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1. Introduction

Over few years, the fractional calculus has attracted the attention of many researchers due to its has
wide applications in pure and applied mathematics [1-7]. Like ordinary calculus, the fractional integral
and derivative have not unique representation, with the passage of time, different authors have different
representations. It is well-known that inequality is an indispensable research object in mathematics,
it can give explicit error bounds for some known and some new quadrature formulae, for example,
the Simpson’s inequality [8], Jensen’s inequality [9, 10], Hermite-Hadamard’s inequality [11-15] and
integral inequalities [16-21]. The following inequality is well known as Simpson’s inequality which
provides an error bound for the Simpson’s rule.
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Theorem 1.1. (See [7]) Let a,b € R witha < b, and f : [a,b] — R be a four times differentiable
function on (a, b) such that || ¥l = sup, [f®I(x) < co. Then the inequality

) 4
ff( )d’ 1f PNl (b = @)”

2

1[f@ + f(b) a+b
H +2/ ( ) © 2880

holds.
In [22], Dragomir et al. improved Theorem 1.1 to the following Theorem 1.2.

Theorem 1.1. (See [22]) Let a,b € R witha < b, and f : [a,b] — R be a differentiable function on
(a, b) such that its derivative is continuous on (a, ) and || f’||; = fa ’ |f'(x)|dx < oo. Then the inequality

—a
11l

<

1 b
_b—afu f(x)dx| <

Recently, the Simpson type inequalities have been the subject of intensive research since many
important inequalities can be obtained from the Simpson inequality. The main purpose of the article
is to provide several generalized fractional integral versions of the Simpson’s inequality and give their
applications in f-divergence measures and probability density functions.

1] f(a)+ f(b) a+b
H—z 2f( )

holds.

2. Preliminaries and assumptions

Definition 2.1. (See [23]) Let p € R with p # 0 and I C (0, o) be an interval. Then the real-valued
function f : I — R is said to be p-convex (concave) if the inequality

JH{xr + (1= 0yr) < 2)ef(x0) + (1 =D f ()

holds for all x,y € I'and ¢ € [0, 1]. Moreover, if s € (0, 1], then the function f is said to be (s, p)-convex
(concave) if the inequality

JHtxr + (1 = nyr) < () f(x0) + (1 -0’ f(y)

holds for all x,y € I and ¢ € [0, 1].

Let p>0,s¢€(0,1]and f : (0,00) — (0, ) be defined by f(x) = x*7. Then we clearly see that f
is a (s, p)-convex function.

Definition 2.2. (See [24]) Let @ > 0, [a, b] C R be a finite interval and f : [a,b] — R be a real-valued
function such that f € L[a,b]. Then the right-hand side and the left-hand side Riemann-Liouville
fractional integrals J, f and J,' f of order a are defined by

(T f) (x )—F( ) f =0 fdt (x> a) @.1)

and
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b
(T2 () = % f (=0 fdt (x < b), 2.2)

respectively.

Definition 2.3. The gamma function I', beta function B and the hypergeometric function ,F; are
defined by

I'x) = foo e’'t'dt (x> 0),
0

F'()I'(y) f b 1
B(x,y) = = - dt (x,y>0)
PITawn T U g
and )
2Fi(a, b;e,2) = ;f A= A - (2 < D),
B(b,c-b) Jo
respectively.

Definition 2.4 (See [25]) The hypergeometric function ,F; can be given by

1 'y
2F1(a, [b, C;y], X) = mf l'b_l(l - f)c_b_l(l - Xt)_adl'
’ 0

for y < 1 and Re(c) > Re(b) > 0.
Definition 2.5 The incomplete beta function B(z; x, y) is defined by

B(z x,y) = fz (1 -t 'dt  (Re(x) > Re(y) > 0,0 <z < 1).
0

Raina [26] introduced a class of functions as follows

ok)

(pk+/l)x (p,A€R", x €R), (2.3)

0 = FIP () = Z -

where the coeflicients o(k) € R*, k € N, form a bounded sequence. By using (2.3), in [26, 27], the
authors defined the left-side and right-sided fractional integral operators

(37 1) (0) = f (x = "' wlx — 0 1p(Ddt - (x> a) (2.4)

and

(37 1) () = f (t = )7 w(t — xF1¢(dr - (x < b), (2.5)

respectively, where w € R and ¢ is a function such that the integrals on right hand sides exit. It
is easy to verify that 3; LaswP(X) and 3; M_;ng(x) are bounded integral operators on L(a,b) if M =
8; w1 W(b — a)] < co. In fact, if ¢ € L(a, b), then we have

I35 1aem®l, < DB = )Nl |30 05-?l], < Wb - @)Yl
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Let A — a,adn 0(0) - 1 and w — 0 in (2.4) and (2.5), respectively, then we get (2.1) and (2.2).
Before starting our main results, we introduce some notations as follows.

ep-¢ . A’ 2 b
p ’:3+§Pk+8+1»fﬁ+§pk+9+2’ﬁap+(1—A)bp)’

Gl(a9b;§99’8) = 2Fl(

Ga(a,b;&,0,¢€) =2 F (é‘"pp— ¢

) fﬁ+§pk+8+1,§ﬁ+§pk+g+2;%]’ Ada? — bP) )

Aar + (1 =br)’

