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Abstract: In this study, it is the first time that conformable Laplace decomposition method
(CLDM) is applied to fractional Newell-Whitehead-Segel (NWS) equation which is one of the most
significant amplitude equations in physics. The method consists of the unification of conformable
Laplace transform and Adomian decomposition method (ADM) and it is used for finding approximate
analytical solutions of linear-nonlinear fractional PDE’s. The results show that this CLDM is quite
powerful in solving fractional PDE’s.
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1. Introduction

The history of Fractional calculus is based on a question that Leibniz asked L"Hospital on 30
September, 1695. Since that time the developments in fractional derivatives have been done only in
pure theoretical mathematics. In recent years, it is observed that fractional analysis allows an elegant
modeling of many interdisciplinary applications [1-6]. Until recently, fractional derivative definitions
such as Caputo, Riemann-Liouville (RL) have been widely used in the solution methods to find the
approximate solutions of differential equations. However, since these derivative definitions contain
integral operators, the calculations are very challenging. In addition, analytical solutions usually can
not be found in the models using these derivative definitions and to solve these equations researchers
sometimes use numerical methods [3,4].

Although the most common fractional derivatives such as Riemann-Liouville and Caputo are used
by many mathematicians, there are many studies in the literature that these fractional derivatives have
some deficiencies as in the following [7, 8],
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In RL, the derivative of a constant is not equal to zero.

In RL initial conditions must be given in RL sense.

For the Caputo derivative, to be differentiable the function must be differentiable in classical
sense.

In both RL and Caputo derivatives; chain rule is not satisfied.

In both RL and Caputo derivatives; derivatives for integer order does not coincides with the
derivatives in classical sense.

All these negativities increased the search for a new derivative. In 2014, R.Khalil et al. presented
a new derivative named conformable derivative, which satisfies many of the properties in fractional
derivatives that cannot be satisfied by the existing fractional derivatives [7, 8]. This derivative is quite
similar to the definition of derivative in the classical limit form and it is quite easy to handle. So it has
been accepted so quickly and has been the subject of many studies for researchers [9—12].

The fluctuations in sand, the lines of the seashells and many other striped patterns like these occur
in various spatial systems that can be modeled by amplitude equations. NWS equation is one of the
most important amplitude equations in applied sciences and it explains how stripe patterns appear in
two dimensional systems [13, 14]. NWS equation is of the form

2
% :kg—;zt+cu—dur (1.1)
where r is positive integer, k, d, ¢ are real numbers, k > 0, ¢t > 0 and x € R [13]. Here u(x,1)
may be taken as the velocity of a fluid or temperature distribution in a thin and infinitely long pipe.
Therefore, in the last decades, so many methods were applied to NWS equation to find its analytical and
approximate solutions. Some of which are; Variational iteration method [13], ADM and Multiquadric
Quasi-Interpolation methods [15], Differential transform method [16] and so.
In this study, CLDM is applied to the time-fractional form of NWS Eq (1.1) given below,
14 2
?%Z - k% +cu—du’ (1.2)

2. Preliminaries

Let us give some definitions and theorems needed as follows.
Definition 2.1. Given a function f : [0,00) > R, t>0anda € (0,1) [7],

e Conformable derivative of f with respect to t of order « is defined by
f+et™) - f(@©)
e

DI(f)0) = lim
o [f f is a-differentiable in conformable sense in (0, a) for some a > 0 and if lim,_,o Df (f)(¥) exists,
then Dy (f)(0) = lim,_o D (f)(7)
Definition 2.2. Let f : [ty,0) — R be a real valued function with ty € Rand 0 < B < 1. Then
conformable laplace transform of the function f of order B is defined by [9]

If * —sM ” —SM —1
ZLfD1(s) = f e P f(Ddg(t, o) = f eI f(D( 1) dr 2.1)

4} fo
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Theorem 2.1. Leta € R, 0 < B < 1 and f : (a,00) — R be a differentiable function. Then [9]
LD (fO)] = sLlf D)) - f(@).

