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1. Introduction and preliminaries

Let A be the class of all analytic functions of the form

f=2+) ad (1.1)
k=2

in the open unit disk D = {z € C : |z] < 1} normalized by the conditions f(0) = 0 and f’(0) = 1. The
well-known Koebe one-quarter theorem [8] ensures that the image of D under every univalent function
f € A contains a disk of radius 1/4. Thus, every univalent function f has an inverse f~! satisfying

Y (f() =z (z€D)and
W) =w, (wl < ro(f), ro(f) = 1/4)

where
f_](w) :w—a2w2+(2a§—a3)w3 — e (1.2)

A function f € A is said to be bi-univalent in D if both f and g to D are univalent in D, where g
is the analytic continuation of f~' to the unit disk D. Let X denote the class of bi-univalent functions
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defined in the unit disk D given by 1.1. For a brief history of functions in the class X, see [3,4,16,19].
Later, Srivastava et al.’s [24, 26—28] gave very important contributions to this theory. Recently, for
coefficient estimates of the functions in some particular subclasses of bi-univalent functions, one may
see [6,7,10,15,20,25,29,30].

For analytic functions f and g in D, f is said to be subordinate to g if there exists an analytic function
w such that w(0) = 0, |[w(z)] < 1 and f(z) = g (w(z)). This subordination is denote by f (z) < g (2).
In particular, when g is univalent in D,

[@)<g(@) = f(0)=¢g(0) and f(D)Ccg(D) (z€D).

The g—difference operator, which was introduced by Jackson [13], is defined by

(g-Dz
for g € (0,1). It is clear that lir{[ 0,f () = f'(z) and 0,/ (0) = f"(0), where f” is the ordinary
q—)

derivative of the function. For more properties of 9, see [9,11,12].
Thus, for function f € ‘A we have

0,f () = , (z#0) (1.3)

Ouf @ =1+ Ky, (1.4)
k=2
where [k], is given by
1- qk
[k, = =g [0],=0 (1.5)
and the g— factorial is defined by
k
i, =] e kel (1.6)
I, k=0

As g — 17, then we get [k], — k. Thus, if we choose the function g (z) = Z*, while g — 1, then we
have

0,8 () = 0,2 = k1,27 = ¢ (2), (1.7)

where g’ is the ordinary derivative.
In order to derive our main results, we have to recall here the following lemmas.

Lemma 1.1. (/8]) If p € P then |p,| < 2 for each k, where P is the family of all functions p analytic
in D for which Re p(z) > 0,
P@) = 1+piz+psz’ +ps2 +--- (1.8)

forz e D.
Lemma 1.2. ( [17]) If the function p € P is given by the series 1.8, then
2p, = pf +x(4—p%),
pi+2(4=pl)pix—pi(4-pl) 2 +2(4-p) (1 - 1)z

for some x,zwith |x| < 1 and |z] < 1.

4ps

AIMS Mathematics Volume 5, Issue 6, 7259-7271.



7261

For a fixed non-negative integer n, the Bell numbers B, count the possible disjoint partitions of a
set with n elements into non-empty subsets or, equivalently, the number of equivalence relations on it.
The numbers B, are named the Bell numbers after Eric Temple Bell (1883 — 1960) (see [1, 2]) who
called then the “exponential numbers”. The Bell numbers B, (n = 0) are generated by the function
e“ ! as follows: e~! = ¥/ B, (z"/n!) (z € R). The Bell numbers B, satisfy the following recurrence
relation involving binomial coefficients: B,.; = >;_, (Z)Bk. Clearly, we have By = By = 1, B, = 2,
B; =5, B, = 15, Bs = 52 and B = 203. We now consider the function ¢ (z) := ¢“~! with its domain
of definition as the open unit disk D. Recently Srivastava and co-auhors studied geometric properties
and coefficients bounds for starlike functions related to the Bell numbers (see [5, 14]).

