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1. Introduction

The stability problem of functional equations originated from a question of Ulam [27] in 1940,
concerning the stability of group homomorphisms. Let (G, ) be a group and let (G,, *) be a metric
group with the metric d(-, -). Given € > 0, does there exist a ¢ > 0, such that if a mapping & : G; — G,
satisfies the inequality d(h(x,y), h(x) * h(y)) < ¢ for all x,y € G, then there exists a homomorphism
H : G, — G, with d(h(x), H(x)) < € for all x € G;? In other words, under what condition does there
exist a homomorphism near an approximate homomorphism? The concept of stability for functional
equation arises when we replace the functional equation by an inequality which acts as a perturbation of
the equation. In 1941, Hyers [12] considered the case of approximately additive mappings f : E — E,
where E and E’ are Banach spaces and f satisfies Hyers inequality

If(x+y) = f) - fWI<e
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for all x,y € E. It was shown that the limit

L(x) = lim L&)

n—oo 2”

exists for all x € E and that L : E — E’ is the unique additive mapping satisfying

ILf(x) = L)l < e.

In 1978, Rassias [23] provided a generalization of Hyers’ Theorem which allows the Cauchy
difference to be unbounded.

Quadratic functional equation was used to characterize inner product spaces [1,2, 13]. A square
norm on an inner product space satisfies the important parallelogram equality

e+ 1P+l = Y1 = 2 (Il + Iyl

The functional equation

Jx+y) + fx=y)=2f(x) +2f() (1.1)

is related to a symmetric bi-additive mapping [1,16]. It is natural that each equation is called a quadratic
functional equation. In particular, every solution of the quadratic Eq (1.1) is said to be a quadratic
mapping. It is well known that a mapping f between real vector spaces is quadratic if and only if there
exists a unique symmetric bi-additive mapping B such that f(x) = B(x, x) for all x (see [1, 16]). The
bi-additive mapping B is given by

1
B(x,y) = 7 (f(x+y) = f(x=)). (1.2)

A Hyers-Ulam stability problem for the quadratic functional Eq (1.1) was proved by Skof [25] for
mappings f : E; — E, where E; is a normed space and E; is a Banach space ( [16]). Cholewa [4]
noticed that the theorem of Skof is still true if the relevant domain E; is replaced by an Abelian group.
In [5], Czerwik proved the Hyers-Ulam stability of the quadratic functional Eq (1.1). Grabiec [11]
generalized these results mentioned above.

Elgorachi and M. Th. Rassias [6] have been extensively studied the Hyers-Ulam stability of the
generalized trigonometric functional equations

FQy) + pWfxo(y) = 2f(x)g(y) + 2h(y), x,y €S, (1.3)
JOy) +uf(xo () = 2f(y)g(x) + 2h(x),  x,y €S, (1.4)

where § 1s a semigroup, o : § — § 1is an involutive morphism, and p : S — C is a multiplicative
function such that pu(xo(x)) = 1 for all x € §. Jung [19] proved the stability theorems for
n-dimensional  quartic-cubic-quadratic-additive  type functional equations of the form
Zle cif(anx) + apxy + -+ + ayx,) = 0 by applying the direct method. These stability theorems can
save us the trouble of proving the stability of relevant solutions repeatedly appearing in the stability
problems for various functional equations. Lee [18] introduced general quintic functional equation
and general sextic functional equations such as the additive functional equation and the quadratic
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functional equation. He investigated the Hyers-Ulam stability results. Kayal et al. [24] established the
Hyers-Ulam stability results belonging to two different set valued functional equations in several
variables, namely, additive and cubic. The results were obtained in the contexts of Banach spaces.
See [10, 15,20] for more information on functional equations and their stability.

