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1. Introduction and main results

In this paper, we concentrate on the following stochastic damped Ostrovsky equation driven by pure
jump noise
du(r) = [BFu(t) — 30.(u?) + Au+yd; uldt + [, g(u(t=), 2)n(dt, dz), (LD)
u(0) = up. '

where 1 > 0, B and y are real numbers such that 8-y # 0 and d;'f = ((if)‘lf(f))v, and n(dt, dz)
denotes the Poisson counting measure. The Ostrovsky equation was introduced by [17] to describe the
weakly nonlinear long waves in a rotating liquid, where the parameter y measures the effect of rotation
which is supposed to be small. § represents the capillary waves on the surface of a liquid or for oblique
magneto-acoustic waves in plasma. And 4 > 0 means the positive dispersion.

For the stochastic Ostrvosky equation driven by white noise, Isaza [11-13] proved the
well-posedness in H*(R) with s > —3. Yan et al. [21,22] obtained the local well-posedness for the

4
Cauchy problem for (1.1) the initial data uy(-, w) € H'(R)(w € Qa.e.) with s > —%, and the global
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well-posedness in L>(R)(a.e.w € Q). Chen [4] established the existence of random attractor in LA(R).
Wu et al. [19] established the ergodicity of stochastic damped Ostrovsky equation with Gaussian
noise, but they do not discuss the ergodicity of the equation with Lévy noise.

The dispersive partial differential equation such as Schrodinger equation, KdV equation and
Ostrovsky equation are integrable systems with infinite conservation laws. If 4 = 0, then (1.1) become
a stochastic KdV equation. Bouard et al. [2, 3] established the local well-posedness for stochastic
KdV equation with additive noise and multiplicative noise respectively. The dissipative effect of
damped dispersive systems are too weak to apply the theory for dissipative dynamical systems. There
are two typical difficulties to establish the ergodicity for stochastic dispersive equation on R need to
overtake, one is the non-compactness of the whole real line R, and the other one is the
non-compactness of operator semigroup for stochastic linear dispersive equation. Recently, Ekren,
Kukavica and Ziane [9, 10] applied the stopping time technique to establish the boundedness of the
uniform estimate, which can deduce the tightness of the measure sequences in local square integrable
space L; (R), they also used the convergence in measure in Hilbert space in terms of the idea in [16]
to obtain the existence of invariant measure, but they could not provide with the uniqueness and
ergodicity, we refer it to [9] for details.

Recently, Bouard et al. [1] studied the nonlinear Schrodinger eqution driven by jump process, and
proved the existence of a martingale solution of the nonlinear Schrédinger equation with jump
processes with infinite activity, but they could not study the ergodicity of invariant measure for
stochastic Schrodinger equation with jump noise. In fact, there are a lot of paper on ergodicity for
stochastic dissipative partial differential equation driven by jump process, Dong and Xie [7] studied
ergodicity of stochastic 2D Navier-stokes equations with Lévy noise, Dong et.al. [6] study the
existence of martingale solutions of stochastic 3D Navier-Stokes equations with jump noise. To the
best of our knowledge, there is little paper on the ergodicity of stochastic damped dispersive PDE
with Lévy noise due to the above mentioned difficulty.

The goal of this paper is to study the invariant measure of stochastic damped Ostrovsky equation
with pure jump noise. The novelty of the current paper to obtain the uniformly bounded of solutions
in H'(R) and L*(R) space respectively, which are the key tools to prove the tightness of the measure
sequences in local square integrable space LIZUC(R). By using the convergence in measure in Hilbert
space in terms of the idea in [16], we can obtain the existence of invariant measure. Moreover, by
applying the idea of Proposition 3.2.7 in [5], we prove that the invariant measure is unique if the initial
value is non-random. The another novelty of the current paper is that the numerical simulation in the
sense of E||u(z, -)[[ 2 reveals that stochastic damped Ostrovsky equation driven by pure jump may posses
an unique ergodic invariant measure.

We state our main result followed as:

Theorem 1.1. Assume that uy € X,, and the Hypothesis (H1)-(H3) are satisfied. Then stochastic
damped Ostrovsky equation (1.1) admits an invariant measures. Moreover, it posses an ergodic
invariant measure for the non-random initial data.