On the other hand, Shah and Noor [21] introduced the g—analogue of the Hurwitz Lerch zeta
function by the following series:

¢y (s,b;2) = E _—, (1.9)
K k=0 [k+b]q

where b € C\ Z;, s € C when [z] < 1, and Re (s) > 1 when [z] = 1. The a normalized form of 1.9 as
follows:

[1+b); {6, (5. b:2) — [b];°) (1.10)

> ([1+b],\
Z+ZZ([k+b]q) <

k=2

Wy (s,b;2)

From 1.10 and 1.1, Shah and Noor [21] defined the g—Srivastava Attiya operator Job fQQ:A->A
by
Joof @ = Y (s,b:2) * f(2) (1.11)

o ([1+b6],\
Z+Z([k+b]q) e

k=2

where * denotes convolution (or the Hadamard product).

We note that:

(1) If ¢ — 17, then the function ¢, (s, b; z) reduces to the Hurwitz-Lerch zeta function and the
operator J; coincides with the Srivastava-Attiya operator (see [22,23]).

(i) J ;’0 ()= foz @dqt (g—Alexander operator).

(iii) J;bf (2) = % foz 7' f (t) d,t (¢—Bernardi operator [18]).

(iv) J;’lf (z) = % foz 1"~ f (t) d,t (q—Libera operator [18]).

In present paper, we defined a general subclass XH_ , (7, 4, 1) of bi-univalent functions related to
the Bell numbers by using g—Srivastava Attiya operator. Using the principles of subordination, the
estimates for the coefficients |a,|, |az| and |a3 - 5a§| of the functions of the form 1.1 in the class
EH;,b (1, 4, ) have been obtained. For some particular choices of 7, A4, u and s the bounds determined.
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2. Coeflicient estimates

Let Q be the class of analytic functions of the form
— 2 3
w(z) = wiz+woz” + w3z + ...

in the unit disk D satisfying the condition [w(z)| < 1. There is an important relation between the classes
Q and P as follows:

1 +w() p() -1
eQ & EPorpeP & ——€Q 2.1
" w0 PR+ 1 D
Define the functions p and s in ¥ given by
1+
PO = D izt e pad
1 —u(z)
and .
+
s(z) = V@) =1+ 812+ 522 + 8538 + - .
1-v(2)
It follows that )
p@)-1 _pi_ 1 Pi) »
_ _po P 2.2
uz) ol 2t )t (2.2)
and )
s@-1_si 1 s,
— = —7 4 — —_— + .- . 2,3
v(z) EE 52 2(32 2)z (2.3)

Definition 2.1. A function f € X is said to be in the class XH, (1, A, ) if the following conditions
hold true for all z,w € D:

I Jiof QY Ty f @Y
L+ — |- /1)[ ‘”’Z ] +20, (13, f (z))( q’bz ) 1| < ¢(2)
and 1
A H Js H—
1+ % (1 _ /7.) [ q,bg (W) N /laq (J;,bg (W))( q,bg (W)) 1l < (p(w)

where ¢(z7) = e, gw) = flw), e C\{0},u>0,0<g<1landA>0.

Remark 2.1. We note that, for suitable choices parameters, the class ZH;’b (1, A, w) reduces to the
following classes.

1) Let A = 1inXH,, (r, A, i) . Then a function f € X is said to be in the class XH,, (T, ) if the
following subordinations hold for all z,w € D:

e

1+

JS #ol
Q,bf (Z)) | <e
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and

1+

L] < @(w)

1 . 5,8 )\
o) (22 -

2)LetA=1and T=1in ZH;’b (1, A, 1) . Then a function f € X is said to be in the class ZH;’b (w if
the following subordinations hold for all z,w € D:

Jsof @\
3y (J;,bf(z>)( = ) <¢@)

and |

2w
AGN, (W))( q’bw ) < p(w).

