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Abstract: In this paper, we consider the stability and instability of standing waves for the
inhomogeneous fractional Schrodinger equation

10 = (—A)y — Xl

By applying the profile decomposition of bounded sequences in H® and variational methods, in the
L?-subcritical case, i.e., 0 < p < #=22 we prove that the standing waves are orbitally stable. In the

N b
L*-critical case, i.e., p = 222, we show that the standing waves are strongly unstable by blow-up.
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1. Introduction

In recent years, there has been a great deal of interest in using fractional Laplacians to model the
physical phenomena. By extending the Feynman path integral from the Brownian-like to the Lévy-
like quantum mechanical paths, Laskin in [1,2] deduce the following fractional nonlinear Schrodinger
equation (NLS)

0y = (=D)Y + f(¥), (1.1)

where 0 < s < 1 and f(y) is the nonlinearity. The fractional differential operator (—A)® is defined by
(=N = FHIEPF ()], where F and F ! are the Fourier transform and inverse Fourier transform,
respectively.

Recently, equations of this type received much attention, see [3—18] for power-type nonlinearity
|y, [19-24] for the Hartree-type nonlinearity (|x|™ * [|*)¢, and [19, 20, 25-29] for the Choquard
-type nonlinearity (I, * |/|”)|¢|"~2y, where the symbol * denotes the convolution.
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In this paper, we consider the stability and instability of standing waves for the following
inhomogeneous fractional Schrodinger equation

{ i = (=AW — X "W1Py, (1,x) € [0,T) xRV, (1.2)
¥(0, x) = Yo(x), ’
where ¥(t,x) : [0,T) x RY — C is the complex valued function, x = (x1,Xp,-** ,X,), Yo € H’,

0<s5<1,0<T <00,0<b < min{2s, N}.

Equation (1.2) arises various physical contexts in the description of nonlinear waves such as
propagation of a laser beam and plasma waves. When b = 0, it appears in nonlinear optics, plasma
physics, and fluid mechanics, see [30]. When b < 0, it can be considered as modeling
inhomogeneities in the medium. The inhomogeneous nonlinearity arises due to the effect of changes
in the field intensity on the wave propagation characteristics of the medium and the nonlinear weight
can be looked as the proportional to the electron density, see [31,32].

Note that if ¥(z, x) is a solution of (1.2), then

wat,x) = U7 (A%, Ax) forall 1> 0,

is also a solution of (1.2). Computing the homogeneous Sobolev norm, we have

25-b_N

a@®llgs = 777 2 @l

Thus, the critical Sobolev index is given by s. = § — 2°2. When s. < 0, equation (1.2) is L-

2
subcritical. The smallest power for which blow-up may occur is p = ‘”‘sz, which is referred to
L?-critical case corresponding to s. = 0. When 0 < s, < s, (1.2) is L?-supercritical and H*-subcritical.
When s, = s, (1.2) is H’-critical. In this paper, we are interested in the L>-subcritical and critical cases.
Therefore, we restrict our attention to the case s. < 0. Rewriting this last condition in terms of p, we

obtain
4s —2b

1.

To avoid p to be negative, we assume the technical restriction 0 < b < min{2s, N}.

When s = 1, the well-posedness for (1.2) was first studied by Genoud-Stuart in [ [33], Appendix]
by using the argument of Cazenave [34], see also [35]. Farah in [36] established a
Gagliardo-Nirenberg type estimate and use it to obtain sufficient conditions for global existence and
blow-up in H'. Afterwards, Farah and Guzman in [37, 38] proved that the above global solution is
scattering under the radial condition of the initial data. Dinh in [39] established several blow-up
criteria for (1.2) with s = 1.

When s < 1 and b < 0, Saanouni in [27] studied the well-posedness issues and stability of standing
waves for (1.2). But to the best of our knowledge, there are no any results about the stability and
instability of standing waves for (1.2) with b > 0. The main purpose of this paper is to study the
stability and instability of standing waves for (1.2).