The rest of paper is organized as follows. In Section 2, some function setting and useful lemmas
or technique theorem are provided. In Section 3, the uniformly bounded of solutions in H'(R) and
L*(R) space are established respectively, which are the key tools to obtain the ergodicity. By using
the methods of [1, Appendix A], we prove the existence of invariant measure for stochastic damped
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Ostrovsky equation in Section 4. Moreover, by applying the idea of Proposition 3.2.7 in [5], we prove
that the invariant measure is unique if the initial value is restricted to be non-random. In Section 5,
some numerical simulation are provide to support the theoretical results.

2. Preliminary

In this section, we introduce some basic concepts and some inequalities, which are from [1] and
[18].

Let (Q, 7, 7, P) be a complete probability space, (Z, B(Z)) be a measurable space and v(dz) be a
o—finite measure on it. Let P = (p(¢),t € D,) be a stationary #,—Poisson point process on Z with
characteristic measure v(dz), where D, is a countable subset of [0, +c0) depending on random
parameter w € €. Denote by n(dt,dz) the Poisson counting measure associated with p, that is
n(dt,dz) = Zep,s<1a(p(s)), where 14(-) is the indicator function with respect to A. Let
n(dt,dz) = n(dt,dz) — dtv(dz) be the compensated Poisson measure. If v(z) < oo, 77 is a martingale
with (7(Z)); = tv(z), and v is the intensity measure of 7.

We impose the hypothesis (H1)-(H3) on the Poisson processes just as [8]

(H1) For any u € X, there exists a constant C < oo such that
fllg(u,Z)HilV(dZ) < CA + [lull}),

(H2) v(0) =0, fz ||Z||§V(dz) < ooand v(Z) = p < oo,
(H3) Z is continuously embedded in H'(R).

The measure v describes the expected number of jumps of a certain height in a time interval of length
1. The hypothesis means there is an finite number of small jumps is expected.

Let Y be a separable and complete metric space and 7 > 0. The space X(T') = D([0, T']; Y) denotes
the space of all right continuous functions x : [0, 7] — Y with left limits, P(ID([0, T']; Y)) the space of
Borel probability measures on D([0, T']; Y). We equip D([0, T']; Y) with the Skorohod topology such
that D([0, T']; Y) is both separable and complete.

Let H be a Hilbert space, H*(R) is the Sobolev space with norm

||f||H»f(R) = ||<§>57:xf||L§(R),

where (£)* = (1 +&2)> for any £ € R, F,u and F'u denotes the Fourier transformation and the Fourier
inverse transformation of u with respect to its space variable respectively. H*'2(R) is the Sobolev
space with norm

”f”l-'lflsSZ(R) = ||<§>51|§|S2yxf“L§(R)'

— \%
and H* = H%*. With this choice of the antiderivative we have, 8;1 f= (fl(—f)) , SO it 1s natural to define

the function space X; as one in [15]
X, ={fe H'®): 3;'f e P(R)}, seR.

Space S(R) is the Schwartz space and S'(R) is its dual space. Fu and ¥ 'u denotes the Fourier
transformation and the Fourier inverse transformation of u with respect to its all variables respectively.
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The following Theorem is the key tool to prove the ergodicity for stochastic equation (1.1), which
is from [1],

Lemma 2.1 (Appendix A.1, [1]). Let {x, : n € N} be a sequence of cadlag processes, each of the

a

process defined on a probability space (X, #,,P,). Then the sequence of laws of {x, : n € N}is tight
on D([0, T} Y) if

(a) there exists a space Yy, with Y1 — Y compactly and some r > 0, such that
E'x,(Dly, <C, VYneN.

(b) there exist constants ¢ > 0, y > 0 and r > 0 such that for all 6 € [0,T],t € [0,T — 6], andn > 0,
we have

E, sup |x,(t) — x,(s)} < cO".

t<s<t+0

Denote

$(&) = pE + g S (O = " U),

Utug = e f E T (),
R

Wl :( | ( IE r)|de)"er Wl = Wl

Then the mild solution of equation (1.1) can be written as:

u(®) = S (Hugy — f St — $Hududs + f fS/l(t — 85)g(u(s—), z2)n(ds, dz). 2.1
0 0 Jz

Definition 2.1. Assume that (X, T) is a polish space, X is a o-algebra on X, M is a set of measures on
Y. M is said to be tight if for any & > 0, there exists a compact set K. C X such that

WKyl < g, for any p € M.

