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1. Introduction

In 1922, Banach [1] introduced and established a fixed point result which is well known as “Banach
fixed point theorem”, it is one of the most famous and important results in metric fixed point theory.
Since the simplicity and usefulness of the Banach’s fixed point theorem, many authors have extended,
improved and generalized Banach’s fixed point theorem from different perspectives. For more details,
we cite the readers to [2,3] and the references therein.

In [5], Gordji et al. introduced the concept of an orthogonal set and extended Banach’s fixed point
theorem to the setting of orthogonal sets as follows :

Theorem 1.1. Let (X,⊥, d) be an orthogonal complete metric space. Assume that T : X → X is a
⊥-continuous mapping such that the following conditions hold :

(i) there exists 0 < k < 1 such that

d(T x,Ty) ≤ kd(x, y), for all x, y ∈ X with x⊥y; (1.1)
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(ii) T is ⊥-preserving.

Then, T has a unique fixed point in X. Moreover, for each x ∈ X, the Picard sequence {T nx} converges
to the fixed point of T .

Theorem 1.1 is a real generalization of Banach’s fixed point theorem, it can be applied to show the
existence of a solution for a differential equation which can not be applied by the Banach’s fixed point
theorem, the results of Nieto and Rodríguez [6] and the results of Ran and Reurings [7].

We know that by using some control functions can generalize the Banach contractive condition (see
[8,9,12,14,15]). Recently, Sawangsup et al. [10] modified the concept of F-contraction mappings to
orthogonal sets and given some new fixed point theorems for F-contraction mappings in orthogonal
complete metric spaces.

Definition 1.1. ([13]) Let F be the set of functions F : (0,+∞)→ R, such that

(i) F is strictly increasing;

(ii) For every sequence {tn} ⊂ (0,+∞), limn→+∞ F(tn) = −∞ ⇔ limn→+∞ tn = 0;

(iii) There exists k ∈ (0, 1) such that limt→0+ tkF(t) = 0.

Recently, Sawangsup et al. proved the following fixed point theorem in orthogonal complete
orthogonal metric space.

Theorem 1.2. ([10]) Let (X,⊥, d) be an orthogonal complete orthogonal metric space with an
orthogonal element x0 and T be a self-mapping on X satisfying the following conditions:

(i) T is ⊥-preserving;

(ii) T is an F⊥-contraction mapping;

(iii) T is ⊥-continuous.

Then, T has a unique fixed point in X. Moreover, the Picard sequence {T nx0} converges to the fixed
point of T .

In [4], Cosentino and Vetro introduced the notion of F-contraction of Hardy-Rogers-type and given
a new fixed point theorem which is generalized the result of Wardowski [13].

Definition 1.2. ([4]) Let (X, d) be a complete metric space. A mapping T : X → X is called an
F-contraction of Hardy-Rogers-type if there exist τ > 0 and F ∈ F such that

τ + F(d(T x,Ty)) ≤ F(αd(x, y) + βd(x,T x) + γd(y,Ty) + δd(x,Ty) + Ld(y,T x)), (1.2)

holds for any x, y ∈ X with d(x, y) > 0, where α, β, γ, δ, L are non-negative numbers, γ , 1 and
α + β + γ + 2δ = 1.

By the above definition, Cosentino and Vetro given the following new fixed point theorem in
complete metric space.

Theorem 1.3. ([4]) Let (X, d) be a complete metric space and let T be a self-mapping on X. Assume
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that T is an F-contraction of Hardy-Rogers-type. Then T has a fixed point. Moreover, if α+ δ+ L ≤ 1,
then the fixed point of T is unique.

Inspired by the work of [4, 10, 11], we initiate the concept of an orthogonal generalized contraction
of Hardy-Rogers-type mapping and establish some fixed point results for such contraction mapping in
orthogonal metric spaces. Our main result is a generalization of Theorem 3.3 in [10].

2. Preliminaries

Firstly, we introduce the following control functions.
Let Ψ be the set of functions ψ : [0,+∞)→ (−∞, 0) such that ψ is upper semi-continuous from the

right. And let F be the set of functions as in Definition 1.1.

Now, we give the following concepts, which are used in this paper.

Definition 2.1. Let X , ∅ and ⊥ ⊂ X × X be a binary relation. If ⊥ satisfies the following condition :

∃x0[(∀y ∈ X, y⊥x0) or (∀y ∈ X, x0⊥y)],

then it is called an orthogonal set (briefly O-set) and x0 is called an orthogonal element. We denote this
O-set by (X,⊥).