The standing waves of (1.2) are solutions of the form e
is a nontrivial solution to the elliptic equation

p € (0,

iwly, where w € R is a frequency and u € H*

(=A)’u + wu — |x|°|ulPu = 0. (1.3)
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Note also that (1.3) can be written as S, («) = 0, where S () 1s the action functional defined by

S () :=E(u) + %nuuz (1.4)

12°

where the energy functional E(u) is defined by

1 1
E@) = ~lulP, - —— lu(x)P*dx. L.
(u) 2||u||HS ") fRN | x| |u(x)|P =dx (1.5)

We denote the set of non-trivial solutions of (1.3) by
Ay, :={ue H\{0}: S/ (u)=0}.

Definition 1.1. (Ground states). A function u € A, is called a ground state for (1.3) if it is a
minimizer of S, over the set A,. The set of ground states is denoted by G,,. In particular,

Go={uecA, S,(u)<S,v), YveA,}.

The first part of this paper concerns the stability of standing waves in the L?-subcritical case 0 <
p < % To this end, applying the ideas by Cazenave and Lions in [40], for ¢ > 0, we consider the

following minimizing problem
m(c) = inflE(v): v e H', [V}, = ch (1.6)

We will see later (Lemma 3.2) that the above minimizing problem is well-defined. Moreover, all
minimizing sequences of (1.6) are pre-compact, and then the above infimum is attained. Let us denote
M= {u: E@) = m(c), llull}, = c).

By the Euler-Lagrange Theorem, we see that if u € M., then there exists w > 0 such that u is a
solution of (1.3). Note also that if u is a solution of (1.3), then ¥(%, x) = e*“’u(x) is a solution to (1.2).
Moreover, if u € M,, i.e., u is a minimizer of (1.6), then [le“"ul|?, = ||ull?, = ¢ and E(e™'u) = E(u) =
m(c) for all t > 0. Thus, ¢“'u is also a minimizer of (1.6), i.e., ¢“'u € M,. One usually calls e*“'u the
orbit of u.

Our first result is the following orbital stability of standing waves for (1.2) in the L2-subcritical case.

Theorem 1.2. Let N > 2, 7= < s < 1,0 < p < 222 and 0 < b < min{2s, N}. Then, the set M.

is not empty, and it is orbitally stable in the following sense: for any &€ > 0, there exists 6 > 0 such that
for any initial data  satisfying

inf ||y — ullgs <6

ueM,

the corresponding solution Y (t) to (1.2) with initial data , satisfies
ulel}\g (1) — ullus < &
forallt> 0.
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Compared with the results in [19, 20, 34], the main difficulty of the proof is the lack of space
translation invariance due to the inhomogeneous nonlinearity |x|™’|u|*’u. The usual method is to
compare with the limit equation. However, due to |x]™ — 0 as |x| — oo, we cannot adopt the usual
method to study this problem. In order to overcome this difficulty, we apply the profile decomposition
in H* to study the compactness of all minimizing sequences. In particular, in order to exclude the
vanishing, we must prove the boundedness of the translation sequence. Moreover, one can apply the
same argument to prove the stability of standing waves for (1.2) with s = 1.

Finally, motivated by the ideas in [23,29, 34,41-43], we study the strong instability result in the

L*-critical case p = 222,
Theorem 1.3. Let N > 2, ﬁ <s<l1lp-= 4S;,2b, and 0 < b < min{2s, N}. Then the standing

wave Y(t, x) = e“'u,,(x) is unstable in the following sense: there exists {(y,,} C H* such that y,, — u,
in H® as n — oo and the corresponding solution ¥, of (1.2) with initial data \,,, blows up in finite or
infinite time for any n > 1.

This paper is organized as follows: in Section 2, we firstly collect some lemmas such as the local
well-posedness of (1.2), the profile decomposition of bounded sequences in H*. In Section 3, we give
the proof of the stability result stated in Theorem (1.2). Finally, we study the strong instability of
standing waves in Section 4.

2. Preliminaries

In this section, we recall some preliminary results that will be used later. Firstly, let us recall
the local theory for the Cauchy problem (1.2). The local well-posedness for (1.2) with b = 0 in
the energy space H® was first studied by Hong and Sire in [22]. The proof is based on Strichartz
estimates and the contraction mapping argument. Note that for non-radial data, Strichartz estimates
have a loss of derivatives. Fortunately, this loss of derivatives can be compensated by using Sobolev
embedding. However, it leads to a weak local well-posedness in the energy space compared to the
classical nonlinear Schrodinger equation. We refer the reader to [13,22] for more details. One can
remove the loss of derivatives in Strichartz estimates by considering radially symmetric data. However,
it needs a restriction on the validity of s, namely 21\1,\[_ - < s < 1. In this paper, we can obtain the
following local well-posedness for (1.2) with radial H* initial data. The proof is standard, see [13,22].
So we omit it.

