AIMS Mathematics, 5(6): 7582-7604.
AIMS Mathematics DOI: 10.3934/math.2020485
% : Received: 04 July 2020
o Accepted: 13 September 2020
http://www.aimspress.com/journal/Math Published: 24 September 2020

Research article

The inequalities for the analysis of a class of ternary refinement schemes

Ghulam Mustafa', Syeda Tehmina Ejaz’, Dumitru Baleanu®*> and Yu-Ming Chu®7*

! Department of Mathematics, The Islamia University of Bahawalpur, Bahawalpur 63100, Pakistan

2 Department of Mathematics, The Government Sadiq College Women University Bahawalpur,

Bahawalpur 63100, Pakistan

Department of Mathematics, Cankaya University, Ankara 06530, Turkey

Institute of Space Sciences, 077125 Magurele-Bucharest, Romania

Department of Medical Research, China Medical University Hospital, China Medical University,
Taichung 40402, Taiwan

¢ Department of Mathematics, Huzhou University, Huzhou 313000, P. R. China

Provincial Key Laboratory of Mathematical Modeling and Analysis in Engineering, Changsha
University of Science and Technology, Changsha 410114, P. R. China

* Correspondence: Email: chuyuming2005@126.com.

Abstract: The ternary refinement schemes are the generalized version of the binary refinement
schemes. This class of the schemes produce the smooth curves with the less number of refinement
steps as compared to the binary class of schemes. In this paper, we present the inequalities for the
analysis of a class of ternary refinement schemes. There are three simple algebraic expressions in each
inequality. Further these algebraic expressions contain only the coefficients used in the refinement rules
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1. Introduction

The refinement schemes can be viewed as a class of iterative algorithms. The main feature of
these schemes is that they use initially the rough sketch of any curve called polygon to finally produce
smooth sketch also called refined sketch. Initially, a refinement scheme was introduced by de Rahm [3]
in 1956. Later on, Chaikin [1] introduced the scheme for curve generation in 1974. Deslauriers and
Dubuc presented the interpolating schemes for curve modeling in 1989. This triggered off the modern
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era for the investigation of the refinement schemes. These refinement schemes have been used for curve
and surface modeling for a long time by designers, engineers, computer scientists and mathematicians.
The details of these applications are presented by Farin [7].

Initially, the binary refinement schemes were introduced. These schemes have two rules to refine
each edge of the polygon. These rules are same for each edge of the polygon except the initial and
final edges. These rules are classified as even and odd rules. These schemes take initial sketch as an
input and return the refined sketch as an output. In the next step, these schemes take previously refined
sketch as an input and produce more refined sketch. Repeated application of this procedure give the
smooth curve/shape. Nowadays, there are many generalizations of the binary schemes. The class of
ternary refinement schemes is one of the generalization of the class of binary schemes. In this class of
the schemes, three rules are used instead of two rules to refine each edge of the polygon.

The analysis of the schemes is the crucial issue. Initially, Dyn et al. [4], introduced the divided
difference (DD) technique to analyze the schemes in 1987. Later on, Dyn et al. [5], extended this
technique for the analysis of the class of binary schemes in 1991. The study of the limiting curves
produced by the binary refinement schemes was also presented by Micchelli and Prautzch [11] in
1989. Sabin [15] in 2010, gave further insight in this technique. The further extension of Dyn et al.’s
work was done by Mustafa and Zahid [12] in 2013. The cross-differences of directional DD techniques
was introduced by Qu [14] in 1991. The further generalization of the DD technique has not been done
so for.

Another technique for the smoothness analysis of the schemes was introduced by Dyn [6] in 2002.
This technique is known as Laurent polynomial technique. This technique was used by Hassan and
Dodgson [8], Hassan et al. [9], Mustafa et al. [13]. Khan and Mustafa [10], Siddiqi and Rehan [16],
Zheng et al. [17] and many others to analyze their binary and ternary refinement schemes. Nowadays
many authors are also using this technique. However, this technique also has some limitations and
need improvement. In this technique, first a sequence of coefficients used in the refinement rules of
the schemes is converted into the polynomial. Secondly, the polynomial has been factorized. In this
technique, multiplication, division, factorization of the polynomials are involved. Further, the
computation of inequalities and the comparison of the terms are also involved. The technique, we are
going to introduce is the generalization of DD technique. In this technique, the computation of
inequalities and the comparison of three terms are involved. There are three simple algebraic
expressions in each inequality. Further these algebraic expressions contain only the coefficients used
in the refinement rules of the schemes.

The rest of this paper is structured as follows. In Section 2, a general ternary refinement scheme
and its DD schemes are introduced. Their convergence is also presented in this section. In Section 3,
the deviation between successive levels of polygons produced by the ternary and its DD refinement
schemes are presented. The inequalities for the analysis of ternary schemes are presented in Section 4.
Applications of these inequalities are also presented in this section. Summary of the work and
comparison are presented in Sections 5 and 6 respectively.

