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1. Introduction

It is well known that a three-dimensional dynamical system:
x(t) =y,
) =z,
() = f(x,y,2),

can be transformed into a third-order differential equation of the form:

() = f(x, %, 5.

The above equation involves a third derivative of the variable x, which in a mechanical system is a
rate of change of acceleration, it is called a jerk equation. Jerk equations are widely used in applied
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science and engineering, such as it can describe a three-order dynamic vibration model. In recent
years, the discussion of jerk equations have attracted the attention of scholars and some results have
been obtained. For recent publication on jerk equations, we refer the reader to see [1-7].

In 2017, by using classical contraction mapping theorem, Elsonbaty and El-Sayed [1] obtained the
existence and uniqueness of the solution of the system:

xX1() = x2,
Xo(1) = x3,

X3(0) = bx; —cxp — x3 — x?,

where the dot denotes differentiation with respect to time, a and ¢ are positive parameters, and ¢ € R.
In [2], a second approximate solution of nonlinear jerk equation:

K(t) + f(x, %, %) = 0,
x(0) = 0, x(0) = B, ¥(0) = 0,

was obtained by using modified harmonic balance method.
Very recently, Liu and Chang [3] developed two iterative algorithms to determine the periodic
solutions of the following nonlinear jerk equation:

(1) = J(x, %, %),
x(0) = xp, 1(0) = X9, X(0) = Ko,

where the initial values xy, X, and X, for the periodic solution of the above are unknown and the period
is denoted by 7" > 0.

What is interesting to us is the appearance of the article [4]. Prakash and Singh presented a new
fractional order jerk equations which do not have equilibrium point:

Dy, x(1) = y(2),
DE_y(t) = z(0),
D}, z(1) = f(x,y,2),

where f = —y(£)+3y* ()= x*(£) — x(t)z(t) +B— W(x(£))y(t), @, B, y are fractional order and 0 < a, 8,y < 1.
In addition, the authors successfully designed a fractional-order backstepping controller to stabilise
the chaos in the system. This proposed system is novel in the sense that the jerk systems involving
fractional order. It enlightens us to think the problem: how to observe the existence result of fractional
jerk differential equation.

Differential equations with fractional order arise from a variety of applications in various fields of
science and engineering, such as electromagnetic, mechanics, biology, chemistry etc. (see [8]). Over
last two decades, there has been significant progress in the area of fractional differential equations.
Though many works have been done dealing with the existence of solutions to fractional differential
equation (see [9-21]), no results on boundary value problem of fractional jerk equation are reported
in the literature. To the best of the authors’ knowledge, this is the first paper dealing with resonant
boundary value problem of fractional jerk equations.
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In this paper, we are interested in the solutions to the following fractional jerk equations:

D8+M(t) = y(t),
Dp (1) = (1), (1.1)
D{, z(t) = f(t,u@®), ' (1), u” (1)),

with boundary value conditions given as
u(0) = u(¢), Dy, u(0) = (Dg+(Dg+u))(O) =0, (1.2)

where 1 € (0,1),0 < @,8,y < 1,0 < ¢ < 1,D¢,, D},
f:10,1] x R? — R is continuous.
It is easy to check that the following fractional jerk equation:

D}, denote the Caputo fractional derivatives and

{(D&(D&(D& W))(@) = £t ule), w' (), u” (1)), 13

u(0) = u(¢), D2, u(0) = (D}, (D&.u))(0) = 0,

is equivalent to (1.1). Due to conditions (1.2), Eq (1.3) happens to be at resonance in the sense that the
associated linear homogeneous equation:

(D}.(D (D2,u))(®) =0,
u(0) = u(€), D%, u(0) = (D}, (D&.u))(0) = 0,

has u(t) = ¢, c € R as nontrivial solutions.
In addition, we can see if @ = 8 =y = 1, the Eq (1.3) can be rewritten as

ut) = f(t,u,u,i),
u(0) = u(§), u(0) =i0) =0,

which is a standard nonlinear jerk equation. Furthermore, if £ # 1, then the above equation is a nonlocal
initial value problems of nonlinear jerk equation; if & = 1, then it is a nonlinear jerk equations with
periodic boundary conditions. If u(¢),t € [0, 1] satisfies u(0) = u(1), then boundary value condition
u(0) = u(1) is called periodic boundary conditions. According to different values of &, @, 5, y, we will
get diversiform types of boundary value conditions. Thus, this paper enriches and extends the existing
literatures, such as [4-7].

