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Abstract: This paper is concerned with the existence of a compact global attractor for a class of
competition model in n—dimensional (n > 1) domains. Using mathematical induction and more
detailed interpolation estimates, especially Gagliardo-Nirenberg inequality, we obtain the existence
of a compact global attractor, which implies the uniform boundedness of the global solutions. In
particular, we get that the Shigesada-Kawasaki-Teramoto competition model has a compact global
attractor for n < 10. The result of the S-K-T model extends the existence results of compact global
attractor in [21] from n < 8 to n < 10, and extends the uniform boundedness results of the global

solutions in [17] to the non-convex domain.
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1. Introduction and main results

In population dynamics, N. Shegesada, K. Kawasaki and E. Teromoto [15] proposed the following
quasilinear competition model with cross-diffusion,

u, = A[(dy + priu+ prv)u] +u(ay —byu—cv), xeQ, t>0,
vi = A[(dy + poru+ pov)v] +v(ay — bou—cv), x€Q, t>0,
==, x€ o t>0,
u(x,0) = up(x) = 0,v(x,0) = vp(x) > 0, x€Q,

where the functions u, v are the population densities of the two competing species and the initial values
up, vo are nonnegative functions, which are not identically zero. Q is a bounded smooth region in R”
with v as its unit outward normal vector to dQ. The constants a;,bj,c;, d;j(j = 1,2) are all positive,
and the constants p;; (i, j = 1,2) are nonnegative, where d; and d, are the random diffusion rates, p;i,
02, are the self-diffusion rates which represent intraspecific population pressures, and p;,, 0, are the
so-called cross-diffusion rates which represent the interspecific population pressures.

(1.1)
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When p;; = 0@, j = 1,2), (1.1) is reduces to the well-known Lotka-Volterra competition-diffusion
system, which has been researched intensively. When p, or p,; is positive, (1.1) is a strongly coupled
parabolic system, which has received much attention, since it occurs frequently in biological and
chemical models. H. Amann considered a general class of strongly coupled parabolic systems and
established the local existence (in time) and uniqueness results in a series of papers [1-3]. Roughly
speaking, H. Amann showed that if ug, vo in W'?(Q) with p > n, then (1.1) has a unique solution u, v
defined in (0, ty) with 75 > 0 small.

The global existence of nonnegative solutions to (1.1) is considered under some restrictive
hypotheses on the smallness of cross-diffusion pressures or on the space dimension. For the case
o1 > 0,00 > 0, if p1; = p = 0, J. Kim [8] proved the global existence of classical solutions by
energy method when n = 1 and d; = d,. Later, S. Shim [16] improved J. Kim’s results and obtained
the uniform boundedness of the global solutions in time by interpolated estimates. P. Deuring [6]
proved the global existence of classical solutions when n > 1 and py,, p,; are small enough depending
on the C*? norm of initial values u, vo. If the self-diffusion rates p;; and p», are not zero, A. Yagi [22]
proved the global existence of solutions when n = 2 and 0 < p;» < 8p11, 0 < P21 < 801y, he also
proved the same results for py; = p>; = 0 and p;; > 0. In addition, Y. Li and C. Zhao [13] obtained the
global existence of classical solutions whenn > 1, d; = d, and %ﬁ + % =2.

For the case of po; = 0, (1.1) becomes the following system

u, = A[(dy + priu+ prv)u] +u(ay —byu—cv), xeQ, t>0,
vi = A[(dy + pv)v] + v(ay — bou — cv), xeQ, t>0,
%:%=0, x€0Q,t>0,
u(x,0) = up(x) = 0,v(x,0) = vp(x) > 0, x €.