2. Ternary and its DD refinement schemes

We first introduce the ternary and its first, second and third order divided differences (DD)
refinement schemes. Then we present their convergence in this section.
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2.1. Ternary refinement scheme (TRS)
Let f* = {(i/3k,f.") €eRN,ieZ N > 2, k> 0}, be apolygon at kth refinement level then the

1

(k + 1)th polygon f**!, can be obtained by the following three refinement rules

m
= jgopj ilfrj,
kel _ N o gk
341 = EOQJ i+ (2.1)
k+1 “ k
32 = L0 i+
Jj=0

Te 3 — ;/Rk +1 _ 4k k+1 k+1 _ 1 k k k+1
whereas m > 0 while if 7¥ = i/3 then (t’;t =, fx ), (t31.+l = 1215 + 17, ), f3i+1)

and (t];;lz = 15+ 215 ), 3";12) are the points of the polygon f*+!.
The above rules are the affine combinations of f*’s so

2py=2o = o, =1 (2.2)
y=0 v=0 v=0

The one step of the refinement procedure is shown in Figure 1. The repeated application of these
rules is known as ternary refinement scheme.

A

flc+l

3i+6

v

|
|

L =t; lsiv1 '3iv2 i =l Ty T3ns lis =l

k k+l k+1 k+1 kl k+l

k_ ko pkel gkl ¢

Figure 1. The part of polygons at kth and (k + 1)th levels are shown by solid and dash lines
respectively.

2.2. First to third order DD refinement schemes

The first, second and third order divided difference (DD) ternary refinement schemes (TRS) are
presented in this section.
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Lemma 2.1. Let f* = {(i /3%, fl.k)} be a polygon of TRS at kth refinement level and dﬁ.”k = 3%(

be the first divided difference then the first order DD TRS is defined as

m=1 ( p
d:[,i](k_'—l) = 3 Z {Z (pﬂ—V - Qﬂ_v)di["l'ilk} ’

p=0 \v=0

m=1 ( p
A <35 S i),

=0 \v=0

[1]¢k+1) _
d3i+2 =3

Ms

7
{ Z (O-y—v - pﬂ—v—l)dl[_}.ilk} .

v=0

Il
[«

U

Proof. Since the first order DD is defined as

d =3 (fh - 1),

v+1
therefore by (2.1), we get
A = 3 (0o — po) £+ (01 = p1) £y + (02— p) fls +
+ (Qm—l - pm—l) f;']-{i—m—l + (Qm - pm) f;]im} .
Now consider the linear combination

1](k+1 11k 11k 11k 11k
d D = yod" 4y d 4 yodl S 4+ ydl]

i+1 i+2 i+(m—-1)°
The goal is to find the unknown yy, - - - , y,,—1. It can be written as
di ™D = 3y ff + o= YD + 01 =D o+ Oy — ImD) s
+Vm2 — Ym—l)f,']i(m_l) + ym-1f,~k+m} .

Comparing (2.5) and (2.7), we get

Yo = 3(oo — 00),
yi = 3(po—00) + 31 —01),
y2 = 3(po—00) + 31 —01) + 3(p2 — 02),
Ym—1 = 3(po—00)+3@1—01)+ -+ 3(Om-1— Om-1)-

Substituting in (2.6), we get

di ™D = 3] (oo - 00)d™ + (po = 00) + (1 — @D} LY + {(po — 00) + (p1—

01) + (02 — )V + ...+ {(po — 00) + (01 —01) + ...
+ (pmt = oD} ]

— fj{c)

(2.3)

(2.4)

(2.5)

(2.6)

2.7)
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This implies

[1](k+1) =3

Similarly, we get

and

[11k+1) _
d3z+1

1](k+1)
3l+2

m—1

#=0

{Epmvgwwg}

25 S -]
32{2(0-;1 v~ Pu-—v- l)d,[_:_Lk}

This completes the proof.
By adopting the similar procedure, we get the following results.

Lemma 2.2. Let f* = {(i/ 3, fik)} be a polygon of TRS at kth refinement level and

7 =307 (fE = 2ff + £)
be the second order divided difference then the second order DD TRS is defined as

~1[ u
d[z](k“) 3?2 Zo Zo {(v + 1)y + VOuoy — 2vpﬂ_,,} dl[ﬂlk]
u=0 |v=

m=2
g2 — 32"y

3i+1

[ u
2 {0+ D@y + 7 = 20,0 dfi}fil] :

u=0 | v=0

m=1[ u
J26D 32 ,,Zo Eo (Vyumy + (v + Dguy = v + 20y} dt[ﬂtkﬂ]

Lemma 2.3. Let f* = {(i/ 3, fik)} be a polygon of TRS at kth refinement level and

d[g]k) 33k (3|) ( fk + ka k )

]+l Jj+2

be the third order divided difference then the third order DD TRS is defined as

m=2[ u
dg](kH) =3y {(v + Doy — @ (pﬂ—" - Qﬂ-V)}dz[iLk]

u=0 | v=0

m-2
AP — 33"y

[ ¢
3(v+1)(v+2) [31k
2 {0+ Doy = 520y — 0,0 d] :

#=0 |v=0

m=2
d[3](k+1) — 33 Z Z {3V(V+I)Pu L+ (V + 1)@/1 , 3(v+12)(v+2) }d[3]k

3i+2
p=0 [ v=0

AIMS Mathematics
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(2.9)
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2.3. The convergence of ternary and its DD refinement schemes

The convergence of first, second and third order divided difference (DD) ternary refinement schemes
(TRS) is presented in this section. Throughout the paper, [0, n] denotes the set of continuous functions
on the closed and bounded interval [0, n].