Jun and Kim [14] obtained the Hyers-Ulam stability for a mixed type of cubic and additive
functional equations. In addition theHyers-Ulam for a mixed type of quadratic and additive functional
equations

JRx+y)+ fQx—-y) = flx+y) + fx=y) + 2f(2x) = 2f(x) (1.5)

in quasi-Banach spaces have been investigated by Najati and Moghimi [21]. Najati and Eskandani [22]
introduced the following functional equation

JQx+y)+ fQRx—y) =2f(x +y) + 2f(x = y) + 2f 2x_4f (). (1.6)

It is easy to see that the function f(x) = ax’® + bx is a solution of the functional Eq (1.6). They
established the general solution and the Hyers-Ulam stability for the functional Eq (1.6) in quasi-
Banach spaces. In 2009, Eshaghi Gordji et al. [7] introduced the following mixed type cubic, quadratic
and additive functional equations for a fixed integer k with k # 0, +1:

Ot ky) + fx—ky) = K f(x +3) + K f(x = y) + 2(1 = &) f(x) (1.7)

and proved the function f(x) = ax® +bx*+cx is a solution of the functional Eq (1.7). They investigated
the general solution of (1.7) in vector spaces, and established the Hyers-Ulam stability of the functional
Eq (1.7) in quasi-Banach spaces.

In this paper, we introduce the following mixed type finite variable functional equation deriving
from quadratic and additive functions

/ / / /
¢[Z ti] — Z ¢(l‘i + tj) —+ 2)2 [W] _ ZZ [W] + Z¢(2tj) (1.8)
i=1 =1

i=1 I<i<j<l i=1

where ¢(0) = 0 and / > 4 is a fixed positive integer, which generalizes a quadratic-additive functional
equation given in [17,21]. It is easy to see that the function ¢(f) = at* + bt is a solution of the functional
Eq (1.8). The primary goal of this paper is to obtain the general solution of the functional Eq (1.8) and
investigate the Hyers-Ulam stability for the functional Eq (1.8) in quasi-Banach spaces. Our results
generalize the results given by Najati and Moghimi [21].

Definition 1.1. ( [3]) Let X be a real linear space. A quasi-norm is a real-valued function on X
satisfying the following:

(1) ||x|l = O for all x € X and ||x|| = O if and only if x = 0.
(1) ||Ax|| = |A]||x]| for all A € R and all x € X.
(iii) There is a constant K > 1 such that ||x + y|| < K (||x]| + ||yl]) for all x,y € X.

It follows from condition (iii) that
2n+1

2n
<K' Yl = < K™ il
i=1 i=1
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for all integers n > 1 and all xy, x5, -+ , X2,41 € X.
The pair (X, ||||) is called a quasi-normed space if ||-|| is a quasi-norm on X. The smallest possible
K is called the modulus of concavity of ||-||. A quasi-Banach space is a complete quasi-normed space.
A quasi-norm ||-|| is called a p-norm (0 < p < 1) if

llx + Y17 < {Ixll” + lIyll?
for all x,y € X. In this case, a quasi-Banach space is called a p-Banach space.

Given a p-norm, the formula d(x, y) := ||x — y||” gives us a translation invariant metric on X. By the
Aoki-Rolewicz Theorem (see [3]), each quasi-norm is equivalent to some p-norm. Since it is much
easier to work with p-norms, we restrict our attention mainly to p-norms. Moreover in [26], Tabor
investiagted a version of Hyers-Ulam theorem in quasi-Banach spaces (see [8,9]).

2. Solution of the functional Eq (1.8)

Throughout this section, P and Q will be real vector spaces.
Lemma 2.1. If an odd mapping ¢ : P — Q satisfies (1.8) for all t,,t,,--- ,t; € P, then ¢ is additive.
Proof. In the view of the oddness of ¢, we have ¢(—t) = —¢(¢) for all # € P. Now, (1.8) becomes
! ! !
¢ [Z ti] = > b(n+n) =1 0@+ > 621)). @.1)
i=1 1<i<j<l i=1 =1

Setting (t1,1,--- ,1;) = (0,0,---,0)in (2.1), we get ¢(0) = 0. Now, letting (¢{,1,,--- , ;) = (¢,0,--- ,0)
in (2.1), we obtain