(1.2)

Y. Lou, W. Ni and Y. Wu [14] established a global existence of classical solutions to (1.2) for n < 2 and
p11 1s merely assumed nonnegative but p;, and p,; are allowed to be positive, which is the only available
result for smooth solutions with p;; = 0. When py; is positive, Y. Choi, R. Lui and Y. Yamada [4, 5]
obtained some results on the global existence of the solutions to (1.2) with the restrictions n < 6 and
P2 > 0. P. Tuoc [20] showed the global existence of solutions for n < 10. The global existence of
solutions for arbitrary n under some restrictions on coefficients are investigated (see [7,9, 11, 19]). For
the uniform boundedness of the global solutions, D. Le, L. Nguyen and T. Nguyen [12] using the semi-
group techniques obtained the global attractor for n < 6, which implies the uniform boundedness of the
global solutions. Q. Xu and Y. Zhao [21] obtained the global attractor for n < 8. And Y. Tao and M.
Winkler [17] showed the boundedness of the solutions for n < 10 when Q € R” is a bounded convex
domain with smooth boundary.
In this paper, we considered the following more general strongly coupled parabolic system

u; = V- (P(u,v)Vu + Q(u, v)Vv) + uf(u,v), xe€Q, t>0,

v, =V - (RWV)VV) +vg(u,v), xeQ, t>0, (13)
o= =, x€0Q,1>0, '
u(x,0) = up(x) = 0,v(x,0) = vo(x) > 0, x€Q.

Due to the absence of the cross-diffusion term in the v—equation, the diffusion matrix of (1.3) is
triangular. H. Amann [3] showed that if one can obtain u € L*, v € L™, then the solution of (1.3)
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exists globally in time. D. Le [10] proved that if u € L", v € L™, then the system (1.3) has a global
attractor with finite Hausdorff dimension, which attracts all the solutions of (1.3). D. Le, L. Nguyen
and T. Nguyen [12] improved the results of that in [10]. In order to state their results, we first introduce
the following definition.

Definition 1.1. (see [10], Definition 2.1 ) Assume that there exists a solution (u,v) of system (1.3)
defined on a subinterval 1 of R*. Let P be the set of function w on I such that there exists a positive
constant Cy, which may generally depend on the parameters of the system and the WP norm of the
initial value (uy, vy) , such that

w() <Cy, Vtel
Furthermore, if I = (0, 00), then there exists a positive constant C, that depends only on the parameters

of the system, but does not depend on the initial value of (uy, vy), such that

lilm supw(t) € Ce.
tloo

If w e Pand I = (0, 00), one says w is ultimately uniformly bounded.

In [12], D. Le, L. Nguyen and T. Nguyen suppose that
(H1) There exist a continuous function ® and positive constant d such that the differentiable functions
P, O, R satisfying

Pu,v)y>d(1 +u) >0, |Qu,v)<d®WVu, Rv)=2d>0, Vu,v=0.
(H2) There exists a nonnegative continuous function C(v) such that
F@ ) < COYA +u),  guvyu? < CO)(1+u*), Vu,v>0, p>0.
Under the above hypotheses (H1) and (H2), the authors proved the following results.

Lemma 1.2. (see [12], Theorem 2.4) Assume (H1) and (H2) hold. Let (u, v) be a nonnegative
1/r

. . . . . . 1+1
solution to (1.3) with its maximal existence interval I. If |[ully i +1x0 = (ft [Ju(, s)||2 st) (as a
function in t) is in P for some q,r satisfying

§+2£q:1—)(, q € [5q55-), 1 €[5, 00] with some x € (0, 1), (1.4)

then there exists an absorbing ball where all solutions will enter eventually. Thus, if the system (1.3)

is autonomous then there is a compact global attractor with finite Hausdorff dimension in 98, which
attracts all solutions, with

B = {(u, ) € WhPO(Q) x WHP(Q) : u(x) = 0,v(x) > 0,Vx € Q).