Lemma 2.4. Let f* = {(i/3k, flk)} be a polygon of TRS at kth refinement level and d"* = {(i/3k, dl.mk)}
be a polygon of first order DD scheme. If limy_,..d""* = d'"! € n1[0, n), and f is the limiting curve/shape
produced by TRS then dV = f".

Proof. Bernstein polynomial for x € [0, n] with data values f* is

=52 )02

i=0

Its first derivative is

B (x)

Il
L ©
—_
~. U
~————
S~
—_
S|
\/-...
|
—_
[—y
|
S| =
~—
T
&
=

oI [l (A

This implies

B = ST - ),

For s = 3*n, we get

B (%)

|
“
|
—_—
=}

~. |
[E—
N —
—_—
S| =
\_<_
—_
—_

|
S| =
~——
7
7

98]
~
—~
=
+ =
I
o
=~
SN—

This again implies
S s—1\(xy x\s!
Bi(x) = Z( l_ )(Z) (1—5) ",
i=0

Since the Bernstien polynomials are uniformly convergent therefore liny_,.. By = f and limy_,.. B =
d"on [0,n]. So f' = d" € n[0, n]. Hence the proof. m]

Lemma 2.5. Let f* = {(i/?)k, fl")} and d** = {(i/3k, dl.[z]k)} be the polygons of TRS and its second order
DD schemes respectively. If limy_.d®* = d*' € n[0,n), and f is the limiting curve produced by TRS
then d? = f.
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Proof. Take the derivative of (2.10)

s = oo S G -3
—2sts= 1) Z G- 1()S!(; E)i!— D! (%)H (1 B %)H_l s
+ (s - DZ l‘(is—_lz—)'z)' (x)i (1 - ;z)s_i_z f"k}' @10

This implies

., sis—1) [&3 s—2)! o\ \5-i-2
B = = {; Ols—i-2)! GI-3)
(fz]iz = 2fiq1 + f,k)} .

Since s = 3*n therefore 252 = 3%2-1, 50 we get

B (x) = 3%*27! {j_: #12)—'2)' (g)l(l - E)S_H X

(£s = 2fin + 1)}

This implies

oo = S (-5 e

where d\2)f = 320715, - 265 + fH).

Again the uniform convergence of the Bernstien polynomials implies limk_)ooB; = d? and
limi_,.oBy = f. Therefore when k — oo then d'?! converges uniformly to f" on [0, n]. This concludes
d? = " e n[0,n]. Hence the proof. o

Lemma 2.6. Let f* = {(i/3", f£)} and d*% = {(i/3*,d"")} be the polygons of TRS and its third order
DD schemes respectively. If lim_,od®* = dP € n[0, n] then d® = .

Proof. Now take the derivative of (2.11), then

AIMS Mathematics Volume 5, Issue 6, 7582-7604.
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I ss = D0s =2 = ! (xy, xy
Bto = EZA (- 3)(s— ) (Z) (1_5) fi

3 s—1 s(s = 1D(s =2)(s = 3)! [x\2 x\s—i-1 )
WL G- —i- D) G) (=3 s
3 2 s(s = D(s=2)(s =3)! [x\! X2
D T Ty 2 =3)

i=1
s—3

(
S M e e L

i=

Since, s = 3*n, then

=3 i s—i-
sieo = s g 03
(=ff #3750 =375+ fLs).

This implies

s=3 . .
" _ S — 3 X ! X s—i=3 31k
Bl = Z( j )(;)(1‘;) it
where
diit = 3G (<A 4 305 = 3k + fhs)-

This implies B, — d*! and B, — f. This implies that for k — oo the d"*! converges uniformly to
f" on [0, n]. This concludes that 4! = f” € [0, n]. Hence the proof. m|

3. The deviation of ternary and its DD refinement schemes

We first introduce the inequalities to compute the deviation between two consecutive points at the
same refinement level then we introduce the inequalities to compute the deviation between successive
levels of polygons produced by ternary and its DD refinement schemes.

Lemma 3.1. If f° = {(i/SO,fl.O)} is the initial polygon and f*' = {(i/3"“,fik“)} is the polygon obtained
by TRS at (k + 1)th refinement level. If w < 1 then the deviation between two consecutive points at
(k + Dth level is

max || £ = £ < @) max]| £, - £ (3.1)

