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Abstract: In this paper, we investigate the existence of WS’I(Q) solutions to the following elliptic
equation with principal part having noncoercivity and singular quadratic term

; Vu Vul? _
~div (s ) + Sk = £, xeQ,
u=0, xedQ,

where Q is a bounded smooth domain of RV(N > 3), ¥y > 0, % <60<2, fel"QYm=1)isa
nonnegative function.

Keywords: noncoercivity; existence; nonlinear elliptic equation
Mathematics Subject Classification: 35J67, 35R10

1. Introduction

Let Q be a bounded domain of RV(N > 3) with smooth boundary dQ. In this paper, we consider the
existence of W&’l (€)solutions to the following elliptic problem

—div (M(x, ) Vu) + B = 1 xeQ, (1.0)
u=0, xeoQ, ’

where 7= <0 <2, M : QXR — RV is a symmetric Carathéodory matrix function, which satisfies
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the following assumptions: for some real constants y > 0, @ > 0,8 > 0,

_*
(a(x) + |s)”

IM(x, $)l < B, M(x,s)&-& = €1, (1.2)

for almost every x € Q, (s,&) € R x R, where a(x) is a measurable function, such that
0<¢<alx) <p, (1.3)

for some positive constants £, p.

We note that there are two difficulties in dealing with (1.1), the first one is the fact that, due to
hypothesis (1.2), the differential operator A(u) = —div(M(x, u)Vu) is well defined in H&(Q), but it
not coercive on H)(Q) when u is large enough. Therefore, the classical Leray-Lions theorem cannot
be applied even if f is sufficiently regular. The second difficulty is dealing with lower order term
which singular natural growth with respect to the gradient. In order to overcome these difficulties, we
approximate problem (1.1) by means of truncations in M(x, s) to get a coercive differential operator on
H, ().

The existence of Wé’l(Q) solution to elliptic problem has been studied by many authors. Boccardo
and Croce [4] proved the existence of Wé’l(Q) solutions to problem

. a(x)Vu '\ _
{ _dlv((1+|u|)7) =f, xeQ,

u=0, xedQ,
where a : Q — R is a measurable function which satisfies (1.3), f € L™(Q) with

N
m= ,
N+l1-y(N-1) N-1

<y<l

In the literature [6], the authors considered the existence and regularity of solutions to the following
elliptic equation with noncoercivity

{ —div (a(x, u)Vu) = f, x€Q, (1.4)

u=0, xedQ,

where Q is an open bounded subset of RV (N > 3), f € L™(Q) and a(x, s) : QxR — R is a Carathéodory
function which satisfies

(0
m < a(x, S) Sﬁ,

where 0 <y < 1.The existence results of solutions to problem (1.4)are as following:

e There exists a weak solution u € Hé QNL*Q)to(1.4)if m > %

e There exists a weak solution u € Hé(Q) NL(Q)to (1.4)withr = % if

2N N

< .
N+2—yN-2)-""2

o There exists a distributional solution u € W, (Q) to (1.4) with g = 351 < 2 if

N 2N
<m< .
N+1-y(N-1) N+2-vy(N-2)
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In [15], the under the assumption (1.2)-(1.3), Souilah proved the existence results of solutions to
problem

{ —div (M(x, ) Vu) + B = £ 4w, xeQ,

1.5
MZO, XG@Q, ( )

where 0 <0< 1,0<r<2-60,4>0,f € L"(Q)m > 1). There exists at least a solution to problem
(1.5):

° Ifm<m< thenuEHl(Q)ﬂL‘x’(Q)

e Ifl<mc< m, then u € W q(Q) with q= N;\’;Sn_ee)'

o If m> %, thenu € H)(Q) N L™(Q).

Moreover, the existence of solutions u € H(l)(Q) to problem (1.5) with 4 = 0 have been obtained
in [9]. Some other related results see [1,3,5,7,10-12, 14, 16].

Based on the above research results, the aim of this article is to study the existence of Wé’l(Q)
solution to problem (1.1).