In this paper, we impose some conditions on the functions P, Q, R, f, g in system (1.3) as follows.
(A1) The functions P, Q, R are differentiable in there variables, and there exist constants 8 > 0, b > 0
and continuous function ¢(v) > 0 for v > 0, such that

P(u,v) > diu?, |0u,v)| < ¢(V)u, R(v)>d, R'(v)>0. (1.5)

(A2) For the reaction terms (f, g), we assume that there exist positive constants a, b, ¢, @ and
nonnegative continuous functions f;(u, v), ¢(v), such that

f(u,v) =a-bu® - fi(u,v), gu,v)<e)(l- cu)aT“. (1.6)
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Remark 1. Our assumptions (A1)—-(A2) on (P, Q, R, f, g) in this paper satisfy (H1)-(H2) in [12].
Now, we state our main results.

Theorem 1.3. Suppose (A1)—(A2) hold and (uy, vo) € B with some py > n. Then (1.3) has a compact
global attractor with finite Hausdorff dimension in the space 9, which attracts all the solutions, for
any given @ > 0, B > 0 and n < 2, but we need the following corresponding assumptions in (B1)—(B2)
forn > 2,
(B1) For0 < 8 < 2,

) if0<a< :‘l—fgﬁ, thenn® —2(1 +4B8)n + 4B < 0;

(ii) if%ﬁ <a<pfB+1,thenn < 2a+3B);

(i) ifa>pB+1, thenn <2Qa+28-1).
(B2) For B > "22, then

() if0<a <B+1, thenn®>—2(1 +4B)n + 48 < 0;

(i) if B+ 1 < @ < 258, then n® - 2(a + 3B)n + 4@ — 1) < 0;

2

(iii) if @ > 236, then n < 2(2a + 2B — 1).

Theorem 1.4. Assume n < 10 and (ugy, vo) € P with some py > n, then (1.2) has a compact global
attractor with finite Hausdorff dimension in the space 9, which attracts all the solutions.

Remark 2. Theorem 1.3 and Theorem 1.4 imply the uniform boundedness of the global solutions to
the systems (1.3) and (1.2), respectively.

This paper is organized as follows. In section 2, we shall prove the existence of a compact global
attractor with finite Hausdorff dimension to system (1.3). As an application, we consider the
Shegesada-Kawasaki-Teromoto competition model (1.2), and get the existence of a global attractor
for n < 10 in section 3.

2. The existence of a global attractor to (1.3)

We shall first give the uniform Gronwall inequality, which will be frequently used in our proof.

Lemma 2.1. (the uniform Gronwall inequality) (see [18] Chapt. 3, Lemma 1.1). Suppose positive
Lipschitz functions y(t), r(t), h(t) defined on [ty, +o0] satisfy

V() < r()y(t) + h(),
and

[+T +T +T
f r(s)ds < ry, f h(s)ds < hy, f y(s)ds < co, Yt >ty
t t t

with 7, ry, hy and co some positive constants. Then it holds that
Co "
y(t+71) < (— + ho)e 0 V> 1.
T

For given initial data uy(x), vo(x) € 4, it is standard to show that the solutions of (1.3) are still
nonnegative. Then using comparison principle for parabolic equation on the v—equation of (1.3), it is
easy to see

IvC, Dll=@) € P 2.1)

For the solution u, it is easy to get the following properties.
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Lemma 2.2. The solution u of (1.3) satisfies

lluC, Dl € P, (2.2)

f+1
f f udxds € P. (2.3)
t Q

Proof. Integrating the u—equation of (1.3) by parts and noting the condition of f(u,v) in (A2), we get

and

% fQ udx < a fQ udx — b fQ udx, (2.4)

which together with Holder inequality ||ul|,1q) < [lull Lo+ lI1]] L% gives

a

%fg udx < afg udx — # (fg udx)cerl . (2.5)

Then the comparison principle of ordinary differential equation implies (2.2) holds. Integrate (2.4)
from ¢ to ¢+ 1 and use (2.2) to yield (2.3). |

For the solution v, we will prove the following result, which plays an important role in the following
estimates of u in Theorem 2.4. In the rest of our paper, C; (i = 1,2,---) are some positive constants,
and we will not point out them one by one.