-1 Aa? — bP)
H b, R =,F s /Iy, W, ’
pala, by, @) =, 1( o T s (L= b

-1 1] e - bP)
Hz/l(abﬂ’ZD')—zFl » 7T,7D',§ ’/lap+(1—/l)bp .
o1 = o {Af @I+ A =DIf BNBEB+pk+ 1,5+ 1)Gi(a, b; 1,5,0)
+Gi(a,b; 1, s, 9)|f (D)BPB+ pk + s+ 1,1)},

oy = {[sz, b1x,0,0)]+ [ (1 = ) + DIF B + A2 = DIf @P |

[G1lab:5.0.0) = Galabix 0.0 [ = D7 B + A @ |}

[B(xB + xpk + 1, 1)]
[25+1(s + 1)]
o3 = o (BB +pk+ 1, D] {[Gz(a b;1,0,0)]F [{Af @I + (1 - DIf B}

xo (k)

xXB(B + pk + 1,5+ 1)Gy(a,b; 1, s, 0) + Gyla,b; 1,5, 9)|f (D)I'BB+pk+s+1, 1)]%
+[G4(a, b;1,0,0) — Gy(a, b; 1,0, 0) [ Af @+ A =D BDIIBB+pk+1,5s+1)
x{Gi(a,b;1,s,0) — Ga(a,b; 1,5,0)} + | f'(D)'{Gi(a,b; 1, s,5) — Gy(a, b; 1, s, 5)}

XB(B +pk+ s+ 1, 1)]«1}.
3. Main results

To establish our results for generalized Simpson’s type inequality using (s, p)-convex function, we
need the following lemma.

Lemma 3.1. Let / C R* be an interval, I° be the interval of 1, a,b € [ witha < b, p,8 > 0, p € R with
p # 0, and g(¢) = {/€ for & > 0. Then the identity

P
w(t.a.bif) = pla®’ - a")y [{2 B [W (M) ] i ”}

4
xf((//lap +(§_/1)bp]+uf(<//lap+(l — b7
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_ P
X(Aa? + (1 = Db?) + p [ABP — aP)} [{ B [W (M) ] - V} f(b)

—a"VW ~
e e

x(Ada’ + (1 — )b") - (S‘T warsopr - wd © g) (Aa” + (1 — /l)bp)}
e

4 {(35:@1)17—;2‘;]][ ° g)

_ P 1-p
= LA - a)]' f {zﬁi‘s ﬁﬂ[ (W2 “p)) tp]—u} [ = D + (1 = DBP) + 1b7]

X f! (\/(1 - 0)(Aa? + (1 = )bP) + tb? ) di + [A(D* - a?)]'*P

p .
f {zﬂ ;’BH[ (ﬂ(bpz_“p)) t"]—v} [(1 = Aa” + (1 = DbP) + 1b"] 7

x £ ({0 =D@ar + (1 = Dbr) + 1br) dt. (3.1)
holds for u,w € Rand A € [0, 1].

Proof. Integrating by parts leads to
po /l(b” —a”)Y
0 pp+1 2
xf' (/1= 1)(Aar + (1 = )b?) + tbr) dt

B A(bP—aP) _ 3
'P o1 [/1(1(91’ —Zap)) tp] P (\/(1 H(Aa? + (1 —ﬂ)bP)Hb") .

#| - u} [(1 = NAa” + (1 = DbP) + th"]' 7

P () e
) fo pﬁﬂ(]bp - a”)z £ (A =D@ar + (1 = Dbr) + 1br) dt

P Berer AP —ar)Y ,[dar + (2 = D)bP
~Abr —ar) [{2 e [W (—4 ) } - u}f(\/ 5 J
: o (5] ]
+uf (YQar+ (1= b7)| - fo =)

xf (1= 1)(Aar + (1 = )br) + 1b) dt.

Let x = (1 —)(Aa” + (1 — )bP) + tb”. Then dx = [A(bP — aP)]dt, 0 < t < 1/2 is equivalent to
(Aa” + (1 — )bP) < x < 2HCEV Therefore, we get

P o AP —a”)Y ,[AaP + (2 = D)b?
") [{2 o o | N 2 ]
AaP +2-)bP
p p 2 _
\ 1 - -7 —Aa” + (1 = D!
+uf (Yaar+ (= 007)| - o= fm(l L@+ A= 060)
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(o

Xpﬁ

—Qa? + (1 = b)Y
(x (Aa +2( ) ))](fog)(x)dx

and

_ 1+8 _ p
L= - - anp [{Tﬁ o M%) ] ) }

xf((/ﬂap + (g —~ /l)pr . uf(\p//lal’ i A)bp)]

- (Ts" warsan 1wt © g) (Aa” + (1 - )b"). (3.2)
P = 5

Again integrating by parts gives

i e
xf' ({1 = )(Aar + (1 = )br) + 1br) dt

PP [ (52) 7] -
’ A(bP — aP)

_ P 1-p
(ﬁ(bpz ap)) ¥\ - V} [(1 = )(Aa” + (1 = )bP) + tbP] 7

1

vf (= D@ar + (1 = Dbr) + 1b7)

=

£ (M= 1)@ar + (1= Db + tb?) dt

[ 2

s A(b? — ar)

(
T [{ ool [W (ﬂ(bp n a”))
A

o {272 ) )

[l
1

A(b? — aP)
Lety = (1 —t)(Aa” + (1 — A)b”) + tb”. Then one has

D - AP —ar)Y
L

p— l) —
N e Iy e

o
(b7 — an)] ™

V} f(®)