The remaining part of this article is organized as follows. In Section 2, we will state some necessary
notations, definitions and lemmas. In Section 3, by applying the coincidence degree theory due to
Mawhin [22], we obtain the existence of solutions of (1.3). In the last section, an example is given to
illustrate our results.

2. Preliminaries

We present the necessary definitions and lemmas from fractional calculus theory that will be used
to prove our main theorems.
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Definition 2.1 ([8]). The Riemann-Liouville fractional integral of order « > 0 of a function
f:(0,00) = R is given by

1 t
I2.f(0) = o j; (t = 5)*" f(s)ds,

provided that the right-hand side is pointwise defined on (0, o).

Definition 2.2 ([8]). The Caputo fractional derivative of order @ > 0 of a continuous function f :
(0, 00) — R is given by
O

D8+f(t) = r(n _ CY) 0 (t _ S)a—n+1 S,

where n — 1 < a < n, provided that the right-hand side is pointwise defined on (0, co).

Lemma 2.3 ([8]). Letn— 1 <a <n,u e C(0,1)Nn L0, 1), then
Iy, Do, u(t) = u(t) + co+ it + -+ + Coi "7,

wherec; e R,i=0,1,--- ,n—1.

Lemma 2.4. If3 >0, a + B > 0, then the equation
I 16 f(0) = IgP f(x)
is satisfied for continuous function f.

Firstly, we briefly recall some definitions on the coincidence degree theory. For more details, see
[22].

Let Y,Z be real Banach spaces, L : domL C Y — Z be a Fredholm map of index zero and
P:Y —>Y,Q:Z— Zbe continuous projectors such that

KerL =ImP, ImL =KerQ, Y =KerL® KerP, Z=ImL & ImQ.

It follows that
Llgom z0kerp : dom L N KerP — Im L

is invertible. We denote the inverse of this map by Kp. If Q is an open bounded subset of Y, the map N
will be called L-compact on Q if QN(€) is bounded and KpoN = Kp(I — Q)N : Q — Y is compact.

Theorem 2.5 ([22]). Let L be a Fredholm operator of index zero and N be L-compact on Q. Suppose
that the following conditions are satisfied:

(1) Lx # ANx for each (x, A1) € [(dom L\KerL) N 0Q2] x (0, 1);

(2) Nx ¢ Im L for each x € KerL N 0Q;

(3) deg(JON|kerr, © N KerL, 0) # 0, where Q : Z — Z is a continuous projection as above with
Im L = KerQ and J : Im Q — KerL is any isomorphism.

Then the equation Lx = Nx has at least one solution in dom L N Q.
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3. Main results

In this section, we will discuss the existence of solutions to Eq (1.3).
To obtain our main results, we impose the following condition:
H)a++y>2.
We define E = CJ0, 1] with the norm ||u||c = (r)1<1ta<)§|u(t)| and X = {u(®) : u(t),u'(t),u”’(t) € E} with
the norm ||u|ly = ||ulle + [|tt']|eo + ||tt” ()]|- It is clear that (E, || - ||l) and (X, || - ||x) are Banach spaces.
Define

L:domL — E,u ~ (D} (D} (D)), (3.1)
N:X - E,uv f(t,u(?),u' (t),u’ (1)), (3.2)

where
domL = {u € X : u(0) = u(¢), Dy, u(0) = (D§+(Dg+u))(0) = 0}.