In order to state the main results of this paper, the following definition need to be introduced. We
use the following notion of distributional solution to problem (1.1).

Definition 1.1. We say that u € W(])’I(Q) is a distributional solution to problem (1.1) if # > 0 in Q,

'Vu—’f,'zeLl(Q)and
\vj 2
fM(x,u)Vu-V<p+f| b;' (p:ff(p’
Q Q u Q

Our main results are following:

for every ¢ € C;(Q).

Theorem 1.2. Assume that (1.2)-(1.3) hold, f € L™(Q) is a nonnegative function with

~ N
T 2N-6N-1) N-1

<0<?2. (1.6)

Then there exists a distributional solution u € Wé’l(Q) to problem (1.1).
Remark 1.3. Notice that the result of previous theorem do not depend on .
Remark 1.4. Observe that, m > 1 if and only if 6 > %

For f € L'(Q), we have the following theorem.

Theorem 1.5. Assume (1.2)-(1.3) hold, f € L'(Q) is a nonnegative function and 6 = % Then there
exists a distributional solution u € Wé’l(Q) to problem (1.1).

The paper is organized as follows. In section 2, we collect some definitions and useful tools. The
proof of Theorem 1.2 and 1.5 be given in section 3.
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2. Preliminaries

In order to prove our main results, we need to introduce a basic definition and some lemmas.

Definition 2.1. For all £ > 0, the truncation function defined by
T (s) = max{—k, min{k, s}}, Gi(s) = s — Ti(s).

Let O < € < 1, we approximate problem (1.1) by the following non-singular problem

(ugl+&)0*1

—div(M(x, T1 () Vi) + 20l = £y e Q, @.1)
u. =0, xe€oQ, ’

where f, = T1 (f). Problem (2.1) admits at least a solution u, € H 1(Q) N L*(Q) by Theorem 2 of [8].
Due to the fact that fe = 0 and quadratic lower order term has the same sign of the solution, it is easy
to prove that u, > 0 by taking u_ as a test function in (2.1).

Lemma 2.2. Let u, be the solutions to problem (2.1). Then

ue|Vu,
fawam = S &

Proof. For fixed h > 0, taking % as a test function in (2.1). Dropping the first term, we obtain

f ue|Vu|? Th(ua) f fTh(us)
o (us + &)1 ‘

M T, (”a)
Using the fact that f; < f and %= < 1, then

f uslvuslz Th(us) Sff
Q(”s+‘9)9+1 h Q

Letting 7 — 0, we deduce (2.2) by the Fatou Lemma. O

Lemma 2.3. Let 6 > 0 and 0 < € < 1. Then there exists C > 0, such that

ad(t+£)9‘2+ t
(o + 1)y t+¢e

foreveryt > 0.

Proof. Clearly, if t > &, we have ; > 5, while if ¢t < &, we have

ad(t + &) . a@d @d

P R T e i =T i

since € < 1. Therefore, Lemma 2.3 is proved. m]
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3. Proof of main results
In this section, C denotes a generic constant whose value might change from line to line. We prove
the existence results of Theorems 1.2 and 1.5 by considering the following approximate problem

—div(M(x, T1 (1)) Vi) + (zéf;;zkl foo X€Q, 3.0)
=0, xe€dQ. ’

Proof of Theorem 1.2. Step 1: Let § = 6 — +*=, then 6 > 0 by (1.6). Choosing (1 + £)° — (u, +£)°' a

a test function in the approximate problem (3.1), we find
ue(us + &)°|Vul®

fM(x, Té (us))Vu, - Vuy, [5(Mg +&)" "+ (1 - 8)(ue + 8)6_2] + L (u, + £)f+!

Q
2
fM(ug+8)6_l + ffg[(ug +e) -, + ).
Q

Q (us + 8)9+1

Combining (1.2)-(1.3) and dropping the positive term, we obtain

) sg | (1 = 0)(u, + g)?2 U,
f Vit |"(ue + €) [ D)y L— 8]
2
(;‘L Z)Ll (g + &) + f fulug + £)°.