) ]f(i’/(l — 0)(Aa? + (1 = D)bP) + tb?) dt

bP
f [y — (Aa” + (1 = HB") P!
AaP+(2-A)bP
2

X

o . (f © §)0)dy

(y - (Aa? + (1 - /l)bp))p
w
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P . [ (A= an)Y
= e [ 55 |

oo ] (T

AaP+(2-)bP
- [y = (Aa” + (1 - a)bl’)]ﬁﬂ
AaP+(1-A)bP
— (Aa? + (1 = )b»)Y
N w(y L) )) ](ng)(y)dy
and Lig ,
P _ gP)'* P _ P
[’1(b+)]12 = [A(BP — a”)} [{ o el [W(M) ] — v} f(b)
Ab? = ab)Y o[ AaP + (2 — )br
—{2_ﬁi§;p+1 [W((Ta)) ]—V}f[\/ a +(2 ) )
- {(S/C;:ﬂ,b";g;’,f © g) (/lap + (1 - /l)bp) - (3;&[4(1!7%2—4)1;#];‘%]( o g) (ﬂap + (1 - /l)bp)} . (33)
Therefore, the desired inequality (3.1) can be obtained by adding (3.2) and (3.3). O

Remark 3.1. From Lemma 3.1 we clearly see that

(1) Lemma 3.1 reduces to Lemma 1 of [8] if 8,4,0(0) > 1,w - 0, u — é andv — %;
(2) Lemma 3.1 leads to Lemma 2 of [8] if p,58,4,0(0) —» 1,w — 0 and a — am;

(3) Lemma 3.1 becomes Lemma 2.1 of [28] if p,3,4,0(0) = 1,w = 0;u — £,v — 2 and a — am.
(4) Lemma 3.1 degenerates into Lemma 3 of [8] if 4,0(0) —» 1,w — O and p > 0.

Theorem 3.1. Let / C R* be an interval and /° be the interior of I, a,b € I° witha < b, p,8 > 0,
u,w € R, (5,2) € (0,11 x [0, 1], g(&) = € for & > 0, and f : I — R be a differentiable function on /°
such that [f”| is (s, p)-convex. Then one has

[A(BP — aP)]'*P o AbP - a”)\’
Wt a,b; )] < q — {%ﬂ [|w|(—2 ) ]
Qar + (1 = /l)bl’))

LA @l + A = DGOl = VDHa.a(a, b 1, s +2) + VH1a(a, b 1, s + 2))

s+ 1
N |/ DO)(ul = W)Ha a(a, by s + 1,5 +2) + V[Hy a(a, by s + 1, 5 + 2)} (3.4)
s+ 1 ’ ’
Proof. It follows from (3.1) and the (s, p)-convexity of |f’| that

(2, a,b; ) < [ABP — a1 + L], (3.5)

% P _ P P 1-p

|| = ' f {zﬁ o g1 [w(@) r”] - u} [(1 —)(Aa” + (1 — DbP) + tb"] 7

0
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X (((1 = D(Aa” + (1 = )bP) + tb")7) dt|

_ P -
f {tﬁ opel | W [I I(ﬂ(bp ap)) lp]+|u|}[(1—t)(/lap+(l—/l)b”)+tb”]p
0

2

x| (1 = D(a” + (1 = )bP) + tbp)%) dt

AbP—aP)

ol (252"
j‘{il rvm+ﬁi1> #pk+m}

f (((1 — 0(fAar + (1 = Dbr)? + tbp)’l’)

H& ool (LYt
Sl:{zl fpkepen |

k=0

X[(1 = )(Aa” + (1 = D)bP) + 1b"]' 7 dt

I-p

Aa” by |7
/lap + (1 = A)b?

< [(1 = 0P (UL @I + (1 = DIF D) + 17 B)l] de
a®|Mﬁﬂ%M

=0 {//lal’+(l—/l)bl’) Lok + B+ 1)

1-—
"1 -

x ({7 + (1= a)br)

Mz

{(lf (@)

Ala? — bP) 7
dt
AaP + (1 — /l)bp]

I TN R it OB K
+|f(b)|f0 e [1 t/IaP+(1—/l)bp] ‘”}

+ul (Yar+ (= 057) 1A @]+ (1= DIF B

1

2

8 f
0

1 % s _ /l(ap B bp) %
Aol [ el et w}

53 a@wﬂﬂiﬂﬁ
P (//lal’+(1—/l)b1’) T(pk+B+1)

XA @] + (1 = DIf GDBB +pk + 1,5+ 1)

1 1 Ala? — bP)
JB+pk+ 1, s+B+pk+2;—|,
Frpk+lstftp ] /lap+(1—/l)bp)

+(1 = DIf" D)) fz P -1 [1 —t
0

1-p
A(a? - bP) »
1-1¢ 1 —0)’dt
/1aP+(1—/l)bl’] ( )

XzFl(p_ 3

P
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p—1 1 A(a? — bP)
+ F JB+pk+s+1,8+pk+s+2;=],
2 1( P G ) Ny Pras ey
I-p

XIf'(D)IB B+ pk+s+1,1)} + |ul ((’//lap + (1 - ﬂ)bl’)

X{(Af" (@l + (1 = DI (BB, s+ 1)
-1 1] A(a? = bP) )