AIMS Mathematics Volume 5, Issue 6, 7582-7604.
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where
w = max {w;, w,, w3} < 1, (3.2)
m—1| u
w) = Z Z (p/t—v _Qu—v) s
u=0 ly=0
m—1| u
W)y = Z Z(Q,u—v - O_,u—v) s (33)
p=0 ly=0
m | K
w3 = Z Z(O-,u—v _pu—v—l) .
u=0 ly=0
Proof. From (2.1), we get
s — Sy ngf vaf,’iv Z(Qv P fis
This further implies
k+1 k+1 k k
3i+1 — J3i = [(PO - ©0) (fz+1 i ) + {(po — 00) + (01 — Ql)}( i+2 l+1)
+1{(00 = 00) + (o1 —01) + (p2 = 0} (s = fha) + -
+{(po = 00) + (o1 = @1) + - + (w1 = Om- D} (fon = Fmr)
+{(00 = a0) + (01 = p1) + - + (On = pu)} fi5 ]
This leads to
m—1 u m
3](,:11 - 3ki+l = Z {Z Pu—v — Ou- v)} (fl+,1+1 f+/1 Z (Qv _pv) fzk+m
pu=0 \\v= y=0
Since by (2.2), Y. (o, — p,) = 0, then
v=0
m—1 %
3k,:11 - 3{6,'“ = Z {Z(p,u—v - Q,u—v) (fi]i;nl - f;l-ci-/z)} :
u=0 \v=0
By taking maximum norm, we get
Az = A7 < wemax|l£E - £ (34
where
m—1| u
p,ll v — Ou- v
u=0 [v=0
Using (2.1) and similar procedure as above, we get
£ = Al < o max £ - £ (3.5)

AIMS Mathematics Volume 5, Issue 6, 7582-7604.
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where
m—1| u
wy = Z Z(Q,u—v - O-,u—v) .
u=0 |v=0
and
k+1 k+1 k k
” 3i43 T f3i+2|| < @3 m;“X ” AR i |8 (3.6)
where
m | u
w3 = Z Z(O-y—v _p/t—v—l) .
u=0 |v=0

Combining (3.4), (3.5) and (3.6), it proceeds as

k+1 k+1 k k
max |75 = 77| < max |, - 7

i+1 ’

where
w = max {w;, w,, W3}.
This concludes
max 1551 - 7] = @ max 12, - £7].
This completes the proof. m|

Theorem 3.2. If f° = {(i/30,fi0)} is the initial polygon and f*' = {(i/3k+1,fi"+l)} is the polygon
obtained by TRS at (k + 1)th refinement level. If @w* < 1 then the deviation between two successive
polygons at kth and (k + 1)th levels is

7t = £ = o ma g, - £, a7
where
w" = max {wy, Ts, Ws} , (3.8)
m—1
Wy = Z 1_§:p;1—v,
n=0 v=0
) m—1 H
ws=|3-0+ T |1 - 2 0us]: (3.9)
p=1 v=0
m—1 M
w6:|%—0'0|+ 2= 2 o
u=1 v=0

k+1 _

Proof. Since the maximum deviation between f**! and f* occurs at the diadic values 747! = 1, 41! =

1 1 .
12+ 1, ) and &7, = 3(f + 21}, ) respectively, therefore

IF = A, = maxiz),z;. Z), (3.10)
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where
Zl —max” kt1 fk

2 kbl _ 1 (o ok
Z, —mf‘XH 341 3 (2f + z+1)

3 _ k+1 _ 1 ( rk
Z, = mf‘XH 342 7 3 (f +2 1+1)

From (2.1), we obtain

k+1 vaf+v - i :

Since by (2.1), 3 py — 1 = 0, then
v=0

m—1 U
k+1 k
3i [ Zpﬂ V] i+l T l+/l) :

v=0

Taking norm, we get

2

kl k k k
It = ] = eramax £, -

where

3
I

=Y
Using (2.1) and similar procedure as above, we get

2 1
- (5 348)

M

u=0

where
m—1 M
wS—‘__QO—i' l_zgu—v-
u=1 v=0
1 2
k+1 k k k k
32 (gfz + 3Ji1 < Ws miaX”fiH - /i || ,
where
1 m—1 M
7D'6—'§—O'0+ I—ZO'#_V
pu=1 v=0

From (3.10)-(3.14), we get
||fk+1 _fk”oo < mlax |f;]i1 _f;'k ,

where
w" = max {wy, Ts, W) .

Hence the proof.

AIMS Mathematics
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(3.11)

(3.12)

(3.13)

(3.14)

O
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Lemma 3.3. Ifd''" = {(i/3°,dl!”0)} is the initial polygon and dM*+D) =

{(i/3k“, dl[l](kﬂ))} is the polygon obtained by first order DD TRS at (k+ 1)th refinement level. If o™ < 1
and

m—1
= go(m - V)(sz — 0y _pv) =0
er= S AQ@Y + Dy — (m = V)(py +0,)} =0, (3.15)
v=0
3 = g {2me—v — VOm—y — (V + l)o-m—v} = 09
v=0

then the deviation between two consecutive points at (k + 1)th level is

where
o = max {w], @5, w3}, (3.17)
m=2| u
WT =3 ZO ZO(V + 1)(p,u—v - 2Q,u—v + O-y—v) >
p=0 lv=
m—1| u
=332 {0+ Doy = @v + 200y + Vs - (3.18)
=0 ly=
m—1] u
w; =3 20 ZO{(V + 1)0-;1—1/ - zvpu—v + VQp—v} .
p=0 ly=
Proof. Using (2.3) and proceeding similarly as in Lemma 3.1, we get
m—1
If,c; = Y (m—-v)20, — 0, —p,) =0, then
v=0
(1](k+1 (1](k+1 * k k
sy = "V < @) max|dlf - ) (3.19)
where
@] Z Z(v+ Dy = 200y + 04|
u=0
Using (2.3) and similar procedure as above, we get
€= ;O{(2v + Doy = (m=v)(py +0,)} =0
Il = | < @3 max |4y - 4 (3:20)
where
m—1] u
@, = 3 {0+ Douey = @v + 2oy + vl
u=0 |v=0