Since 1 — ¢ > 0, according to Lemma 2.3, we have
. eV |
Cf |Vu5|2(us + 8)6 0 < f —94—1( ‘9)6 ! ffs(us + 8)6~
Q o (us +¢) Q
Using the fact that u, > 0, f, < f and (2.2), we obtain
Vu,|?
C Vu, P (u, + 5—9§5—1f”s|—8+f oty
fg| w480 <& | S | St e)

<! f f+ f flus +€)°. (3.2)
Q Q

Observe that the left hand side of (3.2) can be rewritten as

—0+2 —0+2 2
c f 9 [ + )% - 657 (3.3)
o
Then, (3.2) and (3.3) imply
56+ 5-6+2 7|2
Cf ‘V (e +0)% =77 < & ff + ff(ug + ). (3.4)
o o o
By the Sobolev inequality, satisfy
2% 2% 2
[f (s +8)7 -2 ] < Cf 'V [(u.g +)F - 8#] ) (3.5)
0 0
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Using the Holder inequality and (3.4)-(3.5), we get

0-6+2 0—6+2 2|2
(us+¢€) 2 —¢g 2
Q

2 n
o’ m’
< Cllflleme + Cllflln) [f(us + &)™ ] )
Q

Since |( + €)° — &°|* > C[(t + €)** — 1] for every ¢ > 0 and for suitable constant C independent on &,
then we find

(Lk%+@”f”4D samm@+amm@L&m+@Mr. (3.6)

Thanks to the choice of §, we have

26— 0 +2) . N
Y e m = ——.
2 N-1

Moreover = > - since m < 5. Then (3.6) implies that

f W < C 3.7)
Q
Observe that 6 — 6 = —%, then, (3.2), (3.7) follow
Vu,|?
[ <c (338)
Q (g + ug)vt

Combining (3.7)-(3.8) with the Holder inequality, we obtain

Vg N V£2
f|vu€|:f—”N(8+u€)ms[leN]
Q (e +u,)mw=2 o (e+u,)v1

<C.

D=

[f(s + ug)NNl]2
Q

Then we get that {u.} is bounded in WS’I(Q). Hence, there exists a subsequence {u.}, which converges
to a measurable function # a.e. in L'(Q) with 1 < r < %

Step 2: First, we are going to estimate f{ugz " |Vu,|. Choosing [(u, + &)° — (k+ £)°]* as a test function
in (3.1). By (1.2)-(1.3) and Lemma 2.3, we have

1 1
Vu 2 m N m’
f —Liwé(f mﬂ(f w+mM)
{us>k) (€ + Uy )1 {2k} {us>k)
1
<C ( f |f |’") )
{us=k}

Using the Holder inequality and (3.7), we find

1

Vus _N_ 2
f [Vug| = f —(e+u)™2 < C(f Ifl’") : (3.9)
{us>k) w2k} (& + ug)n=2 {ug>k}
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Choosing Ty (u.) as a test function in (3.1). Dropping the nonnegative lower order term, by (1.2)-
(1.3) and the boundedness of u, in L%(Q), we get

k k)Y
fQ VT < L s, (3.10)

This implies that Ty(u,) — Ti(u) weakly in W, ().
Let E be a measurable subset of Q, andi = 1,--- , N. By the Holder inequality and (3.9)-(3.10), we

obtain
f SfIVuglsflVTk(ug)Hf V|
E E E {us>k}
} %
< meas(E)% (f |VTk(u8)|2) +C(f |f|m) . (3.11)
E {us=k}

The estimates (3.7) and (3.11) shows that the sequence {f,’jj} is equi-integrable. Thus, by the Dunford-

Pettis theorem, there exists a subsequence {u,} and V; in L'(Q), such that ‘gix — V;in L'(Q). Since
is the distributional partial derivative of u,, then we have

ou,
3xi

Oug
Ix;

ou,
o 0x; 4

—, YpeC (Q),

for every € > 0.
Since % — V;in LY(Q) and u, — u in L'(Q), we find

f\/igoz—fua—‘p, Yo € C5(Q).
Q o Ox

This implies that V; = 3—2 for every i.

g | Vutg |
(u£+€)9+1

uel Vol f wlVi f el Vit
g (e + )0~ Enfuo<iy (s + g)f+! Enfuszky (s + g)i+!