Then the three-point boundary value problem (1.3) can be written as

Lu = Nu.
Lemma 3.1. L is defined as (3.1), then
KerL={ueX: u=c, ceR}, 3.3)
ImL = {x €E: I"Pxe) = 0}. (3.4)

Proof. It is obvious that the operator L is linear. By Lu = 0 and Lemmas 2.3, we have (Dg (Dgw)(t) =
co, ¢o € R. In view of (D}, (DZ.u))(0) = 0, we get ¢y = 0. Then, (D{, (D¢ u))(z) = 0. Thus, by Lemmas
2.3 again, we obtain D, u(f) = ¢y, c; € R. In view of Dg.u(0) = 0, we get ¢; = 0. So, Dg.u(?) = 0.
Then, according to u(0) = u(¢), we have u(t) = ¢, c € R. Hence, we obtain (3.3).

Next, we prove (3.4) hold. Let x € ImL, so there exists u € domL such that
x(t) = (D}, (Dﬁ . (D§.u)))(1). By Lemma 2.3 and the definition of domL, we have

u(t) = ISP x(t) + By + IS0 + oo
In view of D€+u(0) = (D§+(Dg+u))(0) =0, we get ¢y = ¢; = 0. Hence,
u(t) = ISP x(1) + ¢

According to u(0) = u(¢), we have Ig:ﬁ 7 x(&) = 0. On the other hand, suppose x satisfies the above

equations. Let u(f) = Ig:ﬂ " x(f), we can prove u(t) € domL and Lu(t) = x. Then, (3.4) holds. O
F implicity of notati it _ 1+(a+B+y)?
or simplicity of notation, we write p = F7 255,

Lemma 3.2. The mapping L : domL C Y — Z is a Fredholm operator of index zero.
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Proof. The linear continuous projector operator P can be defined as
Pu = u(0).
Obviously, P? = P. It is clear that
KerP = {u : u(0) = 0}.

It follows from u = u — Pu + Pu that Y = KerP + KerL. For u € KerL N KerP, then u = ¢,c € R.
Furthermore, by the definition of KerP, we have ¢ = 0. Thus,

Y = KerL @ KerP.

The linear operator Q can be defined as

'l+a+p+7y)

é_‘a/+ﬁ+y I (()l:ﬁ+yx (é:)

Ox(1) =

Obviously, Ox = R. For x(¢) € E, we have

I'l+a+p+7y)

gy o Dise = Ox()

Q(0x(1) = Ox(1) -

So, the operator Q is idempotent. It follows from x = x — Qx + Qx that E = ImL + ImQ. Moreover, by
KerQ = ImL and Q° = Q, we get ImL N ImQ = {0}. Hence,

E =ImL & ImQ.

Now, Ind L = dim Ker L — codimIm L = 0, and so L is a Fredholm mapping of index zero. O

For every u € X, we have
[|Pullx = [u(0)]. (3.5)
Furthermore, the operator Kp : Im L — dom L N KerP can be defined by
Kpx(t) = I3 x(1).
For x(¢) € ImL, we have
LKpx(t) = LI; 7 x(t) = (D}, (D} (DG 157777 )))(2) = x(2). (3.6)

On the other hand, for u € domL N KerP, according to Lemma 2.3 and the definitions of domL and
KerP, we have

P Lu(e) = ITP7(DY (D) (Dg.w)))(2) = u(?). (3.7)

Combining (3.6) and (3.7), we have Kp = (Lgomrnkerp) -
For x e ImL and a + 8+ y > 2, we have

+B+ +B+ +HB+y N’ +B+y N
IKpxllx = 5P xllx = IS xloo + UL ) oo + I %) Nl
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1 1 1
- [ e

TA+a+B+y) T@+B+y) T@+B+y-1
_[1+(a/+,8+y)2 ™
AT +a+B8+7y) Moo

= pllxlleo. (3.8)

Again for u € Q, u € dom(L) \ Ker(L), then (I — P)u € domL N KerP and LPu = 0, thus from (3.8),
we have

(1 = P)ully = [[KpL(I — P)ullx = [[KpLullx = pl|Nul|.
With the similar proof showed in [13], we have the following lemma.
Lemma 3.3. Kp(I — Q)N : Y — Y is completely continuous.