Lemma 2.3. Forn > 1, the solution v of (1.3) satisfies

t+1
f f IVv|*dxds € P. (2.6)
t Q

Proof. In order to prove (2.6), we first show
[ IV - RO)VY)Pdads € P, 2.7)

then we prove
I [ ROV dxds € P. (2.8)

Recalling the condition of R(v) > d in (A1), (2.8) ensures (2.6) holds.
Now, we first deal with the proof of (2.7). For this purpose, multiplying the second equation of (1.3)
by v and integrating by parts, we have

LL [ Vdx+ [ RW)IVvPdx = [ v3g(u,v)dx.

Integrating the above equation over [z,¢ + 1], we obtain

d [ fIVvPdxds < O + Cr [ (1~ i dxds,

L2(Q)

by R(v) > d in (A1), g(u,v) < p(v)(1 - cu)aTH in (A2) and the fact (2.1). Therefore, it is known by (2.1)
and (2.2) that
[ IVvPdxds € 2. (2.9)
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Next, we multiply the v—equation of (1.3) by R(v)v, and integrate by parts to get
fQ R(v)Vdx = fQ Rw)v,V - (RW)Vv)dx + fQ RWw)v,vg(u,v)dx
= - fQ V(ROW)V,) - (RW)Vv)dx + fQ RWw)v,vg(u, v)dx
= —14 [ R*()|VvPdx + [, R&v)vvg(u, v)dx
<-14 [ R0)IVvPdx + § [ vidx+ 2 [[(1+u)**'dx,

here, we use Holder inequality, the condition of g(u, v) in (A2) and (2.1).
Due to R(v) > d, thus

d
_fRZ(v)|Vv|2dx+dfvt2dx<C2 f(l'f'l/l)aﬂdx.
dt Jo o 5

In view of (2.1), (2.3), (2.9) and using the uniform Gronwall inequality on

4 f R*W)|Vv)Pdx < C, f (1 + u)*dx,
we obtain
f R*(v)|Vvdx € P.
Q

Moreover, integrate (2.10) over [¢, ¢ + 1] to know

t+1
f fvtz(x, s)dxds € P.
t Q

By the v—equation of (1.3) and noting (2.1), we have

[, IV ROVWPdx = [ [v —vg(u,v)]* dx
< 2fg vtzdx +Cs+Cy fQ udx,
this together with (2.12) and (2.3) gives (2.7).
Next, we will prove (2.8). Denote & = R(v)Vv and note R’(v) > 0 in (A1) to get
Jolétdx = [ RW)IEPE - Vvdx
= — [,V - (RO)IEPE) dx
= — [, vRYleldx — [ vROW)IEPY - dx =2 [ vR(W)E - (V& - £) dx
< - fQ VROW)EPV - édx -2 fQ VR(W)E - (V€ - &) dx.

By Holder inequality, we can get

—va(v)|§|2V-§dx < IVR=@lIél7s IV - Ell2)s
Q

and

—2va(V)§-(V§'§)dx < IVRW=@ €l 4, V€Nl 2,
Q

(2.10)

(2.11)

(2.12)
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thus
12 ) < VRO (IV - Ellizca + 21VEl @) (2.13)

Now, we will prove
IVEll 2@ < CellV - €ll2@)- (2.14)

Noting ¢ = R(v)Vv, then we have

V- £E=V-(Rv)Vv) = R'(V)|Vv]> + R(v)Av,

(2.15)
Vé = V(RW)VY) = R (w)(Vv)TVv + R(v)V?v,

where we see Vv as a row vector, (Vv) is the transpose of Vv, and V2y is a matrix.
By (2.15) and the standard elliptic regularity ||[V?y|| 2@ < Csl|avl|2q), we can prove (2.14) holds.
Therefore, in virtue of (2.13) and (2.14), we obtain

€140y < (1 + 2C)IVROI= @IV - Ellz2(c-

This together with (2.7) and (2.1) indicates that (2.8) holds. This completes the proof of Lemma
2.3. |

Next, we shall give the critical estimates in our paper.