,1’ +2;_’
[ TS dar + (1- pr

1 1] A —b)
2 1’ 2;_ b
ST 2] /lal’+(1—/l)bl’)}

X2 Fy (p

HF (BB(s + 1, 1), F, (p ;

fz o

X (((1 = H(Aa? + (1 = Db?) + tb”)zl’)dt‘

f2 {tﬂ gt | W [I |

x| (((1 = n@a” + (1 = )b") + tbp)%) dt

k k { A(bP—a?)
f {Z (252" o, M}
] Ipok+p+1)
X[(1 = DA + (1 = DbP) + b’] 7

x| (((1 = 0)(§Aar + (1= Dbr)” + 1b)7 ) |dt

k [ A(bP—aP) ok
f {Z o(k)w| ( ) Bk |V|}
! I'pk+p+1)
Ala? — bP) ]l;p

x ({2ar + (1 - /l)bp)l pP

X [(1 = 0 {alf @] + (1 = DIF B} + £1f (Bl dt
okl (A )"

(YA + T =57) Tpk + B+ 1)

and

|| =

AP —a’)Y
2

2

— P oL
A" ap)) # +|v|} [(1 = (Aa” + (1= )b") +1b"] 7

-t

M

{Qlf (@)

k

1l
(=]

I-p

Aa? = b") v
Aa? + (1 — A)bP

1 Ada? — bP) 7
4 +pk+s _
+|f(b)|£ﬁp [1 t/lap_'_(l_/l)bp] dt}

1
+(1 = DI @)D f PP -1y [1 -

) t”] - v} [(1 = H(Aa” + (1 — DBY) + tb"]' 7

(3.6)

AIMS Mathematics Volume 5, Issue 6, 5859-5883.



5868

il (§aar + (T=087) " (QUf @]+ (1 = DIF B
1 I
xf 1

1 ANal = bP 7
PO f ts[l—t/wp(f(l_/l))bp] dt}

ol (A"

= Tk + g+ 1) (YA + (T = 7)

Aa? — bP) > .
(- /l)bp] (I-nydi

{BlB+pk+1,s+1)

Aa’ - bP) )
*ar + (1 = )bp

-1
zFl(p—,ﬁ+pk+l;s+ﬂ+pk+2
p

X
p—1 1 A(a? — bP)
_F N k 1, k 29_ s
2 1( > B+pk+1,s+p+pk+ 2} A+ (=

XAlf @]+ (1= DI @D+ If (DBEB +pk+s+1,1)

X

-1
—2F1(p ,
P

p—1 A(a? - bP)
F BH+pk+s+1,8+pk+s+2,
2 1( > B+pk+s B+pk+s 2a” + (1 = )b

1 A(a? — bP)
k 1, k 2;_ )
B+pk+s+1,+pk+s+ 2] /lal’+(1—/l)bl’)]}

vl

+
({//lal’ F (1 - /l)bl’)

— {Af @] + (1 = DIf (b))

xB(1, s+ 1) Aa” = b7 )

" Aal + (1 — )bp

P, (p ; L [1, 42 1] Ala? - 57) )] L)

-1
QFl(p—,l,S+2
p

2|7 Aa? + (1 = )bP

— P _ hHP
1,S+1,s+2, Ala? - b7)
Aa? + (1 — 1)b?

1 Alal — bP)
s+1’S+2’2]’/lal’+(1—/l)bl’)]}' 3.7

Therefore, inequality (3.4) follows easily from (3.5)—(3.7). O

XB(s +1,1) [ZFI (p

-1
—2F1(p ,
P

Corollary 3.1. Let / C R* be an interval and /° be the interior of 1, a,b € I° witha < b, 8 > 0,
u,w €RY, 5s€(0,1], p <0, g(é) = /€ for & >0, and f : I — R be a differentiable function on I° such
that | f’| is (s, p)-convex. Then one has
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, b 1 Y
uf(a)+(1—V)f(b)+(v—u)f[\/ap; p)— —— | (fopux

< Yoa [w - v){|f'(a)|2F1 (”le [1, §+2; 1] i bp)

p(s + Dar-! 2 aP
- 11 a? = bP
+|f’(b)IzF1(p s+ 1Ls+2 E] . )}+v I/ (@)
ar
—1 P _ pr -1 P _ pr
o F) (p—, 1s+2,° )+ I (D)LFy (p s+ 1s+2,° )}] (3.8)
p ar p ar
Proof. LetB,4,0(0) — 1 and w = 0. Then Corollary 3.1 follows directly from Theorem 3.1. O

Theorem 3.2. Let / C R* be an interval and /° be the interior of I, a,b € I° witha < b, p, > 0,
(s,2) € (0,11 x[0,1], pe Rwith p # 0, u,w,e R,y > 1, x = y/(y = 1), g(&) = /€ for & > 0, and
f : I — R be a differentiable function on /° such that |f’| is (s, p)-convex. Then the inequality

[A(bP — a?)]'+* { [ (ﬂ(b"—a"))p}
ta,b; f)] < 572, [wl|=———
W (t,a,b; )| (T oot W T3

X

[/lal’+(l—/l)bp ] E
AlaP—-bP)

pL e 1 |u|[B( =0 2ol +1)
[25%1(s + 1)],l 2a? + (1= )b?)” "~ p

x{@ (1= D+ DIFBIF + 227 = DIf @PY

P _ hpP — Y —
A@ =09 . pol ) op( A=) opml
Aar + (1 — )b D 2(a” + (1 - )br) D

x

+v[|B

x{@" - DiF G + i @r) (3.9)
holds.