There are so many scientific researches to test the usefulness and accuracy of this derivative some
of which are as follows: Abdeljawad [9] expressed Laplace transform, chain rule, integration by parts
and power series in conformable sense. Tayyan and Sakka [17] used Lie symmetry analysis to
investigate the invariance properties of some conformable time and space fractional PDEs. Kurt et
al. [18] found new solutions to conformable fractional Nizhnik-Novikov-Veselov system using
homotopy analysis method and G’/G expansion method. Islam et al. [19] found new general
trawelling wave solutions for some conformable fractional dispersive long wave equations, modified
regularized long-wave equation and mKdV-ZK equation. Eslami and Rezazadeh [20] extracted
analytical solutions of conformable time fractional Wu-Zhang system by the aid of first integral
method. Hammad and Khalil [21] proved the existence of Abel’s formula for the conformable
fractional differential equations. Zhao and Luo [22] generalized conformable fractional derivative
(GCFD) concept and give the physical and geometrical interpretations of GCFD. Qi and Wang [23]
analysed the asymptotical stability of conformable fractional systems. Ladrani and Cherif [24] made
oscillation tests for damping conformable fractional differential equations. Therefore, there are many
open problems in this new area that need to be considered.

For a better accuracy and convergence, there are so many modifications and hybrid forms of ADM
in the literature. Some of which are double Laplace ADM [25-27], Fourier Transform ADM [28],
spectral ADM [29], Legendre polynomials combined with ADM [30], combination of reproducing
kernel method and ADM [31]. CLDM is one of those hybrid forms of ADM. In CLDM, Laplace
transform is combined with ADM in conformable sense and it is applied to linear-nonlinear fractional
PDE’s. Now let us give CLDM algorithm.

3. Conformable Laplace decomposition method (CLDM)

To show the basic idea of CLDM, we consider the following fractional PDE’s in general operator
form

Dfu(x,t) + Diu(x, 1) + R(u(x, 1)) + N(u(x, 1) = g(x,t) t>0, x>0, O<a<l (3.1
u(x,0) = h(x) (3.2)

where DY is the linear derivative operator in conformable sense of order « in ¢, D’ is the highest order
linear classical derivative operator in x, R is the other linear terms with lower derivatives, N is the
nonlinear term and g(x, 7) is the nonhomogenous part.

If the conformable Laplace transform .Z,, with respect to ¢ is applied to both sides of the Eq (3.1), it
becomes,

LoD ul + Zo[Diul + Zo[R(u) + N(w)] = Z,[g(x, 1)] (3.3)
From the differential property of the conformable Laplace transform [9], Eq (3.3) equation turns into
sZolul — u(x,0) + Lo [Diul + ZL[R(u) + N(w)] = Z,[8(x, 1] (3.4)
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If the Eq (3.4) is simplified
1 1 . 1
Zolu] = E[u(x, 0) + Zlg(x, nll - Ee%[Dxu] - Eﬁfa[R(u) + Nu)] (3.5)
If the inverse Laplace transform in conformable sense is applied to Eq (3.5), we get
1 1 1
u(x, 1) = £ [=[u(x,0) + ZL,[g(x, 0111 - Z{l[?%[Dﬁu]] - ,Z;W;Z,[R(u) + Nw]] (3.6)
s
According to the ADM, the solution u(x, ) with its convergency, the nonlinear term N(u(x, t)) of the

Eq (3.1) and the Adomian polynomials A; which depend on ug, uy, us, ..., u; are respecctively given as
follows [32-35],

[Se]

u(x, t) = Z 1w (x, 1) (3.7)
k=0
Nu(x,10) = > Ay (3.8)
k=0
1 d Lo
Ay = Hﬁ[N(ZO Aullp=0, k=0,1,2,3,.. (3.9

If the Egs (3.7)—(3.9) are substituted in Eq (3.6),

- 1 1 - 1 - -
Dt = L -l 0+ Z g 0= [ Z,ID% ) uk]]—f(;l[gza[le(; uk)+k§_(; Al (3.10)

k=0 k=0
If both sides of the Eq (3.10) is matched, the following iterative algorithm is obtained
.1
ug = 2, l[g[u(x, 0) + Zulg(x, D1l (3.11)
1 1
ey = 2y [= LDl = £ = LolRwe) + Addl, k=0,1,2,3,... (3.12)
s s
Hence by calculating as many u; components as needed, the solution u(x, t) can be obtained from Eq
(3.7).
To show the effectiveness of this method, let us give some examples.