Theorem 2.1. Let N > 2, 0= < s < 1,0 < p < 222 and 0 < b < min{2s, N}. Then for any
VYo € H® radial, there exists T = T (|[Wol|us) such that (1.2) admits a unique solution € C([0, T], H®).
Let [0, T*) be the maximal time interval on which the solution  is well-defined, if T* < oo, then
W()|lgs — oo ast T T*. Moreover, for all 0 < t < T, the solution Y(t) satisfies the following

conservations of mass and energy

M) = ly®ll2 = [IWollr2, (2.1)
and | .
E(y(@)) = 2 fRN |(=A)y(t, x)*dx — P fRN x| Pl (e, )PP dx = E(). (2.2)
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Next, we recall the profile decomposition of bounded sequences in H®, which has been
established in [24].

Lemma 2.2. Let N > 2, 0 < s < 1. If{u,};’, is a bounded sequence in H°, then there exist a
subsequence of {u,}. | (still denoted by {u,} ), a family {xf;};‘;l of sequences in RN and a sequence
{Uf}‘;.‘;1 in H® such that

(i) for every k # j, |xk — xl| = +00, asn — oo;

(i) for every | > 1 and every x € R, we have

[
t,(x) = > Ulx = x)) + 74, (2.3)
j=1

2N

with limsup,_, . |[r|l.s = 0 as [ — oo for every q € (2 ). Moreover,

> N-2s
l
laall2 = > NUIZ, + 1Al + o(1), (24)
j=1
/
=AY PulZ, = > =AU, + (=AY 2rIE, + o(D), (2.5)
j=1
1 1
[ By v aran = 3 [ xR o) .6)
RY j=1 j=1 VR

where o(1) = 0,(1) > 0 as n — .

Proof. For the proof of (2.3)—(2.5), see [24]. We need only prove (2.6). Using the elementary

inequality
1 1 1
-1
1 ail? = a1 < C > lal
J=1 J=1

j#k

and the pair orthogonality of sequence {x{;};‘;l, we can estimate as follows:
! !
[ Y U= aran= Y [ e i s
N =1 =1 R
/
= f ™
RN

1
| > U= P = 3 U= P2
j=1
1
<C f W™ > 10 G = PP UK (= 2l
RN

dx

j=1
Jj*k
1
=C f |x + x| Z | U0 U (x + x) = xb)ldx — 0,
RY 7k

as n — oo. This completes the proof. O
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Finally, we recall the following sharp Gagliardo-Nirenberg inequality, which has been
established in [44].

Lemma 2.3. [44] Let 0 < 5 < 1, 0<p< andO<b<m1n{2sN Then, for all u € H*,

Np+2b +2b Np+2b +2h

2-
X lu()P 2 dx < Copllul > Nl , 2.7
RN
where the best constant C,p, is given by
45—(Np+2b)
B ( Np+2b ) o 2s(p +2)
" \2s(p +2) - (Np +2b) (Np +2b)lIQII7,

where Q is the ground state of (1.3) with w = 1. Moreover, the following Pohozaev’s identities hold
true:

Np+2b

2. — -b p+2d —
110]| 250 +2) LN IxI71QI"“dx

Np +2b
2s(p+2)—(Np+2b)

o]l (2.8)

3. Orbital stability of standing waves

In order to study the orbital stability of standing waves of (1.2), we firstly establish the following
global existence of (1.2) by using (2.1), (2.2), (2.7). The proof is standard, see e.g., [34,45]. So we
omit it.

Lemma 3.1. Let N > 2, 2N <s<1,0<p<is 2b , and 0 < b < min{2s, N}. Then, the solution ¥

of (1.2) exists globally.

1

Next, by applying the profile decomposition of bounded sequences in H®, we can solve the
variational problem (1.6) and obtain the following result.

Lemma 3.2. LetN >2,0<s<1,0< p< 251; ,and 0 < b < min{2s, N}. Then, there exists
up € H* such that m(c) = E(ug).