3) Letu = 1in ZH;J) (r, A, i) . Then a function f € X is said to be in the class ZH;’b (1, A) if the
following subordinations hold for all z,w € D:

1 J;
T Ty P
T

2) ‘ ]
+20,(J3,f @) = 1] < ¢(2)

and

1 JS g (w) ]
+o|a-2 P 1+ 29, (V5,8 W) - 1< ¢

4)Letu=1landt =1in XH,, (r, A, i) . Then a function f € X is said to be in the class XH, @)
if the following subordinations hold for all z,w € D:

JS
1-2 qbf(z)

+ 20, (3, @) < ¢(2)

and

w)
+ A0 ( »8 (w)) < p(w)

S)Letpuy=1,7r=1and 1 =0in ZH;’b (r, A, 1) . Then a function f € X is said to be in the class
IH,, if the following subordinations hold for all z,w € D:

15,f @

JY
(1-2)-22

< ¢(2)

and
J5,8 ()

< p(w).
6) Let s = 0 in XH,, (r, A, 1) . Then a function f € X is said to be in the class XH (1, A, u) if the
following subordinations hold for all z,w € D:

[f @

u-l ]
{(1 ) +20,(f ) (@) 1] <0

and

u-l )
+ﬂaq(g<w>>(¥) 1 < g,

l(l - [g(W)
w
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The following theorem derives the estimates for the coefficients |a;| and |as| for the functions given

by 1.1 that belong to the class ZH;h (1, 4, p).
Theorem 2.1. Let f given by (1.1) be in the class ZH;’b (1, A, ). Then

ol < |[ 2] | i | 21
“@l= g+ g \ (1 + ) + 22q(u + q)

[1+ D],
I min{l’ || (u + Aq(1 +q))}'
p+ (1 + q) (u + Ag)*

and

_|[BoLy
las| < ([1 " b]q)

Proof. Letf EEH;’b (1,A,) and g = f~!. Then, there are analytic functions u, v € Q satisfying

1 oS @Y I f @V
I+ (1—1)[ "”’Z ] +40, (13 ,.f (z))( ‘”’Z ) — 1| = ou(2)
and
1 I 8w} J3 58 W)\
I+ - (1—1)[ — +/10q(J;’bg(w))( : ) — 1| = o(v (2).

In other words, by using 2.1 in 2.6 and 2.7 we write

1 S f @1 ) Joof (@) #o! pz) -1 S
1+; (1—/1)[ qZ ] +/la(1(Jq,bf(Z))( qZ ) -1]= (m):g ( 1
and
1 a8 MY s J5p8 WY s(z)—1 Ronl
L+ - (1—1)[‘1 +/l(9q(Jq’bg(w))(qw ) —1 :‘”(s(z)+1):e e

From 2.8 and 2.9, we have

+(/1+/1Q) [1+b],\
r \12+p),) “°

(= 1) (u+229)\ ([1+b1,\* , b)),
+;(( 2 )([2+b]q) a2+(u+/lq(1+q))([3+b]q) a; |-

P1 P2 »
= 14+ —=z+=z+
27"

1

and

1

_ (u+ag) (1 +Db]Y
r \z+oy,) "

2s K}
+%[(/1q(2q+,u+1)+'u('u+3))([1+b]q) a§+(—,u—/lq(1+q))([1+b]q) a3)w

2 [2 +b], [3 +b],

(2.4)

(2.5)

(2.6)

2.7)

(2.8)

2.9)
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§1 §$2 5
I+ —z+=z"+---.
2 2

Comparing the coefficients on the both sides of above last equalities, we have the relations

1 [1+bl,\'  p
¥(”+M)a2([2+b]q) -

(=1 +2ag)\ (11 +51,\* HeblY | p
¥(( 2 )([2+b]q) a2+(,u+/lq(1+q))([3+b]q) )=
1 [1+6],\ s
_;(,u+/lq)a2([2+b]q) -2

and

1 p(u +3)\ ([1+561,\° [(1+561,) ) _ s
;((ﬂq(2q+u+1)+ > )([2+b]q) az—(u+ﬂq(1+q))([3+b]q) as| ==