4. Applications

Example 4.1. Regard the linear conformable fractional NWS equation below [13],
Du(x,t) = D*u(x,t) - 2u(x,t), O0<a <1 4.1
with initial condition
u(x,0) =e" 4.2)
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When the conformable Laplace transform with respect to ¢ is applied to both sides of the Eq (4.1),

it becomes
s.L0[u(x, )] — u(x,0) = ga[Diu(x, ] - 2%, [u(x,1)].

Using initial conditions given in Eq (4.2) and simplifying (4.3), we get

1 1
Zlu] = et + Z,[D*u]
s+2 s+2

If the inverse Laplace transform in conformable sense is applied to Eq (4.4), we get
P | 2
ulx,t)y=e'‘e « + £ [—=Z,[D;ull
s+2

Base on the serial solution formula in Eq (3.7), (4.5) turns into

Uy = € «

@ o
u = —e e

a

t201 e
U, = e’ a
2 a?2!

t3a 212

2

Uy = e’ a
3 a33!

So the series solution can be found as

ulx,t) =uy+u; +ur + us + ...

ot 1 l.2(1/ t3(x
=e e [1+—+ ]
a a*2! 33!
_ur @
= ex a e a
_
= ex a

4.3)

4.4)

4.5)

(4.6)

4.7)
(4.8)

4.9)

(4.10)

4.11)
(4.12)

(4.13)

In Figure 1, to show how the change in derivative orders affects the physical behavior of the solution,
S-step approximate solution graphs of u(x, ?) are given for different @ values. Also, for @ = 1, semi-
analytical solution graph of u(x, ) obtained by CLDM is given. It is seen that, for « = 1 our CLDM

solution is overlapped with the exact solution in [13].
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a=0.75

o=10 Exact Solution (a = 1.0) Error in Five Steps (@ = 1.0)

Figure 1. The first four graphics are the approximate solutions of u(x, ?) in five steps for
different « values, the fifth one is the analytical solution of u(x, ) we found for @ = 1 and the
last one is the error between approximate solution in five step and exact solution for @ = 1.

Example 4.2. Consider the conformable nonlinear fractional NWS equation below [14],
Du(x,t) = 5D*u(x, 1) + 2u(x,t) + u*(x,1), O0<a<1 (4.14)
with initial condition
u(x,0)=p (4.15)
where p is a constant.

If the conformable Laplace transform with respect to ¢ is applied to both sides of the Eq (4.14), it
becomes

5. Lo [u(x, )] — u(x,0) = 5.2,[D*u(x, )] + 2L, [u(x, )] + L, [u*(x, 1)]. (4.16)
Using the initial conditions given in Eq (4.15) and simplifying Eq (4.16), we get
5 1
Ll = L+ LoD u] + —— L (x, )] 4.17)
s—2 s=2 s—2
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If the inverse Laplace transform in conformable sense is applied to Eq (4.17), we get
i 5 1
u=pes + LN LDl + 2 [— L0 (4.18)
s — s -

Putting the infinite serial solution formula in Eq (3.7) and the Adomian polynomials for nonlinear term
in Eq (3.8), Eq (4.18) turns into

(o8]

22 5 - 1 -
_ -1 2 -1
D =peT + LS LD ) wll+ 2 [S_Z.,%;Ak] (4.19)

k=0 k=0
A few components of Adomian polynomials above are as follows

2

Ay = ug
A= Uit
Ar= 2ugr +uj (4.20)
Az = 2upuz + 2uiuy

Putting these Adomian polynomials into Eq (4.19) and using the iterative algorithm in Eq (3.11) and
Eq (3.12), we obtain

2%

Ug = pe «
1 t(Y t(}‘
up = st ~1)
1o 3 20 e 2
u =(z)pec(es -1
2 (2) pea( ) @21
1 Tl Tad
= (5)p'e (T — 1)
2
So the series solution can be obtained as
u(x,t) =uy+uy +ur + uz + ...
Tl 1 Tl 1 ¢ Tl 1 ¢ Tl
=pe 4 5T (€ 1)+ (PP (T — 1)+ ()l (e ~ 1)+
2% 22 2%
v e = 1) ple® 1), pe® ~1)
= «[1+ + + + ...
pel — e B+
4.22)
2 1
= pe @ T
P -1
2
2;).92tT