AIMS Mathematics Volume 5, Issue 6, 7582-7604.
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And .
3 = ZO {2VPm—v — VOm-v — (V + 1)O-m—v} = O’
y=
[1]1(k+1) [1](k+1) * [11k [11k
||d3i+3 —dy,, ” < @, ml.aX”dm - d; ||, (3.21)
where

m—1| u
oy =3 Z Z {(V + Doy = 2vpu-y + vgﬂ_,,} )
u=0 |v=0
Combining Egs (3.19), (3.20) and (3.21), we get

max||d.[1](k+1) _dlgl](k+1)|| < o™ m;“x”d,[i]lk _ di[l]k

| b

whereas
o™ = max {w], @5, @3} .
This implies
mf‘X”dEr]l(kH) _ dl[l](k+1)|| < (w**)kﬂ mf‘X”dEr]P _dl_[l]()”_
This completes the proof. -

Theorem 3.4. If d''* = {(i/3°,d!")} is the initial polygon and d"+") =

{(i/3"“rl , dl[l](k”))} is the polygon obtained by first order DD TRS at (k+1)th refinement level. If w*™ < 1
and

C4 = _% + 2_11 V(pm—v - Qm—v) =0,
C5 = _% + Zl V(Qm—v - O-m—v) = O, (322)
c6=—35+ 2N+ Doy = Vo) =0,

then the deviation between two successive polygons at kth and (k + 1)th levels is

40— ] < 2~ | 629
where
@™ = max {w,, o, Wi}, (3.24)
m-2
;=35 [+ £ {0+ Do —pm).

#=0

m—2 u
@:=3|% -0y + 09| +3 21 Ly zo{w + D0y — 05 (3.25)
u= v=

m—1 M
w; =3 |%2 — 0'0| +3 E] % + vgo(Vp”_v -+ Doy,y)
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Proof. Since the maximum deviation between d!'**) and @' occurs at the diadic values 47! = £

A = 1 + 1, ) and &5, = 1(¢F + 265, ) respectively, therefore

3i+1 — 3i+2
[|dMED — @ < max{Z}, Z7, 20, (3.26)
where
zZ! = max ||d[1](k+1) d[”k”,
73 = max]Jdll*0 - d ™ + a1 (3.27)
z§ = max |[dyly™ - 3@ + 2d}, )]
By (2.3), we get
m—1
[1](k+1 11k 1k 1]k
d3i(+) d[] 32{2(.0#1/ Q,u v)dz[+,]u}_di[]'
u=0
This leads to
m-2 1 M
[11(k+1) _ [I]k [11k [l]k
d3i i - {§ + Z(V+ 1)(Q/1 - = Pu- V)(dl+y+l l+/.t+1)}
u=0 v=0
1 m
[1]k
{ § 2] V(pm_y B Qm—v)} dl+m 1 ]
If, ¢4 = =3 + 3 V(Om—y — Om—y) = 0, taking norm we get
y=1
|5 = @ < @ max ||l - (3.28)
where,
m=2 1 M
@i=3) |5+ 2 {0+ D — |-
u=0 v=0
Using (2.3) and similar procedure as above, we get
C5 = _% + Z:l V(Qm—v - O-m—v) =0
2 \
et - (Za s 3] < i manatt - ), (3.9
where
m— 1 u
@y =35 o0+ oy + Zl §+; O+ D0y = 0u))|.
And
C6 = —3 + ZO{(V + 1)0-m v me—v} =0,
o+ 1 Lo 24 . [1]k
max | di' — | 3di + 3di, || <@g max ||t - (3.30)

AIMS Mathematics Volume 5, Issue 6, 7582-7604.
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where
1 m—1 1 M
w, =3 ?—0'0 +3; 3 +;(Vpﬂ_y—(v+ Do) -

From (3.26)—(3.30)

||d[1](k+1) _ d[l]k”oo < o™ m;dX ||dl[j_]1k _ dl[l]k

)

whereas

L

o™ = max {w;, o, wy}.
Hence the proof.

Lemma 3.5. If d*° = {(i/30, dl_[2]0)} is the initial polygon and d**+V =

{(i/ 3"“,0’1[2](“1))} is the polygon obtained by second order DD TRS at (k + 1)th refinement level. If

¥ < 1and 1
X1 = Z:O {@(pm—v—l = Om—v-1) — (v + 1)0-m—v—1} =0,
m—1

1)(3v+2 1)(3v+4
2= 3 {(v+ )(2 v+ )Qm—l—v _ wam—l—v} =0,

v=0
m—1

3(v+1 2 3 1
X?) = Z { (vt 2)(V+ )O-m_l_y - (V + 1)Qm—1—v - V(;+ )pm—l—v} = 09
v=0

then the deviation between two consecutive points at (k + 1)th level is

m;‘lx ||d[2](k+l) _ dl[Z](k+l)|| < (ﬂ)k+1 mlax ||d[2]0 _ dl[Z]O” ,

i+1 i+1

where
¥ = max{th, %, I},

r H
h=33 Z {0+ Doy + 258000 = pi))

b

2

m=2| u
9, =3 p) V;O{w + Dpyoy + 2B (g, —0,,)

m—2| u
3 1 3(v+1 2
03 =3° ZO ZO{ V(;Jr )p,u—v + (v + Doy — woﬁ—v} .
u=0 ly=

Theorem 3.6. If d?° = {(i/3°,d"")} is the initial polygon and d®**V =

(3.31)