Proof. Firstly, we prove that the minimizing problem (1.6) is well-defined and there exists Cy > 0 such
that
m(c) < —Cy < 0. (3.1

We deduce from the inequality (2.7) that there exists a constant C(||Q||;2) such that

1 1
E@w) =3 f I(—A)s/2u|2dx—— f x| lux)|P+dx
RN

p2 N+2b

1
> Sl=8)"ully, = CIQIII= A)S/Zulle” el
Since p < 422 it follows that Y222 < 2. Thus, we deduce from the Young inequality that for all
O0<e<s there exists a constant C (8 ||Q|| 12, ) such that

Np+2b

2— s
PR < ell(=A)ull?, + Cle, 110z, ©).

CAINI(= A)S/zullLf leell
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This implies that
1
E(u) > (5 - 8) I(=2)"2ull}, = C(&, 110122, ©). (3.2)

Therefore, E(u) has a lower bound and the variational problem (1.6) is well-defined.
Now, let u € H® be a fixed function and ||u||i2 =c. Setu, = A2 u(Ax). It follows easily that

2 2
lueally> = llully, = c,

and
2 Np+b

A 15 )
E(w) = = f |(=A)Pufdx — —— f x| u(x)|P+dx.
RN p + 2 RN

Since Np + b < Np + 2b < 4s, we can choose A > 0 sufficiently small such that there exists Cy > 0
such that E(u,;) < —Cy < 0. Hence, (3.1) is true.
Secondly, let {u,} ", be the minimizing sequence of the variational problem (1.6) such that

E(u,) > m(c) and |lu,|?, = c. (3.3)

This implies that for n large enough, E(u,) < m(c) + 1. Thus, it follows from (3.2) that for all
O<ex< %

2
This yield that {u,}”  is bounded in H*.

n=1

Next, we claim that there exists C; > 0 such that

1
(— - 8) I(=2)"u,|I7, < m(c) + 1 + C(e, 102, 0.

lim inf f x|l ()P 2dx > C. (3.4)
n—oo RN
Assume by contradiction that (3.4) is false, we get
1
0> m(c) = lim E(u,) = = f [(=A)*"u,Pdx > 0.
n—oo 2 RN

Thus, we have (3.4).
Thirdly, applying the profile decomposition of bounded sequences in H*, we prove that the infimum

of the variational problem (1.6) can be attained. Apply Lemma 2.2 to the minimizing sequence {u,},. .
Up to a subsequence, u, can be decomposed as

!
,(x) = > Ulx = x)) + 11, (3.5)
=1
with lim sup, _, ., ||rf1||Lq — 0 as [ — oo for every g € (2, Nz_z\gs)_

Now, injecting (3.5) into the energy functional E(u,), it follows from (2.4)—(2.6) that

/
E(w,) = ) E(U/(- = x))) + E(r}) + 0,(1), (3.6)

J=1
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where o,(1) — 0 as n — oo. For every U/(- — xf;)(l < j < 1), take the scaling transform Uﬁj(x) =

;U J(x - xn) with A; = Ve Tt follows easily that

072
(12 =,
and
/12 ].7+2
E(U; :—’f —A)PUPdx - —— f U (x = x)IPd
W)= | TV =2 | U= )l dx
2/117_

o (45 =1 - 2
= LEU( = x) = ———— | |0/ (x = x))I"dx.
p + 2 RN

This implies that

EU( - x)) =

EU)) A)-1 | |
T+ f XU (x = x)IP2dx.
/1] p + 2 RN

Similarly, for the term E(r!), we can obtain

)y
1712, (G5 =1
E(rl) = LE( ve i)+ T f I (P 2dx + o(1)
c 172112 p+2 RN

1112
2””"”L2E( Ve ) -

c Il

Since ||Uﬁj||i2 = |-X /|12, = ¢, we deduce from the definition of m(c) that

c 1
Il e

Ve
NI}l

E(U]) = m(c), and E( r,i) > m(c).