Theorem 3.4. Assume the following conditions hold:
(H;) There exist nonnegative functions (?), @o(t), ¢1(t), p2(t) € E, such that for all + € [0, 1],
(uy, U2, u3) € R3, one has

(2, ur, uz, u3)|l < (@) + @o(Dlur| + @1 (Dlual + @2(Dlus).
(H,) There exists A > 0 such that for (¢, u, u’,u”), if |u| > A for all ¢ € [0, 1], one has
ON(u) # 0.
(H3) There exists B > 0 such that if |c| > B, ¢ € R, one has either
cON(c) >0
or
cON(c) < 0.

Then, BVP (1.3) has at least a solution in X provided that

< [Ne+B+y+1)
2+ (@+B+y+1)

@ (3.9)

where ¢ = max{llo(£)lleo, [11(1)lco, [192(D)lleo }-

Proof. Let
Q; ={uedomL\ KerL : Lu = ANu, € (0, 1)}.

For Lu = ANu € ImL = Ker(Q, by (3.2) and the definition of KerQ, we have
167 f (b, ")) = .

According to (H,), there exists 7y € (0, 1) such that |u(ty)| < A. By Lu = ANu, u € domL \ KerL, that
is (D}, (D}, (D% u)))(t) = ANu, we have

/l !
u(t) = TP Y @By f (t = ) P f(s,u,u',u”)ds + co.
0
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Substituting ¢ = £, into the above equation, we get

ﬂ " - ’ 7
) =m0 9 sl s+ o
0

So, we have

/1 f
u(t) — u(ty) = I“(a+—ﬁ+’y) fo (t = )P f (s, u, ' u”)ds

/‘l lO — ’ 14
gy ), 0 s
0

Substituting ¢ = 0 into the above equation, together with |u(zy)| < A and (H;), we have

u(0) = u(to)—mf (to — )P (s, u i, u”)ds.

So

|u(0)| < |M(l0)| + F(+—ﬁ+’)/)f (lo S)a+ﬂ+y 1|f(S u, u’ u”)

to = )P f(s,u, ', u")|ds

SA+——————f‘(
C(@+B+y)Jo

1 Z
< A 4+ —-— tn — (Y+ﬁ+)/—1 + + 4 + 12 d
<A+ s | = 9 bl + e+ gl s

1
- 5~ . . _ o atpy-1

1
=A+ faifiy+ 1)(Iltlflloo +[lullx - ).

By (3.10) and (H;), we have

llullx = |Pu+ (I = Pully < |[Pully + | = P)ullx < [u(0)| + plINulle

1 ’ 144
<A+ mer W+l )+ Pl i)

1
<A+ gy W+l 9) + Pl + - )
l+pl@+B8+y+1)
<A+ Fa+pty+D) (IIleo + lleellx - )
l+plla+B+y+1) L+plil@a+B+y+1)
= el oo + Ileellx -
(@+B+y+1) [l@+p+y+1)

2+ (a+pB+7y)? 2+ (a+B+7y)?
Tt gy s nWlletlll Frmm 2T

According to (3.9), we can derive

=A+

2+(a+ﬂ+y)

T(a+B+y+1) ”w”w
_ 2H(a+B+y)?
T'(a+B+y+1)

llullx <

(3.10)

(3.11)
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Thus, we have ,; is bounded.
Let
Q, ={u e KerL : Nu € ImL}.

For u € KerL, then u(t) = ¢, c € R. In view of Nu € ImL = KerQ, we have Q(Nu) = 0, that is
I f(tu, ol u”)(€) = 0.
By (H,), there exist constants f, € [0, 1] such that
lu(to)l = || < A. (3.12)

Therefore, Q, is bounded.
Let
Qs ={ueKerL: Au+ (1 -2)QONu=0,1¢€[0,1]}.