(3.32)

(3.33)

(3.34)

{(i/ 3k dl[zl(kﬂ))} is the polygon obtained by second order DD TRS at (k + 1)th refinement level. If

9 <1 and .
X4 = _3Lz + -0 [(VZI) {VQm—l—v + (V + 2)O-m—l—v - 2me—1—v}] = O’
m—1
X5 = —3% + & [V(V;]) {pm—v—l + Omv-1— 2Qm—v—1}] = 0’
X6 = _3L2 + ; {@Qm—v v+ Doy, + V(Vz_l)pm_"} =0,

(3.35)
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then the deviation between two successive polygons at kth and (k + 1)th levels is

||d[2](k+1) d[Z]k” < 9* max ||d[2]k d[2]k

1

2

where
¥ = max {4, ¥s, D},

m—2 s
1 1 1 2
Py =32 Zo L+ ZO {v(v + D,y — @Qﬂ—v _ %Uﬂ_y} ,
= v=

H
v(v+1)
% + Z { ; (ZQy—v ~ Pu—v — O-/J—V)} s

m—2
95 = 32| 2| +3% 3
=1

m—1 u
1 1
i2 Z {V(V + l)o-u—v — )Q,u v e )p,u v} .

Lemma 3.7. If d"V = {(i/30, dl[3]0)} is the initial polygon and d®*) =

(3.36)

(3.37)

(3.38)

{(i /3K dlm(kﬂ))} is the polygon obtained by third order DD TRS at (k+ 1)th refinement level. If 9™ < 1

and
= Z [(V+1)(V+2) {v+ Dpmy2—2v+3)omy2t+(v+ 2)0-’”_"_2}] =0,
v=0
m—2
xs= 5 |0+ DO+ 2 {50500+ 200, — (4 370} = 0,
v=0
m—2

V

1 4
2 )Qm =2t ot )O-m v— 2}] 0,

Xo = Z [(V + (v + 2){ —VPm—y—2 +

then the deviation between two consecutive points at (k + 1)th level is

max ||dl[il(k+1) d[3 (k+1)|| < (ﬁ**)k+] max ||d[3]0

where
9" = max{1;, 9g, Jo},

m=2| u
1 3 -1 1 2
=332 o+ D + 2)g,, — D, | - Dy, Y
H=U V=
m=3| u
ﬂg — 33 ZO ZO{—(V—I)(V2+1)(V+2)p#_V _ (V+1)(V;2)(V+4)QIJ_V + (V + 1)(V + 2)(V + 3)0_#_‘/} ,
= y=l
m-=3] u
199 — 33 ZO ZO {V(V + 1)(V + Z)p#_v _ (V—l)(V;—l)(V+2)Q'u_V _ (V+1)(V;2)(V+4)O_#_V} .
p=0 ly=

(3.39)

(3.40)

(3.41)

(3.42)

Theorem 3.8. If d*° = {(i/3%,d™)| is the initial polygon and d®*+V = {(i/31,d™ V)| is the

polygon obtained by third order DD TRS at (k + 1)th refinement level. If 9" < 1 and

X10 = —L; Z [W {O-m 2-y T VOm-2-v me—2—v}] =0,

X111 = _3%4' ZO [W{pm v— 2_(V+3)Qm v— 2+(V+3)O-m v— 2}] :0’
m_—2

X12 = —3% + . [W {Qm—v—z - (V+3)0 -y + me—v—2}] =0,

(3.43)
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then the deviation between two successive polygons at kth and (k + 1)th levels is

JaHie ] < m a2 - ], 344
where
9 = max {919, P11, 912}, (3:45)
33 B (oo
Y10 =3 #go ¥t EO{T(V'D#‘V T VOu-v 0-“_”)} ’
312 3 m=2 ! M +1)
=37 +3 X |+ 2 {5500+ 04 2000 = 0+ 2030 (3.46)
= v=
m—2 H
o = 33 3]—4| + 33 21 {3]_3 + 21 w {(V + 2)0-#—1/ —Ouv— (v = l)p,,_v}} ’
= v=

4. The analysis of the ternary refinement schemes

Now we present the analysis of the ternary refinement schemes. A function is called C™-continuous
if its mth order derivative is continuous. The common class of continuous function is C = C°. It is
natural to think of a C™ function as being a little bit rough, but the graph of a C? function looks smooth.
So we discuss the analysis of the schemes up to C3-continuity. The results can be extended similarly.
Let {n"[0,n], m = 0,1, 2,3} denotes the set of C"-continuous functions on the closed and bounded
interval [0, n].