Thus, we infer from (3.6), (3.8) and (3.9) that

L (EWS) Af— o N 17l (e
E(un) Z( p+2 RN|X| |Uj(x_xil)|p dx|+ c E(”rl”Lz ) n(l)
! ||Uf|| [ " ||1||L
> m(c +1nf Zf |x|” |Uf(x xf)lf’ dx m(c) + o,(1).
j=1

Note that the series Z;‘;l U/ ||i2 is convergent, there exists j, > 1 such that

Ve

U, = sup{lU7]1 _ve
P U]z

120

] > 1} and le’Zlf/l] = /1j0 =

Letn — oo and [ — oo in (3.11), it follows from (3.4) that

P
m(c) > m(c) + C, ((IIU\J{)TILz) - 1) ,

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)
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which implies
U217, = c.

Hence, ||Uj°||i2 = ¢ and there exists only one term U’ # 0 in the decomposition (3.5). We
consequently rewrite (3.5) as
up(x) = U (x — x,{o) + r,(x).

Note that
2 o112 2
letall7> = WU + Irall;z + 0,(1),

and [lu,|l7, = U7, = ¢, we get
lim |7, /|2 = 0.
n—oo

This shows that r, — 0 in L?. This, together with the Gagliardo-Nirenberg inequality, implies that

lim,,_, o ||rn||Z;22 =0, forall g € (0, ﬁ). We consequently obtain

f I~ (0P 2dx — .
RN
Applying the lower semi-continuity of norm, it follows that liminf,_,, E(r,,) > 0, and thus
liminf EQU”(- = ) < liminf EQU®(- — %)) + lim inf E(7,)
< liminf (EQU* (- - x)) + E(r,)
= linm_> glf E(u,) = m(c).
On the other hand, since ||U”(- — x,’;")lli2 = [U”|12, = cforall n > 1, we have E(U”(- - X)) > m(c)

for all n > 1. Therefore,
lill;llglf EWU*( = xI*)) = m(c).
We next prove that the sequence (x°),51 is bounded. Indeed, if it is not true, then up to a
subsequence, we assume that |x.’| — oo as n — co. Without loss of generality, we assume that U/ is
continuous and compactly supported. We have

f X IU7 (x = X7 dx = f lx + x| U (x)|P*2dx.
R supp(U10)

Since |xi;°| — oo as n — oo, we see that |x + x,’f’l > Ix,];" —|x] = o0 asn — oo for all x € supp(U”).
This shows that

f 2| U (x = x)P*2dx — 0,
RN
as n — oo. This yields
. . 1 .
liminf E(U"(- = %)) = SINU”llg: = m(c).

By the definition of E(U/), we obtain

. 1
EWU”?) +
) p+2

f XU 1P dx = mo(c),
RN
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which implies that E(U”*) < m(c), which is an contradiction with E(U”*) > m(c) due to [U”|]7, = c.
Therefore, the sequence (x{f’),,zl is bounded, and up to a subsequence, we assume that x,’f’ — Xxp as
n— oo.
We now write
un(x) = U7 (x) + Fo(x),

where U7 (x) = U(x — x) and 7,(x) := UP(x — x) — U (x — x?) + r,(x). Using the fact luall?, =
[U”|12, = ¢, it is easy to see that

7, =0 inH and 7, = 0 in L*.
The first observation on 7, allows us to write
E(uy,) = E(U) + E(#,) + 0,(1).

Again, by using the lower semi-continuity of norm and the fact lim, e [ [x||F,|"*2dx = 0, we
get that liminf,_,., E(7,) > 0. Hence, using the fact that ||U j°||i2 = ¢, we infer that

m(c) = liminf E(u,) > liminf (E(0") + E(7,))
> E(U”) + liminf E(7,)
> E(U) > m(c).

Therefore, E(U’°) = m(c) which completes the proof.
O

Proof of Theorem 1.2. Firstly, by Lemma 3.1, we see that the solution ¢ of (1.2) exists globally.
Assume by contradiction that there exist &y and a sequence {¢,};, such that

uler}\g o, — ullys < % (3.13)
and there exists {,} 7, such that the corresponding solution sequence {1, (z,)}>" | of (1.2) satisfies
J&ﬁ () — ullus = &o. (3.14)
Firstly, we claim that there exists v € M, such that
lim [0, = Vil = 0.