Therefore, from the Eqs 2.10 and 2.12 , we find that
P1=—-5

and

1 [L+bL, )], 1
o gp) | @ =508+ )
which upon applying Lemma 1.1, yields

- [2 +b],\
la] < ([1+b]q)

|7l
p+Aq

On the other hand, by using 2.11 and 2.13, we obtain

[1+ b]q)zs » P2t S

1 2 2
— (" +p+22qu + 24 =
T(ﬂ H a q)([2+b]q 2

2 +0],\° 21|
[1+0b], W2+ p+2Aqu + 2Ag%
We now, investigate the upper bound of |as| . For this, by using 2.11 and 2.13, we have

[L+b1,\" , ([L+56l)" Y _ s-p
2+o1,) 2 \B+n,) ©)T 2

which yields

las| <

2
;(ﬂ + Ag(1 + q))((

Therefore for substituting 2.15 in 2.17, we have

([1+b]q)*“a ~ 2 (p}+57) T(py = $2)
B+bl,)  8u+dg? 4+ +q)

AIMS Mathematics Volume 5, Issue 6,
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or
[3+0],\ T T (u+ Ag(1 + q))
613=( q) (p2— $2) + (+ dg 2q pi|- (2.19)
[1+0b],) 4@+ 29(1 +q)) (u+ A9)
On the other hand, according to the Lemma 1.2 and 2.14, we write
2py = p} +x(4 - p}) - p}
- —_ = —_ 2.20
25, = 2+ y(4-52) pros= ey (220
and so, from 2.19 and 2.20, we have
[3+5],\ T 4-p? 7(u+ Aq(1 + q))
a3:( 4) (g y) 4 LW AULD) o] 21)
[1+b],)] 4u+29(1+q)| 2 (1 + Aq)

If we apply triangle inequality to equation 2.21, we obtain

BIEEGAY
las| < ([1 +b]q)

4 - p?
2

(Ix[ +yD +

|l |7l (u + Ag(1 + ¢)) 2]
4(u+g9(1 +q) (U + Ag)* H-

Since the function p(ez) (6 € R) is in the class P for any p € P, there is no loss of generality in
assuming p; > 0. Write p; = p, p € [0,2]. Thus, for [x| < 1 and [y| < 1 we obtain

3+0],\ Aq(1
o] < ([ ]q) 7] +(ITI(M+ q( ;Q))_l)pz]’
[1+0b],) |4+ 29(1 +q)) (1 + Ag)
which upon applying Lemma 1.1, yields upper bound of |as]| . O

Theorem 2.2. If f(z) given by (1.1) be in the class ZH;’b (r, A, ) and 6 € C, then

|as — 6a3| < |71 (1K + L| + |K - L))

where
_((B+b],\ [2 +b],\* 1
N (([1+b]q) _6([1+b]q) )u2+y+2aqﬂ+2aq2’ 2.22)
;- (BFAY 1
~ \[1+0b],) 2u+Ag+ ¢

Proof. From the Eqs 2.16 and 2.18 we obtain

2s
2 = (212 (P2 +5) (2.23)
[1+0b],) 2@u*+p+2Aqu+21q°)
and (3 4b\
T + +s Sy —
as =7 ) (—L2 Pl ) (2.24)
[1+0b],) \p?+u+2Aqu+21q> 2(u+ Aq+ Ag*)
Therefore, by using the equalities 2.23 and 2.24 for ¢ € C, we have
o = L [3 +21,\ P2+t S _ $2= P2
: S) [1+0b],) \p?+u+2Aqu+21q> 2(u+Aq+ Ag*)

AIMS Mathematics Volume 5, Issue 6, 7259-7271.
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(24 D],\ T(p2+ 52)
[1+b],) 2(u?+u+2Aqu+224%)

After the necessary arrangements, we rewrite the above last equality as
ay — 6d% = % (K +L)ps+ (K - L) 52) (2.25)

where K and L are given by 2.22. Taking the absolute value of 2.25, from Lemma 1.1 we obtain the
desired inequality. O

Theorem 2.3. If f(z) given by (1.1) be in the class ZH;’b (r,A,u) and 6 € C, then

[1+5],\° 5 [1+51,\" ,
([3+b]q) @ ([2+b]q) e

¥ ()l ¥ ()] = ,

1 1
<2|T|{ iy 0S¥ O o
= 2(u+dg+aq?)

where
1-0

Y () = .
© U+ p+ 2Aqu + 21q?