Theorem 4.1. If f* = {(i/3°, f°)} is the initial polygon and f*' = {(i/3*, f¥*1)} is the polygon
obtained by TRS at (k + 1)th refinement level. If w, w* < 1 then limy_, f* = f € n1[0, n] = 7°[0, n].

Proof. The (3.7), gives

K+l _ gk k k
lres! = £, < @ max £ - £

and (3.1), gives
71 = £ = o max 12, - £].

Since w, @w" < 1 therefore { f"},‘j’:0 is a Cauchy sequence on closed and bounded interval [0, n].
Hence it is convergent. That is

lim f* = f € #[0,n] = 2°[0, n].

k—o0

Hence the proof. O

Lemma 4.2. [fd'"° = {(i/30, di[l]o)} is the initial polygon and d"*+D =
{(i/3k+1,dlm(k+l))} is the polygon obtained by first order DD TRS at (k + 1)th refinement level. If

Sk

@, @ < 1 and cy,ca, C3, Ca, Cs,Ce = 0, then limy_,.. d'' = dY € 7[0, n] = 7°[0, n].
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Proof. By (3.23), we have

) =t < =

Using (3.16), we have

||d[l](k+l) _ d[l]k”()0 < w***(w**)k miaX ||d[1]0i+1 _ dl[l]()” ,

Since w**, @™ < 1, therefore {dl”k},‘i0 defines a Cauchy sequence on [0, n] and

lim d'"* = @1 € 710, n] = 7°[0, n].

k—o0
This completes the proof. O

Theorem 4.3. Let f € n°[0,n] be the limiting curve produced by the ternary refinement scheme. If
@™, @ < 1 and cy,cs,c3,C4,C5,c6 = 0 then f € n'[0,n].

Proof. Lemma 4.2 leads to lim;_,., d'* = d!"! € 7°[0,n]. Lemma 2.4 gives d!'! = f’. Therefore, we
have the result, f € 7'[0, n]. O

Lemma 4.4. Ifd° = {(i/3°,d°)} is the initial polygon and d®*+) =
{(i/ 3"“,dl[2](k+l))} is the polygon obtained by second order DD TRS at (k + 1)th refinement level. If
ﬂ’ ¥ <1 andX19X2>X3’X4’X5,X6 =0 then limk_m d[2]k = d[2] c ﬂ'o[o, n]

Proof. By (3.36), we have

||d[2](k+1> _ dmk”oo < 9 max ||d,[f]1k - d,mk

)

Using (3.32), we have

||d[2](k+l) _ d[2]k||oo < ﬁ*(ﬁ)k max ||dl[i]10 _ dl[Z]O
i

b

Since ¥, J* < 1 therefore {a’[z]k},‘:o o 1s a Cauchy convergent sequence. So

lim d?* = 4™ e 7°[0, n].

k—o0
Hence the proof. O

Theorem 4.5. Let f € n°[0,n] be the limiting curve produced by the ternary refinement scheme. If
3, 9 < 1 and @1, @2, 03, 04, 95,06 = 0 then f € 7*[0, n.

Proof. Lemma 4.4 gives lim;_,., d?* = d? € 7°[0,n]. Lemma 2.5 leads to d?' = f. This implies
f € n?[0,n]. O
Lemma 4.6. Ifd"° = {(i/30, dl.B]O)} is the initial polygon and d¥*+) =

{(i/3k+1,dl[3](k+l))} is the polygon obtained by third order DD TRS at (k + 1)th refinement level. If
9, 9 < 1 and @7, @3, @9, P10, P11, P12 = 0 then limy_,o, dPW = dP € 7°(0, n).
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Proof. By (3.44), we have

||d[3](k+1) _ d[S]k” < 9 max ||d.[3]k _ dl-B]k” ,
s i

i+1
Using (3.40), we have

||d[3](k+l) _ d[3]k||oo < ﬁ***(ﬂ**)k miaX ||d[3]0 _ dl[3]0|| ,

i+1
Since ¥, #"* < 1 therefore {41[3]"},‘:’:O is a Cauchy convergent sequence. Thus

lim d®% = a1 e 7°[0, n].

k—o0

Hence the proof. m|

Theorem 4.7. Let f € n°[0,n] be the limiting curve produced by the ternary refinement scheme. If
9, 9 < 1 and @7, s, @9, 010, @11, @12 = 0 then f € [0, n].

Proof. Lemma 4.6, implies that lim;_,., d®% = dP®! € 7°[0,n] while Lemma 2.6 leads to d®¥! = f”.
This implies f € 7°[0, n]. o

Application and authenticity of the results

We discuss the analysis of the ternary refinement schemes introduced by [8-10, 16, 17]. We
conclude that the results obtained by our methods are always equivalent to the one returned by the
Laurent polynomial method. We add the Figure 2 for the interest of general readers by the direction of
anonymous reviewer of this paper. The Figure 2(d) depicts the smoothness of the limiting curve
produced by the ternary scheme. The Figure 2(a), (b) and (c) represent the initial, first and second
refinement level of the ternary scheme.