The following Lemma is the key tool to prove the ergodicity for stochastic equation (1.1), which is
from [5].

Lemma 2.2 ( [5], Proposition 3.2.7). An invariant probability measure for the semigroup P,, t > 0, is
ergodicity if and only if it is an extremal point of the set of all the invariant probability measures for
the semigroup P,,t > Q.

3. Uniform bounded and global well-posedness

In this section, we establish the uniform estimates of the solution in L> norm and H' norm
respectively, which is the key tool to obtain the ergodicity for stochastic Ostrovsky equation (1.1).
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Lemma 3.1 ([22]). There exists some monotonely increasingly continous function C\(t) and a constant
a >0, Vh,g e X(T), such that

t
| f Sat - s)h(s)@xg(s)ds ||X(T)< Cl(T)Ta || A ||X(T)|| 8 ”X(T) .
0

Here ||ullxr) = SUP ei0,7] |z ( )1
Lemma 3.2 ([22]). There exists some monotonely increasingly continuous function C,(t), such that
IS a®uo llxey< Co(T) || o llxcry -

Lemma 3.3. Ifu(t) € X, solves the equation (2.1), and the Hypothesis (H1)—(H3) are satisfied. There
exists a constant C > 0 such that

E[Osup ||u||i2p] < C(l + E[””OH%}[?])’ (3.1)
<i<T
E[ sup [lullz] < C(1 + Elluollz - (3.2)

0<t<T

Proof. The proof of (3.1) can get by slightly modifying the proof of Lemma 5.1 in [22], we just prove
(3.2). Let

I(u) = f B + L@ + L.
A 2 3

Applying the Itd formula to /(u) yields
() < IuO) + fo t fz (10:8u(s-), DI + 2Dau(s-), D.g(u(s=), 2)))ii(ds, d2)
’ fo fz(”a"g (), DIz + 2(Dsu(s), 0.8 (u(s), 2)))ds(dz)
+ fo t j; (107" gu(s=), 2|12, + 2005 u(s—), 87 g(u(s-), 2))ii(ds, dz)
’ fo fz(”al g(u(s), DI + 205 u(s), 35 g(u(s), D))dsv(dz)
i fo fz lu(s=) + gu(s=), DI}, = luCs-)I7(dls, d2)
+ fo t fz llu(s) + g(u(s), 2)I>5 = lu(s)Il dsv(dz)

:I(M(O))+M1 +11 +M2+12+M3+13.

Direct computation shows that

1

(M7, M1 = (M), My,
= > (10eg(u(s=), DI + 2u(s=), guls=), p(s))*)’?

ser,s<TN/\l

<@ ) U9, +8 D lBu(sILI0.8w(s-), ps)I)?

SED),,s<TN AL SED),,s<TN AL
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<SCC Y 198w, +CC > 9.5 -IRNI0xg(uls=), p))IE.)?

SED,,s<TN AL SED),,s<TN AL

<C D 10:8w(s)IL +CC DT 0 au(sINIaxg(uls=), p())IE)?

SED,,s<TN AL SED,,s<TN AL

<C D 110:(s), DI + C sup [0l D 11g(s—), ps)IF)?

<
SED,,s<TN AT SSINTN SED, STV AL

1
<C D 10:gu(s), DL + 5 sup 9u(s-)IR,.

S€ED), s<TY AL SSINTN

Taking the expectation and using (H1)-(H3) gives

1
E[sup [M{"|] < CE(IM¢y, M-, ]7)

0<s<t

1
<CEL ), 10:gGu(s=).DIf] + SEL sup [1.u(s)I:]

<
SED,s<TN AL SSIATN

IATN 1
- CE| f f 10:8(u(s-), DEadsv(d)] + SEL sup 0.u(s-)IE.]
0 V4

SSIANTN

IANTN 1
< CE[ f (1 + [18xu(s—)II7.)ds] + EE[ sup [|0,u(s-)II7.]
0 SSINTN

1
<CA+ N+ §N<oo.