Proof. From Eq 2.17, we write

([1 +b]q)s ([1 +b]q)2‘y 5 7(p2 — 52)
as—9 a; =
[3+0b], [2 + D], 4(u+ Ag + A¢?)

[1 +b]q)2s )

+(1- 5)([2 o) @ (2.26)

q

By substituting 2.16 in 2.26, we have

[1+0b],\ 5 [1+0b],\* ,
([3+b]q) @ ([2+b]q) “

T(p2 — 52) T(850 + p2)
= +(1 -0
( )2(/12 + 1+ 2Aqu + 21g?)

4(u+ Ag+ A¢%)
)Pz+(‘{’(5)—

-
= 3 ((‘I’ o) +

2(u+ g + A¢?) 2(u+ﬂq+ﬂq2))s2)

where
1-0

Y () = .
© W+ p+ 2Aqu + 21q?

Therefore, we conclude that

[1+5],\° [1+0],\* ,
([3+b]q) “3_5([2+b]q) “

1 1
<apy] Tmmay OO 30000
- ¥ ()l ¥ (6)] > m ’

which evidently complete the proof of the theorem. O
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Corollary 2.1. Let f given by (1.1) be in the class ZH;’b (T, ). Then

l([2+b]q)s . |7 27|
lao| < min , ,
[1+0], p+q \u(l+w)+2qu+q)
ol < '([3+blq) i min{1,|T|w+q(1+q))},
[1+5b],) |p+q(l+q) u+q)?
|las = 6a3| < RI(K) + Li| + 1K) = L))
and
[1+b]q)s ([1+b]q)2s , sy 0<|‘P1(6)I_W
—5l——1 2
([3+b],, “mra,) AN men mels gk
where
o - [3+5],\’ 5 2 +b],\ 1
b (([1+b]q) N ([1+b]q) )ﬂ2+ﬂ+2qy+2q2’
L [3+D], 1
1 ([1+b ) 2(u+qg+q*)
¥, 0) = L0

W2+ o+ 2gu + 2g*

Corollary 2.2. Let f given by (1.1) be in the class IH,, (1, ). Then

@ (2 +b],\ min ] 17 7|
=\ + o, 1+ N1+ +¢) [’
@ ‘([3+b]q)s |7l min{l 7] (1 + Ag(1 +q))}
T N\ +al,) | 1+ 291+ ) T (1+ A9
las = 6a3| < [l (K> + Lol + K> — Lol)
and
[1+561,) [1+b]q)2“‘ ) Ty 00 < srmms
([3+b]q) “ 5([2+b]q o I T e
where
([3+b]q s [2+5],\ 1
R
[1+ 5], [1+5],] )2(1+ g +21¢%)
L (Bl ' 1
? ([1+b]q) 2(1+ g + 142’
1-6
¥, (0)

2(1 4+ Ag + Ag%)

AIMS Mathematics Volume 5, Issue 6, 7259-7271.
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Corollary 2.3. Let f given by (1.1) be in the class ZH (1, A, ). Then

a2 < min{—"_, 21 ,
H+Aq \pd+p)+29u+q)

Aq(1
al < 7] min{l,lTl(”+ q( 2+61))}
u+ 91 +q) (1 + Aq)
and | X
2 2(1+2g+24%)° 0<% @)l < 2(1+2g+2q%)
|as — 6a3| < 21| i :
¥ (O, Y3 ()] = )
where 1—-5
Y3 (0) =

2(1+ g + Ag?)°
3. Conclusions

In this paper, we defined a general subclass of bi-univalent functions related with g—Srivastava
Attiya operator by using the Bell numbers and subordination. For the functions belonging to this
class, we obtained non-sharp bounds for the initial coefficients and the Fekete-Szego functional. Some
interesting corollaries and applications of the results are also discussed.
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