Proof. 1t follows from the (s, p)-convexity of |f’|" and Holder inequality that
AbP = aP )
IIll—U PE ( b —a )) ﬂ’] }[(1—t)(/lap+(1—/l)bp)+tbp]p

xf(((1 = DAa” + (1 = D) + tbp)%)dt‘

- ¢ 1-p
f {tﬁ B+ [IWI (—A(bpz ap)) tﬂ]+lul} [(1 = HAa” + (1 = Db”) +tb"] 7>
0

(@ = D(a” + (1 = )bP) + tbp)%) dt
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Ol (A87=a)
f {Z AL ) Pk Iu}
Ipk+p+1)

X [(1 =@ + (1 = DbP) + 1b"] 7

/ (((1 ~D({Aar + (1 = )bry’ + tbf’);) dr
oo (L)
- Z Tk +B8+ 1)
X { f "R [(1 = 1) (Aa? + (1 - 1) o dt}
0

AR
dt}

X{fz I (((1 —1)(AaP + (1 = D)bP)P + tbl’)P)
0

1

+u| {fz [(1 = H(Aa” + (1 = D)) + tbf’]@ dt}'
0

3 lYé
xf dt
0

4 (((1 =0 + (=) + tb”)p)

x(p=1)

= ol (A"
=0 T(pk + B+ 1) (a7 + (T = Db?)

x(1-p) i
P _ pp TP
Aa? - bP) "
Aa? + (1 = )bP

1
f " ok |1
0

+

X

Jul

({ar + (T = Db

1 /1( » bp) x(1-p) %
2 al — P
11—t dt
fo [ Aar + (1 —/l)bp] }

1 =AUf"@FP + 1 = DI OF} + z5|f’(b)|V]dt}

)X(p—l)

X

1

X {fz[
0
S ol (L)
b= ok + B + 1) (YAa? + (1= Db?)

= VBB + xpk + 1, 1)
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2 F (Xp
p

X

1
1] A -bry |
’[xﬁ”p“l’xﬁ”pk”’i]’aau(l—A)bp)]

Jul

($2ar + (T = Dp7)

+

x(p=1)

Aa” + (1 = D)b> Aa’ - bP) p—1 \I
B 1, x +1
Aar —bry  \2(ar + (1 = )br) P

21—+ A, A2~ 1) ;
x{mv(w WIf()P} (3.10)

-] f {#a
X f' (((1 —Ha” + (1 = DbP) + tbp)%)dt‘

[ etz
(@ =@ + (1 = )b") + b")7)| de
S e

XI(1 = D(da” + (1= D) + 1]

oty )

and
/l(bp —ab)

P )
) tp] - v} [(1 =t)(Aa” + (1 = )bP) + tb"] >

+ |V|} [(1 =)’ + (1 = )b") + tbP]lz;ap

X

dt

ol (25"
- Z Tk +B+ 1)

1
1 ) T
X { f PO [(1 = (A + (1 = Db + i) 7 dt}
1

2
1
y y
d }

{ f
dt}x
(o -o(cEeT=mey )

2
1
1\ y
dt}

1
+|v| {f [(1=0t)(Aa? + (1 -
%
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f (( 0 (¥aar+ (1= pr) + tb”)’l)

{f

2
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2,

=0 T(pk + B+ 1) ({Aa? + (T = Db

1
f lx(B+pk)
1

2

S ool (25"
- )x(p—n

x(1-p)

Ala? — bP) ] P s

x

X 1-1¢

AaP + (1 = )bP

x(1-p)

v : Aa?=b") |7
+(€//lal’ — _/Dbp)x@—l) [L [1 _t/lal’ vy —/l)bp] dt

x

X{ﬁz [(1 = D™AUf @F + (1 = DI OF} +£1f' O)F] dt}

i { S ol (L)

2

oD VBB + xpk + 1, 1)
=0 Dok + B + 1) (Aar + (1= Db?)

ool Aa” — bP)
x |2 F) (x Brapkt LB okt 2. T
p- Al e -\
_ZFI(X » s xﬁ+xpk+1,X,3+x.0k+2’§]’/lap+(1_ﬂ)bp

+

V| AaP + (1 = )b? 5 Aa? by p_1+1
(YA +a—per) "\ Alar=bn) dar +(1— o " p

ittt

20 + (1= pr)’ " p
1

s+l _ 1 1 y
— D)+ ————I|f (@} . 3.11
X{2S+1(s+ 1)If( » + 3 i(s 1 1)If (a)l } (3.11)
Therefore, the desired inequality (3.9) follows from (3.5) and (3.10) together with (3.11). m|

Corollary 3.2. Let / C R* be an interval and /° be the interior of I, a, b € I° witha < b, p < 0, u,v > 0,

s€(0,1], (&) = fEforé >0,y = =5 > 1,and f : I — R be a differentiable function on /° such that
|’} 1s (s, p)-convex. Then the inequality

»|a’ +b 1 Y
uf(a)+(1—V)f(b)+(v—u)f[\/ap; ,,)_ —— [ (o g

(b? —a”) ((/ap_xz(p_n) . (a?P=bP  xp—x+p
< u4|B 31,
2aP 4

— pNar —bP215(s + 1)
XA B + 21 = )| f ()P
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_H}{/B(ap—bl’;1’xp—x+p)_B(al’—bl’;l,xp—x+p)
aP p 2aP D

xR =DIf B +If (@)P | (3.12)

holds.