We can deduce that for I,(z A Ty),

B[t A )] = B fo fz 10.(u(5), DB + 2u(s), g(u(s), )dsv(dz)]

<El fo fz 10.(u(s), D2 + 200.(HENO(uCs), DIE)dsV(d)]

< 2F| fo fz 10,8 (u(s), DIEadsv(dz2)] + E fo fz 19,u(s)Pads(d2)]

= 2F fo fz 10,8(u(s), DIEsdsv(dz2)] + fo fz 19,u(s—lPadsv(dz)]

INTN IANTN
< CE[ f (1 +118,u(s=)17.)ds] + pE[ f 18,u(s=)I72ds]
0 0
< Ct+ (C + p)Nt < 0.

Similarly,

1
E[sup |M;"]] < CE([M,,, M.,];)

0<s<t

IATN 1
<CEL[ (10 UG ds] + 3T sup 10, (sl
0

SSINTN

1
<C(1+N)t+§N<oo,
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and

E[L(r ATy)] = E[ f f (19, g(u(s), D72 + 2(u(s), g(u(s), 2)))dsv(dz)]
0 z

INTN
< CE[ f (1 + 1107 u(s=)lI7.)ds] + pE[ f 105 u(s-)II7.ds]
0 0
< Ct+ (C + p)Nt < co.

For M3, by Agmon’s inequality, ||u|[,~ < ||u||i£2||6xu||iéz, we have

1 1
(MY, M{M7 = [M3, M5);

TNAL
1

=[ > (||g(u<s—),z>||23+2<u2<s—),g<u<s—>,p<s)>>+2<u<s—>,g2(u(s—>,p(s>)>>2]

SED),,s<TN AL

SC[ D UG-l + Y 9ol Igtuls=). pNIE:

SED ), s<TN AL SED),,s<TN AL

1
2

O GOl 198 Culs=), pHIE,

SED,,s<TN AL

< C[ Z 18.au(s =17 + llgQuls=), p(sDIILs + (sl + 10,8 (u(s-), p(S))IIiz],

SED,,s<TN AT

and by (3.1)

1
E[sup M| < CE[ > [10.8(u(s=), 2)IF2] + S EL sup [|du(s)I]

2 i<
O<s<t SED,,s<TY AL SSINTN

IATN 1 1
< CE[ f (1 +118xu(s=)I>)ds] + =E[ sup [|9u(s—)I[7.]1 < C(1+ N)t + =N < oo,
0 2 SSIATN 2

(ATY

1
(1 + [18xu(s=)I7,)ds] + S El sup 10.u(sII7.1

SSINTN

E[L(t A Ty)] < CE[ f
0
1
<C+ N+ §N< 0.
Combining the above arguments, we can obtain

E[ sup [H(@u(s)I7.] = E[sup [lH(u(s A Ta)ll3,]

0<S<tATN 0<s<t

IATN 1
< E[lI(uo)lI},] + Ct + CE[ fo (1 + llu(s)I)ds] + S EL sup llu(sII3.]

SSIATN
IATN

+CE[ fo (1 + 10xu(s=)II3,)ds] + pE[ fo 10.u(s-)II7.ds]

IATN B 1 5
+CE[ f ( sup ||ax1u<s>||iz)ds]+§E[ sup 1105 u(s)II7, 1.
0

SSIATN SSINTN

Applying Gronwall’s inequality leads to

E[ sup [(u(s)I7.] < C(Ct + Elll(uo)ll7, e

0<S<SIATN
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Since 7y AT — T as N — oo, P.a.s.. It follows from Young’s inequality that

f w3 (x, dx < @l gl < V2 lluol > 110,211

L2 L2
(3.3)
B 2
< S + C.
which implies that
Y llae 2
Lo + 2 (|7 uo)
1
=1, (up) - gllu(t)||i3 < |l (uo)| + g 10u(I7. + C. (3.4)
Then, we can prove that
E[ sup [lull7,] < C(1 + Ellluoll7,1)-
0<i<T
Thus, the proof of Lemma is completed. O

Next, we will prove the global well-posdness of (1.1) in D([0, T], H') by the method developed
in [1].

Theorem 3.1. Assume the conditions (H1)-(H3) are satisfied. Then, the equation (1.1) admits a unique
global mild solution in X, which is cadlag.

