 1, 2, · · · , ρ) and Fl of the form

(3.4) be in the class M̃p,q
φ (λ,m, A, B)(l = 1, 2, · · · , η). Then the Hadamard product ( f1 ∗ f2 ∗ · · · ∗ fρ ∗

F1 ∗ F2 ∗ · · · ∗ Fη)(z) belongs to the class L̃δ,p,qφ (λ,m, A, B), where δ = 2ρ + η − 1.

Proof. Using the method in [8] to prove the theorem. Putting

χ(z) = ( f1 ∗ f2 ∗ · · · ∗ fρ ∗ F1 ∗ F2 ∗ · · · ∗ Fη)(z). (3.6)

From (3.6) we have

χ(z) =
1
z

+

∞∑
k=1

 ρ∏
t=1

|ak,t|

η∏
l=1

|Ak,l|

 zk −

∞∑
k=1

 ρ∏
t=1

|bk,t|

η∏
l=1

|Bk,l|

 zk. (3.7)

According to Definition 2, we only need to show that

∞∑
k=1

k2ρ+η−1ξk,m(p, q)
( ρ∏

t=1

|ak,t|

η∏
l=1

|Ak,l|

)
+

∞∑
k=1

k2ρ+η−1µk(p, q)
( ρ∏

t=1

|bk,t|

η∏
l=1

|Bk,l|

)
≤ 1, (3.8)

where ξk,m(p, q) and µk,m(p, q) are defined by (2.2).
For ft ∈ K̃

p,q
φ (λ,m, A, B), we obtain

∞∑
k=1

kξk,m(p, q)|ak,t| +

∞∑
k=1

kµk,m(p, q)|bk,t| ≤ 1, (3.9)

for every t = 1, 2, · · · , ρ. Therefore

kξk,m(p, q)|ak,t| ≤ 1 and kµk,m(p, q)|bk,t| ≤ 1. (3.10)
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Further, by ξk,m(p, q) ≥ k and µk,m(p, q) ≥ k, we have

|ak,t| ≤ k−2 and |bk,t| ≤ k−2 (t = 1, 2, · · · , ρ). (3.11)

Also, since Fl ∈ M̃
p,q
φ (λ,m, A, B), we have

∞∑
k=1

ξk,m(p, q)|Ak,l| +

∞∑
k=1

µk,m(p, q)|Bk,l| ≤ 1 (l = 1, 2, · · · , η). (3.12)

Hence we obtain
|Ak,l| ≤ k−1 and |Bk,l| ≤ k−1 (l = 1, 2, · · · , η). (3.13)

Using (3.11) for t = 1, 2, · · · , ρ, (3.13) for l = 1, 2, · · · , η − 1 and (3.12) for l = η, we obtain

∞∑
k=1

k2ρ+η−1ξk,m(p, q)

 ρ∏
t=1

|ak,t|

η−1∏
l=1

|Ak,l|

 |Ak,η| +

∞∑
k=1

k2ρ+η−1µk,m(p, q)

 ρ∏
t=1

|bk,t|

η−1∏
l=1

|Bk,l|

 |Bk,η|

≤

∞∑
k=2

k2ρ+η−1(ξk,m(p, q)k−2ρk−(η−1))|Ak,η| +

∞∑
k=1

k2ρ+η−1(µk,m(p, q)k−2ρk−(η−1))|Bk,η|

=

∞∑
k=1

ξk,m(p, q)|Ak,l| +

∞∑
k=1

µk,m(p, q)|Bk,l| ≤ 1,

and therefore χ(z) ∈ L̃δ,p,qφ (λ,m, A, B), δ = 2ρ + η − 1. We note that the required estimate can also be
obtained by using (3.11) for t = 1, 2, · · · , η − 1; (3.13) for l = 1, 2, · · · , η and (3.9) for t = ρ. �

Taking into account the Hadamard product of functions f1∗ f2∗· · ·∗ fρ only, in the proof of Theorem
3.3, and using (3.11) for t = 1, 2, . . . , ρ − 1; and relation (3.9) for t = ρ, we are led to

Corollary 2. Let the functions ft defined by (3.3) be in the class K̃ p,q
φ (λ,m, A, B) for every

t = 1, 2, . . . , ρ. Then the Hadamard product ( f1 ∗ f2 ∗ · · · ∗ fρ)(z) belongs to the class
L̃

2ρ−1,p,q
φ (λ,m, A, B).

Also, taking into account the Hadamard product of functions F1 ∗ F2 ∗ · · · ∗ Fη only, in the proof of
Theorem 3.3, and using (3.13) for l = 1, 2, . . . , η − 1; and relation (3.12) for l = η, we are led to

Corollary 3. Let the functions Fm,l defined by (3.4) be in the class M̃p,q
φ (λ,m, A, B) for every l =

1, 2, . . . , η. Then the Hadamard product (F1 ∗ F2 ∗ · · · ∗ Fη)(z) belongs to the class L̃η−1,p,q
φ (λ,m, A, B).

Remark 2. For different choices of the parameters λ, p, q,m, A, B and φ in Theorem 7, we can deduce
some new results for each of the following univalent harmonic function classes MHS ∗(γ) and MCH(γ)
which are defined in Section 1.
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