Theorem 2.4. The solution u of (1.3) satisfies

lleel| o () € P, (2.16)
[ [ urdxds € P, (2.17)

and
[ w2 VuPdads € P, (2.18)

for p satisfying Q) p=a +2Bor (i) p > a+ 2B and (n —2)p < 3np.

Proof. Multiplying the first equation in (1.3) by u”~! with p > 1, and integrating on Q by parts, we

have
L4 [ wrdx = — [ Vur™ - [P(u,v)Vu + Qu, v)Vvldx + [ u? f(u,v)dx

p di
= —(p—1) [, u"P(u,v)|Vuldx - (p = 1) [, u">Q(u, v)Vuu - Vvdx
+ fQ u? f(u,v)dx.
Recalling the condition of f(u,v) in (A2) and |Q(u, v)| < ¢(v)u in (A1), we have
fQ uf f(u,vydx < a fQ uPdx — b fg ul*dx,
and
|- [, "2 Q(u, v)Vu - Vvdx| < [ uP~|Qu, v)||Vu - Vvidax
<llgWlleo [, 1P~ Ve - Vvldix
= 16l [ 1™ Vi - u"F Vvjdx

d - C -
< § w2 VuPdx + 2 [ ur VP,
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by Holder inequality.
Combining these estimates and P(u,v) > du” in (A1), then

1 [ urdx + 9B [ urP2Vuldx + b [ urtodx

<a [ urdx+C; f u’*|Vvldx. 219
Case I: p < a + 2. In this case, we have 2(p — B) < p + a.
Applying Holder inequality and Young’s inequality to the last term of (2.19), we have
Cy Jou"P\VvPdx < % [ ur~#dx + Cy [ [Vvl*dx
< ¢ fg uP*dx + Cg fQ [Vv|*dx + Co.
Consequently, (2.19) becomes
1 [ urdx + 2B [ ur P Vuldx + & [ urdx 220,
<a [ udx + Cy fQ Vvi*dx + Co. '
Obviously, (2.20) entails
5 dt fg uPdx < af uldx + Cy fg IVv|*dx + C,. (2.21)
For the above inequality (2.21), if we can show
[ [ urdxds € P, (2.22)
then (2.6) and the uniform Gronwall inequality yield
lleel|r () € P (2.23)
Furthermore, integrating (2.20) from ¢ to ¢ + 1, we can obtain
[ urredxds € P, (2.24)
and
[ [ w2V uldxds € P. (2.25)

Now, we will use mathematical induction to prove that (2.22) holds for p = a+28. There exists some
k € N, suchthat 1 < a+28—ka < a+1. Denote py = a+2B—ka, pn = pu1+a(m=1,2,---, k). On
one hand, using (2.3) and Holder inequality, it is easy to see that (2.22) holds for p = py. On the other
hand, we suppose (2.22) holds for p = p,,_1, then (2.24) means that (2.22) holds for p = p,,—1 +a = p,.
Hence the mathematical induction ensures that (2.22) holds for p = py = @ + 28.

Therefore, (2.23)—(2.25) hold for p = a + 28, which implies (2.16)—(2.18) hold for p = a + 28.

Case II: P > a + 2. In this case, we assume (n —4)p < (3n — 4)8.
Letw, =u % and denote w, as w sometimes for simplicity, then (2.19) can be written as

2(p+a)

2d(p-1
pd[fgwp+ dx + (p(fﬁ)z) fQIlezdx+bf wrE dx

af dex+C7f WWIVvlzdx

(2.26)
af Wl”ﬁdx + C7||W v ||L2(Q)||VV||L4(Q)
2 2
D+ +
= alw||” 2p + Coliwl fup—ﬂ) ||VV”L4(Q)’
LB (Q) L P (Q)
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by the Holder inequality.
The conditions p > @ + 28 and (n — 4)p < (3n — 4)5 implies

2(p+a) AP o 2n
p+B P+

here 5 can be replaced by +oo for n = 2.
Itis known by Gagliardo-Nirenberg inequality that