Theorem 3.3. Let / C R* be an interval and /° be the interior of I, a,b € I° with a < b, p,p,8 > 0,

x>1,u,weR,(s,4) € (0,11x[0,1], g(&) = K/, and f : I — R be a differentiable function on /° such
that | f’| is (s, p)-convex. Then one has

ADP — PP AP —ar)Y
Wt a,b; )l < — e G-D(p-D) {C&Pﬁ“ [' |( : 2 - )H
( R Aa? + (1 - /l)bp)

. Aa’ + (1= Db’ Aa? b 1 ¥
N a@—br)  \2Qar + A -br) p

X.\x/{/llf’(a)lx + (1 =DIf DI Hy(a,b; 1,5 +2) + | f/ (D) Hya(a, by s + 1,5+ 2)
s+ 1
AaP + (1 = )bP Aa=b) 1
+|v|{ Aar — b7 lB (/lap a0 p)

x—1

/l(ap _ b!’) . l ' 4 X _ / X
_B(Z(/lal’+(l —/l)bp)’l’p)]} {Af @ + (1 = DI B}

><Hu(a,b; 1,s4+2)—Hy(a,b;1,s+2)
s+ 1

+|f'(b)|x
s+ 1

[Hia(a,by;s+ 1,5 +2)— Hya(a,b;s+ 1,5+ 2)]} } . (3.13)

Proof. It follows from the (s, p)-convexity of |f’| and the power-mean inequality that
AP = a? .
= | [ {1 o (252 ] - 1= v -

xf(((1 = DAa” + (1 = D) + tbp)%)dt‘

ANV L
f{lﬁ B+ [IWI(M) tp]+|ul}[(1—t)(/la”+(1—A)b”)+tbp]p

(=@ + (1 = )b?) + b")7)| dr

1 o k (AbP=ar) \Pk
_ f Za(k)|w| (“7%) b
o | & Ik +p+1)

X[(1 = (A + (1 = D) + tb"] 7
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dt

o (((1 = 0@ + (=) + tb”)}))

oo (L)

_Z T(ok 2

+B8+1)
% .
X { f AP = D + (1= DbP) + b 7 dt}
0

x { f LB (L = D + (1 — D)BP) + 1]
0

. i
dt}

1 1-1
+ul {f [(1 = H(Aa” + (1 = DbP) + tb"]' 7 dt}
0

X

oty )

1
2

x{f [(1 = HAa” + (1 = DbP) + bP] 7
0

X

f (((1 - t)(\p//lal’ +(1 - ﬂ)bl’)p + tb”)‘l”) '

x dt}x

S Tk + g+ 1) (47 (1= ﬁ)bp)(x_”(”“)

f% sk [ Aa” - bP)
ﬂap +(1 - /l)bp

lﬁ+pk Ada? - bP) 2
/1a1’ + (1 = )bP
x[(1 = P (AUF @I + (1= DI O + £If B dr)

Jul
( ar+a-om)

1 1-p 1_.%'
2 Ada? — bP) P
X{fo [1_ Aar + (1 —/l)bl’] dt}
X{fz [1—t Ala? — bP) ]p
0 AaP + (1 — )bP
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x[(1 = Af @ + (A = DIf' B} + 1 f (DI] dt}-%'
» o (L)
= ok + 8 + 1) ( %/Aa? + (T = Db?

)(x— D(p-1)

_1

1 Lp -5
L Ala? — bP) »
x{fo ahra [1 t/lap T —/l)bp] dt}

x{Alf" @ + A = DIf" (DI}

1-p

% +pk NS _ ﬂ(ap_bp) 2
xj(:zﬁp(l 1) [1 t/lap+(1—/l)bp] dt

/ X % +pk+s _ ﬁ(ap_bp) % ;
A fo s [1 l/lal’+(1—/l)bp] ‘”}

|ua]

( XaP + (1 = )bP

1 T
3 AWa? — b? »
x{ [ dt} (/@I + (1 = DIF G
0

+

)(x—l)(P—l)

Aa? + (1 — )b

1-p

3 . Na” —b?)y |7
xfo(l—t) [l_t/lap+(1—/l)bp] dt

o A=y 7|
aror [ |-t a’t}

AbP —aP pk
okl (425

BB+ pk + 1, 1)

=0 Dok + 8+ 1) ( {/Aa? + (1 = DbP

)<x—1><p—1>

1
p—1 1 Aa? - bP) -3
F N k 1, k 2’_ )
2 1( p [Pk LBk 2] Aar + (1= )br
X {Af @' + (1 = DI (DI'}BB + pk + 1,5+ 1)
p—1 1 A(a? — bP) o
szl( = [Brpk Lis B pk+ 22| T 4 10
p—1 1 Ala? — bP)
F 1 2; —
Xo 1( P JAB+pk+s+1,8+pk+ s+ 2 e+ (= e

Jul

( XaP + (1 — /l)bl’)

1
XB(@B +pk+s+1,1)}x + (x=D(p-1)
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e+ - /l)b”B( Aa? — bP) . 1) -
AaP — br) 2(Aar + (1 = )br)’ ' p

x{Af' @I + A = DIf (BB, s + 1)

-1 1 Ala? — b?
X2F1 P s 1,S+2;_ ) (a )
p 21 Aa? + (1 = A)b?