24 p(l—e)
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In Figure 2, to show how the change in derivative orders affects the physical behavior of the solution,
3-step approximate solution graphs of u(x, t) are given for different @ values and p = 1. Also, forp =1
and @ = 1, semi-analytical solution graph of u(x,t) obtained by CLDM is given. It is seen that, for
a = 1 our CLDM solution is overlapped with the exact solution in [14].

a =0.25 a=0.75

a=1.0 Exact Solution (a = 1.0) Error in Three Steps (o = 1.0)

Figure 2. The first four graphics are the approximate solutions of u(x,t) in three steps for
different « values, the fifth one is the analytical solution of u(x, ) we found for @ = 1 and the
last one is the error between approximate solution in three step and exact solution for @ = 1.

5. Conclusion

In this study, CLDM is applied to fractional Newell-Whitehead-Segel equation for the first time. In
the applications it is seen that even the three step approximate solutions of the nonlinear problems
give us a very accurate solutions. Morover if infinitely many terms are taken, this method gives us the
approximate analytical solutions. Therefore, this shows that CLDM is an effective and easy
mathematical tool for obtaining the approximate analytical solutions of the linear-nonlinear fractional
PDE’s of the given type. Also it can be said that CLDM is a promising method in solving other
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nonlinear fractional PDE’s and it will guide the researchers who study on the approximate analytical
solutions of fractional PDE’s.

Conflict of interest

The authors declare that no competing interests exist.

References

1.

10.

1.

12.

13.

14.

K. S. Miller, B. Ross, An Introduction to the Fractional Calculus and Fractional Differential
Equations, John Wiley & Sons, New York, 1993.

A. A. Kilbas, H. M. Srivastava, J. J. Trujillo, Theory and Applications of Fractional Differential
Equations, Elsevier, 2006.

M. D. Ortigueira, Fractional Calculus for Scientists and Engineers, Springer Science & Business
Media, 2011.

A. Atangana, D. Baleanu, A. Alsaedi, New properties of conformable derivative, Open Math., 13
(2015), 889-898.

S. Momani, N. Shawagfeh, Decomposition method for solving fractional Riccati differential
equations, Appl. Math. Comput., 182 (2006), 1083—-1092.

A. Kurt, H. Rezazadeh, M. Senol, et al. Two effective approaches for solving fractional generalized
Hirota-Satsuma coupled KdV system arising in interaction of long waves, Journal of Ocean
Engineering and Science, 4 (2019), 24-32.

R. Khalil, M. Al Horani, A. Yousef, et al. A new definition of fractional derivative, J. Comput.
Appl. Math., 264 (2014), 65-70.

A. Atangana, Derivative with a New Parameter: Theory, Methods and Applications, Academic
Press, 2015.

T. Abdeljawad, On conformable fractional calculus, J. Comput. Appl. Math., 279 (2015), 57-66.

A. Korkmaz, Exact solutions to (3+1) conformable time fractional Jimbo-Miwa, Zakharov-
Kuznetsov and modified Zakharov-Kuznetsov equations, Commun. Theor. Phys., 67 (2017), 479—
482.

0. Ozkan, A. Kurt, On conformable double Laplace transform, Opt. Quant. Electron., 50 (2018),
1-9.
0. Ozkan, A. Kurt, The analytical solutions for conformable integral equations and integro-

differential equations by conformable Laplace transform, Opt. Quant. Electron., 50 (2018), 1-8.

A. Prakash, M. Goyal, S. Gupta, Fractional variational iteration method for solving time-fractional
Newell-Whitehead-Segel equation, Nonlinear Engineering, 8 (2019), 164-171.

H. K. Jassim, Homotopy perturbation algorithm using Laplace transform for Newell-Whitehead-
Segel equation, Int. J. Adv. Appl. Math. Mech., 2 (2015), 8—12.

AIMS Mathematics Volume 5, Issue 6, 7402-7412.