Proof. Let {1, : n € N} be a family of independent exponential distributed random variables with

parameter p, and set
n

T, = er,neN.

j=1
Define {N(¢) : t > 0} as the counting process

N(t) = Zjil l[Tj,oo)(t)’t = 0

Then for any fixed r > 0, N(¢) is a Poisson distributed random variable with parameter pt. Let{Y, : n €
N} be a family of independent, v/p distributed random variables. Then

- fot fz g(u(s—), v(dz)ds,if N(t) = 0,

f f g(u(s—), 2)7i(ds, dz) =
0 JZ

=NOgu(t-),Y,) = [ [, g(u(s=), 2(d2)ds, if N(2) > 0,

Notice that N(¢) = 0 on the interval [0, T;), then the equation (1.1) can be rewritten as the following
equations

{du(t) = [Bu(t) — 18, + du + yo; uldr, G55)

u(0) = uy.

Thus, the mild solution of equation (3.5) can be represented as follows
f
u(t) = S (Huy — f S(t = s)ududs.
0
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Define the operator F by
!
Fu=3S8,0uy - f Sa(t = s)ududs.
0

Then
!
Fullx, ) < IS 20Duollx,(r)y + ||f S At = S)ududs||x, )
0
for ||ullx,(r,) < co. Lemma 3.1 and 3.2 implies that there exists some constant C > 0 such that

2
IFullx,r,y < Clluollx,ry) + T ully, (7,)) < 0.

Thus, F maps X;(T,) into itself. Next, we will verify that the operator F is contractive. In fact, for any
uy, ur € X;(Ty), we have

!
[Fu; = Fusllx,(r)) = ||f Sa(t = $)(u10xuy — u20,u2)dsl|x, (r))
0

! !
< [ 8400 snnds = sl ry + 1 [0 = ) = )i ndslery
0 0

< CuTOTT (Nl llx, )y + Nuallx, coollur — wallx, (r)y-

Hence, there exists a sufficient small 7 > 0 such that equation (3.5) posses an unique local solution
on [0, 7,]. In the sequel, we extend the local solution to the global one by Lemma 3.3. To the end,
denote this local solution on [0, 7) by u;. We will consider the solution on [T, T,). Notice that a jump
with size g(u(T,-), Y,,) happens at time 71, let u‘l) =ui(Ty—)+gw(T,-), Y,), and we consider a second
process on [T, T;) as following
du(r) = [BOu(r) — 10.(u?) + Au + y8; ' uldt,

3.6)

u(0) = uo,

Similarly, we can deduce that equation (3.6) posses a unique mild solution u; on [T, T,). Repeating
the above arguments, we can obtain that the equation (1.1) has a unque global mild solution in X(7).
Since P(N(t) < oo) = 1, the solution u(?) is almost surely defined on [0, T']. It is clearly that the

jumps take place at each 7', and lirTn u(t) = u(j)., and l%rTn u(t) exists. Then u is cadlag. Thus the proof of
T 11
Theorem 3.1 is complete. O

4. Ergodicity of stochastic equation (1.1)

In this section, we first prove the tightness of semigroup P(f),t > 0 according to Lemma 2.1, then
prove the ergodicity of stochastic equation (1.1) .

Theorem 4.1. Assume that uy € H'(R), and the conditions (H1)-(H3) are satisfied. Then for any

sequence of deterministic initial conditions {ug} with R = sup{|lugllg;} < oo, {P, (ug,-) : n € N} is tight
neN
on H' for any t, > 0 witht, — oo asn — oo.

AIMS Mathematics Volume 5, Issue 6, 7145-7160.
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Proof. Without loss of generality, we assume that 7, is an increasing sequence. Denote by u,(f) the
solution with the initial condition u,(0). We claim that {u,(r)}”, converges in H '(R). In fact, since

E[ sup |lull7,] < C(1 + Ellluoll7, 1),

0<t<T

then we have

sup E[ll ua(2,) 1171 < C(sup(llun(O)l[7,) + sup(lluoll7,)* + 1) := C(R).