I 1] @ - \"
Ls+2 3.14
) ’2]’/lal’+(1—/l)bp)} G149

) +1f'(B)I'B(s+1,1)

X, Fq (p
p

f e

2

and

|| =

— o 1-p
(/l(bpz ap)) lp] - v} [(1-0B)(Aa” + (1 = )bP) + tb"] 7

xf (1= )(Aa” + (1 = )b7) + tbf’)%) dt‘

[ e

2

' M} [(1 = (A" + (1= DB") +167)

(=@ + (1 = )b?) + b")7)| de

k k [ A(bP—aP)
f {Z i zﬂpk+|vl}
} F(k+B+1)
x[(1 = HAa? + (1 — D)bP) + P 7

oty )

X dt

ol (L)
- Z Tk +B8+ 1)

| o
X { f AP = H(aP + (1 = DBP) + thP] 7 dt}

1 -
X { f PP = DAa” + (1 = DBP) + thP] 7

n\|* X
dt}

(=0 (e + A =br) + )"
(= )|

+v| {f; [(1 =0)(a” + (1 = )b?) +tb"] > dt}

2

1 .
X {f [(1 = H(Aa” + (1 = )bP) + th’] 7
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PN
ar}

(=D)(p-D

X

Rp————

- ot (1)
=0 Dok +f+ 1) ( ¥/Aam+T=Db7)

1-p 1_%
1 Aa? -bP) |7
+pk _
x{f Pe [1 t/lap+(1 —/l)bp] dt}

2

1 Aa? + (1 = )b

X [(1 = QAU @ + (1 = DIF B + E1F BN de}

v

( ¥Aar+ T = Db?

1=-1
1 1-p x
ANa” —b?)y |7
1-1¢ dt
X{j; [ /laP+(1—/l)bP] }

1-p

1 Ada? — bP) "
8 {f; [1 “ a1 - /l)bp]

+

)(x—l)(P—l)

x [(1 = DAL @F + (1= DIF B + 1 B iy

(A7)

=0 ['(ok + B + 1)( AP + (1= /l)bp)(x—l)(p_l)

_1

1-p 1 X
! Aa? —bPy |7
+pk 1=
x {ﬁ 4 [ t/lal’ +(1- /l)bl’] di

x{Alf" @ + A = DIf" (DI}

—p

1 e
&[fwa—ﬁb—tdwuw)] dr+ 11 G

Aa? + (1 = )bP

1

1 Aa? - bP) 7o
+pk+s 1 -
Xj; v [ t/lap+(l —/l)bp] i

2

V]

( {Aar + (1 — /l)bP)

—+

(x=D)(p-D
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1

I-p 1_,\'
! Aa? =b")y |7
-1t dt
X{L [ /lal’+(1—/l)bl’]
1-p

’ x ’ x 1 s /l(ap_bp) ’
x{{/llf @[+ (1= If B }f;(l_t) [l—tﬂa,,m_ﬂ)bp] di

1 AaP — bP " :
L (D) f tS[l—t/lap(f(l_/l))bp] dt}

5 bl (LY
= Lok +f + 1) ( %/Aa? + (T = Db?

BB+pk+1,1)

)(x—l)(P—l)

p—1 Aa? — b?)
F K+ 18+ ok +2
2 1( PELA AR A P g

X
p-1 1 Aa” — bP) -5
—F , k+1, k+2;—1,
’ 1( p [P PR LBtk 2] A + (1= )7

x{Af @I + (A = DI OIIBEB +pk + 1,5+ 1)

>< b
Aar + (1 — )b»

A(a? = bP) )
" AaP + (1 — )bp

-1 P _ pp
zFl(pp B+pk+1;s+p+pk+2 Aa” - b%) )

1
B+pk+1,s+B+pk+2;=

: +IF o)

-1
_ZFl(p ’
p

-1 AaP = b
><2F1(p LB+pk+s+ 1;8+pk+ s+ 2, (a ) )
p

Aa? + (1 = )bp

Aa? - bP)
*ar + (1 — )bv

1

-1
_2F1(p ,[ﬁ+pk+s+l,ﬁ+pk+s+2;§]
p

vl

( XAar + (1 — D)bP

X[{/lap + (1 = )b? [B( Al@” -bP) ! l)
Ala? — bp)

= —

XBB+pk+s+ 1,1} +

)(x—l)(P—l)

da? + (1= )b?” " p

A(a” - bp) . 1 o ’ x ’ x
_B(Z(/lal’ + (1 - )br)’ L 1—,)]} HAlf @ + (1 = DIfF DI}

xXB(1,s+ 1)

Aa? — bP)
*Aar + (1 = )br

-1
2F1(p—,1;s+2
p

~1 1 Aa? —bP
_ZFl(p 5 (a )

[, s+ ;5], T+ (1 —/l)bp)] +1f/(B)I'B(s+1,1)
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X

-1 AaP — bP
2 F P , s+ 1,5 +2, (@ )
p Aa? + (1 — D)b?

p-1 1] A@-b) \)°
—F +1,s+2;=]|, . 3.15
2 1( » T 2] Aar + (1= )bP (3.15)
Combining the inequalities (3.5), (3.14) and (3.15) gives the desired inequality (3.13). O

Corollary 3.3. Let / C R* be an interval and /° be the interior of I, a,b € I° witha < b, p < 0,
s € (0,1, u,v>0,g&) = RE y= ﬁ > 1 and f : I — R be a differentiable function on /° such that
|’ is (s, p)-convex. Then

, b 1 Y
uf(a)+(1—V)f(b)+(v—u)f[\/ap; p)— —— | (fopux

bP —a? a? a—b 1\
< —\G=Dp=1 u apb — bPB 2aP L, ;
p(Va)

X</|f'(a)|xH2,1(a, b;1,s+2)+ |f'(b)*Hy (a,b; s + 1,5 +2)
s+ 1

x—1

P P _ pp P _ pp w
+v a ]Ba b;l,l —]Ba b;l,l
a’ — br ar p 2aP p

o {If’(a)l"Hl,l(a, b;1,s+2)Hy (a,b; 1,5 +2)
s+ 1

P OFHa,bis +1,5+2) = Hola,bis + 1 + 2)]}'*} | 516)
s+ 1
Proof. Let8,1,0(0) — 1 and w = 0. Then Corollary 3.3 follows easily from Theorem 3.3. O

4. Applications

In this section, we provide some applications on f-divergence measures and probability density
functions by using the results obtained in Section 3.