Definition 2.2. The triplet (X,⊥, d) is called an orthogonal metric space if (X,⊥) is an O-set and (X, d)
is a metric space.

Definition 2.3. Let (X,⊥) be an O-set. A sequence {xn} is called an orthogonal sequence (briefly,
O-sequence) if

(∀n ∈ N, xn⊥xn+1) or (∀n ∈ N, xn+1⊥xn).

Definition 2.4. Let (X,⊥, d) be an orthogonal metric space. Then, a mapping f : X → X is said to be
orthogonally continuous (or ⊥-continuous) in x ∈ X if, for each O-sequence {xn} in X with xn → x as
n→ ∞, we have f (xn)→ f (x) as n→ ∞. Also, f is said to be ⊥-continuous on X if f is ⊥-continuous
in each x ∈ X.

Remark 2.1. By [5], we know that every continuous mapping is ⊥-continuous, but the converse is not
true.

Definition 2.5. Let (X,⊥, d) be an orthogonal metric space. Then, X is said to be orthogonally complete
(briefly O-complete) if every Cauchy O-sequence is convergent.

Remark 2.2. By [5], we know that every complete metric space is O-complete and the converse is not
true.

Definition 2.6. Let (X,⊥) be an O-set. A mapping f : X → X is said to be ⊥-preserving if f (x)⊥ f (y)
whenever x⊥y. Also, f : X → X is said to be weakly⊥-preserving if f (x)⊥ f (y) or f (y)⊥ f (x) whenever
x⊥y.

Let (X, d) be a metric space. For a given mapping T : X → X, set
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MT (x, y) = αd(x, y) + βd(x,T x) + γd(y,Ty) + δd(x,Ty) + Ld(y,T x), x, y ∈ X, (2.1)

where α, β, γ, δ, L are non-negative numbers, γ , 1 and α + β + γ + 2δ = 1.

Now we give the concept of orthogonal (F, ψ)-contraction of Hardy-Rogers-type as follows:

Definition 2.7. Let (X,⊥, d) be an orthogonal metric space. A mapping T : X → X is said to be
orthogonal (F, ψ)-contraction of Hardy-Rogers-type, if there exists (F, ψ) ∈ F × Ψ such that

F(d(T x,Ty)) ≤ F(MT (x, y)) + ψ(d(x, y)), (2.2)

for all (x, y) ∈ X × X with MT (x, y) > 0.

Remark 2.3. If ψ ≡ −τ, α = 1 and β = γ = δ = L = 0, then Definition 2.7 reduced to the Definition
3.1 in [10].

3. Main results

In this section, we will prove some fixed point theorems for an orthogonal (F, ψ)-contraction of
Hardy-Rogers-type mapping in an orthogonal metric space.

Theorem 3.1. Let (X,⊥, d) be an O-complete orthogonal metric space with an orthogonal element x0

and T : X → X satisfying the following conditions:

(i) T is ⊥-preserving;

(ii) T is an orthogonal (F, ψ)-contraction of Hardy-Rogers-type mapping;

(iii) T is ⊥-continuous.

Then T has a fixed point. Moreover, if β + L ≤ γ + δ < 1, then the fixed point of T is unique.

Proof. By the definition of the orthogonality, we have that x0⊥T (x0) or T (x0)⊥x0. Let xn := T xn−1 =

· · · = T nx0, for all n ∈ N. If xn∗ = xn∗+1 for some n∗ ∈ N ∪ {0}, then xn∗ is a fixed point of T and
so the proof is completed. Thus, we may assume that xn , xn+1 for all n ∈ N ∪ {0}. So, we get
d(T xn,T xn+1) > 0 for all n ∈ N ∪ {0}. Since T is ⊥-preserving, we have

xn⊥xn+1 or xn+1⊥xn, n ∈ N ∪ {0},

which implies that {xn} is O-sequence. Since T is an orthogonal (F, ψ)-contraction mapping, we have

F(d(xn, xn+1)) = F(d(T xn−1,T xn)) ≤ F(MT (xn−1, xn)) + ψ(d(xn−1, xn))
= F(αd(xn−1, xn) + βd(xn−1,T xn−1) + γd(xn,T xn) + δd(xn−1,T xn)