¢ (2t) = 2¢(1) (2.2)
for all # € P. Replacing ¢ by 2t in (2.2), we get
¢(2°1) = 2°¢(0) (2.3)

for all r € P. Again replacing ¢ by 2z in (2.3), we have
$(2°1) = 2°¢(1)

for all € P. In general, for any positive integer /, we obtain
$(2'n) = 2'p(1)

for all # € P. Therefore, (2.1) now becomes

1 l l
¢ (Z n) = . o(u+n)-1) 9@+ > 26t (24)
1 j=1

i=1 1<i<j<l i=

forall t,,t,,--- ,t; € P. Replacing (¢,,t,--- , ;) by (x,y,x,9,0,---,0) in (2.4), we get

P(x +y) = d(x) + 4(y)
for all x,y € P. Therefore the mapping ¢ : P — Q is additive. O
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Lemma 2.2. If an even mapping ¢ : P — Q satisfies $(0) = 0 and (1.8) for all t,,t,--- ,t; € P, then ¢
is quadratic.

Proof. In view of the evenness of ¢, we have ¢(—t) = ¢(¢) for all # € P. Now, (1.8) becomes

(Z J D, o(u+y —<l+2)2¢(t)+2¢(2rj) (2.5)

i=1 1<i<j<l

for all t,1,,--- ,# € P. Replacing (t1,t,,--- , ;) by (£,0,--- ,0) in (2.5), we obtain

¢(21) = 2°¢(1) (2.6)
for all r € P. Replacing ¢ by 2t in (2.6), we have
$(2°1) = 2*¢(1) 2.7)

for all € P. Replacing ¢ by 2¢ in (2.7), we obtain
$(2'1) = 2°(1)

for all € P. In general, for any positive integer [/, we get

¢(2'n) = 2%¢(1)
for all t € P. Therefore, (2.5) becomes

(Z ) 2., olu+) —(l+2)Z¢(t)+Z4¢(t) (2.8)

1<i<j<l
for all t,1,,--- ,# € P. Replacing g (t;,t2,- -+ ,1;) by (x,y,—x,=y,0,---,0) in (2.8), we get
P(x +y) + dx —y) = 2¢(x) + 2¢(y)
for all x,y € P. Therefore the mapping ¢ : P — Q is quadratic. O

Lemma 2.3. A mapping ¢ : P — Q satisfies $(0) = 0 and (1.8) for all t,,t,,--- ,t; € P if and only if
there exist a symmetric bi-additive mapping B : P X P — Q and an additive mapping A : P — Q such
that ¢(t) = B(t,t) + A(t) forall t € P.

Proof. Let ¢ with ¢(0) = 0 satisfy (1.8). We decompose ¢ into the even part and odd part by putting

1 1
$e =73 (1) + ¢(=1)) and ¢,(1) = 3 (6(1) = ¢(-1))

for all + € P. It is clear that ¢(t) = ¢.(t) + ¢,(¢) for all + € P. It is easy to show that the mappings
¢. and ¢, satisfy (1.8). Hence by Lemmas 2.1 and 2.2, we obtain that ¢, and ¢, are quadratic and
additive, respectively. Therefore, there exists a symmetric bi-additive mapping B : P X P — (Q such
that ¢.(¢) = B(t,t) for all € P. So ¢(t) = B(t,t) + A(¢) for all € P, where A(t) = ¢,(¢) for all t € P.
Conversely, assume that there exist a symmetric bi-additive mapping B : PX P — Q and an additive
mapping A : P — Q such that ¢(#) = B(t,t) + A(¢) for all + € P. By a simple computation one can
show that the mappings ¢ — B(t,t) and A satisfy the functional Eq (1.8). So the mapping ¢ satisfies
(1.8). O
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3. Hyers-Ulam stability of (1.8)

Throughout this section, assume that E is a quasi-Banach space with quasi-norm ||-|| and that F is a

p—Banach space with p-norm ||-||. Let K be the modulus of concavity of ||-||.