>0 n

Due to Lemma 2.2, it suffices to prove there exist two constants ¢ > 0 and y > 0 and a real number
r>0suchthatforall >0, €[0,T —6],andn >0

E, sup |u,(t) — u,(s)y < c6”.

t<s<t+0

By the Definition 2.1, we get
Ellit (1 + 6) = u, (5)l3

1+6 1+
< g f Sa(t = $)ud,uds|* + El| f fS/l(t — )g(u(s—), 2)n(ds, dz)|I*.
t t z

It follows from Lemma 3.1 and assumptions (H1)—(H3) that there exist y > 0 such that

1+6
Ellun(1 + 6) = un()I* < 6" + Ef L+ IS 1@t = )g(u(s-), )P ds,
t
which implies that the tightness of {P;, (i, ) : n € N} holds, and the proof of Theorem 4.1 is complete.
O

Theorem 4.2. Assume that uy € H'(R) and the conditions (H1)—(H3) are satisfied. If K is a compact
set of {H"}, then the sequence of measures {Py(v,-) : s € [0,1],v € K} is tight on H".

Proof. We need to prove that {P(v,-) : s € [0,1],v € K} posses a convergent subsequence. Without
loss of generality, we assume that (s,,v,) € [0, 1] X K converges to (s,v) € [0, 1] X K, because K is a
compact set. Let u,(7) be the solution with the initial value v,(0), and u(¢) the solution with the initial
value v. For u € D([0, 1]; H"), then we can derive that

lim ||u(s,) — u(s)||; = 0, Pa.s.
Next, we will prove that there exists a subsequence (s,,, v,,) of sequence (s,,v,) such that
Iim (flaeCsn ) — uClan + llitn, (5) = u(llz) = 0.

CR) < £ then we have

Finally, set Ry = sup [[v||zn + 1, and choose R > 0 such that =% < £,

veK

P{max({ sup [lu(s)I[7,1, sup llu,(s)I[2,} > R}
s€[0,¢] s€[0.1]
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< P{sup lu()ll7, + sup llu ()7, > R}

5€[0.1] s€[0,1]
1 CRy ¢
< —E[sup [lu(s)Il;; + sup [lun(s)ll}:] < =<
R o 5€[0,1] R 2

Define 7 = inf{s > 0 : 4C(£)s*(C(H)R + ||illx(s) + || fo“‘ U(s — r)0,u%drl|xcs)) > 1}. is a stopping time. Let
To = T, and

Tat = infls > 7 0 4C@0)(s — T (COR + |tiz |l x(ry.)
+||f U(S - r)axuzdr”X(Tk,s)) > 1},
Tk

2 2
A, = {max{ sup [[u(s)|[;;:, sup [[w. (D} < R},
s€[0,¢] s€[0.1]

and choose N such that P(ry < 1) < £, we obtain

sup [[u(s) = un($)ller < RC@) v = villyr — 0
s€[0,1]

on the interval A, {ry > 1}.

Choosing 7 be large enough such that 2C(1))¥*!'||[v = v, < J, we have

P sup [fu(s) = ()l < 6) = PA, [ Jrw = 1D = 1 -,
s€[0,1]

which implies that

lim sup [|u(s) — u,(s)||z — 0, Pa.s.
n= 50,1

Therefore, there exists a sequence n; such that
]}im [lu(s) =t ($)|l1 — O, Pa.s.
We can deduce that

Py, £(vn) = PoEW)| < E[IE(un ($n)) = Eusu))I] + E[|E(u(sy,)) — &(uls)]] — 0

for any real valued uniformly continuous function & € H'(R). Therefore, {Py(v,-) : s € [0,1],v € K}
has a convergent subsequence. The proof of Theorem 4.2 is complete. O

Theorem 4.3. Assume that uy € H'(R) and the conditions (H1)~(H3) are satisfied. Then w,(-) =
. fon P,(0,)dt,n = 1,2,... is tight on H'(R).