For u € KerL, then u(t) = c¢y. By the definition of the set (3, we have
Aco + (1 = DON(cp) = 0. (3.13)

Next, the proof is divided into three cases.
Case1.If 1 =1, then ¢y = 0.
Case 2. If A = 0, similar to the proof of the boundness of Q,, we have |cy| < A.
Case 3. If 1 € (0, 1), we also have |cy| < B. Otherwise, if |co| > B, in view of the first part of (H3), we
obtain
Ack + (1 = Deg - ON(co) > 0,

which contradicts (3.13). Thus, Q3 is bounded.
If the second part of (H3) holds, we can prove the set

QY = {u € KerL : ~du+ (1 — )QNu = 0,1 € [0, 1]}

is bounded.

Let Q = {x € X : ||xllx < max{M, A, B} + 1}. It follows from Lemma 3.2 and Lemma 3.3 that L is
a Fredholm operator of index zero and N is L—compact on Q. By (3.11) and (3.12), we get that the
following two conditions of Theorem 2.5 are satisfied
(1). Lu # ANu, for every u € [(domL \ KerL) N 0Q] x (0, 1);
(2). Nu ¢ ImL for every u € KerL N 9Q.

Let H(u, A) = £Au+ (1 — 1)JONu, where I is the identical operator. By the proof of the boundness
of Q3, we have that H(u, 1) # 0 for u € KerL N 0Q. Therefore, via the homotopy property of degree,
we obtain

deg (JON|kerr, Q N KerL, 0) = deg (H(-,0), Q2 N KerL, 0)
=deg(H(-, 1),Q2 N KerL,0)
=deg (I,QQ N KerL,0)
=1=#0.
So, the condition (3) of Theorem 2.5 is satisfied. Applying Theorem 2.5, we conclude that Lu = Nu

has at least one solution in dom L N Q. Then fractional jerk equation (1.1) has at least one solution and
the proof is complete. O
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4. Example

Example 4.1. Let us consider the following fractional jerk equation:

{(D DY*u) (@) = f(t, u(t) u' (1), u"<t>) 4.1)

u(0) = u(g) DOSM(O) (DY) (DFEu))(0) =

where

u(t) cos /(1) . arctan® u”’(t)

ft,u(),u'(t),u” (1)) = 70 T 20 5n?

Corresponding to BVP (1.3), we have that a=08,=07,vy=06,a+p+7y =2.1>2 By
calculation, we have

INae+B+y+1)  T(3.1)

= ~ 0.19.
24+ (@+B+y+1)> 11.61

By a simple proof, we have

u(t) cosu'(t) arctan® u”(f)
T0 T T 20 7T e
Iu(t)l

- 20 10

(2, u(@®), u' @), u” ()] =

Choose @o(t) = 5, ¢1(f) = 15, ¢2 = ¢3 = 0, then (H,) is satisfied. Furthermore,
¢ = max{]lo(D)llee, [1€1(Dlleo, ll02(Dlleo} = 0.15 < 0.19.

Hence, (3.9) holds. In addition, by a simple calculation, by choosing A = B = ﬁ, then condition (H,)
and (H;) are satisfied. Consequently, By Theorem 3.4, BVP (4.1) has at least one solution.

5. Conclusions

In this article, we considered a class of nonlinear fractional jerk equations with boundary value
conditions at resonance. By using the theory of Mawhin’s continuation theorem, we obtained the
existence of solutions of boundary value problems (1.1). An example is presented to illustrate the main
results. To the authors’ knowledge, the existence of solutions for fractional jerk BVPs at resonance
has not been reported. So, it is novel in term of fractional jerk equations and our result enriches and
extends some related results in the literature. There is still more work to be done in the future on
this interesting problem. For example, seeking the existence of positive solutions for fractional jerk
equations with resonant boundary conditions.
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