4.1. f-divergence measures

Let ¢ be a set, u be the o finite measure, Q = {y|y : ¢ = R, y(x) > 0, f¢ xx)du(x) = 1} be the
set of all probability densities on w, and f : (0,c0) — R be a real-valued function. Then the CsiszZar
f-divergence Ds(y, ¥) is defined by

D) = f X(X)f[M]dﬂ(X) (.t € Q) @.1)
¢ x(x)
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if f is convex, and the Hermite-Hadamard (HH) divergence D, (x, ) is defined by

¥(x)

© [yt
D}y 00, w) = f ol SO ) e 4.2)
x(x)

if f is convex with f(1) = 0. Note that DLH()(, Y) > 0and DZH(X’ Y) = 0if and only if y = .

Proposition 4.1. Let / C R" be an interval and /° be the interior of 1, a,b € I° witha < b, s € (0, 1]
and f : I — R be a differentiable function on /° such that |f’| is s-convex and f(1) = 0. Then

1 .
‘5 [Df (. 0) +4 f S (M) dM(X)} - Dy, W‘
[

2x(x)
—4F (0, Ls+2; 2] w)] dp(x)
Lol o) 6‘(:? igb ) )| 5Py (O,s+ 1,s+2, —"/’(X))((_x;‘(x)l)
—4yF (0, s+1,s5+2; 2] Wx)(—/)\’/(x)l)]dy(x). (4.3)

Proof. Let @) = {x € ¢ : (x) > x(0)}, P2 = {x € ¢ : Y(x) < x(¥)} and O3 = {x € ¢ : Y(x) = x(X)}.
Then we clearly see that inequality (4.3) holds if x € 3.

For the case of x € @y, takinga,p —» 1,b — %, u— - and Vv — % in Corollary 3.1, multiplying

both sides of the obtained result by y(x) and integrating over @, lead to the conclusion that

1
H4 f X(x)f(w)du(XH f X(x>f(‘/’( ))dmx)]
6 @, 2)((75)

Y

1 fwar (b - a)lf'() X(X) = (%)
f]/\/( )Wdﬂ(x) < W LIX(X) [SzFl (0, 1, S + 2, W)

—a,F, 0|1, s +2: ] x(x) — lﬁ(X))} ()
2 Xx(x)
(b—a)lf’ (b) X(x) = Y(x)
- 5,F |0, 1, 2, ———=
+ 66+ 1) QI)1)((x) 2 ( s+ 1,5+ @)
_4,F, (0 s+1,5+2; 2] w)] du(x). (4.4)
Similarly, for the case of x € ®,, taking b,p — 1,a — Y0y Landy — % in Corollary 3.1,

x(x)? 6
multiplying both sides to the obtained result by y(x) and integrating over ®,, we get

AIMS Mathematics Volume 5, Issue 6, 5859-5883.
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1
H4 f x(x)f(w)dmw f X(x)f(M)dﬂ(x)]
6| Jo, 2x(x) o, x(x)

[14€3)

W f(nd PNp” B
_f X(x)wd,u(x) < b -a)lf' (@)l f Y [52F1 (O, Ls+2, Y(x) )((x))
) o I —

Yo g T 6(s+ 1) Xx(x)
x(x)
1 _
4, [0, [1,5+2; —] , M)] du()
2 X(x)
(b—a)lf’ ) Y(x) — x(x)
_— 5,F (0, l,s+2, ————=
+ 66+ 1) csz(X) JF1 10, s+ 1,8+ @)
1 _
-4, F, (0, s+1,s+2; —] , M)] du(x). 4.5
2 X(x)
Therefore, the desired inequality (4.3) can be derived by adding inequalities (4.4) and (4.5) to
together with the triangular inequality. m|

4.2. Probability density functions

Let a,b € R witha < b, g : [a,b] — [0, 1] be the probability density function of a continuous
random variable X with the cumulative distribution function F given by

X b b
Fx)=P(X <x)= f gndt, EX)= f tdF(t) = b — f F(t)dt. (4.6)

Then from Corollary 3.1 we clearly see that

a+b

1 1

< b_a{|g a)|52F1 (01,5 +2,22) = 0,15+ 255 22)
s+ 1 6

+|g(b)|5'2F1 (0,5 + 1,5 +2,L) —4Fy (0,5 + 1,5+ 2: 3], M)}

6
5

. 1
1fp—>1,u—>6andv—>6.

5. Conclusions

We have established some new estimates for the generalized Simpson’s quadrature rule via the
Raina fractional integrals by use of a Simpson-type generalized identity with multi-parameters, and
discovered several inequalities for the f-divergence measures and probability density functions. Our
obtained results are the improvements and generalizations of some previous known results, our ideas
and approach may lead to a lot of follow-up research.
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