For every subset E CC €,

u | Vu,|? 1 ) 5
f e < VTP < C VTP,
Enfu,<k) (Us + &) En{u,<k} Ug EN{u, <k}

since u, > C > 0 in E by Proposition 2 of [9]. Moreover, since Ty(u;) — Ti(u) weakly in Wé’z(Q),
then there exists g,, 6 > 0, such that

f VT (ue)ldx <
En{u.<k}

Step 3: We prove that is equi-integrable. Let E cc Q, then

Ve > g, (3.12)

N m

for every € > 0 if u(E) < 6.
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Choosing T (u, — Ti-1(u:)) as a test function in the approximate problem (3.1), dropping the non-

negative term, we have
u|Vu,|?
f el Vil f f. (3.13)
uezk) (Ue + ) {up=k~1}

Observe there exists a constant C > 0, such that u(u, > k — 1) < ;. As u, are uniformly bounded in

L51(Q). This implies the right hand side of (3.13) converges to 0 as k — oo. Thus, we deduce there
exists ky > 1, such that

SV 82
f _uel Vel <5 ks, (3.14)

(uezk) (Ug + g)f+!

IVMI

for every € > 0. The (3.12), (3.14) imply that elVuel’ equi-integrable and converges a.e. to

(ug+g)f+!
Let u the weak limit of the sequence of approximated solutions u,. Thanks to (2.2), we have

ue|Vug?
fg(ug+8)9“ ff

Using the Fatou lemma, that u, convergence to u a.e, Vu, convergence to Vu a.e and the strict positivity

of u, imply
2
[T [ yec
Q U Q
This show that ¥ € 11(Q).

Since u, is bounded and Vu, — Vu a.e, it follow M(x, T1(u,)Vu. — M(x,u)Vu a.e. Hence, we can

pass to the limit in (3.1). Thus prove that u € WS’I(Q) is a distributional solution of (1.1) and yields
the conclusion of the proof of Theorem 1.1. O

Proof of Theorem 1.5. Step 1: For 0 < &€ < 1, according to Lemma 2.2, we have

1 Vue|? f | Vug|?
— = ol 3.15
26+1 \f{;gzl} ug - (1) (ug + 8)9“ = ||f||L1(Q) ( )

By the Sobolev inequality, (3.15) lead to

i
L

Observe that § = 2% 9)2 = 2. Then (3.17) shows that

fufl <C. (3.18)
Q
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Using the Holder inequality and (3.15), (3.18), we obtain

VG BN \vj 82% %
[roa- [, =] [ S|4
Q w21} g2 us=1)  Ug {us>1)

< Cllf -

This fact show that G (u,) is bounded in Wé’l(Q).

Choosing T(u.) as a test function in (3.1), it is easy to prove that 74(u.) is bounded in Hé(Q)),
hence in Wé’l(Q). Since u, = G(u,) + T(u,), we deduce that u, is bounded in WS’](Q).

Moreover, due to (3.15) and the Holder inequality, we have

|Vu,| ¢ !
f Viee| = f Sz < ClIfIE g (3.19)
{us2k} lus2k} 32

That (3.10), (3.19) implies, for every measurable subset E, we have

f < f Vu,| < f VT (u)l + f (V|
E E E {ug>k)
1

k(p + k) : :
(pTllflle)] +CIIE o

ou,
ax,'

Smeas(E)%

Thus, we prove that u, — u in WS’I(Q). Then pass to the limit in problem (3.1), as in the proof of
Theorem 1.2, it is sufficient to observe that u € W(;’](Q) is a distributional solution of (1.1). This
concludes the proof the Theorem 1.5. O
4. Conclusions

In this paper, we main consider the existence of Wé’l (€2) solutions to a elliptic equation with princi-
pal part having noncoercivity. The main results show that the singular quadratic term has an important
impact on this existence.
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