In this section, using an idea of Gavruta we prove the Hyers-Ulam stability of the functional Eq
(1.8) in the spirit of Hyers, Ulam and Rassias. For convenience, we use the following abbreviation for

a given mapping ¢ : E — F :

1
Dty 1y, 1) = ¢(Zn) > o+ +(1+2)Z[M]
i=1 1<i<j<l
l
+lz[¢(t) (- t)] Z¢(2:)

i=1

forall t1,t,,--- ,t; € E.
We will use the following lemma in this section.

Lemma 3.1. [2]] Let 0 < p < 1 and let x1, x,,--- , X, be nonnegative real numbers. Then
i=1

Theorem 3.2. Let v € {—1, 1} be fixed and let y : E' — [0, o) be a function such that

w (h B 0\ _
tim 2" 55570+ 97 =0

forallt,tp,--- ,t, € E and

[Se]

. t
Yo(t) = Z 22gv”)(”(zgv 0,--- ,O) < o

et

forall t € E. Suppose that an even mapping ¢ : E — F with ¢(0) = 0 satisfies the inequality
IDp(t1, 12, - -+ DIl < x (1,12, -+, 11)

forallt, tp,--- ,t; € E. Then the limit

() = lim 22’V¢(2tlv)

exists forallt € E and ®© : E — F is a unique quadratic mapping satisfying

==

llp(t) = @O < ?[we(t)]

forallt e E.

3.1

(3.2)

(3.3)

(3.4)

(3.5)
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Proof. Letv = 1. Replacing (1, t,,--- ,1;) by (¢,0,---,0) in (3.3), we obtain

[e@t) - 226(0)|| < x(2,0,--- ,0) (3.6)

for all t € E. Let us take y.(¢) = x(¢,0,--- ,0) for all € E. Then by (3.6), we have

|62 — 22(0)|| < W (®) (3.7)

for all € E. If we replace ¢ by 5 in (3.7) and multiply both sides of (3.7) by 22l then we get

)

for all € E and all nonnegative integers [. Since F is a p-Banach space, by (3.8) we obtain

22([+1)¢(21+1) 24 (%) < Z 22(g+1)¢(2g+1) 224 (é) P
=k

for all nonnegative integers [ and k with [ > k and all ¢ € E. Since ¢ (f) = x”(¢,0,--- ,0) forall t € E,
by (3.2), we have

< K22y, ( i ) (3.8)

p

!
t
<xry 22gw§(—2g+1) (3.9)
g=k

gzzgm//g(z—tg) < oo (3.10)

for all t € E. Therefore, it follows from (3.9) and (3.10) that the sequence {2%¢ (%)} is a Cauchy

sequence for each ¢ € E. Since F is complete, the sequence {2%¢ (%)} converges for each r € E. So
one can define the mapping ® : E — F given by (3.4) for all r € E. Letting k = 0 and passing the limit
[ — o0 in (3.9), we have

) - @I < K S 22501 (557) = 35 S g (5:) G.11)
=1

for all + € E. Therefore, (3.5) follows from (3.2) and (3.11). Now, we show that ® is quadratic. It
follows from (3.1), (3.3) and (3.4) that

ot t ot t
Dd,(_l,_z... 1)“ < lim 2%y (1,_2...,_1):()

PR = ] 2[
1D, 15, -+, )l = lim 2 DTG TR || s 20200

forallt;, 5, - ,t; € E. Therefore, the mapping ® : E — F satisfies (1.8). Since ¢ is an even mapping,
(3.4) implies that the mapping @ : E — F is even. Therefore, by Lemma 2.2, we get that the mapping
® : E — F is quadratic.