+Ld(xn,T xn−1)) + ψ(d(xn−1, xn)).
(3.1)

For convenience, set dn = d(xn, xn+1). Then, by (3.1) one has

F(dn) ≤ F(αdn−1 + βdn−1 + γdn + δd(xn−1, xn+1)) + ψ(dn−1)
≤ F(αdn−1 + βdn−1 + γdn + δ(dn + dn−1)) + ψ(dn−1)
≤ F((α + β + δ)dn−1 + (γ + δ)dn) + ψ(dn−1),

(3.2)
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which implies that

F(dn) < F((α + β + δ)dn−1 + (γ + δ)dn)

by ψ ∈ Ψ. It from the monotony of F, we obtain

dn < (α + β + δ)dn−1 + (γ + δ)dn, n ∈ N. (3.3)

By the conditions γ + δ < 1 and α + β + γ + 2δ = 1, we get 1 − γ − δ > 0 and

dn <
α + β + δ

1 − γ − δ
dn−1 = dn−1, n ∈ N

by (3.3). So, the sequence {dn} is strictly decreasing, and limn→∞ dn = d. Assume that d > 0. Since ψ
is upper semi-continuous from the right, there exists some q ∈ N such that

ψ(d j) < ψ(d) −
ψ(d)

2
=
ψ(d)

2
< 0, j ≥ q. (3.4)

By (3.2), (3.4) and decreasing of {dn}, for n > q, we have

F(dn) ≤ F((α + β + γ + 2δ)dn−1) +
ψ(d)

2
= F(dn−1) +

ψ(d)
2 ≤ F(dn−2) + 2 × ψ(d)

2
≤ · · · ≤ F(dq) + (n − q)ψ(d)

2 .

(3.5)

Letting n→ ∞ in the inequality (3.5), we get

lim
n→∞

F(dn) = −∞,

which implies from Definition 1.1 (ii) that

d = lim
n→∞

dn = 0. (3.6)

In the following, we will prove that {dn} is a Cauchy sequence. By (3.6) and Definition (iii), there exists
some k ∈ (0, 1) such that

lim
n→+∞

dk
nF(dn) = 0. (3.7)

From (3.5), we get

dk
nF(dn) − dk

nF(dq) ≤
n − q

2
ψ(d)dk

n ≤ 0, n > q.

Let n→ +∞, and using (3.6) and (3.7), we obtain that

lim
n→+∞

ndk
n = 0, (3.8)

which implies that there exists n1 ∈ N such that
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dn ≤
1

n1/k , n ≥ n1. (3.9)

Using (3.9) and the triangle inequality, for n ≥ n1 and m ∈ N∗, we have

d(xn, xn+m) ≤
n+m−1∑

i=n

d(xi, xi+1) =

n+m−1∑
i=n

di ≤

n+m−1∑
i=n

1
i1/k .

Since 0 < k < 1, the series
∞∑

n=1

1
n1/k is converge, which yields {xn} is a Cauchy O–sequence in X. Since

X is O-complete, there exists x∗ ∈ X such that xn → x∗ as n→ ∞. Thus, we have

T x∗ = T ( lim
n→∞

xn) = lim
n→∞

xn+1 = x∗

by T is ⊥-continuous. So, x∗ is a fixed point of T .
Moreover, we will show that x∗ is a unique fixed point of T . Suppose that x∗ is an another fixed

point of T . If xn → x∗ as n → ∞, one has x∗ = x∗. If xn does not converge to x∗ as n → ∞, there is
a subsequence {xnk} such that T xnk , x∗ for all k ∈ N. By the choice of x0 in the first of the proof, we
have

(x0⊥x∗) or (x∗⊥x0).

Since T is ⊥-preserving and T nx∗ = x∗ for all n ∈ N, we get

(T nx0⊥x∗) or (x∗⊥T nx0), ∀n ∈ N.

Since T is an orthogonal (F, ψ)-contraction of Hardy-Rogers-type mapping, we obtain

F(d(xnk , x
∗)) = F(d(T nk x0, x∗)) = F(d(T nk x0,T nk x∗))
≤ F(MT (T nk−1x0,T nk−1x∗)) + ψ(d(T nk−1x0,T nk−1x∗))
= F(MT (xnk−1 , x

∗)) + ψ(d(xnk−1 , x
∗))

= F(αd(xnk−1 , x
∗) + βd(xnk−1 , xnk) + δd(xnk−1 , x

∗) + Ld(xnk , x
∗)) + ψ(d(xnk−1 , x

∗))
≤ F((α + β + δ)d(xnk−1 , x

∗) + (β + L)d(xnk , x
∗)) + ψ(d(xnk−1 , x

∗))
< F((α + β + δ)d(xnk−1 , x

∗) + (β + L)d(xnk , x
∗)).