Wl sop < Crolwll' 2, VWY, ., + CrolWlizia),
L (@) 2o 12(Q) © (2.27)

with
0= n(p+p)(p—28)
2(p-B)2p+nB)*

Using (2.27) and Young’s inequality, we have

2(p Bﬁ)
+
Crlwll 'y I1VVIE
L pB (Q)
2(p-B)(1-6) 20(p=p) 2(p=pB)

< Cylwll 27 IIVWIIL%) IVv]2 +C11IIW||LTZS)IIVVII
Lp+B(Q)

+ Colwll™,, VIS
LPB(Q)

LYQ)

L4Q) L)

Ap=P)

+ Curllwll [, + CullV?

< &l Vwlf;

L2(Q) LA(Q) LYQ)’

with
2(p-p)(1-6) _ _2(ptB)

= pesepp 2T pap—aB)

_ dp-1
Lete = i then (2.26) becomes

1d [ 35 d(p-1) 2 2t
pdtfgwpﬁdx+(p+ﬁ)2fQ|le dx+bew 7B dx -
2p 4(p-B) .
<alwl™,  +Clwl™, IV + Culbwll,lh, + Cull WV,
LPB(Q) LPB(Q)

4p-p)
Let y(r) = IIWII‘”ﬁ , h(®) = Culwll g, + Crll Vvl
L]Hﬁ(Q) ( )

14’ then we have

Sav® < ay@)+ Coy(d “F o2 Loy ). (2.29)
For the case of y(f) < 1, obviously we have
2p
y(t) = [, wridx € P. (2.30)
Since p > a + 28, (2.30) implies |[w||.1q) € P by Holder inequality. Let
(n—2)p < 3np,
then a direct calculation shows that m, < 4. Consequently, (2.6) and Holder inequality give
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Furthermore, integrating (2.28) from ¢ to 7 + 1 yields

ftm I Wi dxds € P, (2.32)
and
[ 1Vwldxds € P. (2.33)
For the case of y(¢) > 1, denote r(t) = a + C8||Vv||L4(Q), then
S aY® <@y + (), (2.34)

here, we used the fact

(p+B)m1 _ (Bn=4)B-(n-4)p <1
2p (4p—np+4np) ’

It is easy to see that (2.31) implies ftm r(s)ds € P for (n — 2)p < 3np, thus if we can show

flm y(s)ds € P, flm h(s)ds € P, (2.35)

then using the uniform Gronwall inequality to the inequality (2.34), we obtain (2.30). Similarly,
integrate (2.28) over [t,t + 1] to obtain (2.32) and (2.33).
Now, we prove (2.35) for (n — 2)p = 3nf. In order to get ft o h(s)ds € P, recalling (2.6), the key

step is to deal with
Hp=p)

1+1 B 2
S Il ds € P, (2.36)
since the Minkowski’s inequality ensures
4(p=p)
1+1 1+1 ~y
J es)ds < o [ il ds + Cu [T IOV, o ds.

Now, we will prove ft o y(s)ds € P and (2.36) by mathematical induction, simultaneously. For
the case of n > 2, there exists some k € N, such that & + 28 < % — ka < 2a + 2B . Denote
qo = 2”—2 —ka, qn = qm1 +a(m=1,2, -, k). Since we have proved (2.17) for p = a + 28, it is easy
to get f y(s)ds € P for p = go by Holder inequality. In addition, noting that q°+ﬁ 2‘1;3ﬁ <a+2p
and (2.16) holds for p = a + 24, using Holder inequality we obtain [lwgll.1q) E %, which indicates
that the result (2.36) is true for p = gy. On the other hand, assume f ok y(s)ds € P and (2.36) hold for
D = qm-1, then (2.32) holds for p = g,,-;. According to the definition w, = u =3 , it 1s easy to see