7411

15

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

. R. Ezzati, K. Shakibi, Using adomian’s decomposition and multiquadric quasi-interpolation
methods for solving Newell-Whitehead equation, Procedia Computer Science, 3 (2011), 1043—
1048.

A. Aasaraai, Analytic solution for Newell-Whitehead-Segel Equation by differential transform
method, Middle East J. Sci. Res., 10 (2011), 270-273.

B. A. Tayyan, A. H. Sakka, Lie symmetry analysis of some conformable fractional partial
differential equations, Arabian Journal of Mathematics, 9 (2020), 201-212.

A. Kurt, O. Tasbozan, D. Baleanu, New solutions for conformable fractional Nizhnik-Novikov-

Veselov system via G’/G expansion method and homotopy analysis methods, Opt. Quant. Electron.,
49 (2017), 1-16.

M. T. Islam, M. A. Akbar, M. A. K. Azad, Traveling wave solutions in closed form for some
nonlinear fractional evolution equations related to conformable fractional derivative, AIMS
Mathematics, 3 (2018), 625-646.

M. Eslami, H. Rezazadeh, The first integral method for WuZhang system with conformable
timefractional derivative, Calcolo, 53 (2016), 475-485.

M. A. Hammad, R. Khalil, Abel’s formula and wronskian for conformable fractional differential
equations, International Journal of Differential Equations and Applications, 13 (2014), 177-183.

D. Zhao, M. Luo, General conformable fractional derivative and its physical interpretation,
Calcolo, 54 (2017), 903-917.

Y. Qi, X. Wang, Asymptotical stability analysis of conformable fractional systems, J. Taibah Univ.
Sci., 14 (2020), 44-49.

F. Z. Ladrani, A. B. Cherif, Oscillation tests for conformable fractional differential equations with
damping, Punjab University Journal of Mathematics, 52 (2020), 73-82.

A. Khan, T. S. Khan, M. 1. Syam, et al. Analytical solutions of time-fractional wave equation by
double Laplace transform method, Eur. Phys. J. Plus, 134 (2019), 1-5.

S. Alfageih, 1. Kayijuka, Solving system of conformable fractional differential equations by
conformable double Laplace decomposition method, J. Part. Diff. Eq., 33 (2020), 275-290.

H. Eltayeb, S. Mesloub, A note on conformable double Laplace transform and singular
conformable pseudoparabolic equations, J. Funct. Space., 2020 (2020), 1-12.

S. Nourazar, M. Ramezanpour, A. Doosthoseini, A new algorithm to solve the gas dynamics

equation: An application of the Fourier transform Adomian decomposition method, Applied
Mathematical Sciences, 7 (2013), 4281-4286.

S. G. Hosseini, S. Abbasbandy, Solution of Lane-Emden type equations by combination of the
spectral method and Adomian decomposition method, Math. Probl. Eng., 2015 (2015), 1-10.

M. Keyanpour, A. Mahmoudi, A hybrid method for solving optimal control problems, International
Journal of Applied Mathematics, 42 (2012), 80-86.

F. Geng, M. Cui, A novel method for nonlinear two-point boundary value problems: combination
of ADM and RKM, Appl. Math. Comput., 217 (2011), 4676-4681.

AIMS Mathematics Volume 5, Issue 6, 7402-7412.



7412

32. R. Rach, A convenient computational form for the Adomian polynomials, J. Math. Anal. Appl., 102
(1984), 415-4109.

33. G. Adomian, A review of the decomposition method and some recent results for nonlinear
equations, Math. Comput. Model., 13 (1990), 17-43.

34. Y. Cherruault, G. Saccomandi, B. Some, New results for convergence of Adomian’s method applied
to integral equations, Math. Comput. Model., 16 (1992), 85-93.

35. O. Gonzédlez-Gaxiola, R. Bernal-Jaquez, Applying Adomian decomposition method to solve
Burgers equation with a non-linear source, International Journal of Applied and Computational
Mathematics, 3 (2017), 213-224.

©2020 the Author(s), licensee AIMS Press. This

EE is an open access article distributed under the
@ AIMS Press terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 5, Issue 6, 7402-7412.


http://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminaries
	Conformable Laplace decomposition method (CLDM)
	Applications
	Conclusion