Indeed, by (3.13), there exists {v,} ., C M. such that

2
o, = Vallas < - (3.15)

Due to {v,}}7, € M., {v,}}7, is a minimizing sequence of (1.6). By the argument of Lemma 3.2,

there exists v € M, such that
lim ||v, — v||lgs = 0. (3.16)
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Then the claim follows from (3.15) and (3.16) immediately. Hence,
lim IIWOnIILz =M% =, lim EQo,) = E(v) = m(c).
By the conservation of mass and energy, we have
lim [l ()1 = ¢, lim E@W(1)) = E@) = m(e).
By the argument of Lemma 3.2, {1},,(z,)} . | is bounded in H®. Set
- Nt

" “wn(tn)”Lz.
Then [[f,ll? = ¢ and

p+2

E(lZn) =

I, - f P (1) (O 2l

1 c
2 Waltn)ll2 P+ 2 )l

c

1
||wn(n>|| Fnt))+ p+2[||wn(tn>|| ||¢n<tn>||l’+2]

which implies that

f X~ W (£ dlx.

lim E@) = EWu(t)) = m(e).

Hence, ¥, is a minimizing sequence of (1.6), and By the argument of Lemma 3.2, there exists

v € M, such that
Uy — ¥ in H.
By the definition of i/, it follows that
‘Zn - (//n(tn) -0 in H'.
We consequently obtain that
Uu(t,) = v in H’.

which contradicts (3.14). This completes the proof.

4. Strong instability of standing waves

In this section, we will prove the instability of standing waves for (1.2). We firstly recall the
following blow-up criterion for (1.2) established in [44].

Lemma 4.1. Let N > 2, s € (%, 1), p= %, 0 < b < min{2s,N} and p < 2s. Suppose that
Y(t) € C([0, T); H*) is a radial solution of (1.2). Furthermore, we suppose that

Elyol <0,

then y(t) blows up in finite time in the sense that T < oo must hold, or Y(t) blows up infinite time such
that ,
(=A@ (Dl > Ct forall t>t,

with some constants C > 0 and t, > 0 that depend only on , s, N.
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Applying this blow-up criterion, we can prove the the instability of standing waves for (1.2).

Proof of Theorem 1.3. Firstly, we deduce from Pohozaev’s identities (2.8) that E(u) = 0, where u
is the ground state solution of (1.3). Thus, if we can construct initial data ¥, such that E(¢,) < 0
and Y, — uin H’, as n — oo, then the corresponding solution ¢,, blows up in finite or infinite time by
applying Lemma 4.1.

Let {c¢,} € C be such that |c,| > 1 and lim,_, |c,] = 1, and {4,,} € R* be such that lim,_, |1, = 1.
We take the initial data .

Wou(X) = a2 (x) = €,27 (4, ).

Then, we have that for all n > 1
}}Lﬂ; lro,ullr = r}ggo |calllull 2 = [lullz2,

lim [ ullgs = 1im eul A, llull s = llullgs.
n—o0 n—o0

Thus, we deduce from Brezis-Lieb’s lemma that ¢, — u, in H® as n — oo.
On the other hand, we deduce from Pohozaev’s identities (2.8) that

1 ON+4s-2b
Won) 2fRNl( ) Woa(x)dx N~ 4s—2b RN|X| 0,2 (x)] dx
1

N ON+45-2b 2N+45-2b
232s 2 2s -b
= —l¢,|°A Uly,, — —/——————————|C N A X u\x N dx

1 242 2 1 2N+45-2b 2 2
= SRR, = Sled ™ 2,

2
1 2N+45-2b
2 2 2
= 5leal” = leal ¥ )4 Mutlly, <O,

for all n > 1. Therefore, applying Lemma 4.1, we deduce that the solution ¢,,(¢) of (1.2) with initial
data i, blows up in finite or infinite time. This completes the proof.

5. Conclusions

In this paper, we investigate the stability and instability of standing waves for the inhomogeneous
fractional Schrodinger equation. In the L*-subcritical case, i.e., 0 < p < %, we prove that the
standing waves are orbitally stable by using the profile decomposition theory and variational methods.
In the L*-critical case, i.e., p = %, we show that the standing waves are strongly unstable by blow-
up. In particular, by using our methods in this paper, one can easily study the stability and instability
of standing waves for the inhomogeneous Schrodinger equation, i.e., s = 1.
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