(3.10)

By condition β+ L ≤ δ+γ, one has 1−β−L > 0, and by α+β+γ+ 2δ = 1 we have α+ 2β+δ+ L ≤ 1.
Thus, by (3.10) and the monotony of F, we obtain

d(xnk , x
∗) <

α + β + δ

1 − β − L
d(xnk−1 , x

∗) ≤ d(xnk−1 , x
∗). (3.11)

Let µnk := d(xnk , x
∗), (3.11) implies that the sequence {µnk} is strictly decreasing. Thus, limk→∞ µnk =

µ ≥ 0. Similar to the proof of (3.4), if µ > 0, then there exists some p ∈ N such that

ψ(µn j) <
ψ(µ)

2
< 0, j ≥ p, (3.12)

By (3.10), (3.12) and the decreasing of µnk , for k > p, we get
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F(µnk) ≤ F((α + 2β + δ + L)µnk−1) + 1
2ψ(µ)

≤ F(µnk−1) + 1
2ψ(µ) ≤ F(µnk−2) + 2 × 1

2ψ(µ)
≤ · · · ≤ F(µnp) +

k−p
2 ψ(µ),

which yields that F(µnk) → −∞ as k → ∞ and so it follows from the condition of Definition 1.1 (ii)
that d(xnk , x

∗) = µnk → 0 as k → ∞. This implies that xn → x∗ as n → ∞, which is a contradiction.
Thus, T has a unique fixed point.

Remark 3.1. If ψ ≡ −τ, α = 1 and β = γ = δ = L = 0, then Theorem 3.1 reduces to the Theorem 3.3
in [10].

We now illustrate Theorem 3.1 by the following example.

Example 3.1. Let X = [0,∞) be endowed with the metric d(x, y) = |x − y| for all x, y ∈ X.

Define the sequence {S n} by S n = n2n for all n ∈ N ∪ {0}. Define the orthogonality relation ⊥ on X by

x⊥y⇔ xy ∈ {x, y} ⊂ {S n}.

Clearly, (X,⊥, d) is an O-complete metric space.

Consider the mapping T : X → X given as

T x =

{
S 0, if S 0 ≤ x ≤ S 1,
S n−1(S n+1−x)+S n(x−S n)

S n+1−S n
, if S n ≤ x ≤ S n+1 for each n ≥ 1.

Similar to Example in [10], it is easy to check that T is ⊥-continuous and T is ⊥-preserving. Now
we will show that T is an orthogonal (F, ψ)-contraction of Hardy-Rogers-type mapping. Let x, y ∈ X
with x⊥y and d(T x,Ty) > 0. Without loss of generality, we may assume that x < y. This implies that
x ∈ {S 0, S 1} and y = S k for some k ≥ 2. Thus, we get

d(x, y) ≥ S k − 1, d(x,Ty) ≥ S k−1 − 1, d(T x,Ty) = S k−1.

Taking α = 1
3 , β = γ = L = 0 and δ = 1

3 . Then

M(x, y) =
1
3

d(x, y) +
1
3

d(x,Ty) ≥
1
3

(S k−1 + S k − 2).

Hence we have

d(T x,Ty)
M(x, y)

ed(T x,Ty)−M(x,y) ≤
3S k−1

S k−1 + S k − 2
e2S k−1−S k+2 < e−2,

which implies that

F(d(T x,Ty)) ≤ F(M(x, y)) + ψ(d(x, y))

with F(t) = t + ln t and ψ ≡ −2. This means that T is an orthogonal (F, ψ)-contraction of Hardy-
Rogers-type mapping. Hence, all the conditions of Theorem 3.1 are satisfied and so T has a unique
fixed point x = S 0.
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Remark 3.2. Theorem 3.1 is a powerful generalization of some fixed point theorems in orthogonal
complete orthogonal metric space, the result of Example 3.1 can not be obtained by those classical
fixed point theorems.
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