(b)

(© (d)

Figure 2. Applications of ternary refinement scheme [17]. Here, the value of yu is -5l4.
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Example 4.1. If the curve is produced by the following 4-point ternary refinement scheme [17]

1 k k
T =pofi oS +p2 ,+1 +,03f,+2,
k+1 k k

31 = Q0f L o] o 1+2 + 03[

Son = O0f T O+ o, + o fis
where
— _ (b _ (13 —
po= (3 +3u), = (12_ ) P2 = (15_4 +u), =+ m),
Qo = H, :(z 02 = (3 — ), 03 = 4,
o0 = (555 + 31, = (5 + ) 2= (-3, 3=+,
then by Laurent polynomial method the scheme produces C*-continuous curve for u € (—ﬁ, % . By

Theorems 4.1, 4.3, 4.5 and 4.7, we also get the same results.

Example 4.2. If the curve is produced by the following 4-point ternary refinement scheme [9]

k+1 _ k
=pf;s
el k k
31-:—1 QOf;_ + Ql-fl + 02 l+2 +03 l+3’
e+l _ k k k
woh = ooff o ff o fl, + o fi,
where
po—O p1=1, p2=0, p3=0,
— 13 7 -
Qo = ﬁ - 5/1» 01 = 2/1» 02 =15~ 5/1, 03 = 6/1,
_ 4 _ 13 _
0-0__+6/'l’ O-l____l'l’ 0-2_ 2/'[7 0-3_ﬁ_6/l’

then by Laurent polynomial method the scheme produces C?-continuous curve over the interval u €

15, 9) By Theorems 4.1, 4.3, and 4.5, we also get the same results.

Example 4.3. If the curve is produced by the following 3-point ternary refinement scheme [8]

W =poft +piff oSl

k+1 k
L
o = ooff o fi+oafhy,

where
po=(p+1), pr=(3-2p). p2=p,
0o =0, o =1, 0, =0,
oo = p, o=(3-2). o=(p+}).

then by both methods the scheme produces C!-continuous curve for w € (—é, 0).

Example 4.4. If the curve is produced by the following 6-point ternary refinement scheme [10]

k+1 =p, fk
3k,111 ooff, +oi1ff, + oo ff + 03 ,+1 +o04f%, +Q5 o 4.1)

Tl _ % & k
s = oofl, + o fl r o fi v osfl +oufl, + osfi
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where
po =0, p1 =0, p2=1,
p3 =0, ps =0, ps =0,
QO:(—é—}+13w), 01 :(%—5160), Qz=(—%+74w)’
03 = (§i — 46w). 04 = (-3 +9w). 95 = @,
oo = W, o1 = (-3 +90), oy = (B - 46w),
0-3:(—%+74w), 0-4:(£—51w), 0-5:(—51;—{+13w),

then by both methods the scheme produces C*-continuous curve over the interval w € (% %).

Example 4.5. If the curve is produced by the following 3-point ternary refinement scheme [16]

kel _ o rk k k
i = Pofisy TP S

K= oofk +o1fE + 0o f5,, (4.2)

kel _ ok k %
3is2 = O0fiy O+ 0o S,

where
po = %+#),P1 =(§—2ﬂ),/02 =(% +,U),
Qo = %4‘#), 01 =(;§;—2,U), Qz=(%+ﬂ),
0'0:(% +,U),O'1 :(%—2/.1), 0'2:(%+’u),

then by both methods the scheme produces C?-continuous curve for y € (—71—2, %)
5. Summary of the work

Here we present the brief summary of the work done so for in this paper.

o If max {w,,@w,, w3} < | where @, w,, w3 are defined in (3.3) then TRS will generate C°
continuous curve.

o If ¢, 2, c3, C4, C5, c¢ defined in (3.15) and (3.22) are equal to zero and max {wT,wz,wg} <1,
where @], @}, @} are defined in (3.18) then TRS will generate C ! continuous curve.

o If ¥1, X2, X3 » X4» X5> X6 defined in (3.31) and (3.35) are equal to zero and max{d;, ¢, ¥} < 1,
where 1, ,, 93 are defined in (3.34) then TRS will generate C? continuous curve.

o If x7, ¥s » X9 10, X11,> X12 defined in (3.39) and (3.43) are equal to zero and max{;, ¥g, ¥} < 1,
where 1;, 3, ¢y are defined in (3.42) then TRS will generate C* continuous curve.

6. Comparison and advantages

There are two major techniques to analyze the refinement schemes. These are called Laurent
polynomial and divided difference (DD) techniques.

e Our technique is the generalization of the DD technique for ternary refinement schemes.
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e We have presented the explicit form of the general inequalities for the analysis of the ternary
refinement schemes. These inequalities contain simple algebraic expressions. In these
inequalities the polynomial factorization, division and summation are not involved. Simple
arithmetic operations such as subtraction and multiplication are involved to evaluate the
inequalities.

e While in Laurent polynomial technique, the polynomial factorization, division and summation are
involved to evaluate the inequalities. In this technique, the explicit form of the general inequalities
are also not available.

e So it is obvious that the computational complexity of our techniques is less than the complexity
of Laurent polynomial technique.

7. Conclusions

In this paper, we have introduced an alternative technique to analyze a class of ternary refinement
schemes. A comparative study of the proposed technique with other existing technique has been
presented to prove the effectiveness of the proposed technique. It has been observed that the
alternative technique has less computational cost comparative to the existing Laurent polynomial
technique.
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