To prove the uniqueness of @, let ® : E — F be another quadratic mapping satisfying (3.5). Since

N t
llim221”222g” (2g+l, ,0) = lim > 22g”x”(§,0,--- ,0)=0
g=I+1
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forallt € E,
lim 227y, ( ) 0

>0

for all t € E. Therefore, it follows from (3.5) and the last equation that

[0 - @] = im22 o (L) -0 (L) < 25 tim 22 (%) = 0
me Nz ) =2 R Ve\T)
forallt € E. Hence ® = @'.
For v = —1, we can prove this theorem by a similar manner. O
Corollary 3.3. Let A and ry,1,,--- ,r; be nonnegative real numbers such that ry,ry,--- ,r; > 2 or

0<ry,r, -, <2. Suppose that an even mapping ¢ : E — F with ¢(0) = 0 satisfies the inequality
ID$(t1, 12, - -+ 0l < A ll™ + 220l + -+ + [lal™) (3.12)

forall t,,tp, - ,t; € E. Then there exists a unique quadratic mapping ¢ : E — F satisfying

lell"?\»
llgp(2) — (DIl < KA (m
forallt € E.
Proof. Tt follows from Theorem 3.2. |

Theorem 3.4. Let v € {—1, 1} be fixed and let y : E' — [0, c0) be a function such that

Y B R &) Iy
}L%z X(ﬁ’ﬁ"”’ﬁ)_o (3.13)
forallt,tp,--- ,t, € E and
7 . Py ..
Yo(t) == E 2 (ng ,0) <o (3.14)

1+L

forall t € E. Suppose that an odd mapping ¢ : E — F satisfies the inequality

D@ty 2, -+ DI < x (t1, 82, -+, 1) (3.15)

forallt, tp,--- ,t; € E. Then the limit

() = lim 2" (5 ) (3.16)

exists forallt € E and Y : E — F is a unique additive mapping satisfying

==

K .
llp(r) =Yl < E[wo(t)] (3.17)
forallt e E.
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Proof. Letv = 1. Replacing (t1,t,,--- ,1;) by (,0,---,0) in (3.15), we obtain

l¢(21) = 2¢Ol < x(2,0,---,0) (3.18)

for all t € E. Let us take ,(¢) = x(¢,0,---,0) for all € E. Then by (3.18), we have

llp(21) — 29Il < o(1) (3.19)
for all ¢ € E. If we replace ¢ by £ st 10 (3.19) and multiply both sides of (3.19) by 2!, then we get
t t
(I+1) ! 1
'2 + ¢(21+]) 2¢(5) <K2 ¢0(2,+1) (3.20)

for all r € E and all nonnegative integers /. Since F is a p-Banach space, by (3.20), we obtain

‘2(l+1)¢(2l+1) 2k¢(§) _Z;; 2(g+1)¢( g+1)_2g¢(2—tg)p

for all nonnegative integers [ and k with [ > k and all ¢ € E. Since ¢ (f) = x(¢,0,--- ,0) forall ¢ € E,
by (3.14) we have

p

I
t
< K”ZZ“’%’ (@) (3.21)
g=k

[Se]

t
3 2oy (—) < oo (3.22)
¢
g=1
for all t € E. Therefore, it follows from (3.21) and (3.22) that the sequence {2/¢ (%)} is a Cauchy

sequence for all € E. Since F is complete, the sequence {2/¢ (%)} converges for all # € E. So one can
define the mapping ¥ : E — F given by (3.16) for all # € E. Letting k = 0 and passing the limit / — oo
in (3.21), we have

lo(0) - \P(r)||f’<1<”22g”w"(2g+l) - Z w2 () (3.23)

for all t+ € E. Therefore, (3.17) follows from (3.14) and (3.23). Now, we show that V¥ is additive. It
follows from (3.20), (3.22) and (3.17) that

20(55)-20(3)

for all t € E. So W(2r) = 2¥(¢) for all ¢t € E. On the other hand, it follows from (3.13), (3.15) and
(3.16) that

WY(2t) - 2¥(@)| = hrn

<K11m2lz//0(2l 1) 0

H b

T b 1 .
Do(3 53] H fim 2 (5757 37) =0

for all t1,1,,--- ,1; € E. Therefore, the mapping ¥ : E — F satisfies (1.8). Since ¢ is an odd mapping,
(3.16) implies that the mapping ¥ : E — F is odd. Therefore, by Lemma 2.1, we get that the mapping
Y : E — F is additive.