2(gpy—1+) 2gm
(W) 17 = (W, )am?,

thus ft ok y(s)ds € P for p = q,,. Moreover, the assumption implies (2.30) holds for p = ¢, and

hence
24,1

B
”qu”Ll(Q) C”qu 1||4m 1+ ,
L 4m- 1+/3(Q)

by g,—1 > @ + 2 and Holder inequality with some C > 0. And thus (2.36) holds for p = g,,.
Above all, for the case of n > 2, we have proved (2.35) with p = ‘W Therefore, (2.30), (2.32)

and (2.33) hold for p = ==, which implies (2.16)—(2.18) hold for p < 3"ﬁ Similarly, we can prove
(2.16)—(2.18) hold for any p0s1t1ve constant p > a + 2B if n < 2.
This complete the proof of Theorem 2.4. O
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Next, we will use Lemma 1.2 and Theorem 2.4 to give the proof of Theorem 1.3.
proof of Theorem 1.3. Let s = p + a, then by (2.17),
1 1 _
ftH llull} s = ftH fQ uP*®dxds € P.

Define

Lo o2
s 2s — 25  2(p+a)’

>0, B=s— -1 =250,

A=s— 53 ) n+2 Ty — n+2

By Lemma 1.2, we also need y € (0, 1), which is equivalent to
n<2(p+a-1). (2.37)
It is known by Gagliardo-Nirenberg inequality that

Wil 0y < Cra (I99ll2) + Wil )

with 2* = 2n/(n - 2).
Let/=Zf and r = 21,q = 2°I, then w = u' and

t+1 t+1 t+1
J Nllaods = 7 IR, o ds < 2Cnl [ VWi, g ds + sup Il o1

[t,t+1]

The estimate ||wl|.1q) € P comes from (2.16) by Holder inequality, which together with (2.18) indicates

t+1
[l gy ds € P.

Let
_ 1 n _ 11 n _n _ n
1—X—;+z—q—7(z+ﬁ) 1= 300
_ 2(ptp) _ 1 _
A=q- 2(]X) === >0, B=r- = +6)>0

By Lemma 1.2, we also need y € (0, 1), which means
n<2p+p). (2.38)

Comparing (2.37) and (2.38), we choose n < 2(p + @ — 1) if @ > B + 1, otherwise, we choose

n < 2(p + B). In addition, recall p satisfies (i) p = @ +2Bor (ii) p > a + 2B and (n — 2)p < 3np

in Theorem 2.4, hence we can assign any positive number to p for n < 2, but we choose p = "’B if

O<a< "+4B otherwise, we choose p = a + 23 for n > 2. Consequently, combining these analys1s we
can obtain Theorem 1.3.

O
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3. The uniform boundedness of the solutions to S-K-T model for n < 10

In this part, we will consider the boundedness of the global solutions to the following S-K-T model

u; :A[(dl + o1l +,D12V)M] +M((11 —blu—clv), xeQ, t>0,

v = A[(dy + pv)v] + v(ay — bou — cv), xeQ, t>0, 3.1)
==, x€0Q,1>0, '
u(x,0) = up(x) = 0,v(x,0) = vo(x) > 0, x €.

Proof of Theorem 1.4. Comparing with the divergence form of system (1.3), we have
P(u,v) = di + 2pnu+ prov, Qu,v) = paut, R(v) = dy +2pnv,

f(u,v) =a; — byu—cyv, gu,v) = a, — bu — c,v.
It is easy to see that P, O, R and f, g satisfy the conditions in (A1) and (A2), respectively, with @ =
B=1.
Theorem 1.3 gives Theorem 1.4 for n < 2 directly. Moreover, a simple computation shows (B2) (1)

in Theorem 1.3 holds for 2 < n < 8 and (B1) (i) holds for 8 < n < 10. This completes the proof of
Theorem 1.4. a

Remark 3. Our result implies the uniform boundedness of the global solutions to the system (3.1).
This result extends the existence results of global attractor in [21] from n < 8 to n < 10, and extends
the uniform boundedness results of the global solutions in [17] to the non-convex domain.
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