Proof. Since for any & > 0, {P,(0,) : n > 0} is tight , we can choose a compact set K, C H'(R) such
that sup{P,(0,K?) < %, and {P,(v,-) : s € [0,1],v € K} is tight on H'. We can also choose a compact

set A, C H"(R) such that  sup {P,(0,A7) < %. Therefore, we have
s€[0,1],veK,

1 /1
wa) = o [ Poagar

0
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._.

n—

S | =

i+1
f Pi(0, dy)P._i(y, AS)dt

i+1
f f P;(0,dy)P,_i(y, A7) + f P;(0,dy)P,_i(y, A,)ldt
K¢

Il

S | =
T T
L& L4

IA
S | =
M

fP(O a’y)+f Pi(0,dy)]dt
e

&

.—CD

: ~

sdt—a

IA

Z i=0
Then we get that u,(-) = 1 fon P,0,-)dt,n = 1,2, ... s tight on H'(R) N H~'(R). The proof of Theorem
4.3 is complete. O

Theorem 4.4. Assume that uy € H'(R) and the conditions (H1)=(H3) are satisfied. Then equation
(1.1) admits an invariant measures. Moreover, equation (1.1) with the deterministic initial condition
posses an ergodic invariant measure.

Proof. Using Krylov-Bogoliubov proposition, Theorem 4.1 and Theorem 4.3, we can prove there exist
at least an invariant measures for equation (1.1). Denote K be the set of all the invariant measure, then
it is easy to check that K is convex. Let {u,},cn+ be a sequence of invariant measures in K. Then there
exists some constant C such that

Supfllullfqlﬂn(du)ﬁc and Supf”u”i[lﬂn(du)S(l

For any deterministic initial condition, {(u,P; )(-) : n € N*} = {u,(-) : n € N*} is tight. Since K is a self
sequentially compact set, then K is compact. It follows from Krein-Milman theorem, a convex compact
set posses extremal point. Theorem 2.2 yields that this extremal point is ergodic. Therefore, stochastic
equation (1.1) admits an ergodic invariant measure. Thus, the proof of Theorem 4.4 is complete. O

5. Numerical simulation

In this section, we will take the numerical simulation of the invariant measure. To the end, we give
the distribution of the solution i Z:fio E [® (u(t,,))] by using the so-called the Monte Carl method as
following. One can prove theoretically that it does have a unique invariant measure, which derive to
the ergodicity [5].

We do the numerical simulation to find what happen if the Ostrovsky equation perturbed by pure
jump noise. We firstly use the the norm conservative finite difference scheme introduced by [20,
scheme 1] to simulate the equation (1.1) as

U(f"”) _ U(") U(") + U("‘”)
J J

+ s
A 2

At

1
+= |60
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U+ U(.””)] U+
J J J
5 +

(n+1) (n) (n+1)
U ; 50 U it U i
2 2
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U(ﬁ) + U(»,H—l) U<n) + U(»’H—l)
=1 ’f’]wc&é —5— ]+ D, (ALY 14 (AL(w)) (5.1)
1i<S<tiyy
where
—1 y7(m)
5FDU ;
ym izl U(") Ax)? N U(n) k-1 (n)
—Ax(—+ZU<n> ) (L) Z( +ZU(n)
(n) () () (n) (n) (n)
SO — UjJrl — Uj._l SO — Uj+2 2UJJrl + 2U Uj_2
J 2Ax ’ J 2(Ax)?

and )}, 14 (ALs(w)) is a possion process with the parameter PA?.

Now we set 8 = 0.01,y = 1, 4 = 0.5, and uy(x) = sin(x). The simulation of (1.1) driven by Poisson
noise with g(u(t—), z) = 0.2u(t—)z is given in Figure 1. Figure 2 gives time changes of ||u(z, -)[[,2 using
different sample trajectories.

It can be clearly seen from the Figure 2 that the decay rate of the equation is slowed down under the
influence of noise. At the same time, as shown in Figure 3, it can be seen that for ®(y) = exp(—[y|*),

the distribution of the solution <= > | E [CI) (U (”))] tends to a measure y as T — oo.

The above numerical simulation of stochastic damped Ostrovsky equation (Figure 3) in the sense of

Ellu(z, -)||;2 reveals that stochastic damped Ostrovsky equation driven by pure jump posses an unique
ergodic invariant measure.

Figure 1. Solution of u# with Poisson Process.

AIMS Mathematics Volume 5, Issue 6, 7145-7160.
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Figure 2. Changes of ||u(z, -)|| 2.
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Figure 3. Solution of u# with Poisson Process.

6. Conclusions

In this paper, the global well-posedness of stochastic damped Ostrovsky equation driven by pure
jump noise is given at first. Then we use the tightness criterion to investigate the existence of invariant
measures, and give the ergodicity under determined initial condition. A numerical experiment is also

given to support our results.
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