D0 5,1l = fim 2|
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To prove the uniqueness of ¥, let ¥ : E — F be another additive mapping satisfying (3.17). Since

(o) (o)

t t
; Ip 8PP — 1 gp,,p —
IILIP.OZ E 28Py (2g+1’0’ ,O)—llgg E 25Py ( ,0, ,O)—O

g
g=1 g=l+1 2

forallt € E,
R A
fim 2", (5;) =0

for all t € E. Therefore, it follows from (3.17) and the last equation that

T I t NP KP e (Y
=l = o) () = 5 s 7)o
forallt € E. Hence ¥ = V.

For v = —1, we can prove this theorem by a similar manner. O
Corollary 3.5. Let A and ry,r,,--- ,r; be nonnegative real numbers such that ry,ry,--- ,r; > 1 or
0<ry,r, - ,r < 1. Suppose that an odd mapping ¢ : E — F satisfies the inequality

IDg(t1, 12, - -+ i)l < AIall™ + 122l + -« - + |lall™")
forallty, ty,--- ,t; € E. Then there exists a unique additive function ¢ : E — F satisfying
1
oo - waol < ka( 1)’
= |2 —2n17|
forallt e E.
Proof. 1t follows from Theorem 3.4. m|

Proposition 3.6. Let y : E' — [0, ) be a function which satisfies (3.1) and (3.2) for all t,,t,,- -+ ,t; €
E and satisfies (3.13) and (3.14) for all t,,t,,--- ,t; € E. Suppose that a mapping ¢ : E — F with
#(0) = O satisfies the inequality (3.3) for all t,t,,--- ,t; € E. Then there exist a unique quadratic
mapping ®© : E — F and a unique additive mapping ¥ : E — F satisfying (1.8) and

3

K - - 1 - - 1
Ig(2) = () = YOIl < {[we(n + (=) + 2| @) + %(—r)]”}

for all t € E, where () and r,(t) were defined in (3.2) and (3.14), respectively, for all t € E.
Proof. Let ¢,(1) = 22D for all ¢ € E. Then

1
1Dgo(t1, 12, 1)l < S{IDG( 12, 1)l + IDS(=t1. =0, =1)] |
forall #,t,,--- ,t, € E. And let ¢.(¢) = w forall t € E. Then

1
IDg(t1. 2.+ )l < S{IDG. 12, 1) + DG (=11, =12, -+ . =)
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forall #1,1,--- ,1 € E. Let us define

P(1) = Pe(t) + ¢o(1)

for all r € E. Now,

llg() = @) = YOI = [Ige(t) + ¢o(r) = (1) = Y| < llge(t) = PO + |0 (1) = T .
Using Theorems 3.2 and Theorem 3.4, we can prove the remaining proof of the theorem. O

Corollary 3.7. Let A and ry,r,,--- ,r; be nonnegative real numbers such that ry,ry,--- ,1r; # 2 or
ri, 1, 1 # 1. Suppose that a mapping ¢ : E — F with ¢$(0) = 0 satisfies the inequality (3.12) for
all t,tp,--- ,t; € E. Then there exists a unique quadratic mapping ® : E — F and a unique additive

mapping ¥ : E — F satisfying (1.8) and
1 1
lll™”\? llell™” )
H-00)-PYO| < KA =———]| +|=——"—
g (6) — (1) - PO < (|22p i) *lmmm

forallt € E.
4. Conclusions

We have introduced the mixed type finite variable additive-quadratic functional Eq (1.8) and have
obtained the general solution of the mixed type finite variable additive-quadratic functional Eq (1.8) in
quasi-Banach spaces. Furthermore, we have proved the Hyers-Ulam stability for the mixed type finite
variable additive-quadratic functional Eq (1.8) in quasi-Banach spaces.
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